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I. On the Electric Discharge through gases at very low 


pressures. By Sir J. J. Taomson, O.M., F.R.S.” 


if this paper I consider some properties of the discharge 

at low pressures, especially those which are associated 
with the neighbourhood of the cathode, such as the dark 
space and the distribution of potential through it, the origin 
of cathode and positive rays, and the formation of the nega- 
tive glow. My experiments were made at pressures com- 
parable with those occurring in X-ray tubes with cold 
cathodes. 

Let us first consider the sources of ionization in the dark 
space. I think the evidence is against this ionization being 
due, wholly or mainly, to the detachment of electrons by 
collisions of cathode rays or positive ions against the 
molecules of the gas. 

We begin by considering the ionization due to the elec- 
trons driven from the cathode. (Gilasson’s experiments 
(Phil. Mag. Oct. 1911) show that, as is indicated by theory. 
the number of ions produced by a cathode ray per unit 
length of path varies inversely as the kinetic energy of the 
ray. For rays moving with a velocity of 4:7 x 10° cm./sec. 
through air at a pressure of 1 mm. of mercury, he found 
that 1:5 pairs of ions were produced by each ray in travelling 
over lcm. Under the usual conditions in gases at pressures 
where the dark space is well developed the velocity would 
be greater than this and the pressure much less than one 
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millimetre, there would therefore be very little ionization 
by the electrons in passing over. the dark space. Glasson 
(Proc. Roy. Soc. Tasmania, pp. 1-4, 1913) showed that the 
loss of energy by the elecfrens-in their path is many times 
greater than can be. ageptnted for by the work spent in 
ionization. This.shgyests that these high-speed electrons 
when passing through the molecules of a gas may displace 
some of the eléefrons in the inner layers of these molecules 
without*ejecting them from the molecule. The return of 
these“glestrons to their old position would be accompanied 
by ‘tte*émission of high frequency radiation which could 
-. iouize molecules on which it fell. Thus on this view the 
‘molecules traversed by the high-speed electrons emit radia- 
tion able to produce ionization. This radiation will spread 
throughout the surrounding gas, which will thus be exposed 
to ionizing radiation if it is within uninterrupted sight of a 
high-speed cathode ray. We suppose that the gas in this 
condition forms the negative glow, the luminosity of which 
is due to the recombination of the ions ; when this recom- 
bination is prevented by a strong electric field as in the dark 
space, the gas is not luminous. 


Fig. 1. 


A confirmation of this view is afforded by the fact, long 
ago pointed out by Goldstein, that the negative glow, a 
region where there is very intense ionization and where the 
electric force is very small, extends to parts of the tube not 
traversed by cathode rays. Thus in a tube like that in fig. 1, 
taken from Goldstein’s paper, Wied. stan. Ixvii. p. 83 (1899), 
the negative glow extends to the region bounded by the 
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dotted lines. Thus, though the negative glow occurs in 
parts of the tube not traversed by cathode rays, it is confined 
to those parts which have an uninterrupted view of some 
part of the path of a cathode ray ; this is in accordance with 
the view that it is due to radiation from the molecules of gas 
traversed by cathode rays. It is not necessary that the parts 
of the tube where the cathode rays are developed should 
have an uninterrupted view of the place where the cathode 
ray strikes the walls of the tube, so that this ionizing radiation 
is not exclusively that produced by the impact of cathode 
rays against solid bodies. 

The existence of radiation other than luminous and X-ray 
radiations has been known for a long time: thus E. Wiede- 
mann (Zeitschr. f. Elektrochemie, p. 159, 1895) showed that 
rays which could excite thermoluminescence, “ Entladung- 
strahlen,” are given out by electric sparks; the properties 
of these rays have been investigated by Hoffmann (Wied. 
Ann. Ix. p. 269, 1897) and Miss Laird (Phys. Review, xxix. 
p. 225; xxx. p. 293). The writer (Proc. Cambridge Phil. 
Soc. x. p. 74, 1899; xiv. p. 417, 1907; xv. p. 482, 1908) 
has shown that in the discharge at low pressures rays occur 
which have the power of ionizing gases, and that the intensity 
of emission of these rays varies from one part of the discharge 
toanother. The radiations inside the tube which cannot pass 
through its walls are deserving of much more attention than 
they have received. One kind of such radiation which can 
easily be observed occurs at comparatively high pressures, 
say about 1 mm., when if the tube is made of soft German 
glass an olive-green phosphorescence, quite different from 
that due to cathode rays, appears on the walls of the tube 
when the discharge passes. I have shown that this radiation 
can be refracted so that it is probably so near the luminous 
spectrum that it can be regarded as a form of ultra-violet 
light. 


Tonization produced by Positive Ions. 


I do not think that the kind of ionization which results 
in the detachment of a free electron is often produced by 
the collisions of positive ions in the dark space. Such 
collisions cannot lead to ionization of this type unless the 
energy of the ions is exceedingly large, greater than some 
70,000 volts if the ions are atoms of oxygen or nitrogen. 
As the energy must be proportional to the mass of the ions, 
for heavy ions it would far exceed that available with 
moderately sized coils. 
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There are two sets of considerations, one experimental the 
other theoretical, which lead to this conclusion. 

The experimental evidence is, that the cathode rays after 
passing through the dark space all move at the same speed. 
Now, if ionization was going on in the dark space electrons 
would start from different parts of it and their kinetic energy 
when they were ejected from it would depend upon the place 
from which they started, and along with their kinetic energy 
their deflexions in electrostatic and magnetic fields would vary 
with their place of origin. Thus a narrow pencil of cathode 
rays formed by such electrons would spread out into a band 
when exposed to electric and magnetic forces. A similar 
pencil of cathode rays, if it consisted of electrons which had 
started from the cathode itself, would not spread out as all 
the electrons would have the same energy and suffer the 
same deflexion. Thus the study of the effect of electric and 
magnetic fields can give us a great deal of information about 
the ionization going on in the dark space, and I have made 
a large number of experiments on this subject. 

The method adopted was as follows. A cathode with a 
plane face was placed in a side tube A, fused on to a large 
bulb; the cathode rays passed across the bulb and fell upon 
a metal plug with a hole bored through it placed at the 
junction with the bulb of another side tube B diametrically 
opposite to A. One of the very fine copper tubes used in 
positive ray experiments passed through the hole in the 
plug; the cathode rays leaving this tube formed a narrow 
pencil and passed through electric and magnetic fields of the 
type used to produce a positive ray spectrum. After passing 
through these fields the pencil fell on a Willemite screen at | 
the end of the tube B, and in the absence of electric and 
magnetic forces produced a small circular patch of phosphor- 
escence on the screen. When either the electric or magnetic 
field was in action the spot was deflected ; it was not drawn 
out into a band, but remained a circular patch of the same 
size as the undeflected one with a very faint tail. This 
shows that the electrons which produce the phosphorescence 
are all moving at the same speed and that the effect on the 
screen of electrons moving at any other speed is negligible. 
By measuring the electrostatic deflexion of the rays we can 
deduce their kinetic energy, and can then compare it with 
the potential difference between the anode and cathode of the 
discharge-tube as determined by the equivalent spark-gap. 

I have made experiments with different gases—air, hy- 
drogen, oxygen, carbonic acid—and at different pressures, 


through gases at very low pressures. ð 


and with the equivalent spark-gaps ranging from 2 to 35 
millimetres ; in all but a few exceptional cases to be con- 
sidered later, the spot preserved its shape, it was not drawn 
out into a band, and the energy of the cathode rays as 
determined by their electrostatic deflexion was within the 
limits of the error inherent to the spark-gap method equal 
to that corresponding to the potential difference between 
the electrodes. In some cases when the “break” in the 
primary circuit of the induction-coil was working irregularly, 
there were several deflected spots to be seen; these were 
isolated and not connected by any band of luminosity, they 
were evidently due to changes in the potential differences 
between the terminals of the induction-coil due to the irregu- 
larities of the break. : 


The other reason for believing that ionization is not due 
to the collisions made by the positive particles follows from 
the consideration of the amount of energy that would be 
transferred to an electron by a collision with a positive ion. 
In consequence of the great mass of the ion in comparison 
with that of an electron, the energy of an ion if its speed 
were equal to that of an electron which possessed energy 
equal to the ionizing potential would be very much greater 
than that of the electron. Thus if the ionizing potential of 
the gas were 10 volts, the energy of a hydrogen molecule 
moving at the speed of an electron with the ionizing potential 
would be 36,000 volts, that of an atom of oxygen 288,000 
volts, and soon. Thus, unless the velocities of the ions are 
much greater than those produced by ordinary induction- 
coils, the individual electrons in the ion possess far 
too little energy for them to be able to ionize as in- 
dividuals. 

Let us now consider the transference of energy from the 
ion to an electron, regarding the ion asa unit. If M,, Me 
are the masses of two colliding: particles, one of which may 
be regarded as at rest, T the kinetic energy of the moving 
one, the transfer of energy from the one particle to the 
other is 


4M,M, us 
(M, + M,)22 0, 
where 26 is the angle through which the direction of the 
relative velocity of the particles is deflected by the col- 
lision; hence the maximum amount of energy which can 
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be transferred is 
4MM, 
(M,+M,)? 


or when, as in the case we are considering, one of the 
masses M; is small compared with the other, 


4M, 
M, k 


Thus an atom of hydrogen could only transfer 4/1800 of 
its energy to an electron, so that if the ionizing potential were 
10 volts it would have to have energy represented by 4500 volts 
to detach the electron ; if the ion were an atom of oxygen its 
energy would have to be 72 ,000 volts. Thus the energy of 
all ions, except hydrogen and possibly helium, would have 
to be far greater than those available with the use of 
ordinary coils if they are to produce ionization by collisions. 
At very low pressures with large potential differences be- 
tween the electrodes, it is possible that in hydrogen and 
helium we may have ‘cathode rays with less than the normal 
energy. Ina few cases I have observed that the pencil of 
cathode rays was spread out into a band by the electric and 
magnetic fields; this may have been due to hydrogen ions, 
which are nearly always present in the discharge through 
rarefied gases. 

There i is, however, another and very interesting way in 
which positive ions can produce ionization. When these 
ions reach the cathode they give up their charges to the 
electrode and become neutral. This neutralization is s produced 
by an electron falling into the positive ion. Now, when an 
electron fallsintoan atom radiation is emitted; this radiation 
is done up into units, each unit possessing an amount of 
energy measured by the loss of potential energy due to the 
fall of the electron into the atom. When the electron falls 
into and neutralizes a positive ion, this energy is equal to the 
ionization potential of the neutralized ion, z.e. to the ionization 
potential of the atoms or molecules of the gas through which 
the discharge is passing. Thus, when a positive ion is 
neutralized, radiation is emitted which has enough energy 
when absorbed to ionize the atoms or molecules of any gas 
whose ionizing potential is ever so little less than that of the 
gas which supplied the ion. Thus at the cathode where 
the positive ions are neutralized, radiation is emitted which 
has all but enough energy to ionize the gas itself; this 
radiation will fall upon the metal of the eathode and give 
rise to photoelectric effects, as the energy per unit cf 


T, 
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radiation necessary for these effects is less than that corre- 
sponding to the ionization potential of most gases. The 
electrons liberated by the photoelectric effects will start 
from close to the cathode, and thus when they emerge from 
the dark space will form a homogeneous system having 
energy represented by the full fall of potential in the dark 
space. The radiation which is not absorbed by the metal 
of the cathode will go out into the gas and will be able to 
ionize any molecule upon which it falls if the ionizing — 
potential of the molecule is less than that of the ion. 

Thus positive ions, though of insufficient energy to ionize 
by direct collision, may through the radiation they emit when 
they are neutralized produce ionization, which may extend 
over a volume large compared with that which could be 
reached if the ionization were due to collision. 

It may be noted in this connexion that Horton and Davies 
(Proc. Roy. Soc. xev. p. 333) have detected the emission 
of electrons from a metal plate struck by positive helium 
atoms with energy as low as 20 volts. 

The sequence of events in the dark space is thus as 
follows :— 


(1) The positive ions emit radiation when they give up 
their electrical charges at the cathode; this radiation 
we call radiation (i). l 

2) Radiation (i) falling on the cathode causes a photo- 
electric emission of electrons from the electrode. 

_ (3) These electrons acquire a high speed under the 
electric field, and then when traversing the mole- 
cules of the gas cause them to emit a radiation 
which we call radiation (ii). 

(4) Radiation (ii) ionizes those portions of the gas which 
it can reach before it is absorbed. 

(5) The recombination of the ions thus produced gives 
rise to the luminosity of the negative glow; this 
recombination consisting of the falling in of an 
electron to a positive ion will produce radiation 
which can ionize molecules whose ionizing potential 
is less than that of the neutral atom formed by 
the recombination. We shall call this radiation, 
radiation (iii). 


Thus on this view there are several kinds of radiation near 
the cathode : there is radiation (i) starting from quite close 
to the cathode, (ii) starting from all regions traversed by the 
cathode rays, and (iii) coming from the negative glow. 
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The number of electrons ejected from the cathode by the 
action of radiation (i) may depend upon the energy possessed 
by the positive ions when they strike against the cathode as 
well as upon the number of such ions, For just as in the 
motion of positive rays through gases when a positive ion 
may get neutralized and then again positively charged by 
giving up an electron to a molecule against which it strikes, 
so a positive ion striking against the cathode may alternate 
from the charged to the uncharged condition, if it has much 
energy, many times before it loses its charge for the last time : 
each change from the positively charged to the uncharged 
state would be accompanied by the emission of radiation. 
The type of radiation (i) might be expected to depend mainly 
upon the nature of the positive ions; the number of ions 
ejected by the radiation would depend to some extent upon 
the kind of material used for the cathode. 

With regard to radiation (ii), the type of this radiation, 
e.g. its frequency and penetrating power, would depend on 
the energy the cathode rays possess when they excite it and 
also upon the nature of the molecules which are excited by 
the rays. As the energy of the cathode rays varies from 
point to point of their path, this radiation will not be homo- 
geneous. The maximum energy of the cathode rays depends 
upon the current through the tube and the pressure of the 
gas, so that the properties of this kind of radiation will be 
a function of the pressure and of the current, The amount 
of radiation excited per cm, of path will be proportional to 
the pressure of the gas, and as the absorption of the radiation 
is also proportional to the pressure, if the cathode rays extend 
through a considerable volume of the gas the intensity of 
radiation (ii) at any point will not vary much with the 
pressure. As radiation (ii) is excited by cathode rays having 
considerable momentum part of which they lose when 
exciting this radiation, we should expect the momentum of 
the radiation to be in the same direction as that of the 
cathode rays, so that more of this radiation would travel 
forward in the direction of the cathode rays than would 
travel back. 

The type of radiation (iii) which arises from the re- 
combination of the ions produced by radiation (ii) will 
depend mainly upon the character of the gas in the tube. 
It is of greater wave-length than (ii), not extending much 
below 1000 Angstrom units. 
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The following experiment throws, I think, some light on 
the nature of this radiation. B (fig. 2) is a large bulb with 
a cathode at C and an anode at A; D isa long narrow tube 
about 50 cm. long. Within a certain range of pressure the 
negative glow extends right up to the top of D. A strong 
electromagnet was placed at L : when this magnet was in 
action the negative glow in D was not affected except in the 
region close to L; here it was extinguished, and the glow 


Fig. 2. 


formed two luminous columns separated by a short non- 
luminous layer. The ends of the luminous column showed 
much the same relation to the magnetic force acting upon 
them as does the luminous boundary of the dark space when 
acted on by magnetic force. Though the magnetic field 
produced this local disturbance, the upper part of D remained 
filled with glow whose brightness did not seem much affected 
by the magnetic field. This experiment shows, I think, that 
radiation (ii) does not in the main consist of secondary 
cathode ravs, for if it did the rays could not have crossed the 
magnetic field at L unless their velocity had been considerably 
greater than the primary cathode rays. I conclude then that 
radiation (ii) is in the main radiation of the character of light 
-or Röntgen rays, and not a corpuscular radiation. 


10 Sir J. J. Thomson on the Electric Discharge 


Production of Positive Ions in the Dark Space. 


Positive ray photographs show that a narrow pencil of 
positively charged atoms or molecules of one kind, e. g. atoms. 
or molecules of hydrogen, is drawn out into a continuous 
band when the rays are acted on by electric or magnetic 
forces; showing that there are some atoms whose energy is 
equal to E where E may have any value between certain 
wide limits. This is in contrast to the behaviour of the 
cathode rays, for we have seen that except in very special 
circumstances practically all the high-speed electrons possess. 
the same amount of energy. It is natural to attribute 
the variation in energy of the positive ions to their having 
been produced at different parts of the dark space and 
having, therefore, on their arrival at the cathode fallen 
through varying potential differences. If, however, the 
process which produces the positive ion was the dissociation 
of an atom or molecule into an electron and positive part,. 
the electrons on leaving the dark space would also have 
fallen through varying potential differences, would possess 
different energies, and a pencil of cathode, like one of positive 
rays, would be drawn out into a continuous band by electric 
and magnetic fields. 

There are two processes by which we could get charged 
positive ions without electrons. The first is by the impact of 
a positive ion on a diatomic molecule, of which one atom 
may be regarded as positively, the other as negatively 
electrified. Now, though the collision of a positive ion with 
a molecule could not, unless the energy of the ion were 
exceedingly large, separate an electron from the molecule, it 
might, if the molecule consisted of two oppositely charged 
ions, separate these ions, and dissociate the molecule into a 
positive and a negative ion. It could do this because the 
masses of these ions are much more nearly equal to its own: 
mass than is the mass of an electron, se that a much greater 
fraction of the energy of the positive ray could be com- 
municated to the ion than to the electron. Thus, while the- 
fraction given to the electron would be too small to detach 
it, the fraction transferred to the ion might be large enough 
to tear it away. The fact, however, that the variation of the 
energy of the positive ravs occurs in monatomic gases like 
helium and argon as well as in diatomic ones, shows that 
this cannot be the only way in which the variation of the- 
energy of the positive rays can be produced. Though a 
positive ray might not be able to detach and set free an 
electron froma molecule with which it came in contact, it 
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might in virtue of its charge be able to capture an electron 
from a molecule against which it struck and carry it away. 
The electron would neutralize the positive ray, and leave the 
molecule or atom from which it had been captured positively 
electrified. The positive ray would not communicate its 
energy to this atom or molecule, so that this would start on 
its career as a positive ray with little or no energy; the 
potential difference it would have to pass through before it 
reached the cathode would be less than the full fall of 
potential across the dark space, so that its energy when it 
reached the cathode would be less than the maximum. 

The neutralized atom would continue to move with a high 
velocity, and if it came into contact with a molecule of the 
gas through which it is passing might either carry an 
electron away or leave one behind; in either case a pair of ions 
would be produced. The repetition of this process might give 
rise to a considerable number of positive and negative ions, 
but not to any electrons. 

We can obtain an integral equation to determine the 
potential in the dark space under such conditions. Let (<) 
be the potential at a distance «œ from the luminous boundary 
of the dark space. Let A be the average distance traversed 
by an ion before transferring its charge to another. Then 
the chance of this transference taking place between & and 


E+E is 


and the chance that the ion passes through a distance x 


r 
without transferring its charge is € A. 
If a positive ion starts from rest at a point &, its velocity 
when it reaches wœ will, if there is no loss of energy, be 
equal to 


v (2e/M){(b(") — O(E)}, 
where M is the mass of the ion. Hence if j is the number 
of ions starting from near the luminous border of the dark 


space per second and therefore ee -dE the number which 
start from the layer between §+dE and & the density of 
positive electricity at x will, if we neglect the effect of ions 
which have experienced more than one transference of 
charge, be 
a 6 
ele 4 e AdE 


veee a, Ay (2e/M)($(e) —$()), 
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2 
= z , and since the density of 
the negative electricity is small compared with that of the 
positive, we may equate these expressions and get an integral 
equation for ¢(.7) ; this I have not been able to solve except 
when A=, when ġ (x) =(9rige)? Part3. 

We can see, however, that since the transference we are 
considering diminishes the average velocity oť the ions when 
they approach the cathode, it will increase the density of the 
positive electricity near the cathode and thus make the force 
increase more rapidly in that region than the distribution of 
potential represented by 2, the Jaw when cach ion reaches 
the cathode without interruption. | 

If an appreciable fraction of the current is carried by 
positive ions, then at low pressures and with fairly large 
currents all the molecules of the gas in the discharge-tube 
may have to strike against the cathode many times per 
second. Thus if the pressure is ‘01 mm. of mercury and 
the current through the tube carried by the positive ions is 
one milliampere, in one second 1074 electromagnetic unit 
of electricity or 3 x 10° electrostatic units must be given up 
at the cathode. As the charge on an ion is 4'77 x 10-7” 
electrostatic units, a charge of 3x10® units requires 
6:2 x 10 ions. In one centimetre of gas at ‘Ol mm. at 
0° C. there are 2°75 x 10!?/760 x 10%, or °36 x 10% molecules ; 
hence in one second the molecules contained in about 17 c.c. 
of the bulb must come in contact with the cathode. Unless 
this flow of ions to the cathode is balanced by a backward 
flow of molecules, the pressure at the cathode end of the tube 
must Increase continually. 

To produce this backward flow the pressure must increase 
as we approach the cathode. Taking the case of a plane 
cathode at right angles to the axis of x, then if n is the 
number of molecules per c.c. at a distance a from the 
cathode, the flow of molecules from the cathode due to 
the pressure gradient is per unit area per second 


The density of electricity is 


dn 
E A 
dx 
where D is approximately 4c, where A is the free path of 
the molecule and e the average velocity of translation of the 
molecules. If this flow is to balance that of positive ions 
towards the cathode, then if ¢ is the current per square 
centimetre carried by the positive ions, 
i c ` dn 
Bo de` 


e 
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In consequence of the large value of D at low pressures a 
very small pressure gradient is sufficient to produce a flow 
which will balance the flow of gas caused by the motion of 
the ions. Thus to take the numerical case just considered 
where i/e=6°2x 10, suppose that ¢ equals 4:6 x 10‘, the- 
value for a molecule of oxygen at 0° C. Then 


15x 10.3" = 62x 10%, 


or ee 4°1x 10", 
dz 

At a pressure of ‘01 mm. n will be of the order of 3°5 x 10", 
so that 
dn_ n 
dic = S50 
Thus a gradient in the number of molecules which only 
amounted to a change of one part in about 850 ina length 
equal to the free path would be sufficient to counterbalance. 
the pressure effects of the flow of positive ions to the 
cathode. 

On the view that the main supply of the positive ions 
comes from near the luminous boundary of the dark length, 
we should expect that the backward flow of the uncharged 
molecules would be confined ta the dark space, as such a 
flow would be sufficient to keep things in a steady state.. 
The backward flow in addition to uncharged molecules may 
contain (see ‘ Rays of Positive Electricity,’ p. 134) negatively 
charged molecules, and “retrograde” positively charged 
ones, though the number of these is small] in comparison 
with the flow of positive ions to the cathode or of uncharged 
molecules away from it. 

It is important to consider whether the values of current 
and potential observed when discharges pass through gases at 
low pressures are compatible with the view that the potential 
difference is that calculated from the distribution of positive 
electricity through the dark space. The lines on which the 
potential can be calculated are those given on p. 11, and 
although we cannot get an exact solution for the potential 
in that case, it is easy to see that the order of magnitude of 
the potential will be the same as that for the effect of a 
space-charge when all the electrons come from one electrode. 


In this case Ji J 
; 2 e Ve 
t = LV ar e o è è œ (1) 


where i is the current per unit area of the electrode, V the 


A 


approximately. 
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potential difference, and v the distance between the elec- 
trodes; M the mass of the carrier of the electric charge. 
All the quantities are measured in electrostatic units. 

We shall in applying this formula to the discharge through 
taretied gases take v as the thickness of the dark space and 
V the potential difference across that space ; i will he the 
density of the current carried by the positive ions, not the 
total current through the tube. Let us take the case when 
V is 30,000 volts, in electrostatic measure 100, and when the 
ithickness of the dark space is 6 cm. If the carriers of 
the positive electricity are atoms of hydrogen e/M=3 x 10"; 
hence by (1) i= 10"/4 in electrostatic units or 1/120 ampere, 
i. e. about 8 milliamperes. If the current were carried by 
atoms of nitrogen instead of hydrogen, 7=*57 milliampere. 
These values of 2 are high considering that 7 is only the part 
of the current carried by the positive ions and is probably but 
a small fraction of the total current. At higher pressures, 
when the discharge passes more easily, the values of 7 are 
much smaller and do not seem necessarily incompatible 
with the magnitude of the currents flowing through the 
tube. 

It must be remembered that the interpretation of such an 
equation as that we have just quoted depends upon the 
answer to two questions, neither of which has been definitely 
‘settled ; : 


(1) Is the discharge at these low pressures -continuous 
even when a constant difference of potential is 
applied to the electrodes ? 

(2) Is there an abrupt change in potential at the 
cathode ? 


With regard to (1) it is evident that if the discharge is 
intermittent the real value of ¿ when the discharge is passing 
may be very much greater than the average value recorded 
by an ammeter, Dauvillier has found that the discharge 
through an X-ray bulb is intermittent even when a constant 
potential difference is used to drive the bulb. From general 
considerations we might, I think, expect variations in the 
current even under constant potential. For even when a 
gas is in a steady state, if absolutely instantaneous photo- 
graphs could be taken of its molecules, there would be no 
resemblanee between the photographs taken at different 
‘times; on the other hand, if the time of exposure were 
«considerable in comparison with the time of relaxation, there 
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would be but little difference between successive photographs. 
Thus we see that it is only for effects which extend over a 
time longer than the time of “relaxation” of the gas that 
we can regard-the gas as being in a “steady” state; for 
shorter times both the gas and the effects must be regarded 
as variable. In the discharge through gases at low pressures, 
the time it takes for an electron or charged atom to cross 
the dark space may be but a very small fraction of the time of 
“ relaxation ” of the gas ; the gas cannot be regarded as in a 
“constant” state for these electrical effects, and the variation 
in the state of the gas may produce variations in the inten- 
sity of the current under a constant potential difference. 

The evidence with regard to (2) is contradictory at 
moderate pressures: Westphal finding that there is a con- 
siderable drop of potential close to the cathode, while Aston 
finds no trace of any abrupt change in the potential. If such 
a drop exists, then equations of the type of (1) connecting 
potential and current cannot be applied, until we know how 
much of the potential is used up close to the cathode. 

Another important point on which we have at present no 
direct information isthe proportion between the current carried 
by the positive ions and that carried by the electrons, The fact 
that in X-ray bulbs the heating effect at the anticathode— 
the place bombarded by electrons—is very much greater than 
that at the cathode itself—the place bombarded by the 
positive ions—suggests that much the greater part of the cur- 
rent is carried by electrons. We shall see that this view is 
helpful in explaining many of the properties of the discharge 
at low pressures. 

The question arises as to where the positive ions are pro- 
duced. Are they produced in the positive column and drift 
into the dark space where they get accelerated, or are they 
produced in the dark space itself? The following experi- 
ment shows, I think, that a considerable quantity at any 
rate are produced in the dark space itself. In the tube used 
to take positive-ray photographs a quartz bulb was placed in 
front of the cathode at about the middle of the dark space 
(tig. 3); if the positive ions all drifted in from the cathode 
they would be stopped by the quartz bulb and no positive-ray 
photographs would be produced, as a matter of fact excellent 
photographs were taken with the quartz bulb in this position. 

We shall suppose that ionization takes place in the dark 
space but that the number of ions produced in this region is 
much less than the number of electrons which start from the 
cathode ; thus by far the greater number of electrons which 
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emerge from the dark space will possess the maximum energy 
corresponding to the fall through the whole potential dif- 
ference in the dark space, while the energy of the positive 
ions which strike the cathode will vary with their place of 
origin in the dark space. 


Fig. 3. 


We shall now proceed to apply these ideas to some of the 
properties of the discharge at low pressures; we shall begin 
with the formation of the dark space. 

We have supposed that the ionization in this space is due 
to the radiations (i), (ii), (iti). Let q be the intensity of the 
radiation and p the density of the gas; the rate of ionization 
per unit volume will be ‘pg, where k is a quantity which 
does not depend upon p org. If the intensity of the radia- 
tion is constant throughout the dark space, and if d is the 
thickness of that space, the rate of ionization in the dark space 
estimated per square centimetre of the cathode is /ypd, and 
since there is no recombination in the dark space this will 
be the number of positive ions which strike against the unit 
area of the cathode per second. The emission of electrons 
from the cathode is on our view due to the neutralization of 
the positive charges ; it will be proportional to the number 
of such charges and to their energy when they reach the 
cathode ; the average energy will be proportional to the 
cathode fall of potential V. Thus if y is the number of 
electrons emitted per second per unit area of cathode, | 


PS AIPGE VG eae ey Men cae Ue (2) 
where A may depend upon the nature of the ions and the 
material of which the cathode is made. 
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We have supposed the ionization to be due to radiation 
primarily excited by the passage of the cathode rays through 
the yas ; the intensity q of this radiation will therefore be 
proportional to y. The energy communicated to a molecule 
by an electron whose energy is V is proportional to 

aV 
c+ bV?" 
The energy communicated to the molecules per unit path will 
also be proportion: al to p the density of the gas; on the other 
hand, the absorption of the radiation by the gas will also be 
proportional to p, so that if we are dealing with the radiation 
from a large volume of gas the intensity of the radiation 
reaching any point will not vary much with p. Hence we 
may put 


aV 
q = By “e+ bV” 


where B isa quantity which in general does not vary rapidly 
` with p but may do so under special conditions. Substituting 
this value of g in (2) we get 


aV? 
1 = BAk pd. TEV? 
1 b € j 
or pd = sili + a) Bo dnt te. A (3) 


Thus when B is independent of p, the thickness of the dark 
space is given by an equation of the form 


D 
y2? 


where C and D are constants if the tube and the nature of 
the gas with which it is filled remain unaltered. 

The distribution of potential in the dark space may be 
calculated as follows, provided the potential depends only 
upon the distance from the cathode :— 

Let (x) be the potential difference between the luminous 
boundary of the dark space and a place P at a distance z from 
it. The positive charge at P will have travelled to it from 
places like Q, whose coordinates are less than a. If a 
positive ion started from Q and fell freely to P its velocity at 
P would be equal to 


UET E 


where M is the mass of the positive ion. If ris written for 
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pd = C+ — 
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kgp, the number of positive ions which start per second from 
a layer of thickness d& at Q is rd& The density of these 
when they reach P will be rd&/v, where v is written for the 
expression (4) ; hence the density of the positive charge at 


P is 
AE, 


vo Y 


As the negative electricity is carried by electrons which 
move much more quickly than the positive ions, the density 
of the negative electrification will be negligible in comparison 
with that of the positive. Hence the resultant density of the 
electrification will be practically that of the positive charges, 
so that 


dor a = eA Er Vi gy -E | (5) 


an integral equation to find ġ(x). To solve it put = Ax", 
when equation (5) becomes 


Me 1 ( dz 


2A gen o Vl—2" 
Thus 
n 
ee a e 
n—? 2 1) 
or n= 2, 

and AP yy oe ’ 
so that 


p(o) = (T VY Med; 2 (6) 


so that if d is the thickness of the dark space and V the 
potential difference across it, 


V=(rmv Me/2)?3a?. 


If I is the current carried by the positive ions erd=I, hence 


varo (Meran 
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The distribution of potential represented by equation (6) 
is that found by Aston (Proc. Roy. Soc. Ixxix. p. 526) ; his 
experiments were, however, made at comparatively high 
pressures and with small potential differences. 

The equipotential surfaces corresponding to this solution 
are planes parallel to the cathode. Wehnelt has shown 
however, that in consequence of the electrification on the 
walls of the tube the discharge tends, even with large 
cathodes, to concentrate at the centre of the cathode and the 
equipotential surfaces are distorted into the shapes represented 
in fiv. 4. - 


Fig. 4.° 


We see from the expression for V that when the potential 
across the dark space is givén, the thickness of the dark space 
varies inversely as the square root of the current. 

The following calculation illustrates the effect of pressure 
and of the volume occupied by the negative glow on the 
value of q the intensity in the dark space of the ionizing 
radiation. Suppose that a unit of this radiation is liberated 
at P by a cathode ray, let A be the mean free path of this 
unit, 7. e. A is the average distance the unit travels before it 
ionizes a molecule. Let ôv be an element of volume at a 
point Q; then if de be the solid angle subtended by dv at P, 
the chance that the unit of radiation will start in the right 
direction to reach the element of volume at Q is éw/47. If 
r is the distance of Q from P, the chance that the unit of 
radiation will ionize a molecule while going through the 


i rd 
distance dr near Q is e7 a hence the chance that the ray 


from P ionizes in the volume ôv is 


ôw _"dr 
o Kais 


e 
4r `? 
or, since r’éwdr= dv, 


C2 
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The number of ions produced per unit volume in the dark 


space by a single unit of radiation is thus e~a/4ar°A. If 
these rays are produced uniformly throughout the negative 
glow, and if nọ is the number of such rays starting from unit 


volume per second, the ionization per second per unit volume- 
at Q will be 


No i) "ek ae 


where the integration is extended over the region traversed 
by the cathode rays. Performing the integration we find for 
the ionization the value 

L 


n 
re (1—e- a) Q, 

where Q is the solid angle subtended at Q by the region 
traversed by the cathode rays, and L the value of rat the outer 
boundary of this region. This is the quantity we denoted by 
kgp ; no the number of units of radiation produced per unit 
volume by the cathode rays will be preportional to p, thus g 


will be proportional to (1—7 x); if L/A is considerable g 
will be independent of both L and A and hence of p, and 
hence by equation (3), pd will be independent of p except 
in so far as c/aV? involves p. If however L/) is small, g will 
be proportional to L/X ; and since 1/X varies as p, q will be 
proportional to p, and p*d and not pd will be constant. A 
case in which the length of the dark space varies with the 
pressure more rapidly than 1/p is that represented in fig. 5. 


Fig. 5. 


C is a plane cathode from which cathode rays travel hori- 
zontally and strike against an insulated piece of plate glass D. 
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The bulb is for the most part filled with negative glow, but in 
addition to the usual dark space in front of the cathode there 
is another dark space in tront of D not in general of the same 
thickness as that in front of C. 

The negatively charged cathode rays starting from C carry 
a definite current into the plate D ; as this plate is insulated, 
when things have settled down into a steady state, an equal 
current must flow back from D across the dark space in front 
of it. As this space is dark there is no recombination of the 
ions within it, so that the current through it will be saturated 
and measured by the number of ions produced in this space 
per unit time; it is also equal to the current carried by the 
cathode rays which strike D, so that the ionization in this 
dark space, like that in front of C, will be directly pro- 
portional to the number of cathode rays coming from unit 
area of C. The region which can send ionizing radiation to 
the dark space in front of D is much smaller than that which 
can send such radiation to the dark space at C, so that 
whil- the thickness of the dark space at C should vary 
as l/p, thatat D should vary more rapidly with the- 
pressure, 

I made a series of measurements of the relative thicknesses 
of the primary dark space at C and the secondary one at D 
ut different pressures ; the gas in the bulb was oxygen, because 
the negative glow is denser and the outline of the dark space 
more sharply defined than in any other gas I have tried. 
The results are given in the following ghle. 


Primary dark space at C. Secondary dark space at D. 
20 mm. 1:5 mm. 
25 mm. 2:5 mm. 
28 mm. 2D mm. 
33 mm. rO mm. 
45 mm. TO mm. 


It wiil be seen from these numbers that as the thickness 
of the dark space at C increases as the pressure diminishes, 
that at D increases still more rapidly. It, as many experi- 
ments indicated, the thickness of the cathode dark space 

varies as l/p, that of the dark space at G must vary as a 
higher power of 1/p. The measurements are consistent with 
this thickness varying as (1/p)?. 
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We shall consider in more detail the properties of the 
negative vlow. This luminous glow torms the outer bonoen 
of the dark space, its appearance and the volume throug 
which it extends depend upon many factors such as the 
pressure of the gas, the current through the tube, the shape 
of the tube, the paths of the cathode rays through it, and the 
nature of the gas in the tube. In the negative glow the 
electric force is exceedingly small in comparison with its value 
in other parts of the tube, indicating that there is very intense 
ionization in the glow. This ionization, on the view we have 
suggested, is produced primarily by the radiation (ii) given 
out by molecules of gas traversed by cathode rays; the ions 
and electrons produced in this way recombine, and in doing 
so give out luminous radiation and a radiation corresponding 
in energy to the ionizing potential of the system formed by 
the electron and positive ion after recombination. Thus in 
a mixture of ions of different ionizing potentials, the re- 
combination of those with a high ionizing potential will give 
out radiation capable of producing a fresh supply of the ions 
with a smaller ionizing potential. The ionization in the 
negative glow is not merely the detachment of an electron 
from a molecule: if this were so, all the positive ions would 
be molecules; the evidence of the positive rays shows that 
these molecules are often broken up into atoms and that these 
atoms may combine and form newcompounds. Thus, though 
only one kind of compound gas be put in the discharge-tube, 
we find on analysis by positive rays that there may be twenty 
or thirty different kinds of carricrs of positive electricity 
due to new arrangement of the atoms which were in the 
molecules of the compound gas. 

The conditions in the negative glow seem to be those of 
thermodynamic equilibrium, č. e. if the gas filling the tube is 
a compound containing say oxygen, hydrogen, and carbon 
atoms in certain proportions, then in the negative glow there 
will be all possible compounds of these elements, and these 
compounds will be in the proportions corresponding to 
thermodynamic equilibrium at a suitable temperature. 

We know that in many cases the elements are able to exist 
in stable equilibrium in proportions which bear no relations 
to those indicated by thermodynamics. Thus, mixtures of 
hydrogen and oxygen in the proportion of two volumes ot 
hydrogen to one of oxygen will exist side by side at room 
temperatures without the occurrence of any chemical com- 
hination, whereas thermodynamical considerations would 
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indicate that practically all the atoms should be united 
in H,O. 

The reason that thermodynamic equilibrium is not attained 
under ordinary conditions is, to take the example just con- 
sidered, that before H,O can be formed from a mixture of 
H, and O,, work has to be expended to split the oxvgen 
molecules into atoms. Although the final result of the 
formation of water from hydrogen and oxygen results in a 
great liberation of energy, yet, before this result can be 
obtained, there must be a preliminary expenditure of energy 
and there must be some sources from which this energy 
can be borrowed. To lend this energy is the function of a 
catalyst, and anything which can supply the energy sufficient 
to enuble the reaction to start on a small scale will act as a 
catalyst. Now, in the negative glow we have many sources 
of energy which are not present in gases in the normal state. 
We have energy stored up in radiations of various kinds, 
we have the energy of moving electrons : all these will act as 
catalysts and enable the gases in the negative glow to be in 
thermodynamic equilibrium. I have made a good many 
experiments to test whether or not this is so. The method 
was as follows: I filled the discharge-tube with, say, carbon 
monoxide and obtained the positive-ray spectrum, then 
I pumped out the CO and filled the tube with CQ,, and again 
obtained the positive-ray spectrum. There were differences 
between the spectra of CO and CO,, but these were not so 
much in the absence or presence of lines corresponding to 
different atoms or molecules, for as a matter of fact if a line 
is present in one of these spectra, traces at least of it are 
found in the other; the differences in the two spectra are 
in the relative intensities of the lines ; this, however, might. 
be because the proportion between the number of carbon 
atoms and of oxygen ones is not the same in CO as in CO}. 
When, however, oxygen is mixed with CO in the proportion 
of one volume of oxygen to two of CO, so that the mixture 
is represented by 2CO+0O,, the proportion between the 
carbon and oxygen atoms is the same as for CO; On 
comparing the positive-ray photograph of the mixture with 
that of CO., I could not detect any differences between them. 
I made similar experiments with formaldehyde COH, and the 
mixture CO+H,, with methyl alcohol CH;.OH and 
the mixture CO+2H., with formic acid CHO . OH and the 
mixture CO, + H., and found that in each of these cases 
the positive-ray spectrum of the mixture was the same as 
that of the compound. ‘This is the result we should get if 
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the gas in the negative glow were in thermodynamic equi- 
librium at a high temperature, for the composition of a 
mixture of carbon, oxygen, and hydrogen atoms in thermo- 
dynamic equilibrium depends at a given temperature only 
upon the number of atoms of carbon, oxygen, and hydrogen, 
and not upon their state of combination when introduced into 
the discharge-tube. 

Incidentally we may mention that the positive-ray photo- 
graphs of carbon compounds, and especially of such compounds 
as benzene, phenol, and hydrocyanic acid, show that in the 
negative low carbon has a great tendency to polynrerize, 
for in the positive-ray photographs of these gases we find 
Jines corresponding to C,, Ca, Cy, Cy, Cs. 

it takes only a very short time for the gas in the discharge- 
tube to settle down into thermodynamic equilibrium when 
the electric discharge is passing through it. This is shown 
by the fact that the lines corresponding to the different 
atoms or molecules appear on photographs taken with the 
“instantaneous”? discharge. The instantaneous” discharge 
is that produced when the induction-coil which produces the 
discharge is not allowed to run continuously. Instead of 
using the ordinary interrupter to break the primary circuit, 
the primary circuit is broken by hand, using a break with a 

very strong spring so as to make the interruption of the 
circuit as abrupt as possible. l found that a spring gave as 
abrupt a break as Lord Ravleigh’s method of breaking the 
primary circuit by a bullet fired from a revolv er, and was 
much more convenient, Twas not able to get the dischar ge 
sufficiently intense to photograph a single flash, but what 
was equivalent to a photograph of a single flash was obtained 
hy passing a steady stream of the gas under investigation 
through the discharge-tube and m: aking the interval between 
the flashes so long that all the gas that was in the bulb when 
one flash was taken was washed out before the next flash. 
I got distiner photographs with twenty or thirty flashes, and 
these showed lines corresponding to a great variety of atoms 
and molecules, showing that these were > produced i in the time 
taken by the flash. I estimated from the results given by 
Protessor Taylor Jones for a coil of somewhat similar 
dimensions that the duration of each discharge was about 
1/3000 see. Bach of these flash discharges shows all the 
usual characteristies of the discharge through gases at low 
pressure, e. ga the dark space, the negative slow, and the 
positive column. 
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The Tons in the Positive Column. 


In the part of the luminous discharge which is in contact 
with the anode, the electric field is very much weaker than 
it is in the dark space ; and this part of the discharge can 
be shielded easily from the radiations which we have supposed 
to produce the ionization in the negative glow and the dark 
space. The ionization in the positive column we regard 
us due to ionization by the collisions of electrons; it is there- 
fore a matter of some interest to investigate the nature of 
the ions in the positive column to see whether thev approach 
in variety and complexity those which pass through the dark 
space and are revealed hy positive ray analysis. I have 
made experiments on this point, and though the research 
is not yet complete evidence has been obtained that the 
character of the ions in the positive column is similar to that 
of those in the positive rays, though we are not yet in a 
position to say that the ions are the same in all respects. 


Fig. 6. 


The method used to investigate the ions in the positive 
column is that indicated in fig. 6. The current from an 
induction-coil passed from the cathode ( to the anode A, 
through two glass tubes L and M separated by an interval 
and adjusted so that the axes of the tubes were in the same 
straight line. The positive column filled the greater part of 
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these tubes and stretched across the interruption between 
them. The nature of the ions in the interval between the 
tubes was investigated in the following manner. The glass 
tube G carries a tightly-fitting metal plug K with a hole 
bored through it, a long fine copper tube of the kind used in 
my experiments on Positive Rays fitted tightly into this 
hole. One end of this tube came opposite the interval 
between the tubes L and M. This fine tube was the only 
channel of communication between the vessels B and D, so 
that by means of powerful pumps and charcoal cooled with 
liquid air a good vacuum could be maintained in D, even 
when the pressure in D was comparable with that due to a 
millimetre of mercury. 

To drive the positiveions from the positive column through 
the narrow tube in the plug, an electric fiel was maintained 
between the side electrode F and the plug K. After passing 
through the fine tube the ions were accelerated before 
passing through a hole in another plug L. Atter going 
through L they pass between the poles of an electromagnet 
and then pass through a circular hole in a closed brass 
vessel, behind this hole is a Faraday cylinder connected with 
a Dolezalek electrometer. The potential differences required 
to drive the ions through the tube and accelerate them 
afterwards were derived froma high potential dynamo made 
by Evershed and Vignolles which gave steady potential 
differences up to 6000 volts. The current from this dynamo 
ran through two high resistances—two tubes A and B filled 
with a mixture of xylol and alcohol. A was inserted between 
F and K, B between K and L. The resistance of A is 
small compared with that of B, so that the energy which 
the ions possess when they pass through the magnetic field is 
very nearly that due to the potential difference between 
the terminals of the dynamo, and is the same for all ions. 
The deflexion by the magnetic field of an ion whose mass is- 
m and velocity v is equal to 


e 
ees | 
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where B is a quantity which depends upon the strength of 
the magnetic field and upon the length of path traversed by 
the ion before it reaches the aperture in front of the Faraday 
evlinder. B owas determined by the method given in my 
‘Rays of Positive Electricity,’ 2nd edition, p. 18. If V is 
the potential difference between the terminals of the dynamo, 
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then approximately 
tmv?= Ve; 


hence the deflexion of the ion is equal to 


e\l? B 
( Bee e ke, e Ae OD 
mI f2V 

Let us now consider what is the effect of gradually 
increasing the magnetic field on the charge of positive 
electricity received by the Faraday cylinder and measured 
by the electrometer. The apparatus is adjusted so that when 
there is no magnetic field the ions pass through the centre 
of the aperture in front of the Faraday cylinder. No effect 
on the charge received by the cylinder will be produced 
until the deflexion of the most deflected ion (the atom of 
hydrogen) is equal to the radius of the circular aperture in 
front of the Faraday cylinder. 

When the magnetic force reaches a value just large 
enough to produce this deflexion, the charges which were 
carried to the Faraday cylinder by the atoms of hydrogen 
are stopped hy the walls of the vessel round it, and the 
deflexion of the electrometer falls—abruptly if the pencil of 
rays is very narrow, gradually if it is diffuse. After this 
diminution in the deflexion of the electrometer there will be 
no further diminution until the magnetic force reaches the 
value for which the deflexion of the ion next in mass to the 
hydrogen atom, ¿.e., the hydrogen molecule, is equal to 
the radius of the aperture ; at this stage there will again be 
a sudden diminution in the deflexion of the electrometer. 
Thus we see that if we plot the deflexion of the electro- 
meter as ordinate against the magnetic force as abscissa, we 
should with a very narrow beam of positive ions get a graph 
like fig. 7. 

Each nick in the graph indicates the presence of an ion, 
which under the magnetic force represented by its abscissa 
is deflected through a distance equal to the radius of the 
aperture. Knowing this radius and the magnetic force, we 
can from the expression (7) determine the value of m for 
each of the ions. In my experiments the beam of positive 
ions was widened by the scattering it experienced in its 
passage up to the Faraday cylinder, so that the nicks in the 
graph were rounded off and it was not possible to obtain 
more than approximate values of m. They were, however, 
sufficiently well marked to determine with ease whether or 
not a particular ion was to be found among those drawn 
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from the positive column. I have found in this way that in 
the positive column in air there are, even when the pressure 
approaches 1 mm. of mercury, atoms aud molecules of 
hydrogen, atoms of either oxygen or nitrogen or both—the 
nicks due to these are too near together to be separated with 
certainty in my curves—as well as molecules of these 
elements. These experiments show that the ionization in the 


Fig. 7. 


positive column involves the splitting up of molecules into 
atoms as well as the abstraction of electrons from molecules. 
This suggests that in the positive column as in the negative 
glow we havea distribution of atoms and molecules analogous 
to that which represents thermodynamic equilibrium of the 
gases in the tube at a high temperature. 

It is remarkable that these experiments show no traces of 
negative ions, vs distinct from electrons, in the positive 
column ; when the electrode F is made negative, instead of 
positive, so as to drive negative instead of positive ions into 
the Faraday cylinder, no appreciable deflexion of the electro- 
meter occurs; though when the potential of F is reversed so 
as to drive positive ions into the cylinder, the electrometer 
may show a deflexion of more than 100 divisions in a 
minute. 


Theory of the Cnriform Positire Column. 


We suppose that the ionization in the positive column is 
due, (l) to collisions with free electrons, (2) to radiation 
given out when a positive ion is neutralized by an electron 
falling into it. Positive and negative zons are supposed not 
to produce ions in the positive column by collision. 


through gases at very low pressures. 29: 


Let n,, na, m be respectively the number of free electrons, 
of negative ions, and of positive ions per unit volume. 

Let the average time taken by an electron to acquire- 
under the electric force sufficient energy to produce ionization 
by collision and to effect the ionization be T, then the number 
of ions produced by collisions per second in unit volume is 
n,/T. The ionization due to radiation will be proportional to 
the radiation emitted in unit time; this will be proportional 
to the number of positive ions neutralized in that time, 2. e. to- 
nym. We shall suppose that the rate of production of ions 
from radiation is ram. Hence the total rate of production. 
of electrons per unit volume is 


> 


n 
T +7rnym. 


This must be equal to the rate at which the electrons 
disappear; the electrons disappear by combining (1) with. 
positive ions to form neutral molecules, (2) with neutral 
molecules to form negative ions. The rate of the first 
process is a,n,m, where a, is the coefficient of recombination 
hetween electrons and positive ions; the rate of the second is 
anıp, Where a; is a coefficient of recombination and p the. 
density of the gas in the discharge-tube. Hence equating 
the rate at which the electrons are produced to that at 
which they disappear, 


My x 
p trim =aynym + amp i Se &. (Bie 


The rate at which negative ions are produced is anp, the: 
rate at which they disappear is anm, where a is the coefticient 
of recombination of the positive and negative ions and ns the 
number of negative ions per unit volume. Hence 


AQgnp=anm. . . . 2. 2. . (9) 
In the uniform positive column the electric furce is 


constant, so that there can be no resultant electric charge at 
any portion of it. Hence 


ntm . . » « (10) 
From (38), (9), (10) we get 
TE aP 
m= eee š s a LL 
ny i ne _ m 
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If 2 is the current through unit area, ui, uz, and v the 
velocities of the electrons, negative ions, and positive ions 
respectively, then 


i 
N1 E Ngu + MV= 33 


or 
anım? +dgugpm+arm?+agrpm _ i f 
C am + ap OSE ge ee (12) 
This is an equation to determine m, and when m is known 
1/T can be determined from (11). Now, as we shall see, 
‘T can be expressed in terms of the electric force X, so that 
(12) will lead to expression for the electric force. 
When, as in the cases we are considering, the pressure is 
very low by far the greater part of the current is carried by 
the electrons. When this is so (5) reduces to 


aum? 1 
. am+ap e- 


For very small values of į this by equation (11) reduces to 


1 
T = dap. 


To find T we may proceed as follows. For the electron 
to ionize the gas by collision it must acquire under the 
electric field energy equal to that corresponding to the 
ionizing potential V. Let X be the electric force in 
the positive column, d the distance measured in the direction 
of the force through which the electron must move to acquire 
the energy corresponding to the ionizing potential, then, if 
there is no loss of energy at the collisions, 


Xd=V. 


The electron while moving through a distance d from the 
source will make many collisions. The chance that after 
n collisions the distance it has travelled is between Ax and 

9 r? 
Ale+de)isze * wde. (Rayleigh, ‘Theory of Sound,’ 2nd 
n ` 


ed. vol. i. p. 40). The average distance is equal to 


where A is the mean free path of the electron. Hence n the 
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number of collisions it makes before it travels through a 
distance d may be taken as given by the equation 


d= yn Xr. 


Since the free path of an electron moving through un- 
charged molecules is proportional to its velocity (Phil. Mag. 
xlvii. p. 345) the time between each collision is constant. 
Hence T the time required to make these n collisions will be 

given by the equation 
| T=” 


Y ? 


where v is the velocity and A the free path of the un- 
accelerated ion. Now 
dd? 4 V? 


ee ey 
wr? m X? 


hence rat Vv? N 
TTX v 


We now proceed to find aap; 1/a,p is the average time 
taken by the electron to unite with a neutral molecule to 
form a negative ion. It follows from the theory of the 
recombination of ions (see Phil. Mag. xlvii. p. 360), and has 
been proved by the experiments of Loeb (Phil. Mag. xliii. 
p. 229) that an electron makes many collisions before unitin 
with a molecule to form a negative ion. Let N be this 
number, which has been measured by Loeb for several gases, 
then 


l N 
ap v ° 
Since, when the current is small 
jae 
ap 
4 V? 
7x 
2 Vv 
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The free path we are concerned with here is the path of a 
charged electron. In consequence of the charge A will be 
shorter than the geometrical free path L, which is equal to 
1/pmwo?, where ø is the radius of the uncharged molecule. 
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It can be shown (Phil. Mag. xlvii. p. 345) that 

à 1, /P8 

L 22V U’ 
where 80 is the average energy due to thermal agitation of 
a molecule of the gas at the absolute temperature, 0, and U 
the work required to deprive a negatively electrified molecule. 


of its electron. Hence 
44V U 
XL= a ENNA 
MV NBO" 


This equation is obtained on the supposition that ¿ the 
current is very small. 
When 7 is finite we have by (12) 


TXA 1 Ai 
iy Nee, a. 

The fact that an electron makes a very large number of 
collisions before it gets attached to an uncharged molecule 
reduces the electric force required to make an electron ionize 
the gas to a value much below that which would be required 
if the electron only made a few collisions when in the free 
state. For example, if the electric force is such that 
XX =V/10, where X is the electric force and A the mean free 
path, then, if the electron only makes one collision when in 
the free state, the chance of its getting enough energy to 
ionize is the chance of describing without collision a distance- 
10 times the mean free path, 7. e., €70, a very small quantity. 
If it, on the other hand, makes 10t collisions in a free state, 
and if these collisions are elastic, the chance that after 
making these collisions the electron would have enough 
energy to ionize the gas is 

102 i 
elute or €7 lw, 


which is very nearly a certainty. 


Summary. 


The paper contains a theory of the electric discharge at 
low pressures based on the view that the ionization in the 
dark space and in the negative glow is due (1) to the radiation 
emitted when the positive ions are neutralized at the cathode,, 
this radiation by its photoelectric effect causes an emission 
of electrons from the cathode; these electrons fall through 
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the whole potential difference in the dark space and constitute 
the high-speed cathode rays. Experiments are described 
which prove that all the cathode rays have nearly the same 
energy, differing in this respect from the positive rays which 
have energies ranging over wide limits. 

The direct ionization due to the collision of high-speed 
cathode rays is, as Glasson’s experiments show, small at their 
low pressures, but though these rays in their passage through 
the gas do not liberate many electrons, they cause the 
molecules through which they pass to emit a radiation which 
ionizes the surrounding gas in the negative glow and the 
dark space, the luminosity of the glow being the result of 
the recombination of electrons and positive ions produced in 
this way. The recombination of these electrons and positive 
ions also gives out a radiation which can ionize gases whose 
ionizing potential is less than that of the neutral atom or 
molecule formed by the combination of the electron and 
positive ion. 

The positive ions, except in light gases like hydrogen and 
helium, will not, unless the potential differences are of the 
order of sixty-five thousand volts for the oxygen atom and 
higher for other gases in proportion to their molecular 
weights, produce free electrons by collisions. This is due to 
the great differences between the masses of the ions and the 
electrons, which makes it impossible for more than a fraction 
of the energy of one to be transferred to the other by 
a collision. 

An expression for the distribution of potential in the dark 
space is deduced from these. principles; accordiny to this 
expression the potential difference between a point in the 
dark space and the negative glow is proportional to the square 
of the distance of the point from the edge of the glow. 
This is the result arrived at by Dr. Aston in his experiments 
on this subject. An expression is also obtained for the 
connexion between the thickness of the dark space and 
the pressure of the gas. 

Experiments are also described on the character of the 
ions in the positive column, and an expression found for 
the electric force in a uniform unstriated column, 
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II. On the Helmholtz n of the Struck String.— 
Part II. Eeperimental. y W. H. Georce, B.Se., 
Research Student, University “Callens, Nottingham *. 


[Plates I.-III.] 
i a previous paper (Phil. Mag. xlvii. pp. 591-602 (1924)) 


the Helmholtz theories of the struck string were con- 
sidered, and in order to subject the second theory to quanti- 
tative experimental test expressions were there deduced for 
quantities whose magnitude could be determined from a 
displacement-time curve of the struck point of the string. 
In the present paper the apparatus used for obtaining 
experimentally the required displacement-time curves is 
described together with the results obtained. As the 
apparatus has been used to investigate a number of problems 
of the struck string, it will be described here in such detail 
as to serve the purpose of future papers as well as the present 
one. 


DESCRIPTION OF APPARATUS, 


The String.—The steel piano wire used is stretched on a 
monochord for lengths up to 100 cm. and across bridges (B) 
fixed upon roof-posts of the laboratory for lengths up to 
316 cm. Two advantages of the use of the long string are, 
first, the greater range ‘of available values of the ratio of the 
mass of the hammer to the mass of the string (m/M), and, 
second, the larger ie as obtained for a given mass 
ratio. 

The exact striking place can be found by smoking the 
string before taking a record and allowing the hammer to 
strike once only. The bright speck caused by the removal of 
the black deposit at the striking place gives a clearly defined 
zero mark from which the distance of the nearer bridge can 
be measured. When a wedge-shaped metallic hammer-head 
is used an alternative method available consists in smoking 
the hammer face only. After a single impact a tiny black 
speck is left on the bright string and serves as the zero 
mark. 

The Tammer.—Previous workers t have used the mech- 
anism of the pianoforte key. The hammer used in the 
present research may be regarded as a compound pendulum 

* Communicated by Prof. E. H. Barton, F.R.S. 


t Kaufmann, Wied. Ann. liv. (1895); Berry, Phil. Mag. xix, pp. 648-51 
(1910), and xx. pp. 652-57, xxii. pp. 113-118 (1911). 
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to which simple calculations are applicable. Photographs of 
three types of these pendulums are shown in Pl. I. fig. 2. 
The shaft consists of a lath of wood at one’end of which two 
box wood side pieces are glued. These serve to support the 
steel axle which fits in a hole drilled accurately perpendicular 
to the plane of the lath. The method of suspension will be 
clear from the photograph. The hammer-head is usually 
fixed at two-thirds the length of the pendulum from the axle, 
in order to avoid violent reactions there. In some cases 
when it is desirable to reduce the mass of the pendulum, it is 
shortened and the hammer-head is fixed atthe end. Wedge- 
shaped hammer-heads are made by folding and hammering 
aluminium or copper foil. They are each securely fastened. 
to the shaft by two screws and nuts, so that relative motion 
between hammer-head and shaft is prevented. As these 
hammer-heads are not wide enough to cover the slit of 
light used in observing the motion of the struck point, pieces 
of foil are usually fixed on them so that, at the instant. of 
contact, the foil is in a plane parallel to the plane of motion 
of the string and has one edge parallel to and vertically 
beneath the string. Any relative motion of the hammer- 
head and the string in or perpendicular to the direction of 
the string’s length during the impact can be tested by pre- 
viously smoking the string or the hammer-head. The felt- 
covered hammer-heads are machine made of the type used in 
pianofortes. The block of wood (A) from which the pen- 
dulums are suspended is secured to the cross-piece (C) by a 
single bolt and wing-nut so that the hammer strikes at any 
desired place along the string. The cross-piece (C) is ad- 
justable in the two directions perpendicular to the string. It 
will be noted that the pendulum can be removed from the 
apparatus in order to study the damping with the suspension 
unaltered. The natural vibrations of the hammer-shaft can 
be studied by removing the pendulum from its suspension, 
withdrawing the steel axle, and clamping the boxwood side 
pieces in a heavy vice. Distortion of the hammer during - 
the impact can be studied by instantaneous photography 
and also by evidence deduced from the displacement-time 
curve of the struck point. 

Optical Arranyements.—Fig. 3 shows one portion of the 
optical arrangements. An arc and condenser serve to 
illuminate by a horizontal beam a vertical slit (S) formed by 
two safety-razor blades. This horizontal beam is changed to 
a vertical one by the prism (P) and a horizontal image of 
the slit is focussed by the lens (L) upon the string, the final 
image being perpendicular to the string. The whole of this 
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portion of the apparatus is carried by a platform which runs 
on rails (RR) parallel to the string. Referring now to fig. 1, 
the image of the slit, a portion of which is cut off by the 
string, is focussed by the lens (D) onto the photographic 
plate through a slit in the “ camera.” The magnification in 
the final image is 5/3. 

The Camera.—This consists of a long shallow wooden box 
having a groove along each of its two longer sides. In these 
two grooves a plate-holder (H) slides and is shot by stretched 
catapult elastic at uniform speed past a slit in the lid of the 
box, the elastic being just unstretched as the right-hand edge 
of the plate reaches the slit. A spring device “at the right- 
hand end of the box prevents the rebound of the plate-holder 
past the open slit. In fig. 1 (Pl. I.) the box is shown with the 
lid open. In an actual aR the box is taken into a 
dark-room and a plate is put in the holder which is pulled to the 
left-hand end of the box and there held by a brass pin which 
passes up through the bottom of the box and through a holo 
in the plate-holder. The lid of the box is then closed onto a 
felt pad which renders the box lght-tight, and the box is 
removed from the dark-room and placed against stops on a 
platform which is set so that the plate trav els parallel to the 
string. Special Rapid or Press plates of speed H & D 270- 
475 were used. 

Timina Arrangements.—In order to obtain a record of the 
impact it is necessary to have some timing device which will 
ensure the arrival of the plate at the slit just before the 
hammer strikes the string. To facilitate this, two electro- 
magnets (M and E) are used and are connected with a cell 
and a morse-key (I<) so that when the key is depressed (i.) 
the circuit containing M is made, so releasing the hammer, 
and (ii.) the circuit ‘containing E is broken, so releasing a 
weight which falls from an adjustable height (h) upon a 
lath (F). Any timing required is attained by the corre- 
sponding adjustment of this height (4) which can be approxi- 
mately calculated, since the time of descent of the hammer 
can be obtained from its initial inclination with the vertical. 
The lath (I) is pivoted at one end and has at the other end a 

right-angled hook which fits into the brass pin of the camera 
pr ‘eviously mentioned. By this means the falling weight 
knocks out the pin and releases the plate. 

The velocity (ro) of the hammer at the beginning of the 
impact is adjustable by varying the initial inclination (8) of 
the hammer with the vertical. If the hammer-head is 
attached at two-thirds the length of the pendulum from the 
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axis of rotation, we have: 
ro= V 2gr(1— cos £), 


where r is the distance between string and axis of rotation 
of the pendulum. If the hammer-head is attached at the 
end of the pendulum, then: 


ace ee (m '+2M' Xli- cos 8) 
a= (m #3M') , 


where m' is the ordinary mass of the hammer-shaft and M’ is 
the mass of the hammer-head. When the apparatus is set 
for taking a record, the pendulum is held at the desired 
inclination with the vertical by the pin which rests upon a 
small cylindrical metal rod which in turn slides in bearings 
and has a piece of iron attached to the other end opposite to 
the electromagnet (M). By this arrangement the pendulum 
rests under a minimum of constraint, so that when it is 
released by the electromagnet it descends to the string 
without vibrations having been set up in its shaft. During 
the impact we may regard the pendulum as vertical and its 
velocity as uninfluenced by the acceleration of gravity. 

On the experimental displacement-time curves accom- 
panying this paper (Pls. II. & II.) the time axis is horizontal 
and positive from right to left. On the original larger 
figures (7. e. Pl. IL. figs. 1-9) 1 em. along the time axis 
represents approximately 1/318 sec., whilst on the smaller 
figures (PI. IL. figs. 12-23) 1 em. represents approximately 
r "205 sec. The dark patch on each records the motion of the 
hammer which covers up the slit during the impact. From 
the inclination (x) with the time axis of the right-hand linear 
boundary of the patch the initial velocity (vg) of the hammer 
can be determined, and is given by 


ty= V tan a/magnification, 


where V is the velocity of the plate. Similarly, the velocity 
of rebound (v) of the hammer can be determined. 

The graph paper effect appearing on some of the figures 
(PI. LIT. figs. 16-19) is obtained by the use of a grid-plate 
as described in ‘Nature’ (vol. exiii. p. 387 (1924)). 


TEST OF APPARATUS. 


Before applying the measurements to test the Helmholtz 
theory, it is desirable to compare them with similar measure- 
ments made by Kaufmann, whose work must be taken as 
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standard. In Table I. are given examples of the percentage 
differences between Kaufmann’s experimental and theoretical 
values in a number of cases chosen by him to support his 
theoretical work. 


TABLE I. 
Page of No. of 
Kautmann’s Lia. m, M, Quantity.  Fxperi- % Difference. 
paper. ments. 
693 wee 2 (ODT Es j1 — 458 
GOL ree 2 9 a l — 593 
COS soirs 9 ‘ l —1215 
GOL eee 2 a J2 {1 -194 
GIG st 10 1-78 [5 + 16 to+ oF 
PD Bai 
o set fio 25 1-385 s l4 116 to + 23 
to t5 j ae 4 
a sepa s+ gat 9 I3 = 506to+ 417 
OIT soisissa 10°38 279 [5 — 25 to +1653 


No measurements given for y, when lu >2. 


: Thowalvout the paper an asterisk denotes ilie uso of a felt-covered 
hammer, 


From the above table it is clear that in work of this 
nature large differences between experimental and theoretical 
ralues must be expected. This is due firstly to the large 

number of quantities to be measured, and secondly to the 
fact that in order to treat the problem theoretically at 
reasonable length a number of factors have to be omitted. 

In Table II. experimental values obtained in the present 
work are compared with the corresponding values obtained 
from Kaufmann’s theory. By the term “9/5 Difference ” is 
here meant 


Expmtal. value— Theo. 3 alue o 
S 00. 
Theo. value. 

By comparison of the percentage difference columns in 
Tables I. and II. we may conclude that, although the 
apparatus differs from Kaufmann’s, the results obtained with 
it are of the same order of accuracy as Kaufmann’s results. 
It may be noted that in all cases it was found possible to 
obtain a second displacement-time curve identical with the 
first as tested by superposition of the negatives. Figs. 10 
and 11, originally intended to illustrate two cases ot this 
repetition of any desired curve, have been omitted for reasons 
of economy. 
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l TOS On Kanfmann’s By 2 ap 
Quantity. Figure. Theory. Experiment. % Difference. 
7 #] W507 (57 ni? 
g: 2 0:567 0:57 nil 

3 0989 1:0 l 
4 0-037 0-633 —(0'6 
5 USsl Orgad —6'°3 
6 U244 U:243 nil 
ty *l 0:50 00) nil 
=. 2 0:50 0:51 2 
6 3 0564 0:563 nil 
4 0:318 0:305 — 40 
5 O11 907 O17 = |08 
6 0124 U115 — T+ 
Yo *] 0895 cm. 10 em. 11-7 
ve 2 O's03 0-9 12°} 
3 DOO +1 15:5 
4 23T 2-36 nil 
5 1:56 1:5 —4 
6 O-e75 | 07 —20 
ee 2 0-66 0°63 —4°5 
Ty 3 0:634 0-8 T2 
4 O-G91 069 nil 
D OTG OS17T 2.3 
6 0-400 04225 —6l 


Test oF HELMHOLTZ THEORY. 


In the following two tables experimental values are com- 
pared with those predicted by the Helmholtz theory and also 
where possible with those predicted by the WKaufimann 
theory. 


TaBLeE ITT. 


On Heliunholtz Theory, On Kaufmann Theory. 


gc x By experi- C — +- ~ A> A 
Quantity. Fig. SEAL Theo, 7, Theo, i 
Value, Difference. Value, Difference 
to +] 0:50 0:315 57 0:500 nil 
n° 2 0-51 0:326 56 0-00 2 
6 3 0-563 0-562 nil O04 nil 
4 0:305 0:320 — +7 OBIS — 4 
5 O17 0:159 — 100 0:1907 — 1v8 
6 0:115 0:1375 —163 0:124 — 74 
Yr it | 10 cm. 268 em, —63 0:895 em. 11:7 
a 2 0-9 2°46 —63 O'so3 12-1 
3 4°1 4°17 — v2 3:55 15:5 
4 2°36 2 25 4°9 2°37 nil 
5 1:5 1:647 — R9 1°56 -—- 4 
6 0:7 0:985 — 29 0:875 — 20 
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TABLE IV. 


Quantity. Fig By er i On fee Y Difference. 
to 7 0:312 0:2535 23 
e 8 0:359 0:262 37 
0 9 0:575 0-5085 13 
"12 0:52 0:608 —14 
13 O774 0-825 — 6 
14 0:857 0:902 9—5 
15 0:96 1:075 —11 
*16 0:606 0-602 nil 
*17 0:625 0:593 5 
*18 0:6565 0618 6 
*19 0-613 0:634 — 3 
*20 0-64 0-82 — 22 
#2] 0-6-4 0:82 —21 
+92 0:53 0-78 —32 
*23 0:58 0:83 — 30 
ijae 7 0:93 cm 2°37 cm. — 61 
Jz 8 0-9 2:27 — 60 
9 3°6 3615 nil 
*12 11 1°39 — 2] 
13. 17 1:91 -11 
14 1:7 2175 — 22 
15 1-8 1-705 6 
*16 O50 0:6015 -17 
*17 0:95 1083 -12 
*18 1:36 1:626 —16 
*19 1-65 223 — 26 
*20 0:65 0:81 — 20 
ee | 1:1 1:56 — 29 
"20 1:55 1:87 —17 
+23 1-95 2°88 —32 
TABLE V. 
1/0 % Difference. Ya Z Difference. 
ee. 2 = s 
mM Va. Fi Helmholtz Kaufmann Helmholtz Kaufmann 
ame ce © Theory Theory. Theory. Theory. 
0-207 2 | 5T nil — 63 17 
5 2 2 56 2 —63 La | 
J 3 7 3 is —61 yi 
N 83 8 37 n —60 oa 
> 9 6 —163 —i4 —29 — 20 
145 2 #20 —22 —20 
$ „o #21 l a -29 
p s *22 -32 su —17 ee 
x a) ao —30 —32 T 
À 20/7 *16 nil —17 A 
s is *17 5 —12 mA 
i i *18 6 —16 PA 
” i" *19 —3 es — 26 sa 
1-684 2 3 nil nil —? 15:5 
w 8/3 9 13 wei nil re 
f 9 4 — 47 — 40 4:9 nil 
5 26:3 5 —100 —10°8 —&9 —40 
TAT 9 15 — l1 6 
” 10 14 — 5 — 22 
1] 13 — 6 —1l 
9:19 20 *12 —14 —21 : 
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Taste VI. Description of Figures. 


The length (/) of the string is 316 cm. for figs. 1-9 and is 100 cm, for 
figs. 12-23. The linear density of the string is 00174 gm. per cm. for 
figs. 12-15 and is 0'093 gm. per em. for figs. 1-9 and 16-23. r=duration 
of impact; 6=free period of fundamental tone of string; ry=initial 
velocity of hammer; r=velocity of rebound of hammer; a= distance of 
struck point from nearer bridge. 


Fig. lja. mM. m. T;0. Uo. —v, 
5 TER 2 0:269 T9 0:57 377 A 
eee » X r, i 338 21 
a ghee Sea i 1:684 49:5 1:0 334 227 
T aoe ae 9 s, : 0-633 361 249 
a EANAN 26:3 P ii 0:355 375 306 
o ETAN 9 0:267 T9 0:243 352 149 
T ei 3 7 7 0:392 391 150 
SERRIT 8/3 M i 0:422 358 166 
S ENT P 1:634 49:3 10 308 291 
a AEI 2 9:19 16 1:12 348 265 
13 e.. ll Tt 13 1-62 350 328 
E Sareea 10 s j 172 306 3l4 
arein 9 : a 1:87 270 2538 
"16 A Ao 20/7 1°45 13:5 ae 122 aa 
i Wy are ree Zs a oA ‘12 299 
ai e E n Š a 1-14 320 246 
tO waits $ Pe M 1:167 428 327 
OY EEES 1-45 13°5 1-64 120 120 
ahd P 5 3 3 1:57 230 202 
PD ohn us re Na 3 1-4 292 229 
52 E ‘s j is 1°46 425 279 


Summary of Experimental Results.—In Part I. of the 
whole paper it was shown that the first Helmholtz theory is 
in conflict with experimental evidence. 

The experimental results obtained in the second part of the 
paper, which deals with the second Helmholtz theory, are 
summarized in Table V. where percentage differences between 
experiment and theory are classified according to the mass 
ratio of hammer and string (m/M) and striking place (l/a). 
Large differences between experiment and theory occur when 
a light hammer (m/M=0°267) is used, but when the mass 
ratio of hammer and string is of the order L*7 experiment and 
theory agree within the limits of experimental accuracy. In .- 
each of the two series figs. 16-19 and 20-23 the initial 
velocity of the hammer was varied whilst m/M and l/a were 
kept constant. In the complete set of figures the range of 
mj M is from 0°267 to 9°19 and of l/a from 2 to 26:3. 


Plan of the Research.—The continuation of the work is on 
the following lines. (I.) Critical examination of the various 
theories of the struck string with quantitative experiments 
and comparisons. (II.) Experimental determination of the 
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pressure-time law of the impact graphically and by an 
electrical method. (III.) Determination of the velocity-time 
graph of the struck point by an electromagnetic method and 
its use in the study of the communication of energy to the 
system. (IV.) The study of the total energy communicated 
to the system by the hammer (by the method indicated in 
Phil. Mag. xlvii. p. 596 (1924)) and its partition among the 
various partials. (V.) The application of instantaneous 
photography to the study of the form of the whole string at 
any instant (doc. cit. p. 593). 

Throughout the work the influence of at least the following 
six factors must be studied :— (i.) a/l ; (ii.) m/M ; (ali.) tension 
of the string; (iv.) vt); (v.) dimensions and nature of the 
hanmer-head ; and (vi.) vibration of the hammer-shaft. 


In addition to previous acknowledgements the writer 
wishes to thank Dr. H. M. Browning, M.Sc., for occasional 
help in making experimental adjustments, and Mr. A. H. 
Franks, B.Sc., tor kindly helping to photograph the apparatus. 

University College, Nottingham, 

February 1924. 


Note added Aay 31st, 1924. 


On account of the clearness of the reproduction of the 
displacement-time curves (figs, 1-23), it seems desirable to 
comment on some other of their features not mentioned in the 
paper. 

Momentary separation of hammer and string—In each of 
the figures 1 and 2 a small white patch can be seen at the top 
of the dark patch between the record of the string’s motion 
and that of the hammer. This shows that during the impact 
there was complete separation and subsequent contact 
between hammer and string before the hammer finally 
quitted the string. This has an important bearing on the 
determination of the total duration of the impact by 
electrical methods. These methods, which are by far the 
most convenient and are widely used to study all cases of 
impacts between metallic or metal-coated bodies, depend in 
part on the assumption that the variation in electrical re- 
sistance of the contact due to variation in the mechanical 
forces involved are negligible as compared with the total 
electrical resistance of the circuit. It is clear that in this 
particular case such an assumption would be unjustifiable, 
since the electrical resistance has an infinite value for a 
portion of the total duration of the impact. 
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The present writer has investigated this separation phe- 
nomenon by the use of the Duddell Oscillograph. As might 
be expected, the effect depends on the mass ratio of hammer 
and string (m/M), and on the striking place (a/l). Expe- 
riments on the influence of other factors are now in 
progress. 

On figs. 3 and 9 a white band about 1 mm. wide can be 
seen between the record of the string and that of the hammer. 
This is due to an inexact fixing upon the hammer-head of 
the strip of foil which cuts off the light. It does not, of 
course, indicate separation of the hammer and string. 

Distortion of hammer.—The felt-covered hammer-heads 
used consist of wedge-shaped pieces of wood round which 
the felt is tightly wrapped by a machine process. In order 
to attempt a study of the compression of this felt a small 
hole was drilled in the narrow end of the wood behind the 
felt. If now the hammer approach and recede along the 
line of the slit of light a continuous white line will be seen 
on the dark patch caused by the hammer’s shadow (figs. 17 
and 18), and the extent of the compression of the felt can be 
estimated from the perpendicular distance between the white 
line and the upper boundary of the dark patch. Before 
interpreting the result, account must be taken of the pro- 
duced or already existent curvature of the face of the felt. 
The break in the white line shown in fig. 1 indicates a slight 
torsional deflexion of the hammer, the light being cut “off 
until the hammer-head reaches a second hole drilled 
further from the edge of the felt and a little to the right of 
the axis of the hammer-head. 

Fig. 15 illustrates an alternative method of recording the 
motion of the metallic type of hammer. A piece of fine wire 
is stretched across the space between the metal foil of which 
the hammer is made, so that the wire is parallel to and in the 
sume horizontal plane as the string. The lower line then 
records the motion of the hammer, whilst the upper line 
records the motion of the string. This arrangement needs a 
careful setting of the hammer relative to the image of the 
slit, otherwise the foil of the hammer may cause a blurred 
image as in fig. 14. 
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III. On Water Waves near the Shore. By HAROLD JEFFREYS, 
M.A., DSc., Fellow and Lecturer of St. John’s College, 
Cambridge *. 


GLANCE ata rough sea ata distance from land is enough 
to show that the waves form no regular pattern, but 
that as a rule the length of the crest of each wave is com- 
parable with the distance between consecutive waves ; thus 
waves in deep water constitute essentially a three-dimensional 
phenomenon. This fact appears to be consistent with the 
hypothesis that such waves are due to turbulence in the wind. 
For G. I. Taylor has shown that the mean square deviation 
of the velocity in any direction from its mean value is the 
same whether the direction be along the wind, across it, or 
vertical, and that gusts in any direetion last about the same 
time ; thus it would be expected that the irregularities set 
up in the motion of the sea would also have comparable wave- 
lengths in perpendicular horizontal directions. 

Near the shore, however, this type of motion breaks down. 
Waves of the above type may be seen approaching the shore, 
but when they reach a distance from it, often of the order of 
fifty metres on a shelving beach, the crests are seen to run 

together transversely, and to fonn a series of waves with 
very long crests approximately parallel to the shore, which 
then approach the shore and break one by one. 

It may be conjectured that this phenomenon is due either 
to a second-degree effect, due to the height of the waves 
becoming comparable with the depth of the water, or to the 
reduction of the depth of the water having a greater 
magnifying effect on the E of long-crested waves 
than on those of short-crested ones. It is shown here that 
the former alternative is correct. 

Taking the former alternative first, let us consider the 
behaviour of progressive waves in water of uniform depth 
when the square of the amplitude is retained in the analysis 
and several types of wave are present. The equations of 
fluid motion are :— 

Ou Ou Ow _ E. 

a a ort v geg k a ee 

D Or ay On? 
or, ov, ov_ of 
a pu Fe Spey oa we Se. Se es 82) 
Of” Oe dy OY’ 


rao a+} — 2 fintge}, . - (3) 


* Communicated by the Author. 
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where u, v are the horizontal components of velocity in 
the directions of x and y increasing, & is the vertical dis- 
placement of the surface, and h the depth of the water. If 
squares of u, v, and € are neglected it is easily seen that 

Oe (0% ore 

DE =t ( et By de . 7 . ° (4) 


where =gh (5). Hence any wave of form 
=b cos A(w—dt) cos py «we. (6) 
is an approximate solution, provided 
Me =e(AP+y7).. 2 2 2 ew CT) 
The corresponding values of v and v are 


ab 
MS") cosA(@—dt)cospy, . . . . (8) 


yp 


Sn sin A (c—dt) sin py... . (9) 


If now two waves of type (6) are present in the motion, 
and we evaluate the terms of the second degree in (1) (2) 
and (3), these terms will be found to include some depending 
on each wave separately and also some product terms 
containing factors of the form 


cos \, LCOS | 
ain i u EAJe— Oud £ Aalst EM {mtm} Y. . (10) 
Such terms will satisfy (4) only if 


(Ardy + ads)? = 074 (Ay Ae)? + (Hy Ee) 7h, no (11) 
or, using (7), if 
AyAgtl lg = 07 (Ay AQ + Hiko) e e e ‘e ‘b o (12) 


This relation is easily reduced to 


F Ray =( . e e e e . e 
Ay + A» ? (13) 


in which case the two waves differ only in their horizontal 
scale ; the distances between consecutive crests along and 
across the direction of propagation are in proportion. For the 
present purpose such combinations are uninteresting. [n 
general, then, the product terms in (1) (2) and (3) will be 
such as to give contributions to the solution that are purely 
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periodie functions of <z, y, andt. They therefore do not 
imply any change of type in either wave as it advances. 

In investig: iting possible changes in type of each wave it 
will therefore be enough to consider each wave separately by 


Airy’s method. We have 


e Ou Rel 
ET Piy 
=" sin 2A x — dt) ae —cos 24) —A?(1+cos 2y) }, (14) 
Poly dv 
ary ae 
_ Bgl? og 1 2r(r—dt)} —A7{1 + cos 2A(x —dt)} J, (15 
nay pSin 2py [p {1 — cos 2d(r—dt) {1 +cos 2A(x —dt)} j, (15) 
d (t+ 2 ety - 
Òe oY 
= - 2 sin 2r(—dt) {AL + cos 2y) +p? cos Quy} . (16) 


Except in the case where pu is zero, the only terms in these 
expressions that can lead to non-periodic terms in the 
solution are those involving both 2A(¢#—dt) and 2uy. We 
have therefore to solve 


+ g 2 = MO a sin 2A(e—dt)cos2uy,. . . . . (17) 
oe 95s = cas Li cos 2A (<— dt) sin 2uy, . . . . . (18) 
of of ($+ +3") = ne sin 2A («— dt) cos Quy. . . (19) 


Ot 


Òr dy 2¢? 


Eliminating u and v we find 


ore 
de 


$ 2722 
-e($ s on) aoe pe cos A(x — dt) cos 2 py, (20) 


Qu? To 5 


the relevant particular integral of which is 


i US o 
c= oe esin 2A(e—dt) cos2uy.  . 6. (21) 


Thus the second anni to the wave form is 


BAd? 


c= bcos (e— dt) cox py + A EE N (22) - 
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The effect of the second term is to make the crests gain on 
the troughs as the wave advances. The approximation will 

: 2 Ad?ab 
evidently break down when ga becomes comparable 
with unity. When this is the case the front of the wave has 
become so steep that the vertical acceleration cannot be 
neglected in the equation of vertical motion ; the crest then 
curls forward and pours over into the trough, and the wave 
is destroyed. 

If in addition to the above wave a wave with a long crest 
is present, it will be necessary to include a term a cos «(.c—ct) 
in (6), and then a term n- wsin 2x (x—ct) will also have 
to be included in (22) *. The factor ł arises instead of 3 on 
account of the fact that u is here zero, so that the terms inde- 
pendent of y in (14), (15), and (16) have to be incladed in 
the solution. The distance this wave can travel before it 
collapses is therefore to the distance the former wave can 


d z . All e a 
travel in the ratio saa . Now d? is greater than c*, but 


comparable with it so long as w is not large compared with 
à, and therefore as a rule this ratio is greater than Ab/2«a. 
Now we have seen that far from shore the long-crested 
wave is so small as to be almost unobservable, whereas the 
short-crested waves are striking. Hence 6 is much greater 
than a. Also the short-crested waves appear to have the 
shorter wave-length, so that A>«. On both grounds, 
therefore, the critical ratio must be large. Hence as 
a compound wave advances in shallow water the short-crested 
constituents tend to annihilate themselves by breaking, while 
the long-crested wave does not break unul all the shorter 
waves have disappeared. The phenomenon of the predomin- 


ance of the long-crested wave close to shore is therefore 
explicable. 


If the depth be variable, but the «amplitude small 
compared with the depth, equations (1) (2) and (3) give, 
when u and v are eliminated, the equation l 


LHS Ò /,95\ , 0/, d% | 

x =g 4 5 (R2 a Ree RE 

oe 9 1304 52) t aa) on 
Suppose h to be a function of æ alone, and search for a 


* Lamb, ‘ Hydrodynamics,’ 1906, p. 264. 
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solution of (23) of the form X cos yt cos uy, where X is a 
function of x alone. Then 


d{ dX EE 
de (Kae) t -A= - + + (24) 


By hypothesis the wave is of harmonic type and is 
generated in deep water. Hence in deep water y? is not less 
than ghu’. As the wave passes into shallower water y? 
remains the same but A diminishes ; therefore y?—ghp? is 
positive. Thus X is an oscillating function of æ. If we put 


dæ 
o eerren 08 


24 l > CX 9 7 
(24) becomes ge TCP maw X=0, 2 2. n (26) 


and provided that does not change by a large fraction of 
itself within a wave-length the amplitude of X will be 
proportional to {(y°—shp”)h} >t. Thus, subject to the 
condition that the wave has come from deep water, the 
amplitude in shallow water will behave nearly like A`! + for 
all waves. Therefore the second alternative offered above, 
that the long-crested waves are specially magnitied in shallow 
water, does not afford an explanation of the phenomenon. 


IV. On the Delemer and the Lamb Theories of the Struck 
String, By W. H. GEORGE, BaSe, University College, 


Wottingham *. 


N the study of the struck string the pressure-time law of 
the impact is of considerable interest, since, if it be com- 
pletely known, then the intensities of the fundamental tone 
and partials of the freely vibrating string, and theretore the 
resulting tone quality, can readily be determined by the well- 
known analytical method ł. Three forms of the pressure-time 
law have been assumed by Helmholtz, by Delemer, and by 
Lamb respectively ¢. The present paper is concerned with 
experimental tests of the two latter theories, the Helmholtz 
theories having been already considered in two previous 


e Communicated by Prof. E. H. Barton, F.R.S. 

t Rayleigh, ‘Theory of Sound,’ vol. i. §§ 128 & 130, 

t Helmholtz, ‘Sensations of Tone,’ App. V.; Delemer, Sci. Abs. A, 
vol, ix. p. 623 (1906); Lamb, ‘Dynamical Theory of Sound,’ p. 74 
(1910). 
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papers*. The treatment is similar to that adopted in the 
first two papers. Expressions are derived for quantities 
whose magnitude can be determined from photographically 
obtained displacement-time curves for the struck point of the 
string, and the theoretical results are then compared with 
those found by experiment. 5 | 


THEORY. 
Notation :— 
l = length of string (in cm.). 
a = distance of struck point from nearer bridge (in em.). 
y = variable displacement of struck point reckoned posi- 
tive in the direction of the approaching hammer 
(in cm.). 
y,= displacement of struck point at the instant of separa- 
tion of hammer and string (in cm.). 
y= maximum displacement of struck point (in cm.). 
r = distance between string and axis of rotation of 
hammer (in cm.). 
= free period of fundamental tone of string (in sec.). 
T = duration of impact (in sec.). 
t = variable time reckoned from the instant of the be- 
ginning of the impact (in sec.). 
t= time taken for y to reach its. maximum value (in sec.). 
y= initial velocity of hammer (in cm. per sec.). 
v = velocity of hammer at instant of separation of hammer 
and string (in cm. per sec.). 
p = linear density of string (in gm. per cm.). 
m = mass of hammer (see following note). 
M = mass of string = yl (in gm.). 


The actual hammer under consideration may be regarded 
asa compound pendulum. By the term “ mass vf hammer ” 
is meant the mass in gm. of a particle equimomental with 
the hammer and distant r from the axis of rotation of the 
pendulum. The motion is assumed to take place in one 
plane passing through the string. 

Delemer Theory.—The pressure of the hammer is assumed 
to be constant during the time of contact. We may therefore 
write for the force on the hammer 


d? 
or i 
(O<t<r) 


è Phil. Mag. xlvii. pp. 591-602 (1924), and supra, p. 34. These will 
be referred to as the first and second papers respectively. 


Phil. Mag. S. 6. Vol. 48. No. 283. July 1924. E 
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Hence 
dy 


“ae dy K (£ 
UGODE 
giving 

dy _ K 

dt = vot a ts. .2 Š . ° e ° (2) 

Since the quantity K is not readily determined by experi- 

ment, we may eliminate it from the equations by introducing 
the new quantity (v), which is the velocity of rebound of the 
hammer (see first paper, p. 596). By putting t=r in equa- 
tion (2) we have :— | 


v=1tot+(Kr)/m or K = m(v—r)/t. 


Hence equation (2) may be rewritten thus :— 


dy : 
dt 7 Ot (eS). ss + + (2a) 
(O<t<r) 


Integrating again und putting in the condition that y=0 
when ¿=0, we have 
2 


t i 
y = vt—d(rm—r)-. . . we (3) 
(O<t<r) . ae 
By putting t=7 in this equation, we see that the displace- 
ment of the struck point at the instant of separation of 
hammer and string is given by 


Yi = (tot e) Te... e. e (4) 


This is identical with the expression for y, derived from 
the second Helmholtz theory (eqn. (5) of the first paper). 

The time (f,) taken for y to reach its maximum value (y3) 
is obtained from equation (2a), whence 


Tto 
t mee | e e e . e e 5 
a (5) 
Hence 
a 1 TV" 


Yz = 5) nr ° . . e . ° (6) 


Lamb Theory.—In this case we may write for the force 
on the hammer :— 
dı 2 Ir 
mM eae oe ° ° ° e ° (7) 
dt? m t+ 


where I represents the time-integral of the force from 
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t=—œæ tot=+0. Proceeding as before, we have :— 
dy 
{4(#)= —21 rdt 
v \dt mm “Gh 
or 
dy _ 21 _,¢ 
dt To mmn on T’ e © © >» -« (8) 


since t/r is never greater than unity. To eliminate the 
quantity I, we put ¢=7 in equation (8), whence 


v=to—1/(2m) or I = 2m(vy—v). 


‘ Hence equation (8) may be re-written :— 


d 4 t 
H = or S (tan-*-). - © (8 a) 


(O<t<r) 


Integrating again with respect to time and putting in the 
condition that y=0 when ¢=0, we have 


z T t 
y = Ul > ee E tan E — Tlog.(1+ 5) |. 
Putting t=7 in this equation, we have 


2 , 
JST f %— (vo—v) | 1— zlog. 2|} E (1C) 
Putting dy/dt=0 in equation (8 a), we find 


T Lo 


t, = 7 tan Frees ° e. 8 o œ (11) 


Hence the maximum displacement (y2) of the struck point 
is given by :— 

— ÅT to 

yp = P loge cos $ Tte a t.. ~ (12) 


The corresponding expressions derived from the Helmholtz 
and the Kaufmann theories were given in the first paper. 


EXPERIMENTAL RESULTS. 


The measurements required in order to compare experi- 
ment and theory were made upon the displacement-time 
curves reproduced in Pls. II. & III. of the second paper. 

E 2 


Fig. 1. 


Displacement (y) in cms. 


0 0:12 0:23 0:35 0:47 0:59 0°71 
Ratio ‘Ye 
Comparison of theoretical displacement-time curves for the struck 
point with the experimental curve. M=48; m=44; 9=1/128; 
7/0=0°74; vy,=215; v= —149; I/a=2, 


Displacement [ fy) in ems. 


Comparison of theoretical displacement-time curves for the struck 
poni with the experimental curve. M =29:4; m=49:5; m, =50:6 ; 
=1/46:l ; r/0=0:633 ; v, =361; r= —249; l/a=9. 
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TABLE I. 
t,/0 by t /9 on t,/9 on 
experiment. Delemer Theory. Lamb Theory. Delemer Theory. 
0°50 0:336 0:285 
0-51] 0:350 0:298 
0:56 0:596 0 504 
0:31] 0:375 0:317 
O17 0:195 0:163 
0:12 0:170 0:150 
0:31 0:283 0:249 
0:36 0:289 0 279 
0:57 0:514 0:427 
0:52 0:636 0:537 
0:77 0:836 0:696 
0:86 0:926 0:774 
0:96 0:955 0:795 
0°61 0:615 0:516 
0°62 0:613 0:513 
0°66 0:643 0°542 
0-61 0:662 0:558 
0-64 0:820 0:678 
0-64 0°836 0°697 
0°53 0:813 0:682 
0°58 0:887 0752 
TABLE II. 
Yı by Ya 0 2 on 
experiment. paser Theory. Tain Theory. Delemer Theory. 
1:0 2:26 1:84 
0-9 2°10 1-72 
4°] 3°53 3°46 
2°36 3°15 1-99 
15 1°34 1:30 
07 112 0°93 
0:93 2:03 1:69 
0-9 1:89 1:36 
36 2:87 2:32 
1:1 115 0°94 
1-7 1:52 1-23 
17 1-76 1:35 
1:8 1°34 1-08 | 
0:5 0:49 0'40 
0:95 0:88 0'72 
1:36 1:34 1:09 
1:65 1:84 1:50 
0-65 0°64 0:52 
11 1:25 1-02 
1:55 1°55 1:25 
1-95 2°45 2°00 
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75 
71 
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25 
28 
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% Difference on 
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There also will be found details of the apparatus used and the 
_ necessary data for the calculations. In figs. 1 and 2 of 

the present paper typical experimental displacement-time 
curves of the struck point are compared with the curves 
predicted by four different theories. The experimental 
curve in fig. 1, which refers to a string struck at its mid- 
point, is taken from Kaufmann’s paper (p. 693), whilst that 
in fig. 2, which refers to a string struck near one end, is 
taken from the curve reproduced in Pl. II. fig. 4 of the 
second paper. Jn each figure the experimental curve is 
shown dotted. 

In each of Tables I. and II. quantities determined by 
experiment are compared with those predicted by the 
Delemer and the Lamb theories. The values of y, given 
in Table IT. are the magnified values of the actual displace- 
ment of the struck point of the string, but the displacements 
shown in the graphs of fig. 2 represent the actual displace- 
ments of the struck point. This explains the apparent 
discrepancy between the value of y, given in the table and 
that shown on the graph. By the term “ percentage dif- 
ference” is meant throughout the paper | 100(Expmtal. 
Value— Theo. Value) |—(Theo. Value). An asterisk denotes 
the use of a felt-covered hammer-head. The absence of an 
asterisk denotes the use of a wedge-shaped metallic hammer- 
head. 

The experimental results obtained in this and the second 
paper are summarized in Table III., where percentage 
differences between experiment and theory are classified 
according to the mass ratio of hammer and string (m/M) 
and striking place (l/a), these being the two most important 
factors. In each of the two series, 16-19. and 20-23, the 
initial velocity (v,) of the hammer was varied, whilst m/M 
and l/a were kept constant. In the complete set of figures 
the range of m/M is 0°267-9°19 and of l/a is 2-26°3. 


Acknowledgments and the plan of the continuation of the 
research were given at the end of the second paper. 
University College, 


Nottingham, 
March 1924. 
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V. Ionization, Excitation, and Dissociation of Gases. By 
A. Lu. Hugues, Wayman Crow Professor of Physics, 
Washington University, Saint Louis f. 


T purpose of this communication is to call attention 
to a number of researches recently published on 
effects involving ionization, excitation, and dissociation in 
gases, to point out apparent difficulties in correlation, and 
to draw certain tentative conclusions. The investigations 
to be referred to deal almost entirely with hydrogen. The 
lonizing and radiating potentials of hydrogen have been 
studied by numerous physicists. Among the published 
results, perhaps those of Franck, Knipping and Kruger ¢ 
stand out us being most directly accounted for by theory. 
According to these investigators, hydrogen has the following 
critical potentials :— 


I. P. R. P. Origin. 
115 — Molecular ionization (H,*). 
— 13:6 Dissociation and excitation (H and H®). 


(35 +10'2=137 volts.) 
17:1 — Dissociation and ionization (H and H+). 
(354+135=170 volts.) 
30:4 — Dissociation and ionization of both atoms 
(Ht and H). 
(35 +135 + 13°5=30°5 volts.) 


The symbol H* may conveniently denote an excited atom. 


Similar results have been obtained by Olmstead § and 
oy Horton and Davies ||, except that the corresponding 
voltages are about a volt lower. Horton and Davies, how- 
ever, do not find ionization near 11°5 volts. In addition 
tə the critical potentials listed by Franck, Kruger and 
: Knipping, they tind molecular ionization (H,*+) at 22°8 volts, 
and dissociation plus atomic ionization plus atomic excitation 
(Ht and H*) at 26°1 volts. (One might have expected 
them to find a critical potential at 22°8 volts corresponding 
to H* and H*. However, they find the critical potential 
at 22°8 volts to be an ionizing potential for the molecule.) 


t Communicated by the Author. 

t Franck, Kuipping & Kruger, Verh. d. Deutsch Phys. Ges. xxi. * 
p. 728 (1919). 

§ Olmstead, Phys, Rev. xix. p. 189 (1922). 

| Horton & Davies, Phil. Mag. xlvi. p. 872 (1923). 
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Thus, those critical potentials involving dissociation are ex- 
plained quantitatively in terms of Bohr’s theoretical values 
for the ionizing and radiating potentials of the atom, to- 
gether with a value for the energy required to dissociate 
the hydrogen molecule. The value which suits Franck, 
Knipping and Kruger’s results is 3°5 volts, while Olm- 
stead’s results and those of Horton and Davies require a 
value about 2°4 volts. 

In all these investigations, the interpretation of any 
particular critical potential as a molecular effect, or as an 
atomic effect accompanied by dissociation, is not the result 
ot direct experimental demonstration, but is inferred from 
the suggestions of theory and the hints given by the 
spectroscopic evidence. The application of positive - ray 
analvsis by Smyth* to ionizing potential experiments 
introduced a direct experimental demonstration of the 
nature of the positive ions produced at different ionizing 
potentials. Smyth’s results on hydrogen do not bear out 
the conjectures of the foregoing authors as to the nature 
of the ionizing potential at about 16 to 17 volts. Smyth 
found that H,* appeared alone at this potential without a 
trace of H+. Atomic ions (H+) first appeared at 20°7 volts. 
Thus the previous interpretation of the process started at 
the 16-17 volts ionizing potential is incorrect. Smyth’s 
work also shows that even with energies of impact running 
as high as 600 volts, the proportion of H+ ions to H,* ions 
is exceedingly small. No definite statement is made, but 
fig. 2 in his papert suggests that H*/H,t, i. e. the ratio 
of the number of atomic ions to the number of molecular 
ions, is considerably less than 1 in 203 perhaps it is as 
small as 1 in 50. Fig. 3 in the same paper suggests that 
at 22 volts H*/H,+ is less than 1 in 200. For nitrogen 
the ionizing potential at 16°9 volts is an ionization of the 
molecule, while atomic ions do not appear until 27-0 volts. 
Also the ratio N*+/N,* is less than 15 per cent. up to 
370 volts impact energy. Smyth found that in hydrogen 
the number of atomic ions relative to the number of mole- 
cular ions increased very much with the pressure, showing 
that atomic ions could be obtained plentifully as a secondary 
process (e. g. a collision between a positive molecular ion 
and a neutral molecule). However, when the pressure wag 
so low that the secondary processes were negligible, then 
the vield of atomic positive ions as compared with the 
viell of molecular ions was exceedingly small, so that in 

° Smyth, Proc. Roy. Soe. ev. p. 116 (1923); civ. p. 121 (1923). 
t Smyth, Proc. Roy. Soe. ev. p. 116 (1923). 
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the great majority of cases the direct result of a collision 
between an electron and a molecule is the formation of 
molecular ion, and not the dissociation of a molecule 
accompanied by the formation of an atomic ion. Similar 
results were obtained by Dempster * also by a positive-ray 
analysis method. 

The writer ft carried out an investigation two years ago 
on the dissociation of hydrogen and nitrogen by electron 
impucts as a function of the energy of impact. The experi- 
mental arrangement was a very simple one. An oxide- 
coated filament was mounted axially in a glass tube lined 
with nickel gauze, so that electrons could be accelerated 
from the filament to the gauze by an applied potential. 
Hydrogen or nitrogen was introduced at a pressure suff- 
_ ciently low to ensure that an electron would rarely make two 
collisions in its journey from the filament to the gauze. 
Provided that the accelerating voltage was above 13 volts 
for hydrogen and above 17 volts for nitrogen, there. was 
a progressive decrease in pressure as the electron current 
passed across the tube. Following Langmuir’s extensive 
work on dissociation of hydrogen by heat, this decrease 
in pressure was interpreted as due to the condensation of 
atoms produced by the dissociating collisions on the walls 
of the tube, which was immersed in liquid air. From the 
rate of disappearance of the gas, the electron current, — 
the dimensions of the tube, etc., the number of collisions 
resulting in dissociation could be calculated for each 
accelerating voltage. ‘The curves for hydrogen and nitrogen 
are shown in figs. 1 and 2. (The ordinates in these curves 
have been recomputed on the basis of recent values for the 
collision frequency of electrons in hydrogen and nitrogen, 
viz. 12°24 and 23°53, in place of the older values assumed 
in the paper referred to.) It will be seen that the number 
of collisions resulting in dissociation in hydrogen is as much 
as lin 3 at the most favourable energy of impact (about 
100 volts). In view of Smyth’s and Dempster’s obser- 
vations that atomic ions can be obtained plentifully as a 
secondary process, it is necessary to make sure that the 
dissociations measured in this research are due directly to 
the primarv electron impact, and not to any secondary 
process. If the dissociations observed were the direct and 
immediate result of a collision between a molecule and an 
electron, then the yield of dissociating collisions in terms 

ne Dempster, Phil. Mag. xxxi. p. 434 (1916): Phys. Rev. viii. p. 655 

916). 

t Taghes, Phil. Mag. xli. p. 778 (1921). 
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vf the total number of collisions should be a constant in- 
dependent of the pressure. If, on the other hand, the 
dissociation were the result of a secondary action, such as 
a collision between a normal molecule and an ionized 
molecule, then the yield of dissociating collisions in terms 


JO 100 150 200 VO 


of the total number of collisions between electrons and 
molecules should increase directly as the pressure. In the 
experiments referred to, it was found that the fraction of 
collisions resulting in dissociation was practically constant 
and independent of the pressure. (Jn fact, the tendency 
was such as to suggest that the lower the pressure. the 
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greater the yield of dissociating encounters. This, however, 
could be explained by the fact that the glass takes up atoms 
less and less readily as it gets more and more covered by 
atoms.) It seems clear, therefore, that what was measured 
in these experiments is the fraction of collisions resulting in 
dissociation as a direct. effect of an encounter between an 
electron and a molecule. Again, the dissociation effect 
starts at 13 volts for hydrogen and 17 volts for nitrogen. 
As both these are recognizable as critical potentials for 
these gases, and as no dissociation of hydrogen occurs at 
3-5 volts (the value given by Langmuir for the amount 
of energy necessary to dissociate a hydrogen molecule), 
it is natural to conclude that dissociation by electron impact 
cannot occur alone. Dissociation by electron impact is; 
to be regarded as always accompanied by simultaneous 
ionization, or by simultaneous excitation of one (or both) 
atoms. 

The diagrams also contain curves (named “ionization ’’) 
showing the fraction of collisions resulting in the formation 
of ions (atomic and molecular both count in) at different 
evergies of impact of electrons. (This work was done by 
the author and Dr. Klein t.) There is a great similarity 
between the dissociation and ionization curves in the case of 
hydrogen, but none in the case of nitrogen. 

We are now in a position to compare the writer's results 
on dissociation with those of Smyth on the nature of the 
positive ions. In the case of hydrogen, at the most favour- 
able energy of impact, tig. 1 shows that about one collision 
in every three results in dissociation. If this dissociation is 
accompanied by ionization, then the yield of atomic ions 
cannot be less than half of the yield of molecular ions, 
which presupposes that the two remaining non-dissociating 
collisions both result in molecular ions. However, Smyth’s 
experiments show that the number of atomic ions produced 
is only a very small fraction of the number of molecular 
lons. Hence it seems necessary to conclude that the dis- 
sociation in my experiments was not accompanied by atomic 
ionization. The possible direct effects of a collision between 
an electron and a molecule may be enumerated as follows :— 


(1) Ionization without dissociation . (H+). 
(2) Ionization with dissociation. . (H and H*). 
(3) Excitation without dissociation. (H). 
(4) Excitation with dissociation. . (H and H*). 


t Hughes & Klein, Phys. Rey. (in print). 
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In process (1) we obtain a positive molecular ion, while 
in (2) we obtain an atomic ion. In (3) we have an electron 
removed to one of the outer orbits of the molecule, so that in 
falling back to its normal orbit the molecule gives out its 
characteristic band spectrum. In (4) the atom finds itself 
with an electron in one of the outer orbits, which condition 
enables it to emit its line spectrum. According to this way 
of viewing the effects of a collision between an electron and 
a molecule, a dissociating collision need not necessarily be 
accompanied by ionization ; it may equally well result in the 
production of one (or two) excited atoms. Smyth’s results, 
toxether with those of the writer on the dissociation of 
hydrogen, suggest that in this gas (a) collision can fre- 
quently result in dissociation ; (b) it seldom results in the 
formation of an atomic ion, and therefore, according to 
the scheme outlined above, (c) the dissociation must always 
be accompanied by excitation of one (or both) atoms. In 
view of Smyth’s conclusions, the ionization curve of fig. I 
must be interpreted as the number of molecular ions formed 
ut ditterent energies of impact, the number of atomic ions 
being negligible. Had Smyth’s results not been available, 
however, the similarity in the shapes of the ionization curve 
and the dissociation curve in fig. 1 would have naturally 
been taken to indicate that the ions obtained were atomic 
ions accompanying dissociation, and not molecular ions. 

The writer and Mr. Lowe carried out an investigation on 
the distribution of intensity in the spectrum of hydrogen as 
a function of the energy of impact between the electrons 
and molecules. This research *, together with another on 
helium f, was undertaken to find out what variations in 
the distribution of intensity were produced as one, and only 
one, variable, viz. the energy of impact of the electron, was 
changed. This is clearly the most fundamental variable jn 
the excitation of the spectrum of any gas, as it is the one 
whose effect would persist at infinitely low pressure, when 
the mutual effect of atoms causing the pressure-effect would 
no longer be appreciable. It would also persist at infinitely 
small carrent densities, when the presence of charges in the 
gas in the form of electrons or ions would no longer appre- 
ctably influence the emission of radiation from any excited 
atom. The energy of impact of the electron on the atom is. 
therefore to be regarded as the most fundamental variable. 
in studies of energy distribution in the spectrum. 


* Hughes & Lowe, Phys. Rev. xxi. p. 292 (1923). 
+ Hughes & Lowe, Proc. Roy. Soc. civ. p. 480 (1923). 
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In the experiments referred to, the electrons were accele- 
tated from an oxide-coated filament through a grid into 
.a field-free space between the grid and a “plate” at the 
same potential. The “plate” was so shaped that it almost 
completely enclosed the region in which the spectrum was 
excited. The pressure was sufficiently low, so that any ions 
‘produced would reach tle metallic boundaries of the region 
and be discharged far oftener than they would recombine 
with electrons. Consequently we may infer that the pro- 
duction of the spectrum under these particular experimental 
conditions should be attributed almost entirely to excited, 
or partially ionized, molecules or atoms, and hardly at all to 
recombination between ions and electrons. This is a con- 
siderable simplification in the conditions of excitation of 


Fig. 3. 
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the spectrum. Under these circumstances it is found that 
athe intensities of the series lines increased asymptotically 
to a limit as the energy of impact of the electron is in- 
creased, and, moreover, the increase is greater the higher 
the term number of the line (fig. 3). On the other hand 
the intensities of the secondary lines associated with the 
molecule fall off rapidly with increasing energy of impact. 
‘These results would indicate that process (4) increases, while 
process (3) decreases, as the energy of impact of the electron 
is increased. It is unfortunate that the hydrogen spectrum 
was not studied above 100 volts energy of impact. How- 
-ever, up to this point there is a rough parallelism between 


Excitation, and Dissociation of Gases. 63 


the dissociation curve for hydrogen and the curve for the 
excitation of the series lines. A close parallelism is not 
to be expected, for each series line is to be associated with a 
very special process, while the dissociation curve, on our 
view, would correspond to the aggregate of all such pro- 
cesses. Thus a dissociation of the hydrogen molecule into 
two atoms, in one or both of which the electron is shifted 
to the 5th orbit and thence falls back directly to the 
2nd orbit (since Hy is denoted by R(1/2?— 1/57) in the Bohr 
theory), would be registered by the Hy curve in fig. 3. 
The dissociation curve, on the other hand, would correspond 
to the sum of all possible transitions in the atoms after 
dissociation. 

These spectroscopic results support, qualitatively at any 
rate, the view that process (4) occurs frequently as a result 
of an encounter between an electron and a molecule of 
hydrogen. 

Whiddington ® has recently published a short paper on 
the excitation of the hydrogen spectrum. He points out 
that in the laboratory one seldom gets more than four lines 
of the Balmer series, while in the stars over thirty lines have 
been found. He suggests that in the stars (1) the pressnre 
is probably extremely low, and (2) the gas may be bombarded 
continuously and intensely by electrons from the interior. 
The first condition favours the production of many lines by . 
reason of the comparative isolation of the radiating atom and 
the consequent realization of its possible outer orbits ; the 
second condition becuuse of the greater opportunity of 
combination of the positive hydrogen ion with an electron 
rather than with a negative ion. He describes an experi- 
ment in which he used a tube provided with an incandescent 
tangsten wire cathode to provide sufficient electrons at all 
degrees of exhaustion. He obtained only the first four lines 
when his hydrogen was at 1 mm. pressure, but when he 
reduced the pressure to below ‘001 mm., about twenty lines 
of the series were identified. The results of the writer and 
Mr. Lowe suggest an alternative explanation. According 
to fig. 3, when the electrons with low energies collide with 
molecules, the lines of higher term number are relatively 
much weaker than when the impact energy is high. In 
Whiddington’s experiments at 1 mm. pressure the mean 
free path of the electron is only -082 cm.. and consequently 
it seems extremely unlikely that the electrons could pick 
up nearly as much energy before making collisions under 
these conditions as when the pressure was a thousand tines 


è Whiddington, Phil. Mag. xlvi. p. 605 (1923). 
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less. Hence it might well be that the effect observed by 
Whiddington is to be attributed to differences in impact 
energy rather than to mere change in pressure irrespective 
of impact energy. Whiddington remarks that increasing 
the current (in the experiments at 1 mm. pressure) failed 
to change appreciably the relative intensities of the lines. 
This would follow our view, since the average energy of 
impact would not be altered if the potential across the tube 
remained constant. (There is, of course, a difference between 
Whiddington’s experiments and ours, in that in our work 
the emission of radiation is attributed to excitation alone, 
while in his work recombination occurs in addition to 
excitation.) 

In a recent letter to ‘Nature’*, Horton and Davies, 
in discussing certain features of Lemon’s work, consider 
that certain changes in the appearance of the hydrogen 
spectrum are due to changes in the energy of the bom- 
barding electrons, and not to changes in the intensity of 
the electron current apart from any changes in impact 
energy. ‘This view is in agreement with the view taken 
by the writer and Mr. Lowe in their recent investigations 
on the distribution of intensities in the spectrum of hydrogen 
and helium, that the fundamental variable is the energy of 
impact of the electron on the molecule. 


Summary. 


1. A discussion of Smyth's investigation of the nature of 
the positive ion (2. e. whether atomic or molecular) following 
ionization by electron impact, and of the writer’s investi- 
gation on the dissociation of hydrogen by electron impacts, 
points to the conclusion that dissociation of hydrogen mole- 
cules by electron impacts is accompanied much more often 
by excitation of the atoms than by ionization. 

2. That dissociation of hydrogen molecules is frequently 
accompanied by excitation of the atoms receives strong 
support. fron an investigation of the distribution of energy 
in the spectrum of hydrogen as a function of the energy of 
impact of the electron. 

3. Attention is drawn to the view that the fundamentally 
important variable in determining the character of a spectrum. 
and, in particular, the distribution of intensity in it, is the- 
energy of impact of the electron on the molecule. 

Washington University, 

Saint Louis, U.S A., 
March 22, 1924. 


* Tlorton & Davies, ‘ Nature,’ p. 273 (Feb. 23, 1924). 
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VI. On the Equation of Long Waves in Canals of Varying 
Sections. By N. Sen, Ph.D.* 


MAX solutions of the equation of propagation of 
long waves in canals of varying sections have been 
obtained suitable for special forms of sections. The earliest 
investigator on the subject was Green f, who showed that 
in the case of progressive waves in a canal with slowly 
varving sections the elevation of water is inversely . pro- 
portional to the square root of the breadth and to the 
fourth root of the average depth at a section. Soluble 
cases for different types of sections have been investigated 
by many other writers t. In the present paper some 
special solutions, analogous to those corresponding to the 
motion of progressive waves, have been discussed, and 
the laws of variations of depth and breadth for which 
such types of motion can exist have been deduced, and the 
possibility of a wider applicability of Green’s law has been 
indicated. It will, in fact, be found that the function b3ht 
(6=breadth, h=average depth of a section) plays a very 
important part in the theory. The subject has not, in 
reality, been dealt with here as a problem in wave-motion 
with considerations of the proper boundary conditions, but 
the investigation has been limited to the discussion of 
certain types of solutions of the general equation with 
suitable values for the two arbitrary functions which cor- 
respond to the breadth and depth at any section of the 
canal. A similar and detailed study has been made by 
Wedderburn § in the case where there is only one arbitrary 
function in the equation, and his results correspond to 
motions in canals of constant breadth. We shall retain 
here both the arbitrary functions b and h. Any novelty 
in the types of solutions discussed here is not claimed, 
but some simple formule have been obtained which auto- 
matically adjust the two arbitrary functions in such a way 
as to lead directly to the solutions under consideration. 


If n be the elevation of liquid, b and S the breadth 


* Communicated by the Author. 

t Green’s Mathematical Papers, p. 225. 

t Chrystal, “ Some Results in the Mathematical Theory of Seiches,” 
Proc. R. Soc. Edin. xxv. p. 828 (1904); Lamb, ‘Hydrodynamics, 
3rd edition, p. 259. 

§ J. Wedderburn, “On Long Waves,” Amer. J. Math. p. 211 
(1914). 
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and area respectively of any transverse section of the canal, 
the equation of motion is 


d?r =f (82); TETE 


o b Oz Ov 
and if h be the average depth at any section, 
S = bh, 


and we have 


òn 9 O òn 
a =F sa (Se) oaa a (2) 


where b and A are both functions of æ. Henceforth, by 
depth we shall always mean the average depth over a 
section. 

(1). 


Let us assume that equation (2) has a solution of the 


type 
n= $(h,b) F.[y(xe)tot], . . . . (3) 


where F is an arbitrary function of its argument. We 
shall investigate the conditions under which this is possible. 
Substituting in (2), we have 


7b "1 / / ! ; 1 
$ SE = F.2 (hg) +P” [ix +2 (ib ox’) | 
+ F", bh x’, 


where the dashes in ¢’ and x' mean differentiations with 
respect to x. Since F is arbitrary, we have 


eS SK (4) 
Ib gly +È ~ (hb bx’) = Oj. e le & & am, Ze ao 1) 
and 
D bag!) =0 
Jt t Te . (6) 
Hence 
Oa “ie Ss ae oe WE 


Dividing out (5) by bh ¢x' wes integrating, we have 
$ hby'(«) = eonst., 
which, taken with (4), gives 


plik = const. a aa a (5') 
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This is Green’s law. Equation (6) can now be written as 


d , 
bh gy (b-th- +) = const. = a. e`. e (6) 


This admits of further integration. Let us now introduce 
a new variable given by 


a 

"F dz 
so tha 75 
g= -* 
Co 


o 


Then putting 3 for bihi equation (6') can be written as 


d sl 
2. ee ae 
g dz (s) aa 


whence by integration 
3 = const. — az. 


We have then the following relation between 4, a, and y : 
V g ee 
Lit = —" (8—ay), cle or ee. HG) 


where « and 8 are any two arbitrary constants. Hence 
ġ varies inversely as a linear function of y. We have 
now expressed all the functions b, A, and ¢ in terms of y. 
When any one of these four functions is given as a function 
ef x, equations (4'), (5’), and (6’’) determine immediately the 
remaining three. 

From (5’) it follows that $ is proportional to b-#h-}, 
so that Green’s law of amplitude Lolds good in this case. 
But this also requires the simultaneous fulfilment of 
equation (6') or (6) as an additional condition under 
which the law remains true. Green's restriction is that 
the section should vary slowly, so that the variations of 
h and b within the limits of a wave-length may be neglected 
when compared with A and b themselves. But it is evi- 
dent that equation (6') or (6) can be satisfied (at least 
theoretically) under more general conditions, and Green’s 
law of amplitude will continue to hold good. It should, 
of course, be admitted that for rapid variations the question | 
of reflexion would arise, but such cases we shall exclude 
here. 

There are two arbitrary constants æa and Bin (6"). a=0 
corresponds to the case in which at every section of the 


F2 
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canal Al?=const. and the function œ in the solution is a 
constant. If, now, either one of b and h is known as 
a function of x, the other one is given immediately by 
(6") and (4'). A similar consideration also holds good 
for B=0. Hence, corresponding to any given Jaw of 
breadth, there are, in general, two different laws of depth 
for which a motion of the type (3) can exist, and con- 
versely, when the depth is known, there are two laws of 
breadth answering to it. It should also be noticed that in 
the wave (3) any particular phase moves with velocity (ah)*; 

ence when the law of variation of breadth is given, there 
are two motions possible with two different velocities of 
propagation. We add here certain examples. 

If we take ; 

hi? = (er+d) «, 

then we have 


ae 
X = Ir (cv +c) tay 
ux 
» 16K? a4] 
h = 2? v (ex d) ong 
ao 
b= ee (cv+d) 4 
a and y being constants. 
In particular, putting «= — 3, we have 
Bob . : 
b=const., I=; (ex + d)t?, and y(e)=y + Hi (cv +d)l3, 
ge 


and putting «= — 4}, we have 


= A (ex + d)’, and X (x) = y+ n (ex + d) 2 


Again, we can easily show from (6”) that 


h=const., b 


-3 a 
if varies as e7, then bae™2"* or e7? and ya e~e, 
3m m m 


vo . 2; =o l- 
and if 4 varies as a”, then baw” 2 or «2 and ya a72, 


the second set of values of b corresponding to the case a=0, 
or 4l? = const. Similarly, fora definite value of b there will 
be two different values of A suitable for the propagation of 
the motion given by (3). The second sets of solutions (viz. 
h= const., b=const.) in the first two cases considered above 
correspond to canals with uniform sections. 


If there be a definite functional relation between 4% and b 
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at every section, we can proceed directly from (6'). Taking, 
for instance, 
b= f (h), 


and substituting in (6') we have on integration 


VI op LO 
dar) = ks ant J] Ih, . . (7 
lia f We SPT a 
which gives the necessary relation between a and x. In 
particular, if b varies as 2”, then the law of depth favourable 


for the propagation of the waves of the present type is 
given by 
4 
h x (B—4dasr)zn+3, 
The function bh? plays an important part in the whole 
theory. The value of this function can be easily calculated 


from the differential equation in terms of the function ». 
For instance, if we put 


dx 
dz = -,= and = bh} 
1 ~V gh y H 
we can write the differential equation as 


STan >( 2) 
ot Yy ò: l 

In this new form the two arbitrary functions in the 
original equation have been replaced by one. Introducing 


071 


a both up and down on the right-hand side, we can write 


~l 


the equation in the form 


37 = aa aa CECY) 


from which we have on integration : 
Qn dz, +f(t) 


dz 1 


For any given type of solution this form determines 
immediately the requisite value of y, t.e. of bhi. In the 
present problem only those values of 7 can be of any interest 
to us which make ultimately independent of t. It can be 
easily verified that this condition will be satisfied for a 
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solution of the form (3) if @ be so chosen that $ is 2 


linear function of z,, i.e. of x (ef. equation 6"). It is 
to be noticed that there is only one arbitrary quantity 
in y; the constant c can be absorbed in the function of 
time f. 


€2). 


It is well known that if the width of a canal be constant 
at all sections while the depth varies as x, a solution of the 
differential equation can be obtained in the form 


= const. Jo (xx?) cos «ot 


wie 
= 2¢ ( cos (xx? sin @) cos «ot d0 
0 

a 


n/2 


=c\ | cos«(2!?sin 04+ ct) +cos«(2!? sin @—at)] dd. 
0 


This suggests generalization by Fourier’s theorem and a 
solution of the form 


w/2 . 
n ={ [F(2'? sin 6+ ct) 4- F(a)? sin d—ct)] dé, 
0 


where F is an even function of its argument. This leads us 
to try the following integral : 


1/2 
n = $(h, ní [F{x(x)sinð+0ot}+FE{x(x) sin 0—oct} | dé 
= . 2 + (8) 
as a solution of equation (2), where F is an arbitrary 


even function. Substituting in the differential equation, 
and after a single integration by parts, we have 


9 


19 o~- 


X T ge E W St w o OS (9) 
(ont =0 4.4 fee 2 n 0 
x 


dv 


f(b dy) +b’ 3 eX = 0. . .. (il) 


Uv 
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From (10) we have | 


bh Ê = const... . . . . (109 
and the equation (11) immediately admits of the integral 
U 
hb git = const. ; 


whence we have 


on x) i 
Fi oe eee . (11) 


e being a constant. Equation (10°) can now be written as 


Jalal pee) =n. x (e) 
ase n (x * x(a)’ 


where « is a constant; from this we have on integration 


bh = [a+ x log oA s a: w (12) 


and consequently 
p = c[a+rlogy(a)] i... . . (13) 


In this case also ġ is expressed explicitly as a function 
,of x, though its dependence on A and b is not so simple 
“as in (5). When any one of the functions b, h, x, and ¢ 
is known as a function of <z, equations (9), (12), and (13) 
determine the values of the other three in sucha way that 
equation (2) has the integral (8) for a solution. One of 
these four functions we can choose always arbitrarily. The 
appearance of two arbitrary constants æ and « in (12) 
indicates that here also, as in the previous case, corre- 
sponding to any value of either one of h and b there 
exist two different values of the other function such that 
a motion of the present type may become possible. For 
the particular value _ 

xls) =v z 
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we have 
do? à 
h= — a, bh = 2xlat hx log x] 
g 
and w 
n = c(a + $x log 2-1 [ F(z)? sin @+oct) 
0 
+ F(a!” sin 0— ot) | dé. 


If in these results we put «=0, we pass on to the case of 
constant breadth and of the depth varying as «z. Secondly, 
if we put 


h = const. and y'(v) = i Sa, 
then 

x()=az+8B and b=(74 f) fete log (a2+8)} 
and 

n = c' {c+ log (ax +8) }7’ ( [Fær Bsin 0+ot) 
TO 9—at)| dé. 
In this result, if we put «=0, then we have 
bax(acv+B). 

Again, putting y(«) =e", we have 
g? 


z qm 
h = — e7? b=" , e” (a temi) 
2 ) ? 
gm o 


and 


l ` r2 
n= e(a + ma) ~! (TEC sin 8+ ot) + F(e™ sin 0 —ot)] db. 
Joo ` 


(3). 


The solution found in § 1 can be generalized by assuming 
that » depends not only on F, but also on the differential 
coefficients of this function. Following the suggestion of 
Wedderburn *, let us put 


E EC EET E OE 
+ o(h, b) E” Exle) tot] +... +6,(4, b) F"[x(2) + ot]. 
oe. aD 


* Loc. cit 
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Substituting in equation (2) and equating coefficients of 
F, E’, ..., we have 


2 ~, (bhes) = 0: 


0, 


bhy' dy + È (ihe got bhg,’ ) | 
hy’ gr! + 5 Ò ohgy + bos!) = : — hy? | bdo; 
(15) 


Mpd +È (bhp + lds!) = (phe y 


bhy’ dn’ + ò iig, x) = (Z -1x") ) bhais 
0 =(< —hy" *) bf j 


The first and the last two equations give m on 
integration 


Lhd '=const., d,=c- ht, and x= ve PA 
gh 


whereas the relation between any two consecutive ¢’s is 
given by the remaining equations of (15). Writing the 
general equation in the form 


2bhy'$'--1 + Qr- 3a d (hx!) +2 (ag ,) = 0, 
and expressing x in terms of A and making the following 
substitutions : 
bh = 3, dz =—;., 
D ( Sh 
we can also write it as follows: 
95 OPr-1 vg Ò od 
5 aSa aS . A 
Oz ae o ò: ( 32) (29 
This is the general equation to determine @¢,, the two 


extreme equations having the integrals 


Pn =c¢,9-? and o = const. 
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In its general form this equation is difficult to handle, 

but particular solutions may sometimes be obtained easily. 

For instance, if we assume 3= 2" and consequently 
m 

dn=Cr2 2, we can easily show that ¢,-, is of the form 


om 
, - =r 
Pn- = Cn-r 2 , 


where the constant c,_- is given by the recurrence formula 
q {m m 
Prenet (5 —r) (5 +r— 1) er = Q. 


Now we have to choose m in such a way that the equation 


sd% 


° = const. 
z 


is automatically satisfied. Here we distinguish between 
two cases. If we take dy (0) itself to be constant, then 
we must also take 


m ; 
ptn=0, ie. m=—2n, 


and an a 
=: 3 Pn-r = Cn- ri" ; 


or if we take ġġ (#0) to be different from constant, we 
have to put 
m 
4 


—n—1=0, i.e. m=2(n+1), 
and 


JaN Pr-r= Cart, 


The corresponding values of b and + can be easily found. 
We can get a completely soluble case if we take ņ to 
consist of two terms only, e. y. 


n = dof +A, EF. 
We have, as before, R 


2 > 
= yl? dı = abih, Aboi = const. = a, 


È (ongoy) tax + Ê (Weg!) = 05 
integrating, we have 
bhdyy' + ex + bhd,' = B (const.). 
Substituting the value of ġo obtained from this equation 
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in the third of the above equations and introducing a 
slightly different notation, 


0 = bihot, 
we have ultimately 
d Ci Vg d® ( Vg :) aa ie 2 
zl- rrua Gaa Sees 


This is a non-linear equation and has no simple general 
solution. A particular solution is, however, given by 
c l 
© = =.. 
. Rz 
But we get a completely soluble case if we put a=0, 
which corresponds to œ= const. =c and to the solution 


o w ¢ 
n=c F(J-2+et)+e biar c+ ot). 
i vg vg 


It can be shown that in this case the above equation has 
solutions of the form 


© j eT TR ea ZtKs) 4 oT'KiKa(Z+ ra) 
= Ko eT TKK (E+ Ks) oo’ eiK2(2-+K3) j 
1/2 


where oa’ = and «i, K2, kz are three constants of which «x; 


gi 


e (é 
and æ, arc connected by the relation 2 =x, «s; or 
c1 
O = x,0' tan o'k,(K3—K22), 


depending on the signs of the constants in the above 
differential equation (when 8Æ0). The simplest case, 
however, arises when we put 8 also =0. The following 
illustrations are then perhaps interesting :— 


h = const., 
] £ x 
Vig and 7 =&F Tl + tiltott aie t 
b = const., 
ax‘ b TE b ) 
ei p— NEE =: — M t A 
h p2 and 7 cE ( vee +t)+ s F ( Vs +t). 


In such cases we can, of course, make use of the solution 
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of the general equation (15') given above. In the above 
examples the solutions correspond to 8=0; other solutions 
corresponding to the constant values of h and b can be 
easily found from the general solutions given above. 


(4). 

In the manner of the preceding section we can find 
solutions of equation (2) in terms of the integral of § 2 
and its differential coefficients. We discuss here a case 
which is simple and completely integrable. We suggest 
the following solution : 


Yr/2 
n= (A, b) ò í [F{x(x) sin 6+ ot} + F{y(2) sin 0—ct}]dð, 
or}, | 
: ie. a CEG) 
where F is an even function of its argument. Substituting 


in the differential equation and proceeding in the usual way, 
we get the following conditions: 


| EYEN 
Lane = const., ~ « (17) 


d d 3 
dx [Hs de (bx) | +g ai 


Eliminating ¢ and 4 from the third equation with the help 
of the two preceding ones, we have 


drb d [XX h XX = 
da’ Fz "de ( 2 tN ir = 


Writing this equation in the form 


x a pb xd (xy b 
x de a x de » )\t wo 
and making the following substitutions : 


XX E aoe 
b= E and yy'da a dy = dy’ 


we have after simplification 


di ol 
Tale) g=" 
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This has the solutions 
p= ev and et; 
whence we have _ 
š \/ XX! and 7 
b x x 


In the first case we have 


‘ 2 
pa and EEN ) 
g X` 
and in the second f . . (18) 
b= x°X’ 


with the same value for A. We can now easily find 


C Va X 
$ = 7, ° e e . . e (19) 
o by! 

If we choose y arbitrarily we shall have two corre- 
sponding values tor 6, and if we choose 6 arbitrarily we 
shall have two corresponding values for y and consequently 
two values for À also. : 

The following cases are perhaps interesting :— 


z o- 2(1—xn) 4n—1 n 
yle) =a, h= J? , b=ne or =» 
and 


Ve /2 
n= cen’ | [Ff sin 6+ ot} + I'{a" sin 0— ot} ]idd 
at 0 . 


2 (ae wen g 
or Kt | [P{a"sin@+tot}+........ | d8 
© Jo 
according as b is equal to ne"! or nx! respectively 
(« being a constant). É 
Putting n=1, we have the case of constant depth, and 
o’ E | 

h= —, b= or-, 

and 


K Ò "p ; 
n=, ae, [F(¢sin@+ot)+ ...] dé 


2/2 
or ce | [F(uvsinOd+ot)+...]d0 
Or Jo 
respectively. 
Again, for constant values of b we have the solutions : 


Rog? 2 
b = const, h =— «3/2 or Z e-2 
gV b 
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and 


n e n | “TE (4/dbat sin O+oat)+...]d0 
e No 


¥97/2 
or K C [F(e* sin@+ot)+...] dd, 
Our 0 


corresponding to the first or second vaiue of A. The last 
solution has been given by Wedderburn. 
Again, putting 


xX(2) = e, 
we have 
3 
h= e? b= or de, 
IN 
The solution corresponding to the constant value of b is 
the one already given above ; that corresponding to the 


second value of b is 


nw 2 
= pe- ?™ oy [ F(e* sin 84+ ot) + F(e¥ sin 0—at)] d0. 
Uo 


Note.—The results of § 1 can be deduced more simply 
if the equation of motion (2) be slightly transformed as 
follows. Using the same notation as in § 1, we can write 


(2) as 
o%(5n) 9 Ò (3? on) 
00 3$Ooz\ dz? 
which is the same as 
FON 4 (EED _, 3) 
ot? "N Oe? 0227 
From this it at once follows that 73 satisfies the usual wave 
equation, and is equivalent to an arbitrary function of the 
form F(z+4/ yt) if 9 satisfies the equation 


2 ? 


- a 


or $ is a linear function of 2, whichis the same result as 
equation (6). A clue to the other types of solutions of 
equation (2) can be obtained if we take the relation between 
3 and z to be given by 


(2) being a given function of £. Then the whole problem 
of wave motion in canals reduces to the solution of an 
equation of the form 


O7u ou 
Ò” o7 


—o(:)u. 
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VII. The Diameters of the Atoms of the Inert (rases. 
By J. E. CaLtTHROP, B.A.(Cantab.), B.Se.(Lond.)*. 


ALUES for the radii of the atoms of the inert gases have 
been given by Davey f from a consideration of the 
packing radii of alkali and halogen ions in crystal lattices. 
These are much greater than those given by Prof. W. L. Bragg, 
and in most cases even greater than the estimates of Prof. 


Rankine from viscosity data and from Chapman’s formula :— 


a= C41EV , 
V 2nen( 1 + T) 
in which ø= molecular diameter, 


p= density, 
V = mean molecular velocity, 
n==number of molecules per c.c., 
n = viscosity, 

T=absolute temperature, 
c=Sutherland’s constant. 


Davey finds that Rankine’s results are related to his by the 
formula (R—0°35),/2=D, where R is the Rankine radius 
and Dhisown. Further, he suggests that Chapman’s formula 
could be modified empirically to give results which agree 
with his crystal method, though he can find no theoretical 
basis for such a modification. 

In a recent paper { he states a new law: “The ratio of 
the radii of any two simple atoms belonging to the same 
vertical column in the periodic table is the same as the ratio 
of the radii of any other two simple atoms in the same rows 
of the table, and in a common vertical column.” This 
enables him to predict the diameters of the atoms of certain 
elements, including helium, which had not been deduced 
previously from crystal data. 

_ His value for the diameter of the Helium atom is 2:06 A, 
which is near Rankine’s value of 2°16 A. 

It is of interest to find what value is obtained from the 
refractivity, for we have recently § pointed out that the 
refractivities and the Bragg values of the atomic diameters 
ot the inert gases are related by the equation (w—1)=1'23No%, 


* Communicated by the Author. 
t Physical Review, xxii. p. 211 (1923). 
T Physical Review, xxiii. p. 318 (1924). 
§ Phil. Mag. xlvii. p. 772 (1924). 
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where (u—1) is the refractivity of the gas, N is the number 
of atoms per c.c. and is taken as 2°705 x 10!, and a is the 
atomic diameter. 

If we may include helium in the same group, and use the 
refractivily 34°9 x 107° given by Cuthbertson, we obtain a 
diameter of 1:02 Å. This is in good agreement with the 
earlier estimate of M. Zierucci* from the temperature of 
fusion. He gave the cape 


where Ty is the absolute a of fusion, and Dy is the 
atomic diameter in Angstrom units. ‘Ty is near 1° for 
helium, and the diameter obtained is 1-04 A. 

We may find how far the Davey values obey an equation 
of the type (u—1)=KNo%, in which K isa constant which 
holds for the Bragg values. In the following table K is 
calculated both from the data of Davey and Bragg, except 
that we consider 1:02 A to be the “ Bragg ” value: To 


helium. 


Davey. Braca. 
Element. Refractivity X 10°. ø. < ; i 
E TN 349  206Å 015 OÅ 123 
MBE Saane 6ST 2:52 0:16 1:30 1:16 
ÅT coateek 28:37 314 0:34 2-05 1°24 
OS ee ee 427°3 3°42 (939 2:33 1:24 
Xe eeen.. 102:0 394 0:42 270 1:35 


Thus the Davey estimates do not appear to give so simple 
a relation between the refraetivities and diameters as do 


those of Bragg. 
It is noticeable, however, that the differences between the 


two sets of diameters are fairly constant. Consequently, if 
we take the mean of these differences, 1:13 A, and employ a 
formula 

(u—1)=KN(o—1°13)? 
where K is now the Davey diameter, we get the following 
values of K :— | 


Flemeit ae 
ERC EE aie: 1°60 
ING E IESE 0:95 
AF aaee 1:29 
TN PEE E TN 1:32 
h a EEES 1:17 


+ Nuovo Cimento, xxii. p. 189 (1921). 
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The mean value of K is 1:27, and thus we might suggest 
(u—1)=1-27N(o—1°13)® as the equation of the Davey 
values. On the whole, the evidence of refractivity appears 
to be in favour of the Bragg diameters, as there seems no 
reason why the refractivity should be uninfluenced by: 
diameters less than 1°13 A. 


East London College, 
May Gth, 1924. 
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VIII. On the Chance of an Electron being Ejected Photo- 
electrically from an Atom by X-rays. By G. E. M. 
JauncEY, 1).Sc., Assistant Professor of Physics, Wash- 
ington University, U.S. A.* 


1. Introduction. 


HE total mass absorption coefficient of X-rays in matter 
is made up of two parts thus: 


alp =tipta/p,. . . . - « A) 


where 7/p is the true mass absorption coefficient and a/p is the 
mass scattering coefficient, which for light elements and soft 
X-rays is of the order 0'2 gram~?. From the true absorp- 
tion coefficient, the true absorption coefficient per atom, or 
the true atomic absorption coefficient, may be found by 
multiplying t/p by the atomic weight and dividing by 
Avogadro’s number. Owent and others have found the 
empirical relation that the true atomic absorption coefficient, 
which we shall represent by t/v, is equal to N*A’, where N 
is the atomic number of the absorbing substance, A is the 
wave-length of the X-rays, and & is a constant. The 
quantity 4, however, is only constant within certain limits. 
When a K, L, or M etc. absorption limit is passed the 
value of k changes abruptly. 

The energy which is lost from the primary beam due to 
trne absorption goes into the production of photoelectrons 
and K, L, M etc. characteristic radiations. However, it 
will be assumed that the production of characteristic radia- 
tions is a secondary process, and that the primary effect of 
the X-rays is to produce photoelectrons. A photoelectron 
cannot be ejected from an atom unless the energy of the 


* Communicated by the Author. 
+ E. A. Owen, Proc. Roy. Soc., A. xciv. p. 522 (1918). 
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X-ray quantum is greater thın the binding energy of 
~ the electron. This binding energy is determined by the 
K, L, M etc. absorption limits. It so happens that 
according to Moseley’s law the K absorption limit wave- 
length is very nearly inversely proportional to the square 
of the atomic number. Now M. de Broglie * has shown that, 
when the wave-length of the X-rays is short enough to excite 
the K radiations of a substance, the nuinber of photoelectrons 
ejected from the K energy level is greatly in excess of the 
number ejected from the L and M energy levels. It seems, 
then, that so long as the K radiations are excited the greater 
part of the energy lost from the primary beam goes into the 
production of photoelectrons ejected from the K level. Since 
the binding energy of the electrons in the K level is propor- 
tional to N? approximately, it seems that the true atomic 
absorption coefficient varies as the sqnare of the binding 
energy of the electrons in the K level, provided that the 
K radiations are excited. 


2. Probability of Photoelectric Emission. 


The above considerations led the writer to make the 
hypothesis that the chance of an electron being ejected 
photoelectrically from one of the K, L, or M etc. levels is 
proportional to the square of the binding energy of the 
electron in the level frem which it is ejected, provided that 
the wave-length is short enough to eject the electron from 
the level and provided that the wave-length of the X-rays 
is kept constant. Let Ax, Ar, and Ax be the absorption limit 
wave-lengths for the K, L, and M radiations respectively | 
from a given absorbing material. The binding energies of 
the electrons in the levels are then inversely proportional to 
these quantities respectively. Hach atom has ng, nı, ete. 
electrons in the K, L, ete. levels respectively. On the 
writer's hypothesis the chance of a K electron being ejected 
from ‘an atom is proportional to n,/A2, the chance of an 
L electron being ejected is proportional to n,/A2, and so on 
for the electrons in the other levels. Assuming that the 
chance of an atom being doubly ionized is negligible, we 
then have that the chance of any one of the K, L, or M ete. 
electrons being ejected from an atom is proportional to 


P = ng /Mtny/ALtmgy/Ayt ne. 6. (2) 
Keeping the wave-length constant and varying the absorber, 


* M. de Broglie, Juur. d. Phys. et Rad. ii. p. 265 (1921). 
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the atomic absorption coefficient should be proportional to P. 
If the wave-length A of the primary X-rays is longer than 
Ax, the K term drops out and so on. Since the true absorp- 
tion coefficient also varies as A’, we may say that the chance 
of an electron being ejected from an atom is proportional to 
VP. The true atomic absorption coefficient being supposed 
to be due to the ejection of photoelectrons, this quantity 
should be given by 


tiv = GM(ng/Ktn/ALt+...)s - . (3) 


where G is a constant. The relation (3) has been obtained 
theoretically by A. H. Compton * on the classical theory and 
by L. de Broglie f on the quantum theory. However, in 
both cases the theoretical approach involves so many other 
factors that it is difficult to see what assumption it is that 
results in the n,/A,+ ete. term in the absorption equa- 
tion (3). On the writer’s view this term merely means that 
the probability of photoelectric emission is proportional to 
the square of the binding energy. The writer therefore 
suggests that Owen’s law be replaced: by the following 
empirical law : 


“ The chance of an electron being ejected photoelectrically 
from an atom by X-rays is proportional to the cube of 
the wave-length of the X-rays and to the square of the 
binding energy of the electron to the atom, provided 
that the wave-length is short enough to eject the 
electron.” 


This law will now be supported by showing from experi- 
mental evidence that the true atomic absorption coefficient 
is proportional to A3P. The values of Ax, Ax, Axr for various 
elements are given in Table I. These are averages of values 
given by Foote and Mohler, Hughes§, Kurth ||, and 
Sommerfeld]. The Land M absorption limits have a fine 
structure, but in the table only the average wave-lengths 
are given. Some of the values have been obtained by 


interpolation. 


* A. H. Compton, Bull. Nat. Res. Council, xx. p. 39. 

+ L. de Broglie, Jour. de Phys. et Rad. iii. p. 33 (1022), 

t Foote and Mohler, Phys. Rev. xix. p. 434 (1922). 

§ A. L. Hughes, Phil. Mag. xliii. p. 145 (1922). 

(| E. H. Kurth, Phys. Rev. xviii. p. 461 (1921). 

4] A. Sommerfeld, Atombau und Spektrallinien, pp. 227-229 
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Absorption Limits in Angstrém Units. 


Element. EA x A Ai 
o EE TEE 6 462 368 — 
Alona 13 7°95 150 326 
i Sk: aE REE 26 174 16:3 543 
Oui .gseeciareasescass 29 1:38 12:3 416 
MOr venirea 42 "618 4'8 18:6 
AE veesesrereceseeeee 47 485 od 15:0 
PB sutedcesulecaceavs 82 “141 "BD 45 


In Table II. are shown the values of ng, ni, My, ng/Ak, 
n/M, and n,/A2, for the various elements, Ag, Az, and Ayr 
being in Angstrém units. 


TABLE II. 

Element, ne Me Mae thy [AE | nm [ry na Au: 
o AEREE 2 4 0 "00094 00003, ss 
AU onau a 8 3 0316 00036 00003 
Fe en 9 8 16 . 66 0302 0055 
On hontai 2 8 18 1-058 0532 ‘0105 
Mo cos: 2 8 18 5-24 "B49 052 
Re eens 2 8 18 8:52 ‘65 08 
Pb ove 2 8 18 1005 Vl ‘9 


The values of G obtained by dividing the experimental 
value of the true atomic absorption coefficient by XP are. 
shown in the sixth column of Tables III.,1V.,and V. These 
values of G are for the case where ^, Ax, Az, etc. are 
measured in Angstrom units. In these tables the true 
mass absorption coefficients are obtained by subtracting the 
mass scattering coefficient from the respective values of the 
total absorption coefficients given by A. H. Compton in a 
table in the Bulletin of the National Research Council on 
Secondary Radiations produced by X-rays. The mass scat- 
tering coefficient used in calculating the true absorption 
coefficient is not that given by Thomson’s theory *, viz., 
0:4019 x p/w gram~', where p is the number of electrons per 
atom and w the atomic weight. The scattering coefficient is 


* J. J, Thomson, ‘ Conduction of Electricity through Gases,’ p. 325. 
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somewhat doubtful. A. H. Compton * and the writer f have 
shown in their quantum theories of scattering that the scat- 
tering coefficient is 1/(1+2a) times the Thomson coefficient, 
wherea=h/mer. Thus for \=0°35 A.U., 


a='024/:35 =:069, 
and the mass scattering coefficient for carbon is 
0:201/1:138=0:176. 


The total mass absorption coefficient in carbon is given in 
Compton’s table as 0:219, leaving 0'043 as the true 
absorption coefficient. 


TABLE III. 


Wave-length .. . 0°35 A.U. 
Characteristic 
ate t/p r/v x 10% tiv 20 
ee Element. Experimental. Experimental. P. ASP x 10%. 
ED -gisi Ü e 043 084 700097 2:01 
KLM o Al... 56 2°49 032 1:80 
K, L.M ...... Fe...... 4°59 42°4 695 1:42 
KL, M ...... Ou ... 677 T06 1:122 1:46 
K,L.M ...... Mo ... 18°9 299-0 5°64 1-24 
KLM ..... Ag.....- 27°0 481-0 9:25 1:21 
L, M ...... Pb... 22:4 765:0 12:0 1:48 
TABLE IV. 
Wave-length ... 0°70 Å.U. ` 
Characteristic 
ee t/p r/y x 108 t/y 
yaaa Element. Experimental. Experimental. = ASP x10". 
KL ocn O caisg 34 67 00097. 201 
K,L,M ...... Alesis 4°76 21:1 "032 1:92 
K, L,M ...... Fe... .. 37°7 349°0 695 1:46 
K.L,M ...... Ou ... 525 547 1:122 1:42 
L,M ...... Mo ... 18:5 298 0:401 2°16 
L,M ...... Ag...... 31:5 561 0°73 2:24 
EM orcas Pheirt 163:6 5540 12:0 1:34 


* A. H. Compton, Phys. Rev. xxi. p. 483 (1923). 
fig G. E. M. Jauncey, Phys. Rev. xxii. p. 233 (1923), and xxiii. p. 313 
24), : 
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TaBLe V. 
Wave-length ... 1:0 A.U. 
Characteristic 
nie t/p T/y» x107 tiy 3 
a Element, Experimental. Experimental. P. 3p * as 
Ryde «ites C osc 1-07 2:12 ‘00097 2°18 
K, L, M ...... Al... .. 13-6 60-5 "032 1:89 
K, L, M Geer Fe... 90-0 832 695 1-20 
K, LM ...... Cu... 146:0 1518 1:122 1:35 
LM oa Mo ... 530 840 "401 2°10 
BM ...... AP nics 87:0 1550 73 2°12 


Examining values of G given in the last columns of 
Tables III., IV., and V., we see that G is fairly constant, 
varying only by a factor of 1°85 from the smallest to the 
largest value, whereas in Table III. 7/y varies by a factor of 
about 9000. Furthermore, it is seen that the value of G 
remains approximately constant when an absorption limit is 
passed, as, for instance, in Table III. when we pass from 
silver to lead. The lack in the constancy of G may possibly 
be due to several causes. First, the absorption wave-length 
limits are not known to a high degree of accuracy, especially 
in the case of the L and M absorption limits. Then, too, the 
N, O, P, etc. limits have not been considered. Second, 
the total absorption coefficients are somewhat uncertain, as 
in the case of the elements of low atomic number very great 
purity is necessary and in the case of the elements of high 
atomic number only very smal} thicknesses can be used. 
Third, each of the L, M, etc. absorption limits has a fine 
structure. Instead of n fà}, we should write the sum of 
three terms, there being three L absorption limits. To 
make this correction it would be necessary to know the 
numbers of electrons per atom in the Li, Lz, and L; energy 
levels. Fourth, there is great uncertainty in the value 
assigned to the scattering coefficient. A. H. Compton * has 
measured the spectrum of scattered X-rays and has found 
that part of the scattered radiation suffers a change of wave- 
length while part of it does not. Ft seems probable that the 
scattering coefficient of the unmodified radiation would be 
given by Thomson's value. Instead, therefore, of subtracting 
0-2/(1+2a) from the total absorption, we should subtract 
some quantity between this and 0-2 in order to obtain the 
true absorption coefficient. Tt seems possible that if all 


* A. H. Compton, Phys. Rev. xxii. p. 409 (1923). 
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these sources of error could be eliminated G might be found 
to be a constant. The average of all the values of G in 
Tables III., IV., and V. is 1°71 x 107%”. 

Further, it is found experimentally that the absorption , 
“jump” for a given absorbing substance when the X-rays 
are decreased in wave-length past the K absorption limit 
decreases with increasing atomic number. Recently Allen * 
and Warburton and Richtmeyer t have shown that the ratio 
of the K+L+M 4+ ... absorption to the 1+M-+ ... absorp- 
tion at the K absorption limit is about 7, but decreases for 
high atomic numbers. On the present view this ratio 


should be 
Ny /AZ tn /AZ tny + cue 4 
O MJA pry Bet (4) 


Referring to Table II., it is seen that this ratio decreases 
from 19°5 for Fe to 9'4 for Pb, which is in the general 
direction of the experimental results. 


3. Discussion. 


The writer believes that considerable experimental evidence 
has been quoted to support the proposition that the chance of 
an electron being ejected photoelectrically from an atom 
(i.e. such that hy=mv?/2+W) is proportional to the cube 
of the wave-length and to the square of the energy of binding, 
provided that the wave-length is short enough to eject the 
electron. The writer believes that this way of interpreting 
the experimental results may have importance from the theo- 
retical point of view. It seems as though the A-ray quantum 
possesses an affinity for the electron which increases as the 
binding energy increases. It would seem then that the 
chance of an X-ray quantum giving up its entire energy - 
to an electron in an electron vapour would be zero, sincs in 
this case there would be no binding energy. Hence there 
is probably no photoelectric effect in an electron vapour. In 
such a vapour the X-ray quantum should only be scattered. 
This scattering would take place with change of wave-length 
of the scattered quantum, part of the energy of the original 
quantum going into the production of a *‘ recoil” electron 
as shown by A. H. Compton ł. The writer has recently 
published a Corpuscular Quantum Theory of the Scattering 


* S. J. M. Allen, Phys. Rev. xxiii. p. 291 (1924). 
t Warburton and Richtmeyer, Phys. Rev. xxiii. p. 291 (1924). 
t A. H. Compton, Phys. Rev. xxi. p. 483 (1923). 
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of X-rays *, and has shown in a recent letter to ‘ Nature’ f 
that if an electron has a radius of 4°57 x107! cm., and if 
the X-rays are supposed to be corpuscles which are scattered | 
when they hit an electron, the mass scattering coefficient 
would be 0:2 gram~}, which is very nearly that found 
experimentally. It seems that the photoelectric effect of 
X-rays is altogether a different process from the scattering 
of X-rays, as all the collisions of the X-ray corpuscles with 
electrons are accounted for by the observed value of the 
scattering coefficient. It seems possible that the photo- 
electric effect. takes place only when the X-ray quantum or 
corpuscle passes between the electron and the nucleus. In 
fact it seems that the presence of the nucleus is a necessary 
factor in the photoelectric effect. It is interesting to specu- 
late as to why it is that on the quantum passing between the 
electron and the nucleus the chance of the electron being 
ejected varies as the square of the binding energy. Bubb ł{ 
in a recent, letter to ‘ Nature,’ introduces the idea of a vector 
quantum. He speaks of the quantum “exploding” in a 
direction perpendicular to its line of flight. In his view the 
nucleus provides the seat of the reaction when the electron 
is ejected. 

It would be very interesting to test whether anything like 
the empirical law proposed in this paper holds in the case of 
light. It is perhaps worth while noting that Hughes and 
Klein § have shown that the chance of ionization per col- 
lision increases as the binding energy decreases for helium, 
neon, and argon, if the speed of the ionizing electron is kept 
constant. This implies that the chance of an electron being 
ejected by collision with another electron increases as the 
binding energy decreases and in this way varies in the 
opposite direction to that when the electrons are ejected 
photoclectrically by X-rays, 


Washington University, 
St. Louis, Mo., U.S.A. 
. March 22, 1924. 


as: v E. M. Jauncey, Phys. Rev. xxii. p. 233 (1923), and xxiii. p. 313 
9924 e 

t G. E. M. Jauncey, ‘ Nature,’ exiii. p. 196 (1924). 

t F. W. Bubb, ‘ Nature,’ exiii. p. 237 (1924). 

§ Hughes and Klein, Phys. Rev., in print. 
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IX. On the Collision of Spherical Bodies of Unequal 
Diameters and Densities at Very Low Velocities. By 
D. B. DeopHar, M.Sc., Reader in Physics, Lucknow 
University, Lucknow, India *. 


Introduction. 


SSUMING certain conditions, Hertz +t has given an 
interesting discussion about the phenomena which 
occur when two balls impinge on each other. He has 
found out that the radius of the circle of pressure, which is 
the boundary of the surface of contact, varies as the § 
power of the radius of the impinging sphere, and that the 
duration of impact, that is the time during which the bodies 
are in contact, is very large compared with the gravest 
period of vibration of either of the balls. Schneebeli f, 
Latay §, and Northrup || have done some work to compare 
experimentally the theory of impact put forth by Hertz. 
In all the cases investigated by these workers they found 
that their experimental results were not in agreement with 
the theoretical deductions. i 
It is well known that the total kinetic energy before 
impact cannot be equal to that after impact unless the im- 
pact is perfectly elastic; in all other cases there will be 
dissipation of energy in various forms. Hertz has shown 
that the maximum pressure increases with the relative 
velocity, being proportional to the # power of the 
velocity ; while it is independent of the size of the balls. 
And the greater the velocity the more will the pressure 
exceed the elastic limit, and there will be a dissipation of 
energy. This dissipation was not contemplated by Hertz. 
Lord Rayleigh did some work on the impact of balls, and 
showed that the proportion of translational energy trans- 
ferred into the energy of vibration is very small. The 
dissipation of energy due to sound has been discussed by 
Banerji **, who has shown that the sound produced by the 
impact of spheres is due to the impulse communicated to 
the atmosphere bv the sudden reversal of the motion of the 
spheres. The dissipation of the energy may largely be 


* Communicated by the Author. 

+ Hertz. ' Miscellaneous Papers’ (English translation), pp. 146-147. 
1 Rep. «d. Phys. xxii. (1886). 

§ Comptes Rendus, 1900. 

i Frank. Inst. Jour. 1911. 

€ Phil. Mag. xi. p. 283 (1906). 

** Phil. Mag. Jah 1916, Jan. 1918. 
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ascribed to the failure of the condition of perfect elasticity 
during. impact. When we know that even small spheres. 
travelling with a speed as low as one centimetre per second 
develop a pressure which is far greater than what perfect 
elastic conditions would allow, the dissipation of energy 
must inevitably result; and if the bodies be plastic a great 
deformation in the area of contact can be easily noticed. 
Again, it should also be expected that the relationship 
between the velocities of impinging bodies before and after 
impact, namely the coefficient of restitution, must vary in 
value, becoming less and less as the relative velocity increases. 
This has been observed recently by Vincent *. Similarly, if 
the velocity of approach be made very small, the coefficient 
of restitution should increase and tend towards unity. Very 
recently Raman f has made observations upon impact of 
bodies at very low velocities, and has shown for two or three 
kinds of materials that the coefficient of restitution does 
really approach unity. In all his experiments Raman 
worked with balls of the same material and equal diameters.. 
The present author thought it worth while to make experi-. 
mental investigations as to how the coefficient of restitution 
is affected if the impinging balls be of different materials 
and unequal diameters; it was also thought interesting to- 
find the influence of the change in the medium in which the 
balls were colliding. 


Experimental Technique. 


Experimental arrangements were in essentials the same as. 
those of Raman f; and as the observations were to be made 
for very low velocities, the relative velocities were recorded 
and measured by a photographic method. In order to obtain 
a slow and steady motion, the balls were suspended by a 
bifilar suspension in such a way that their height was 
eighteen feet from the ceiling.. A horizontal slit was 
illuminated by a Pointolite lamp of one hundred candle- 
power through a condensing lens, and the image of this slit 
was focussed by a convergent lens on the point of contact of 
the two balls. Consequently no light could be seen on the 
other side of the balls unless they were held apart. This 
image was further focussed upon the slit of the camera by 
an additional convex lens suitably placed. A metre scale 
placed horizontally behind the balls ensured that on being 
released they fell through equal distances. A very small 

æ Camb. Phil. Soe. Proe. 1900. 
t Phys. Rev. vol. xii. (1918). 
t Phys. Rev. vol. xii. (1913). 
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and light iron piece was attached to the remote side of each 
of the balls, and two small electromagnets were arranged so 
that on closing the circuit the balls could be held apart 
through any required distance, and on breaking the circuit 
they could approach each other and collide. (See photo- 
graph of the arrangement in fig. 1.) The cumera consisted 
of a closed long wooden box, on the back of which a 
photographic plate is made to slide vertically downwards . 


Fig. 1. 


through a side groove. The motion of the photographic 
plate is regulated by means of a lead counterweight 
attached to the end of a string passing over a frictionless 
pulley. By properly adjusting the counterweight, the plate 
can be dragged up slowly and fairly uniformly past the slit. 
The switch controlling the electromagnets is so arranged 
that the experimenter can allow the counterweight to fall 
and then break off the current in such a way that the 
approach and rebounding of the balls take place while 
the photographic plate is moving past the slit of the camera. 
In this way two wedges of light are produced on the photo- 
graphic plate corresponding to approach and rebound. The 
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gap between these wedges indicates the duration of impact— 
that is, the time during which the balls were in contact with 
each other. The ratio between the widths of the wedges 
measured at equal distances from the apexes is obviously 
equal to “e,” the coefficient of restitution. In order to have 
a time-scale in these measurements, a large tuning-fork of 
70 vibrations per second was mounted in front of the camera 
in such a way that a beam of light proceeding from another 
Pointolite lamp and made converging by means of a fine 
circular aperture and a lens, a reflected from a light 
mirror attached to the prong of this fork, did not obstruct 
the beam of light coming direct from the impinging balls. 
By this arrangement a reflected image of the circular aper- 
ture could be produced upon a second slit provided for in 
the camera. Thus the vibration curves of the tuning-fork, 
as well as the light wedges due to impact, could be simul- 
taneously photographed upon the same plate; and duration 
of impact and other time-intervals could be measured by 
referring to the vibration curves of the fork. 

For taking cbservations on the impact in water, the im- 
pinging balls were immersed ina glass basin of water placed 
on the top of a screw-motion table. ‘The current in the 
electromagnets was adjusted so as to keep the balls in 
contact with the sides of the basin containing water. By 
selecting basins of larger or smaller diameters, the balls 
could be made to fall through any desired distance. 


Observations and Discussion. 


Experiments were carried out with wooden and brass balls, 
which were specially turned in the laboratory workshop ; the 
wood selected was the best Indian Shisham (sp. gr.=1°13), 
which could sink in water. The wooden balls were 1°75 in. in 
diameter, while the brass balls were 2 in. and 1°5 in. in diameter 
respectively. The surfaces of these halls were polished to 
an equal extent as far as possible. After each impact, 
the surfaces taking part in actual collision were inspected to 
see if there was any permanent deformation in the way of 
small indentations ; but nothing of the kind was detected 
for any of the sets of observations made. All the observa- 
tions show that when the velocities are made extremely 
sinall, the coefficient of restitution rapidly tends to approach 
the value unity and actually becomes equal to 1, in all cases 
irrespective of any change either in the material of the 
colliding balls or in their diameters. It appears that Hodg- 
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kinson’s * formula for the coefficient of restitution between. 
two dissimilar bodies, which is 
_ eaal/9i +erB/ge 
= 1 1l 

+ _ 
n Ya 


CAB 


(where eap=coefficient of restitution between the bodies A 
and B, and q;, qa are Young’s modulii for the two bodies), 
does not hold good when the velocities are extremely small. 
The duration of impact appears to be greater than what is to 
be expected from the theory put forth by Hertz. According 
to Hertz ft, the duration of impact for two spheres of equal 
radii and equal density is given by the relation 


5 [Fmt 102)! 
T= 2 9432 RA/ 8(V—U)g 
where R=radius of sphere, s=density of the material, 
V=velocity of approach of one sphere, U=velocity of the. 
second sphere, g and ø are Young’s modulus and Poisson’s 
ratio for the substance of which the spheres are made. 
At small velocities the duration of impact was observed to 
be independent of the diameters and materials of the spheres ;. 
and what is more interesting to note is that, other conditions 
being the same, the duration is greater in water than in air. 
This las been found invariably for all observations. The 
duration of impact could be very well measured by com- 
paring the gap between the wedges of light on the photo-. 
graphic negative with the vibration curve of the tuning-fork. 
It appears that the general formula for the duration of 
impact should be modified by introducing an additional term 
corresponding to the density of the medium to «account for 
the larger duration of impact in water. The results of 
several observations are given below in a graphical form.. 
Figures 2a and 2 b represent the case of brass balls 1°5 in. in 
diameter impinging in air and water respectively, while 
diagrams 3a, 36 and 4a, 4b represent respectively the 
cases of wood and brass, and brass balls of unequal dia- 
meters. In all these figures the coefficient of restitution is 
shown along the axis of Y, and the velocity of impact. 
is plotted along the axis of X. 


* British Association Reports, 1834. 
t ‘ Miscellaneous Papers’ (Inglish translation). 
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Coeff: of Restitution. 


Coeff: of Restitution, 


Coeff: of Restitution. 
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All these figures show that when the velocities are made 
extremely small there is practically no effect due to variation 
in diameter and material upon the change in the value of the 
coefficient of restitution. It appears that, in addition to 
the dissipation of energy in sound and heat in the act of 
collision, there must be dissipation of energy in some kind 


Brass Balls: 1°5 in. diameter each. 


Fig. 2 a.—Alr. 


Brass Balls: 1°5 and 2°0 in. diameter. 
Fig. 3 a.—Air. 
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Wooden Ball: 1°75 in. diam. and Brass Ball: 1°5 in. diam. 
Fig. 4a.—Air, 


W 


4 


(o) 3 6 9 12 iS CMYsec 


of displacement of the molecules in the surface-layer of the 
ball-material, owing to which the coefficient of restitution 
increases when the velocity is decreased, and diminishes 
when the velocity is increased. Since, according to Hertz, 
it is known that the pressure exerted upon ordinary spheres 
of one-inch radius colliding with a velocity of 1 cm. per 
second and also the simultaneous maximum pressure at the 
centre of impact per unit area is 73 kilograms/mm.?, this 
pressure should produce deformation sufficientiy great to be 
easily detected; but no such deformation was visible in 
the cases observed. 

Now the question arises as to what happens to such an 
immense energy developed in the act of collision. Sound, 
heat, deformation, and vibration of the balls as a whole 
appear to be the different forms in which the energy dis- 
sipates itself. But remembering that the amount of sound 
energy produced is due to the reacting impulse given to the 
surrounding medium, and knowing that a small temperature 
change in the body is not enough to account for the whole 
energy-loss, one is inclined to think that very probably a 
portion of the stresses produced in the act of collision is 
spent in displacing the molecules in the surface-layer of the 
impinging balls; and that the change in the coefficient of resti- 
tution is due to such a surface change. This displacement 
becomes very minute when the velocity of approach is 
minimal, and it is only in this extreme case that the values 
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of the kinetic energy before and after impact are exactly 
equal to each other. Therefore, in all cases of collisions 
except those where the velocities are extremely small so as 
to make e=1; the coefficient of restitution should play a 
great part in the dissipation of energy. 

Thinking that it would be interesting to make microscopic 
observations of the surfaces of impinging bodies when the 
velocities are so small as not to show any apparent deforma- 
tion, arrangement was made to take photomicrographs of 
these surfaces. In two or three cases which were thus 
observed it was distinctly seen that the photographs of sur- 
faces after impact differed much from those before impact. 
But with a view to arrive at a decisive conclusion regarding 
my surface-layer hypothesis, it is hoped to conduct further 
scrutiniziny observations after introducing more refinements 
in the experimental conditions. The problem is certainly 
most interesting, but at the same time extremely difficult, as 
the original surface may be disturbed owing to oxidation 
as well as during the very process of polishing. 


Summary. 


1. This paper deals with impacts of spherical balls of unequal 
diameters and densities investigated at very low specds. 

2. Impacts are taken in air as well as in water, and the 
manner in which the coefficient of restitution changes is 
studied photographically. 

3. It is found that when the velocities are extremely small, 
changes in diameters and densities as well as a change 
in the medium in which collision takes place do not 
produce any appreciable effect upon the coefficient of 

* restitution. 

4. The duration of impact in water is invariably larger than 
that in air, and this fact calls for a modification in 
Hertz’s duration formula. 

5. It appears that during the process of impact molecular 
displacement takes place in the surface-layer, and that 
the coefficient of restitution is connected with dissipation 
of energy. 

6. It is hoped to continue the photomicrographic study 
further by introducing additional refinements in the 
experimental conditions. 


In conclusion the author takes this opportunity to express 
his best thanks to Professor Dr. Wali Mohammad, of the 
University, for his very helpful and encouraging suggestions 
during the progress of the work. 

Physics Department, 


Lucknow University, 
Lucknow, India. 
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X. Wave-Power Transmission. By EB. A. BARCLAY-SMITH, 
B.A. (Cantab.), Lieutenant R.E.* 


Slee Constantinesco system of wave-power transmission 

has been successfully applied to the synchronization 
of the firing of machine-gun bullets from an aeroplane and 
to the Dorman Long boring machine. 

In his book ‘Sonics’ the inventor investigates this form 
of power transmission by means of the “7” method. By 
this method he is enabled to take leakage and friction into 
account. He obtains a series of equations which show 
remarkable similarity to those found in the investigation of 
long-distance telephone-lines. 

The following is an attempt to expound the phenomena 
occurring in wave-power transmission and to formulate an 
easy method of investigating them from first principles. 
Furthermore, an indication is given of the line of investi- 
gation to be followed when the data are such as will be met 
with in practice. . 

The essential feature of wave-power transmission is that 
power is transmitted to a distance by means of a fluid con- 
tained in a pipe. Pressure-waves are generated in the fluid 
at one end of the pipe by means of a reciprocating plunger. 
The plunger is operated by a crank or its equivalent, with 
the result that its motion is not simple-harmonic. As in 
most cases, however, the length of the connecting rod is 
great in comparison with the length of the crank, the plunger 
may be considered without appreciable error to have simple- 
harmonic motion. 

At the other end of the pipe power is transmitted to a 
similar plunger by the pressure-waves in the liquid. The 
pipe may have several branches with a plunger at the end 
of each, in order that power may be received by several 
different machines. 

In the event of any machine being out of use and thus not 
requiring any power, it may be disconnected from its 
plunger which will then be left to reciprocate without 
absorbing power (neglecting frictional losses), or the plunger 
may be locked. Every plunger will of course be provided 
with a flywheel or other arrangement to carry it over the 
dead points. 

It is first necessary to investigate the happenings in a 
single pipe full of fluid when a plunger starts to reciprocate 
at one end. 

* Cummunicated by Prof. G. B. Jeffery, M.A., D.Sc. 


Phil. Mag.S. 6. Vol. 48. No. 283. July 1924. H 
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In the following consideration the effects of friction and 
leakage in the pipe are neglected *. The pressures referred 
to in this paper are those in excess of the pressure due to the 
static head of fluid necessary to keep the pipe full and to 
prevent cavitation taking place. 

Let p=the instantaneous fluid pressure in lb. per sq. 

inch. 
<== coefficient of compressibility of the fluid in lb. 
per sq. inch f. l l 
p=density of the fluid in lb. per cubic inch. 
v= particle velocity in ins. per second. 
g=acceleration due to gravity in ins. per sec. per sec. 


From a consideration of the motion of a particle of the 
fluid in the pipe it can easily be shown that if a single 
pressure-wave be travelling along a pipe it travels with 


velocity 
l V ins. per second, 


and that p=a/ i Xv, 


where v is the instantaneous velocity of the particles of the 
fluid in the direction in which the wave is travelling. 

When the pressure-wave meets an obstruction part of it 
may continue to advance through the obstruction and thence 
be transmitted to a machine or to a continuum of the fluid 
on the further side, part of it will be reflected backwards as 
another pressure-wave not necessarily in phase with the 
original wave. This reflected wave when it reaches the 
gencrator will again be reflected in part, and this process 
will go on indefinitely. 

Accompanying each of these pressure-waves will be a 
similar wave of particle velocity ; the shape of the velocity- 
wave will be similar to the pressure-wave and at every point 


will obey the law 
_, / Ke 
p=a/™ xr. 


It is important to remember that the direction of the 
particle velocity corresponds with that in which the wave is 
travelling. 

* For a full consideration of their effects vide ‘Sonics,’ p. 46 et seq. 

t In most cases the effect of ea of the pipe need not be 


considered. Its effect would be slightly to alter the apparent value 
of K. 
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Thus when the planger starts to reciprocate there will be 
created in the pipe a series of pressure-waves each accom- 
panied by its corresponding particle-velocity wave and 
travelling to and fro along the pipe. 

At any given point at any given instant of time the 
pressure is equal to the swm of the pressures due to the 
pressure-waves passing that point at that instant. The 
particle velocity, however, is in each case * in the direction 
in which the wave is travelling ; thus the direction of the 
particle velocities due to waves travelling in one direction is 
opposite to the direction of the particle velocities due to 
waves travelling in the reverse direction. Hence the 
resultant particle velocity will be equal to the dijference 
between the sum of the velocities due to the velocity-waves 
travelling in one direction and the sum of the velocities due 
to the velocity-waves travelling in the opposite direction. 


Thus if in fig. 1 the chain dotted lines represent two 
pressure-waves travelling along the pipe in the direction AB 
and the continuous line represents one traveiling in the 
direction BA at the moment under consideration, the pressure 
at C will be equal to (2—1 + 1) lb. per sq. in., while the particle 

. ; . qi. 
velocity will be equal to (2—1—1) x iz. ins./second, 
p 
and it will be in the direction AB. This rule applies 
whatever the shapes of the waves. 


* I.e. “in the case of each separate individual wave.” 


H 2 
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If the waves are sinoidal] and all of the same frequency, 
the waves in each direction can be added together to form a 
single sinoidal wave. The pressure at any point will vary 
sinoidally with time. The particle velocity at that point 
will also vary sinoidally with time but will not necessarily 
be in phase with the pressure. Hence the pressure and 
particle velocity at some particular point can be represented 
vectorially, 2. e. the actual quantities of the pressure and 
particle velocities respectively are represented by the pro- 
jections of their vectors as they rotate with angular velocity w 
(fig. 2) ; the wave period, that is the time of one complete 


oscillation of the generator plunger, being i 


E Pressure 


Parlicle 
Velocely 


If the vectors representing the pressure and the particle 
velocity at any given point are known, it is possible to 
analyse them into two sinoidal waves travelling in opposite 
directions by the following construction. 

At the point C (fig. 3) let OP be the pressure vector and | 
let OQ be the vector for particle velocity in the direction 


AB. The length OQ is the actual particle velocity x Toi 
to the same scale as OP. f J 

Join PQ and bisect it at R. 

Join OR and draw OS equal and parallel to QR. 

Then OR will represent both the pressure and particle 
velocity of the component wave travelling in the direction 
AB, and OS will represent the pressure and particle velocity 
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of the component wave travelling in the direction BA to the 
same scales as OP ard 09, 


since OR+0S=0P 
and OR- OS: OQ. l 
It must be remembered that the direction of the particle 
velocity represented by OR is AB, while the direction of 
the particle velocity represented by OS is BA. 
: Fig. 3. s 


TAANE eb 
ane a en: ere 
A C D B 


Now the wave travelling in the direction AB reaches a 


point D distant ? from C in Ina/ Ko seconds after it has 


reached C, while the wave travelling in the direction 


BA reaches D in jaa / =g seconds before it reaches C. 


Thus to find conditions at D it is necessary to turn the — 
vector OR forwards, i. e. counter-clockwise, through an 


angle æ and the vector OS backwards, i. e. clockwise, through 
the same angle where 


= A / P 
a=wl x Kg" 
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Let OR, OS, be the new positigns of the vectors OR, 
OS. Then OP, the sum of ORriand: OS, will represent 
the pressure at D, and 0Q,=08,+O8, will represent the 

article velocity in the direction: AB at D. 

Thus if the conditions-obfsifiing at any point are known 

those obtaining at any Sther ‘point can be ascertained. 


I nertids «ñd Hydraulic Ca pacities. 


An inertia acts as would a heavy metal cylinder placed 
in the pipe: ~. 2" 

The particle velocity will be identical at either end of the 
inertia byt the pressure at the two ends will differ since 
foreemast be supplied to give it the particle motion. 

Mga e Fig. 4. 


BM wae 


A 


Let pı, v, be the pressure and particle velocity respectively 
at one end and ps, rz be the pressure and particle velocity 
respectively at the other end of the inertia, then vı =% in 
magnitude and phase. Let s be the sectional area of the 
pipe in square inches and m the mass of the inertia in lb. 
The maximum particle acceleration equals æ X the maximum 
particle velocity and the acceleration vector leads the 
velocity vector by 90°, both the particle acceleration and 
the particle velocity being considered to be in the same 
direction. _ 

Thus if OR (fig. +) represents the particle velocity in the 
direction AB and OP represents the pressure p, then OQ 
will represent the pressure p», where QP is perpendicular to 


mor : . 
OR and represents -—--' the pressure required to give the 
; Ws 


inertia the particle motion. 
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Hydraulic capacities may be of two kinds :—(1) That 
which acts as would a rubber diaphragm placed in the pipe, 
where the difference of pressure on the two sides varies as 
the displacement. This form is sometimes termed a con- 
denser. (2) That which acts as would a closed vsssel 
containing gas placed in direct communication with the pipe, 
where the amount of fluid entering would vary directly as 
the amount of the pressure. 

Taking case (1) and using the same notation as before, 
v;=v, (fig. 5) in magnitude and phase; the maximum 


displacement = - x the maximum particle velocity and the 


displacement vector lags 90° behind the velocity vector. 
Fig. 5. 


Thus if OR (fig. 5) represents the particle velocity in the 
direction AB and OP represents the pressure p,, then OQ 
will represent the pressure pẹ where QP is perpendicular to 


sCu 
OR and represents ae where (C, a constant for the con- 


denser, is the difference in pressure in lb. per square inch 
caused by the displacement of one cubic inch of fluid. 
It will be noticed that if a condenser is placed in close 
approximation to an inertia in the pipe, and : 
mov,  sCvr, 
—— = -—_ or w=, 
Sg @ ( 


the two effects neutralize one another. 
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Take case (2) using the same notation. 

In this case p =p; (fig. 6) in magnitude and phase, but vs 
differs from v, ‘by the differential of the amount of fluid 
entering the vi divided by s. The amount of fluid 
entering the vessel =K'p, cubic ins. where K', a constant 
for the capacity, is equal to the number of cubic inches of 
fluid which will enter the vessel with an increase of pressure 
of 1 lb. per sq. inch ; the differential of this amount will be 
K’wp,, and in phase its vector will lead the pressure vector 


by 90°. 


Fig. 6. 


Thus if OP (fig. 6) represents the pressure and ON repre- 
sents vı then OR wili represent rz where RN is perpen- 


Pr 


dicular to OP and represents , the particle velocities 


being considered to be in the direction AB. 

From the above consideration it will be seen that if 
conditions at one point in the pipe are known it is possible 
to find conditions at another point in spite of the fact that 
an inertia or hydraulic capacity may intervene between 
them. 
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This may be done by the following process. In the first 
place find the component forward and backward waves at 
the known point, swing the vectors counter-clockwise or 
clockwise as the case may be through the angles necessary 
to find the conditions on the near side of the inertia or 
hydraulic capacity. The waves may now be combined and 
the conditions found on the far side by the addition to the 
pressure vector or to the velocity vector of the appropriate 
vector perpendicular to the velocity vector or to the pressure 
vector as the case may be. The conditions on the far side 
are to be analysed into forward and backward waves and the 
vectors representing the waves swung througl the angle 
appropriate for the investigation of the conditions at the 
specified point. On recombining the waves the conditions 
required will be found. 


Motors and Generators. 


Although there are many devices for starting motors 
from rest, every motor and generator in a wave-power trans- 
mission system is provided with a plunger reciprocating 
synchronously with the waves in the transmitting fluid. Two 
or more generators might be connected to the same pipe, but 
in such an arrangement their reciprocations must. be syn- 
chronous. Several motors may receive power from the 
same pipe. The pipe may vary in size and may include 
inertizs, condensers, and transformers, but in every case the 
pistons of the motors must reciprocate at the same rate 
as the pistons of the generators, though not necessarily in 
phase with them. It is assumed that the generators 
maintain a constant rate whatever the load. 

The following data are available for determining the 
conditions at any point in the pipe. Since the piston dis- 
placement of the cylinders of each generator and motor are 
known, the particle velocities at the ends of the pipe can be 
calculated for any particular rate of oscillation. The power 
absorbed by each motor must be known since this can be 
varied at will. The simplest case, namely that of a generator 
and motor at either end of a uniform pipe, will now be 
considered, 

Let AB be the pipe of length / having the generator at 
A and the motor at B. Three conditions may occur :— 
(a) The piston of the motor may be fixed. (b) The piston 
of the motor may be oscillating but absorbing no power. 
() The motor may be absorbing power P inch-lb. per sec. 
Let Pas Cas Pp Ug be the pressures and particle velocities at 
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the generator and motor respectively; v, and vg both being 


in the direction AB. 
Then in every case v, and vz are known. 
(a) In this case v,=0, hence the two component waves 


must be equal in magnitude and phase. 
Let p, (fig. 7) be the maximum pressure of the forward 
wave, and p; that of the backward wave. 


Then Pitps=pPy and p= pa 
Fig. 7. 
A VA 


In order to find the conditions at the generator turn the 
vector representing the forward wave backwards, 2. e. clock- 
wise, and the vector representing the backward wave 
forwards, 2. e. counter-clockwise, in each case through an 


angle l 
a= wl x E» 


the particle velocity at A will then be 


; Kp 
2p sin a= : 
pı g 9 
and this is known to be equal to v,, ? 
also p, = 2p, cosa ; 


thus pa=r, cosecaq/ NP and p= otaq / RP, 


It will be noticed that if a is a multiple of v, that is 


j= "T Ky 
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the pressures at A and B would tend to become infinite. 


° e Ir © 
The time of one oscillation == and the wave velocity 


Ky T Kg = 
= “3; hence — “ =half a wave-length. There- 
P © P 


fore if l is nearly equal to some multiple of half the wave- 
length, an inertia or hydraulic capacity must be inserted 
into the pipe in order to modiťy the conditions and thus 
prevent the bursting of the pipe. 

(b) In this case v, (fig. 5) is known, and as no power is 
absorbed the vector representing p, must be at right angles 
to that representing r,. 


Analysing into component waves it will be found that 
pı=p» Let ô be the angle at which p, and ps are inclined 
to ppg, as shown in fig. 8; 


Kp 
Pe 


then 2p,cosd=pp, and 2p,sind=r, 


(1) 


Turning the vectors through the angle @ in order to find 
the conditions at A, 


2p,cos(a+5)=p,, and 2p, sin(«¢+6) =o q/ *e ye) 
combining with (1) 
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If o= vy sin (æ +ò) = sin ô, 
or (2n + 1)r— (a + 6) =ô, 
i 2n+1 a 

that is ò= C e 
n being a whole number depending on the value of a. 

; eden, N T 

m E sin dl On Irta} V 9° 
and Pa=eh/ Pooth (2n+1)e-+4}, 


Kp cos${(2n+1)7—a} 
g sing{(2n+1)r+a}" 

Thus if a is equal to some oda multiple of m, or in other 
words if l is equal to some odd multiple of half the wave- 
length, the pressures tend to become infinite. 
` (c) A sinoidal pressure-wave travelling along a pipe is 
accompanied by a sinoidal particle velocity wave in phase 


Pr=Y, 


with it of which the maximum value is pa/ Kp’ where p 


is the maximum value of the pressure. Hence the power 


transmitted by such a wave is a Ko if the sectional 


area of the pipe is s sq. inches. 
In the case under consideration the motor is absorbing 
power at the rate of P inch-lb. per second. 


Let the vectors Op,, Op (fig. 9) represent the forward 
and backward waves respectively as before. Let @ be the 


angle by which Op, leads Op, at B. Then, since the back- 
ward wave carries power back to the generator, the power 


absorbed E 
_p_ (Pê pè) NÆ: 
SES ig E 2 (1) 


Also "g =p +p? —2pipacosð. . . . . . . (2) 


On swinging the vectors backwards and forwards through 


ne P i 
the angle a (=o £) the equation 


va =p? +p — 2p pcos (0+2) . . . (3) 


is obtained. Hence there are three equations by means of 
which the three unknowns pı, po, and @ can be determined. 
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It is to be noticed that as p, and pz are unequal there is 
no tendency for the pressure to become infinite whatever 
the value of a. 

With the addition of complications such as inertias or 
hydraulic capacities to the pipe line the investigation will 
naturally become more complex, but in every case equations 
equal in number to the unknowns can be obtained by the 
method set forth in this paper. 


Fig. 9. 


Pe 


Va 


In the case where a pipe divides in order to supply two 
or more motors the line of investigation would be as follows, 
At each of the n motors there can be obtained two 
equations for the three unknowns pı, pe, and O. If all the 
waves are transferred to the Junction the composite pressures 
for each pipe at this point will be equal in magnitude and 
identical in phase; this fact will vield (2-1) equations. 
The particle velocity in the generator pipe will be equal to 
the vectorial sum of the particle velocities in the n motor 
pipes. By transferring the waves to the generator, the 
particle velocity at which is known, another equation can be 
obtained and this equation will complete the 3» equations 
necessary to find the 3x unknowns. 


My grateful thanks are due to Professor G. B. Jeffery of 
King’s College, London, for very valuable criticism, 
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XI. Modified Vacuum Tubes. By J. J. Maney, M.A., 
Research Fellow, Magdalen College, Oxford *. 


URING the spectroscopic examination of small quan- 
tities of gas at very low pressures, two well-known 
defects of the vacuum tube were more than usually apparent. 
The two defects—(1) an insufficient luminosity for the feebler 
lines of spectra, and (2) contamination of the gas under exa- 
mination by others emitted by the electrodes—were removed 
in the following way. 

l. Insuficient luminosity. —From an end-on tube, light 
passes out in two equal portions which travel in opposite 
directions ; hence 50 per cent. of the available light is, for 
spectroscopic work, ineffective. To avoid difficulties attending 
this great loss, the ‘tube was altered and given the slightly 


Fig. 1. 


different form shown in fig. 1, and the limb a silvered to an 
extent represented by the enclosing dotted line. Under 
these circumstances, light which ordinarily emerges and 
becomes useless is reflected back, and so assists in illu- 
minating tLe slit: thus the intensity is largely increased, 
and lines previously measured with difficulty are now so 
much enhanced in strength that their positions may be 
determined with ease. A further advantage is secured if, 
in addition to silvering the limb a, the capillary tube is 
treated as recommended | by Merton And Johnsont. Maximum 


* Communicated by the Author. í 
t Phil. Mag. xlvi. p. 448 (Sept. 1928), 
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intensity and uniformity of illumination are thus simul- 
taneously realized. 

2. Occluded Gases.——The inconveniences arising from 
occluded gases were avoided by use of electrodes wholly 
external. ‘This excellent plan, although not new, does not 
appear to be sufficiently well known or appreciated. Possibly 
this is because external electrodes as ordinarily attached are 
apt to lead to a piercing of the tube, and that within a com- 
paratively short time. Numerous experiments have, however, 
led to the conclusion that by fulfilling two essential conditions, 
tubes having external electrodes are in every respect quite as 
reliable as others. ‘The required conditions are (1) a certain 
massiveness for the electrodes, and (2) a complete absence 
of air-bubbles from theengaging surfaces of glass and 
electrode: these conditions may be secured in the following 
way, 

First, the tube is chemically cleaned and dried both within 
and without. Next, that part of the discharge chamber upon 
which the electrode is to be built is thinly and evenly coated 
with concentrated and clear shellac varnish; then a strip of 
tin-foil 7 em. wide and 20 cm. long is placed upon the varnish, 
with one of its ends parallel to the axis of the tube: the tube, 
held horizontally, is now slowly rotated so as to wind the 
foil; as the winding proceeds, the foil is gently and con- 
tinuously rubbed in order to expel the enclosed air. When 
the foil covers some three-quarters of the circumference 
of the tube, the inner surface of the unwound portion is 
coated with varnish, and the winding and rubbing resumed 
and continued until all the foil has been attached to the 
tube: finally, the electrode e thus built up is varnished and, 
when dry, given a four-fold band b of tin-foil. At one end of 
this band, “which is 3 or 4cm. wide, is embedded a looped 
copper wire w, which serves as a connector for an induetion 
coil. The band and its wire are tightly strapped to the 
electrode by two turns of adhesive tape s, and a last coat of 
varnish applied. An end-on vacuum tube silvered at a and 
fitted with external electrodes is represented in fig. 1. The 
tube is of “ Duro” glass ; its discharge chambers are 9 cm. 
long and 1°5 cm. wide. ‘Tubes of this kind have for months 
been frequently used for prolonged periods; and although 
the coil operating the tubes yields a powerful l-inch spark, 
in no instance has a tube broken down or become in any way 
visibly defective. Such tubes are made with ease, and the 
use of expensive platinum wire avoided. 

3. Some further simplifications.--Two other modifications 
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of the end-on tube are shown in figs. 2 and 3. That seen in 
fig. 2 involves the making of one T-joint only. It is more 


Fig. 2. 


efficient than that shown in fig. 1. The increased efficiency 
is due to the reflecting power of the inner surface of the 
tin-foil forming the external electrode of the horizontal 
chamber. Here, in a secondary degree, the tin-foil functions 
in much the same way as does the silvered surface of Merton 
and Johnson’s tube (vide supra). 


Fig. 3. 


The efficiency of the tube represented in fig. 3 is superior 
to that of the other two: the reason is threefold. (1) In 
this form the whole glow is viewed end-on ; (2) both elec- 
trodes now function after the manner of Merton and Jolinson’s 
silvered surface ; and (3) the end of the capillary tube 
viewed by the spectroscope can be brought very close to 
the slit. In connexion with this last point, we observe that 
distortion must be absent from that portion of the bulb 
confronting the capillary tube. The desired uniformity may 
hevoliained by re-forming the bulb some four or five ‘times. 
The terminal limbs « of tiles 2 and 3 are, like that of tube 1, 
silvered to an extent indicated by the enveloping dotted 
lines. The letters appended to figs. 2 and 3 retain the 
meanings assigned in fig. 1. 

Daubeney Laboratory, 

Magdalen College, 
Oxford. 
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XII. Monoplane Theory. 
By N. K. Bost, Ph.D.(Göttingen) *. 


(1) 

e us suppose that there is an infinite volume of friction- 

less and incompressible fluid moving in an infinite 
space with a constant velocity V and that in this fluid we 
place a plane, the length of the plane being at right angles 
to the direction of the free fluid. Now what happens has 
been described by Prof. Prandtl in his paper “ Tragfliigel- 
theorie.” It is known from simple experimental facts that 
to keep the aeroplane fixed in this moving fluid a certain force 
must be applied. Now whence comes this force which must 
have been applied by the fluid on the body as we have 
supposed the fluid to be frictionless and incompressible? To 
account for this fact Kutta assumed that there is a circula- 
tion of liquid round the aeroplane. From our conceptions 
of classical Hydrodynamics we know that circulation round 
a closed fluid line cannot change nor can it be generated by 
any known forces. The explanation of why, in spite of this, 
the aeroplane gained circulation is given by Prof. Prandtl 
as follows : At the first moment of the motion there is still 
no circulation, there is only a flow at high velocity around 
the trailing edge. This motion cannot however continue: 
there is instantly formed at the trailing edge a vortex of 
increasing intensity, which in accordance with a theorem 
of Helmholtz that the vortex is made up of the same fluid 
particles remains with the fluid as it passes on. The circu- 
lation round the wing and the vortex taken together remains 
equal to zero, there remains then round the wing a circula- 
tion equal and opposite to that of the vortex which has gone 
off with the current. ; 

To give this idea a mathematical basis, what is necessary 
is to divide the aeroplane surface into so many “ differential 
surfaces ” so that each small elemental surface may be looked 
upon as an aeroplane on which fluid pressure is calculated 
independently of all other elements, and then it is integrated 
throughout the whole volume occupied by these elemental 
aeroplanes. The conception is something like this: at each 
elemental aeroplane there is a circulation which is denoted 
by y, and from the edges of this element vortices flow off 
with the fluid; the strength of the elemental vortices is e. 
So we can picture the thing like this : under each differential 
aeroplane there is a vortex of strength y which is fixed with 


® Communicated by Prof. C. Runge, the University of Göttingen. 
Phil. Mag. S. 6. Vol. 48. No. 283. July 1924. I 
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the element and from each element a vortex line is flowing 
off with the liquid whose strength per unit volume is e, so 
that the aeroplane becomes the seat of innumerable fixed 
vortices of strength y per unit volume, and from the aero- 
plane free vortices are flowing off with the liquid like ribbons 
with strength e per unit volume. | 

With this conception Prof. Prandtl finds the force on each 
differential surface as p(y xB) per unit volume, where p is 
the density of the fluid, y is the vortex strength at that 
element, and $8 is the velocity of the liquid at that element, 
so that the force with which the aeroplane must be held to 
keep it fixed is given by 


Kej | (( (oy 8) de dy de 


‘where the integration is throughout the whole volume filled 
by the vortices. 

Now let us suppose that the bound vortices give rise toa 
velocity V, in the liquid, and the free vortices e to V3, so 


that V=V+V, 4V, = V+V*, 


so that V* is the velocity superimposed on the free fluid due 
to the presence of the aeroplane with its vortices. Since 
y +e gives rise to the velocity V*, then 


yte=curl V*=VxV*; 
also we know that V is constant, so 
VxV=0; 


and since the free vortices are flowing off with the liquid so 
that the axis of e is always parallel to X, 


xV=0 or (VxV.) xB=0, 
so that 


K = AN) (yx V) de dyd: 
=p (ffy x Vi) x (V4 V*) drdy dz 


= AS x V*)x (V+V* dx dy dz 
since (V x Va) xN = 


0, 
= A x V*) x Vdrdy ite \\fcv x V*) 


x V* de dy dz. 
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Now the first integral can be written 
p ab (V x V*) dedy d: x V = p(T +E) x V*, | 


where T and E are single equivalent vortices that can replace 
the bound and the free vortices respectively for all purposes. 
--For the second integral 


I= (\{ (V x V*) x V*¥dedy dz 
we have from properties of Vector analysis 
(VY x V*) x V*=—V*x (V x V*) 
=—(V* V*) V +(V*.V)V* 
=(V*, V) V*—47(V*. V4). 


If u*, v*, w* be the components of V* along the three 
coordinate axes and i, J, & be three unit vectors along 
these axes. then 


(Yx V8) x Vee (ut So +: ote oo yi 


4 OU" Ou + Ov" ‘ 
+(x T +r dy +w V 

Dw OO Ò $ 
+(e Srt ay t" a)i EV G")» 


where g* is the scalar value of V*. 
Hence 


r= iff ( eo : ot i oo) lx dy dz 


; Oo o xC ous es on ; 
+i NEA (5 Ja + ò; +w a \dedy dz 


ffs y TENET TENS dx dy dz 


-pff Vu dedy ae 
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IGES "ot Q”) dedy d 


= ie S de dyd: 
,ou* 
vt gy dedet | N U dedz dy. 


Integrating x A 


=Íf T fue as de } dy dz 
fipo 
+ MECZ — | u* oe d: } de dy. 


Now if we conceive of a surface dS at (a, y, 2), if l, m, n 
be the direction cosines of its normal, 


dy dz =ldÑ, dzdr=mdS, dedy = nd9, 
so that 


mill ue O? +1 ne oe oe “de ye 


i (lu* + mr* + re u* dN 


»,9,9 a 
-8 = a u* dz dy dz. 
Now 


Ò u* Ov* Ow* 
L , 2 + a 
Ou OY Ò: 
as the liquid is homogeneous and incompressible. 
=- Hence 


[= (\ (lu* + mr* + nw*) (u*i + o* j+ w* kh) dS 


= afff var dx dy dz 


-ff (lu* +mo* + nw*) V* dS 


-3f ({vo" *) dedy dz, 


= 0, 
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where the surface integral] is over a surface enclosiny all the 


vortices and the volume integral throughout a space covered 


by the vortices. 
Now V (4*?) = 29* V(q"), 
oe Mvo» dz dyd: = 2 (ff V(y*) dx dy dz 


> ə a a | * 
2i ((( Oo" de dy dz+ AN Ki dy dz dx 

; C a òg* 

2k 7 
+ ME =v dz dx dy 


f| lg*? dS +i4| m qg*? dS + al n q*? dS, 
= (| (li+mj+nk)q* dS = ID q% dN, 


where N is the unit normal vector to the element of surface. 
So that 


I = (et + mot + ne V* dS— al o* dS, 
then ; 


K = p(l +E) x V +el| (dict + mev* + nw*) V* dS 


ai \ {s g* dS. 


Now T is Il of the Kutta-Joukowski formula for lift, so 
that p(T x V) is a force perpendicular to V, and according to 
Prof. Gibbs’s conception if V be horizontal, from left to right, 
and T along the length of the aeroplane trom behind forward, 
then the force is vertically downward, hence it is opposite to 
“lift,” and equivalent in amount to it. The force p(E x V) 
is also perpendicular to V, hence its component along V is 
zero, and it being of a higher order of small quantities than 
P(T x V), its effect on the latter force, i.e. the lift, is 
negligible. Hence to a first order of approximation 


ExVvV = 0. 


Now the integral 
al) (yx B) dx dy dz 


is to be integrated throughout the whole space covered by the 
vortices. But if we extend the limits of integration so as 
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to make them infinite we do not thereby change the value of. 
the integral, because outside the space where the vortices are 
the value of the integrand is zero as at every point there y=0.. 
So we can take all the integrals over infinite space. For 
the surface integrals let us assume that we enclose the 
volume by a cylindrical surface and two parallel planes so 
that the axis of the cylinder is parallel to V and passes 
through the aeroplane and the two planes ; one, Aj, is in front 
of the aeroplane and the other, Ay, is behind the aeroplane 
and they are perpendicular to the axis of the cylinder. If 
now we take the radius R of the cylinder very great, both 


the surface integrals would vanish over it since the velocities 
l g ; 
are of order ji: and dS of order R?. Also the values of 
these two surface integrals over A, will vanish if we take 
A, sufficiently far off from the aeroplane. As to the values 
of these integrals over Az, we must remark that the velocities 
q* V* u* +* w* are composed of two parts ; one is due to the 
bound vortices and the other one to the free vortices, so that 


ge=ntqe, V*¥=VitVe, u¥ =a tus, 
res=v+0g, wt =w,+ wy. 


Now we ses that as we move the plane A, further and 
further away from the aeroplane always parallel to itself, 
the quantities g* V* u* v* w* approximate more and more to 
qa Vo tle Vg W and the influence of the bound vortices becomes 
feebler and feebler, so that ultimately when the plane A, is 
far off enough from the aeroplane then we can take with 
sutficient degree of approximation 


r 
q* = (j2, N*a Vya. KS tar w= 105; 


and the surface integrals become 


e| | (lu, + mva + nw) VodS — oN (oe ds. 


Now luz + mva + nw, is the component of the velocity due 
to the free vortices normal to A,, but we have so taken the 
plane A, that it is perpendicular to V, i. e. perpendicular to 
the direction of the vortices which are parallel to each other 
and to V when far off from the aeroplane, so that the normal 
components of the velocities generated by these free vortices 
are zero, 2. e. the first of the above two integrals are zero. 

Hence we vet - 


kei V)— eN f| gas. 
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Thus we see that to keep the aeroplane in position this 
force K must be applied on the aeroplane, which easily 
decomposes itself into two parts perpendicular to each other. 
Thus the air force on the aeroplane can be decomposed into 
two parts: one is what is called Lift and is equal to 
p(T x V) and is perpendicular to V and upwards; whereas 
the other portion is what is called Drag and is equal to 


So ¥¥9.7 dS and is parallel and in the same direction as V. 


From this expression of drag it is at once apparent that 
drag is exactly equivalent to that portion of the energy 
which is flowing off with the liquid in the free vortices 
aud will be ultimatelv dissipated into the air as heat. That 
the energy is exactly equivalent to the drag found by 
Prof. Prandtl will be shown afterwards. It may be of 
interest to note that the integral (11) in the “ Tragfliigel- 
theorie,” which Prot. Prandtl has assumed to be zero only 
when the bound vortices are parallel to each other, can be 
shown to be always zero by means of the foregoing vector 


identity (V xV) xV =(V.V)V—-3V(V.V), 


and the (11) integral can be reduced to 


\\ (V x V;) XV, da dy dz. 
(2) | 


To find the velocity-potential and other characteristics of 
the vortex system that is flowing off with the liquid we shall 
have to refer again to another conception of Prof. Prandtl. 
He found that the density of the lift (lift per unit length) is 
not constant over the whole space of the aeroplane, but in 
general falls off gradually from a maximum at the middle 
to zero at the ends. In accordance with what has been 
proved there corresponds to this a circulation decreasing 
from within outwards. Therefore, according to the theorem 
that by the displacement of the closed curve the circulation 
I can only change if a corresponding quantity of vortex fila- 
ments are cut, we must assume that vortex filaments proceed 
off from the trailing edge wherever T changes. For a 
portion of this edge of length dz, the vortex strength that is 
flowing off is therefore to be written A dx, hence per unit 


length of the edge the strength of the free vortices is 


These vortex filaments flowing off, closely side by side, form 
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taken as a whole a surface-like figure which is known as 
“ Vortex Sheet.” 

The strengths of our vortex sheet remain unchanged during 
the whole flight, yet the separate parts of the sheet influence 
each other and there takes place a gradual rolling up of the 
sheet. An exact theoretical investigation of this phenomenon 
has not been made yet; it can only be said that the two 
halves of the sheet become concentrated more and more, and 
finally at great distances from the wing there remain a pair 
of vortices with rather weak core. As a first approximation 
we shall not consider this latter development of the sheet, 
but shall proceed with the calculations as if all the vortex 
filaments were running off behind in straight lines opposite 
to the direction of flight. 


Fig. 1. 


X 


Now to treat the subject mathematically we consider the 
vortex sheet as a plane, say -y plane, and take the axis 
of y parallel to the vortex filaments and the z-axis along the 
length of the aeroplane, and take the origin of coordinates O 
at the middle point of the aeroplane, so that on the positive 
side of the «z-axis all the free vortices have a clockwise rota- 
tion when viewed along this direction of flight, and on the 
negative side of the x-axis a counter-clockwise rotation, Let 
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us take a vortex filament ABC of strength a. da at 


A(z, 0, 0) and find out $, Y, u,v, w due to it at a point 
P(.c’ y’ z') in the free liquid. 

We know from the properties of a single straight vortex, 
on one side going to infinity and on the other side ending 
on a surface, 


y= e LAT logr 
and 
I+cosa dI 
Pae u S 


where 6 increases with the circulation due to the vortex 
tilament and r the distance of P from the filament, and 
a= ABP. 


w = ġġ tiy = ae gre? der 
es log (r cos 8+ir sin @) dx 
mittee dl og (eae 
oer. ue ar log (exe ius 
- Ea dP log (a —Re~'®) dir. 
y = real part of eT ia og (2 — ner) de. 


where R and © are quantities corresponding to r and 0 with 
respect to the y-axis. 

In the case when P(c'y':’) is very far off from the 
aeroplane so that cosa=1, V ultimately becomes 


4 


2 
v= í real pare of az qe 8 (# Re) dæ. 
b 


=; 
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‘Integrating by “ 


Y = real part of 5- z [T log (x— Re- oy, 


b t 
— real part of E : Tdr 
Ap ~ 2m ) ,a—Re-'0” 
-73 
since T is zero at both the limits 
b 
sae, a ar, » 1 Ide 
Y = real part of an | ara yer 
. 
Z l cha Pde 
= real part ot aa | Ces ae 
T3 
b 
_ 1 (? PQ'-2)der 
2m) A 74 R?— 2er 
o 
1? 
=- P cosô g, 
mT b r 
~ 2 
Similarly b 


1 (? Tz' dx 


af! Psind 
LT b r 


2 7 
In this case to find the value of u,v, w we see that since 
the vortices are all parallel to the y-axis, 


u (due to one vortex filament) = — — 


= Ò ».-@, dI de 
= —real part of F log (c— Re-*) yoy. 
dE du 
=—real pa | en I Since oc 4 
a w—Re-% de lr 
1 2 aT 


=e e v 


Dmt RS er de 
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ò 
1 (? A dV 
es eee 
U = ae b et? + R?—2ee' de da 
2 


b 
1 (°? 22'(e—e' T 
2m) o (a? +R? 222") 


de, 


since I is zero at the limits 


Similarly, b 


Hence, when we go far off from the aeroplane but not far 
off from the vortex sheet we get as the characteristics of the 
vortex sheet 


b b 
3 a A 
= 5-( om Pde e=-)(" ONO Tis. 
T b r ; 27)» r 
b ò 
"> e vy 
ae i Diri Wah ee 
2m) b r 2T _d T? 
and v = 0, i 


where “r” is the distance of the point P from the vortex 
filament de, and @ the angle which 7 makes with the 


negative direction of the z-axis. 

We can get the corresponding quantities on the vertical 
plane through the aeroplane only if we halve these values of 
$. Y, u, v, w, as the vortex sheet is at a point of the plane 
only on one side. 


3. 


We have found before that the resistance of an aeroplane 
to the liquid motion.can be completely represented Ly the 
amount of energy that is flowing off with the fluid on account 
of the free vortices going along with it. We can now show 
that this energy is exactly equivalent to the expression which 
Prof. Prandtl has found in his “ Tragfliigeltheorie”’ ; thus 
we shall prove conclusively that it is the energy that is 
flowing off with the free vortices that constitutes the resistance 
of the aeroplane. | 
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We have | 


J e \\{ 634) + (By ded: ; 


as we have seen before, dS is an element of a plane which is 
parallel to the z:-plane and very far away from the aeroplane 
so that wé can use the second values of ¢, j u, v, W, etc. 


ba E 2 dÑ = — (ud Ê ae dz— ffe OF izda. 


A T by parts 


= — (ug det (È 3t ae Ao feg d+ Èo ou dz dz 
= -fox +nw)o ds -ffe ie ow du dz, 


where l and are the direction cosines of the normal of the 
element of length ds on the plane; and since the fluid is 
incompressible and homogeneous 


| T dS = -Í (lu + nw) ds 


taken over a line enclosing the free vortex sheet ; but as 
there is a discontinuity in the fluid we must take this line- 
integral over two close lines, one just enclosing the vortex 
sheet so as to exclude it from the field of consideration and 
another enclosing the whole system; both these lines are in 
the plane. lf now we extend the latter line so that it becomes 
an infinitely great circle the value of the integral over it ìs 
zero, as when R is very great u and w are of 1/R? order, 
$ of 1/R, and ds of R, so that ultimately we are left with the 
line just enclosing the vortex sheet only. 

Let us take the line as the perimeter of a rectangle just 
enclosing the sheet so that its length is along the breadth of 
the sheet and of length b and its breadth along the thickness 
of the sheet and of length dz; at any point on the length 
of the rectangle lis zero and n is 1 for the upper line and 
—1 for the lower line ; ; and at any point on the breadth of 
the rectangle n is zero and u=0, so that the values of the 
integrand are zero at these two short vertical lines. Hence 
we are left with the value of the integral over the two 
horizontal parallel lines. 


. f gids = ( (wigi— Wee) ds, 


e 
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where w,@, and we, are the values of w and ¢ at the lower 
line and at a corresponding point on the upper line. But 
` from the above equations for ¢, Y, u, 7 we see that w is 

continuous ronek the vortex sheet, 1. e. if we take two. 
corresponding points on opposite sides of the sheet very 
close to the sheet, then wi =w. Hence 


f7 dN = ( w=) de; 


we can now take ds as equivalent to dz. 

But we find from the above value of œ that it is discon- 
tinuous, i. e., it has quite opposite values on two corre- 
sponding points on opposite sides of the vortex sheet; we 
have as before 


sin @ ru 
Pim eee ae ( al’. 
r 


© 
| 
| as) 
3i 
d ™ 


b 
We see that desin is the projection of dz on a line 


adrsing . 
i 


perpendicular to r, i.e. is the small angle sub- 


tended at P by dz; if we denote this angle by da, then at 
any point (P) due to the vortex filament at z 


h = -T da. 


If now we take P just below the filament on the rectangle, 
and then just above the filament on the rectangle, then 
the difference of the angle da at the two points is 27, 


i. Poy gi— dy = r: 


Therefore the energy flowing off with the liquid as free 
vortices is l b 


b 
1 "2 eos 20 
z= in? | í ae. il o da ditty. 


h 
-3 


This is exactly the expression found by Prof. Prandtl in 
the second part of his communication “ Tragflügeltheorie.” 
The above expression can never become indeterminate as r 
is the distance of a point (2,0) on the vortex at x, from a 
point (£əz2) on the line which is parallel to the x-axis but at 
a distance z; below in the same vertical plane so that it is 
just outside the vortex sheet; so that 7? =(2,—.2,)?+ z,? 
and can never become zero however small 22 may be. 


[ 126 ] 


XIII. Atomic Dimensions and Gaseous Hydride Formation. 
By H. L. Ritey, B.Sc., D.I.C., Beit Scientific Research 
Fellow, Demonstrator in € “hemistry at the Imperial College 
of Science and Technology *. 


HE tendency of two elements to react chemically is 
dependent on several factors, the chief of which are 

the! orientation of the electrons aiid the relative dimensions 
of the atoms or molecules concerned in the reaction. The 
formation of a gaseous hydride is probably the simplest 
form of chemical reaction, especially when one considers 
the formation of the hydride of a gaseous element of low 
atomic weight. The study of such reactions is most likely 
to give us some insight into the mechanism of chemical 


reactivity. The following is an attempt to connect the ` 


tendency to hydride formation with atomic dimensions. 

According to modern theory, the molecule of hydrogen 
consists of two positively -charged nuclei and two electrons, 
arranged probably as follows :— 


o electron 
He o H 
© electron 


The two- electrons are thought to revolve in some orbit 
between the two nuclei. Such an arrangement suggests 
that the molecule of hydrogen will act as a sphere, or as 
something approximating to a sphere. Hence it is possible, 
from the known volume of the molecule, to obtain an 
approximate value of its diameter. This works out to be 
25x 107%. (C ‘alculated from the mean value of the volume 
given by the “b” in van der Waal’s equation, the viscosity, 
the thermal conductivity, and the mean free path.) 

If one assumes that this value is an approximate measure 
of the diameter of the electron orbit in the hydrogen 
molecule, and compares it with the atomic diameters of 
those elements which form gaseous hydrides, the following 
interesting fact becomes evident. All those elements which 
have an atomic diameter less than 2°5 x 107* form hydrides 
with the evolution of energy ; and those with an atomic 
diameter greater than the howe value form hydrides with 
the absor ption of energy. The atomic diameters—zi. e., the 
diameter of the outer shell of electrons—of those elements 
which form gaseous hydrides, together with the heats of 
formation of their respective hydrides, are appended, 

It is not to be expected that there will be any simple 
quantitative relationship between the atomic diameter and 


è Communicated by Prof. H. B. Baker, C.B.E., M.A., D.Sc., F.R.S. 
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the heat of formation of the hydride, as the latter is 
dependent on’ such factors as temperature and molecular 
aggregation, being only an approximate measure of the 
tendency to chemical reaction. ` 

The above seems to indicate that the tendency of an 
element to form a gaseous hydride is dependent chiefly 
on the diameter of the atom. If this is less than the 
diameter of the electron orbit in the hydrogen molecule, 
then this tendency will be great, because the reacting atom 
is of such a size that it can easily pierce the orbit and in so 
doing upset the stability of the electron arrangement in the 
reacting molecules. The reverse will, of course, be the case 
when the diameter of the reacting atom is greater than the 
diameter of the electron orbit in the hydrogen molecule. 


Fig. 1. 
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Reciprocal of Atomic Diameter x 10. 


It may also be pointed out that all elements with an 
atomic diameter of greater than 2:5 x 1078 either absorb 
energy during formation of the hydride or do not react with 
hydrogen to form a gaseous hydriue. 

That there probably 1s some simple relationship between 
atomic dimensions and the tendency to gaseous hydride 
formation can be seen in the case of fluorine, chlorine, 
bromine, and iodine by plotting the reciprocal of the atomic 
diameter of the halogen against the free energy of the 
halogen acid. 
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It is also interesting to compare the heats of formation of 
methane, ammonia, water, and hydrofluoric acid. 
Hydride .......... C}H. N,H. HO} HF. 
Heat of formation ...... 54 4-0 29-0 38:6 
Atomic diameter x 10° 1:54 1:59 1:49 1°35 


It will be seen that the heats of formation are in the same 
order as the reciprocals of the atomic diameters, and this in 
spite of the fact that the heat of formation of methane is. 
from solid amorphous carbon. l 

If the above is coincidence, being the relationship between 
two factors, heat of formation and atomic diameter, both 
periodic functions of the atomic number, then it is ex- 
ceedingly difficult to picture the mechanism of a chemical 
reaction vf the above type. The hydrogen molecule is an 
extremely stable structure, dissociation only occurring 
partially at the highest attainable temperatures. That 
another atom is capable of upsetting such a stable arrange- 
ment can only be understood when one pictures the atom 
actually entering the molecule of hydrogen, when electron 
rearrangement takes place. Energy will be evolved, if the 
energy liberated by the electron rearrangement is greater 
than that required to increase the diameter of the electron 
orbit in the hydrogen molecule, to permit the entry of the 
reacting atom. 


Element. At. Diam. x 10°". Hent of Formation. 
Carbon ......... ove 1:54 Cements +2H,=CH, +217 
Nitrogen ......... 1:59 iN, +3H,=NH,, +120 
Oxygen .........6.. 1:49 10, + H, = H,O, +581 
Fluorine ......... 1:35 iF, +34H, = HF,  -+386 
Silicon ............ 2:30 Si amorph) +2 Ha =SiH,, + 87 
Phosphorus ...... 2-0 P white) +H, = PH, + 49 
Sulphur............ 2:05 S rhombic) + H= HS, + 27 
Chlorine ......... 2:10 ICI, +}3H, = HCl, +4220 
Arsenic ......... 000 abe AS vet.) +3H, = AsH}, —442 
Selenium ......... 2°35 iy Peron E H, = SeH, + 6-0 
Bromine ........ 238 4Br, +H, = HBr, + 84 
Antimony ...... i 2°30 Sth ital) + 3H, = SbH,. —87 
Tellurium -eesse 265 T + H, = H.Te, — 349 
Iodine ase esa 2°80 41, +30,=HL — 61 
Bismuth ......... OO tts ndeeven a ase 


* Prof. W. L. Bragg, Phil. Mag. (6) xl. p. 169 (1920). 


[ 129 J 


XIV. Coupled Cord Pendulums. 
By CuarLes H. Lees, D. Se., F.RS.* 


1. T interest which has been aroused by oscillograph 

investigations of the electrical oscillations in the 
coupled circuits used in wireless telegraphy has led to a 
revival of the study of coupled dynamical systems in general, 
and new systems have been invented and their properties 
studied, either theoretically or experimentally, in order to 
facilitate the subsequent study of the properties of coupled 
electrical circuits f. 

These studies have added much to our knowledge of the 
consequences of dynamical coupling, but the results of the 
theoretical work are net always given ina form which admits 
of the principal features of the oscillations being readily 
recognized, nor is it in general easy to see why the experi- 
mental curves reproduced have their particular forms under 
the conditions stated. 

The following pages attempt to present the theory of one 
of the simplest forms of coupled pendulums—that used by 
Barton and Browning in most of their work,—and to show 
that by neglecting the small damping which occurs, by using 
a svmmetrical notation and dealing in the fundamental 
portion of the theory with inclinations rather than with dis- 
placements, the work may be reduced to the determination 
of a certain length which enters into the expression of the 
periods and amplitudes of the component oscillations which 
make up the complete oscillation of each pendulum, and that 
the solution of the problem, so far as it is independent of the 
initial conditions of the oscillations, can be obtained graphi- 
cally. 


2. Let two simple pendulums (fig. 1) of lengths A, h, 
where ha> h, be suspended from two points S, S; in the same 
horizontal plane, and let two points B, By on the two pen- 
dulums in a horizontal plane A below the plane of support be 
joined by an inextensible rod of length equal to S,8_ and of 
mass negligible in comparison with m; and mg, the masses of 
the bobs of the pendulums. Let the oscillations take place 
in the vertical plane through S,S,, then the figure 8,8.B,B, 
remains a parallelograin throughout the motion. 


* Communicated by the Author. 

+ Seee.y. Lyle, Phil. Mag. xxv. p. 567 (1913); Barton & Browning, 
Phil, Mag. xxxiv. p. 246 (1917), xxxv. p. 62 (1918), xxxvi. p. 36 (1918); 
Plummer, Phil. Mag. xxxiv. p. 510 (1917) ; Jackson, Phil. Mag. xxxix. 
p. 284 and xl. p. 329 (1920); Narayan, Phil. Mag. xliii, p. 567 (1922). 


Phil. Mag 8. 6. Vol. 48. No. 283. July 1924. iN 
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Let 0 0, 0, be the small inclinations to the vertical of the 
common portion of each pendulum and the independent 
portions respectively at any time, then the displacements 
xz, x; of the bobs of the pendulums are 


ee ; a (2.1) 
and wp=hO+(hg—h)O, S 


Fig. 1. 


The coupled pendulums 4,=S,L,=18, 4,=S,L,=15, 
h=S,B,=S.B,=8, mass of L, : mass of L.=3: 5. 


For equilibrium at the points B we must have, since the 
inclinations to the vertical are small, 


Mtm MM, ç _ mg 
0—0, O:—0 0—0 
Hence 
ss Vey 9 
= eee 1 — p 
Mı + Meo My +My 
and 
ta = (htg—b,) 0,4 5,8; : ( s ) 
m Mo 
where b=. | h and b= -7 -h, may each be looked 
My + nig mı + mə 


on as the fraction of A the common length, prevented by each 
pendulum from being dicectly effective as a portion of the 
length of the other pendulum 
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Hence 
a eae ht \ , (2.3) 
and Tg = (hg—b,) 0, + 5,6), 
where z signifies differentiation of x twice with respect to t. 
The equations of motion of the centres of oscillation of the 
two pendulums are respectively 


me, =—m g0, } (2.4) 


and Mata = — MogBq, 
which become on substitution for , and č 
(hy —b2) 0; + b0 +90, =0 R 
. S } sa æ (2.3) 
and (ha— b,)@, + b0 +0, =0. 
On comparing these equations with those we should get 


for the two pendulums when not coupled, we see that the 


coefficient of 6, for the first pendulum has been reduced by 
the coupling from A, to h,—4, and the decrease b, made the 


coefficient of a term in 6, while for the second pendulum 
the coefficient of 9; has been reduced from A} to ha—b, and 
the decrease b, made the coefficient of a term in 6;. As these 
reduced lengths appear frequently in the subsequent equa- 
tions, we shall write l, for 4; — b and l, for hg— b, so that the 
equations become 
1,0; + b20: + 10, =0 
Vee ee! \ oe (259 
and 1,0 + 6,0, +90:=0 

For convenience we shall suppose that l> l. 

Multiplying the second equation by A'b, where A is a 
quantity to be determined, and subtracting from the first, we 
get 

ws ALN e À 
(4, -A) A+ (b2— 5) ba t+y(O— H @,) =0, - (2.6) 
by N by 
which may be integrated directly if | 
y= Alin Od 


lA b? 
that is if A+ (la — l )A— bba =0, 
which gives 


AO a es | 
j=- tea ( s) +bib (2.7) 
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Thé integrals of the equations are then | 


j O=fsin Aye x +6) 


and | . . (2.8) 
a ere I ) | 
6, b, 6,=s8 sin (4/72 yrtte | 


where f, @ for the faster oscillation and s, o for the slower are 
constants of integration. 


Solving for 0, and 6, substituting _""s for A in the 


amplitude terms and l, +A for l,—2’ in the circular functions 
so as to retain only that root of the equation in A which 
vanishes when the ee are not coupled, and writing 


dibo | 
pag bby +2" 


0 = F sin (a/ie — +4) ) | 
. g 
+y Ssin(4/z2x tte) | 
. > «'(29) 
and cs aaa F sin (\/;75:t+9) 


+ Ssin( /,Sytte) J 


Thus the four quantities F, S, $, o remain to be determined 
by the initial conditions of the system. 

On substituting for 6, and 6z in the equations (2.2) for r 
and x we find on reduction 


C= Palva vtt) } 
Fa 78 sin(a" ae ito) 
ae 
Mane fF | 
eee fa) al, an TEON | 
+ S'sin(4/ T53 tto) S 


where F’=(1,-A)F, S'= (h +A)S, ġ, o are again constants, 


zah 8 for ie aa we get 
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3. On comparing these expressions with those which would 
hold if the pendulums were not coupled, 


2=F'sin(4 /f +9) 

hy 

n=S'sin(4 /2 ta), 
hy ; . 


we note that the effect of the coupling is to replace h, by 
1,—A in the case of the faster and h by l +A in the case of 
the slower pendulum, and that each of these new oscillations 
is reproduced in the oscillation of the pendulum from which 
it is not directly derived, with an amplitude reduced in the 
ratio Afb, in the case of the slower and —A/b; in that of the 
faster oscillation. 

With the help of this observation it is possible to write 
down the equations 2.9 or 2.9’ directly from inspection of 
fig. 1. 

It will be noticed that as the signs of the amplitudes x8 

1 


and S or xs! and S’ of the slower component oscillations of 


1 
each pendulum are the same, the slower component oscilla- 
tions are in phase. As those of the amplitudes F and 

A 

bs 
are different, the faster component oscillations are opposite 
in phase. 

The product of the amplitudes of the component oscillations 
of the first pendulum is FSA/d,, while that for the second is 
—FSA/b,. The quotient of the first product by the second is 
—b,/b,, that is —m,/m, *. 

The ratios of the products of the maximum angular or 
linear velocities and of the products of the maximum angular 
or linear accelerations of the component oscillations of the 
two pendulums have also the same value, —m./m. 

The kinetic energy T of the system is $myé,? +m. On 
substituting the values of x, and z, from the equations 2.9’ 
and reducing, we get 


2 


+m,(l; +r)Stos(4/) Lo.t+0). . (3.1) 


* See Rowell, Phil. Mag. xliv. p. 382 (1922). 


F or F’ and — g EF" of the faster component oscillations 
2 
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The potential energy V of the system is | 

— Amyg {hO? + (hy —h) 8:2} + dmg { hO? + (he — 1847}, 
which reduces in virtue of equations (2.2) and (2.9) to 


= A? rO g9 ) 
V= (1+7) { m-OF sin(y 7-4 tto 


Ree gg. i 
+m(l+A)S sin (4/2 5-t+2) t. . (3.2) 


Hence the sum of the energies 


2 l 
T+V=} (1+ pg mlhi AF? + ma(lp +2) S"}, . (3.3) 
102 


which is constant. 


4. Before discussing special cases of the general result 
(2.9), it is convenient to give it a geometrical form. 
In a vertical straight line (fig. 2) let B,B, be taken equal 


Fig. 2. 


B Bish, BLi=A—A, B.L,=A,—A, (OB, =6,): (OB. =b.)=m,: me. 
B,S arc with B, the middle of B,B. as centre, SB arc with L, the 
middle of L, Lz as centre, OB=A. Component oscillations are 
those of BL, and BL: Amplitude ratios of first pendulum to 
second = —OB»'OB for faster = OB/OB, for slower components. 


on some convenient scale to the length of the common portion 
h of each pendulum. Let B L be the free length of one 
(e.g. the longer) and BI, that of the other pendulum. Let 
O divide B,B, in the ratio m, : mọ so that 


m m 
B,O= l B, ,B;=. erg h 
My + Me My + yg 
and | 
My > My 


2, = ESS — 


i . 
My +g My + nig 
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Through O draw the horizontal OS. With Bo, the middle 


point of B,B, as centre, describe a circular arc cutting the 
horizontal through O in S. Then OS= 76,6... With Ly the 


middle point of L, Lz as centre, describe a circular arc SB 


cutting OB, in B. Then, since OL,=], and d Olas 


OL,= oo lı and BL,= Lys = ne 9 a + bibo. 
Thus 


BL, =], —\ and PELI so that BL, and BL, are 
the lengths of the simple pendulums which have times of 
oscillation equal to those of the faster and slower component 
oscillations from which the actual oscillations of the two 
pendulums are compounded. | 

The ratio of the amplitude of the faster component oscilla- 
tion of the first pendulum to that of the second is —6,/A, that 
is — OB,/OB ; while the ratio of the amplitude of the slower 
component of the first to that of the second is A/b,, that is 
OB/OB,. The product of the ratios is —m./m. 

The geometrical construction of fig. 2 thus gives all the 
quantities which result from the analysis of section 2. 


Fig. 3. 


Component oscillations those of N'S and SN. Coupling =, , 


When the periods of the component oscillations only are 
required, it is simpler after finding S to join it to Lọ and 
ey to cut the circle on L,I, as diameter in N and N' 
(fig. : Then SN and SN’ are the lengths of the simple 
eal which give the component oscillations. 

If, in fig. 3, OS “be produced to cut the circle on LiL; as 
diameter in S’, the ratio OS/OS'’= W6,6,//,l, is what Barton. 
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and Browning propose *, in analogy with the terminology in 
use in connexion with coupled electric circuits, to call the 
“coupling y” of the two pendulums. l 

As the length A plays so important a part in the determina- 
tion of the oscillations of the system, it would be useful to 
give it a name—e. g., the “linking” or “key” length. 


5. Consideration of special cases. 


Case 1.—The lengths of the pendulums are equal and their 
masses equal, This is the simplest case. For it, O, Bo, and 
Lo all coincide and B coincides with B,. Thus the periods 
of the component oscillations are those of pendulums of 
lengths B,L, and B, Lg, that is h;—A and he, and the ratio of 
the amplitudes of the component oscillations of the first 
pendulum to that of the second are — B)B,/B)B,= — 1 for the 
faster and Bo B,/BoB,=1 for the slower. The values of F and 
S, @ and ø depend on the initial conditions of the motion. 
If these conditions are such that F=S, each pendulum in 
turn comes to rest when the other has its oscillation ł of 
maximum amplitude. 


Case 2.—The lengths of the pendulums unequal, but their 
masses equal. In this case O and By of fig. 2 coincide, but 
B is not identical with B,. The amplitude ratios of the 
first pendulum to the second are for the faster component 
oscillation —B)B./B,B and for the slower ByB/B,B, which 
are numerically reciprocals. If the initial conditions are 
such as to make the amplitudes of the faster and slower 
component oscillations of one pendulum equal, that pen- 
dulum comes to rest while the other has its oscillation of 
maximum amplitude ; but we no longer have each pendulum 
in turn coming to rest while the other has its oscillation 
of maximum amplitude f. 


Case 3.— With the masses m, and mọ unequal but the 
lengths Ay and hy equal we have /, and /, unequal, and in fig. 2 
B, and Lg coincide ; the two circles are concentric, and there- 
fore B and B, coincide. Thus the amplitude ratio of the first 
to the second pendulum is for the faster component oscil- 
lation —OB,/OB, and for the slower component oscillation 
OB,/OB,=1. The initial conditions might be such as to 
make the two component oscillations of one pendulum equal 
in amplitude, but those of the other would then be unequal. 

* Phil. Mag. xxxiv. p. 254 (1917). 

t See Barton & Browning, Phil. Mag. xxxiv. p. 256 (1917) and the 
curves given by them for this case. 

t Barton & Browning, Phil. Mag. xxxv. p. 71 (1918), equations (69) 
and (70) and the curves 20-28 illustrating such cases. 
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It would be possible to have one pendulum coming to rest 
when the ampiitude of the oscillation of the other was a 
maximum, but the other would not come to rest *. 


Cause 4.—In the general case in which neither the masses 
m; and mg nor the lengths h, and hs are equal, l; and l; are 
unequal, and in fig. 2 O, Bo, and Ip are distinet points. B 
does not coincide with B,, the amplitude ratios are unequal, 
and it would again be possible by adjusting the initial condi- 
tions to secure that one only of the pendulums should have the 
same amplitude for each of its component oscillations. Hence 
only one of the two pendulums could have zero amplitude at 
the time that the other bad its oscillation of maximum 
amplitude f. 

It is possible that with inequality of the masses m, and m, 
and inequality of the lengths h, and hy we may have /;=/). 
In that case O and Lọ of fig. 2 coincide, but By does not 
coincide with either, nor does B with B,. Thus the ampli- 
tude conditions are those of the general case. 


6. The effect of changing the value of one of the variables 
my, Mg, hy, ha, and h may be traced readily by reference to 
fig. 2. Thus when m; is very small compared with ma, OB, is 
small compared with OB., OS is small, and B close to B} and 
between B, and O if lis greater than l. The faster com- 
ponent oscillations correspond to those of a pendulum of 
length slightly greater than h;—A the free length of the 
shorter pendulum, and the slower oscillations to those of a 
pendulum of length slightly less than ho the total length of 
the longer pendulum. 

As the mass m increases in proportion to mz, OB; increases 
at the expense of OB., OS increases, and B separates more 
from B,. The faster component oscillation therefore slows 
down and the slower speeds up, and when the two masses are 
equal, the faster oscillation is that of a pendulum of length 


Aythe—h af lish, = hy? 
N eras Eat) 


and the slower that of one of length 


hı + ha— h af (27y 4 hye 
mete (EEC) 


* Compare Barton & Browning, Phil. Mag. xxxv. p. 66 (1918), 
equations (27) and (28) (which, however, include damping) and the 
curves 1-19 illustrating these cases. 

t Compare Barton and Browning, Phil. Mag. xxxvi. p. 40 (1918), 
equations (21) and (22) (which, however, include damping) and the 
curves in illustration. 
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If m, increases still further, OB becomes greater than OB», 
and the slowing down of the faster and the speeding up of the 
slower component oscillations continues. When O coincides 
with Ty, dls. 

It will be noticed that the amplitude ratios are nct affected 
by a change in the distances B Li, By, of fig. 2 so long as Lo, 
the middle point of L, Lz, remains fixed. Hence the lengths’ 
of the independent portions of the pendulums may be in- 
creased or decreased each by the same amount without change 
of the amplitude ratios given by OB, OB,, and OB,. In 
particular, BL, may be made zero, and fig. 2 then gives the 
solution of the problem of the oscillations of a system con- 
sisting of one simple pendulum suspended from the bob of 
another simple pendulum. 


T. From the preceding paragraphs it will have been seen 
that the whole of, the dynamics of coupled pendulums of the 
type here considered may be represented by the graphical 
construction of fig. 2, which entails the drawing of two 
straivht lines and two ares of cireles, It determines the 
periods of the faster and slower component oscillations, the 
ratio of the amplitudes of the faster components and the 
ratio of the amplitudes of the slower components. To com- 
plete the solution of any particular case, we require in 
addition the actual values of the amplitudes and one of the 
faster and one of the slower component oscillations and the two 
phase angles. This further information may be furnished by 
the initial conditions or by the conditions at some other time 
or times. 

In all cases in which the periods of the component oscilla- 
tions are commensurate, it is possible to find an instant £o 
from which to reckon the time, which will rid our equations 
of the phase angles. Thus, if f satisfies the equations 


J = si al = T 
sin(4/; l toto) = sin (aiiz ute 0, . (7.1) 


that is 


where n and x'are suitable integers, and we reckon time ¢ 
trom the instant tẹ the equations for the angular oscillations 
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of the pendulums take the form 


0 = Fsing /7" 5 t+, p Ssin Vrt : 
> (i2) 
-^pa a S si Leyi 
0, = pEsng/ j yt Sing / tet 


with corresponding equations for the linear displacements of 
the bobs of the two pendulums. 

In either case it is usual to represent the compound 
oscillation of each pendulum by means of a curve with time 
as abscisse and the angular or linear displacement as ordi- 

nates. The shape of Lach of these curves is generally of 
greater interest than the absolute values of the ordinates, so 
that the ratio of the amplitude of the faster to that of the 
slower component oscillation of each pendulum is sufficient 
for most purposes. This ratio may have values ranging from 
— xæ to +2 in different cases, but it is convenient in drawing 
the curves to take each as having the same maximum ordinate, 
say 1, that is the sum of the amplitudes sof the quicker and 
slower component oscillations in each case = 1, and therefore 
each of the amplitudes may vary in magnitude between 0 
and 1. The gradual change of shape “of the compound 
oscillation as the ratio of the amplitudes of the two component 
oscillations changes from O to æ may be suthciently illus- 
trated bv taking five intermediate stages between the 
extreme cases in “which either component is present alone. 


8. The periods of the component oscillations may bear any 
ratio to each other, but in a great number of the most 
interesting cases the ratio approximates to that of two con- 
secutive integers exceeding 4 or 5 to each other. The com- 
pound oscill: ations in all these cases show the same principal 
features, and may be represented by a typical example. In 
fig. 1 the lengths of the two anne are as 13:14, their 
common part 8 and their massesas 3:5. A more interesting 
case is that of two pendulums of levaths h,=40 and hy = 42 
with a common length /=8, the ratio of the masses 3: 5, SO 
that fie. 2 still holds (section 6) if ByLy) and BL are each 
increased by 27 units. In this ease h =3, b2=5, 4 =35, 
l=39, W—l=4, X=2°36, H-A=32-64, lL +AH41°36, the 
ratio of the frequencies of the component oscillations is 9/8 
and the coupling (sect. 4) 0104, ae. 10-4 per cent. 

The curves of fig. £ show the results of compounding two 
oscillations of frequencies in this ratio with amplitudes of 
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the faster and the slower oscillations respectively 1 and 0, 
5/6 and 1/6, 4/6 and 2/6, 3/6 and 3/6, 2/6 and 4/6, 1/6 and 
5/6, Oand 1. In each curve the two component oscillations 
are in the same phase at the left-hand and right-hand margins, 
and opposite in phase at the middle line of the diagram. 

If we assume that in a particular case the initial conditions 
are such that for the pendulum A at the epoch from which 
time is measured, the ratio of the amplitudes of fast to slow 
component is 5 to 1 and the two components are in phase, 


Fig. 4. 
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the second curve from the top of the diagram represents the 
A gy 
b 

of the amplitudes of the components for one pendulum also fixes 
it for the other, for which, according to equation (2.9), it must 


compound oscillation. But this fixing of the ratio F' 


have the value -7 E'S’, that is —A*/b,)2 times the former, 


or —0'371 x 5=— 1'85. The compound oscillation of the 
second pendulum is therefore represented by a curve nearly 
identical with the third curve from the top of the diagram. 
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But since the component oscillations are opposite in phase at 
the epoch from which time is reckoned, that part of the curve 
for the second pendulum between the middle line and the 
right-hand margin of the diagram corresponds to that between 
the left-hand margin and the middle line in the case of the 
first pendulum. 

Assuming any other ratio for the amplitudes of the com- 
ponent oscillations of one pendulum, we fix in the same way 
the ratio for the other, and in each case select from the curves 
of fig. 4 those which represent most nearly the compound 
oscillation of each pendulum. 

For accurate work a set of curves would be necessary for 
each value of the ratio of the frequencies of the component 
oscillations ; but solongas the ratio is that of two consecutive 
integers not less than 4, the principal features of the various 
sets are the same, and fie, 4 illustrates sufticiently the insight 
the graphical method of “fig. 2 is capable of giving into the 
problems of coupled pendulums i in cases where the damping 
is negligible. 


XV. Dimensional Analysis. By Encar BUCKINGHAM * 


ie an interesting article under this heading in the March 

number of the Philosophical Magazine, Dr. Norman 
Campbell expresses some dissatisfaction “with the manner in 
which the late Lord Rayleigh’s method of reasoning from 
dimensions has been used, or abused, in recent years. 
I agree, in substance, with much of what he says, and 
vet T think the final impression he leaves is false because 
he exaggerates the unimportance, uselessness, and unre- 
liability of the method. Physicists who have learned from 
experience the value of dimensional reasoning, the principle 
of similarity, or whatever else it may be called, will not be 
much affected bv arguments either for or neainst it. But 
since, it Dr. Campbell’s article passed without comment, 
those who have not acquired this familiarity might be led to 
suppose that the subject was not worth cultivating, it seems 
well to note that some other points than those particularly 
emphasized by Dr. Campbell also deserve attention, 

As revards ‘the question of utility—that isa purely practical 
matter to be settled by experience. It is much like the 
question whether it is better to use a slide-rule, a log table, 


* Communicated by the Author. Published by permission of the 
Director of the Bureau of Standards of the U. S. Department. of 
Commerce, 
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or longhand computation: it depends on circumstances and 
also partly on taste or habit. But that the method has been 
very useful can be proved beyond a doubt without going 
outside the limits of London. One has only to exzmine the 
reports of the National Physical Laboratory and the brilliant 
record of experimental work by the Staff of the Engineering 
and Aerodynamics Departments to be convinced that dimen- 
sional analysis—to give it its most convenient name, in 
despite of Dr. Campbell—has been a very valuable tool. The 
members of the N. P. L. have not, to be sure, talked much 
about the method: they have been too busy with interesting 
and difficult experiments to spend time in explaining the 
details of what seemed to them simple and obvious. But 
they have used it constantly ; and if they have ever been led 
astray by it, L do not remember their saying so. 

The contemplation of the very fine series of investigations 
just referred to, leads naturally to the question what ‘sort of 
things dimensional analysis is most useful for; and in the 
answer there is, I think, one main reason for the difference 
between Dr. Campbell's feeling toward the subject and mine. 

The dimensional method has often been employed for the 
purpose of deducing new relations in pure physics without 
going through more laborious investigations of which it was 
evident beforehand that the results would involve unknown 
constants. This is the way in which Lord Rayleigh used 
the method most, a good example being his Af relation for 
scattered oe T suspect that this is the sort of problem 
in which Dr. Campbell is most interested, but it is the one 
in which itis easiest to make mistakes. And if he can catch 
Jeans or Einstein ina slip, the rest of us may enjoy the joke 
without any malice, for they can afford to slip occasionally. 

But the ‘principal value of dimensional analysis is not for 
obtaining new theoretical results or for proving anything 

a priori. No new result can be proved, to demonstration, 
except by experiment; for theoretical physics, of whatever 
sort, can ‘only s say that ¿f so and so is true, and 7/ we have not 
overlooked any ‘thing, then something else must also be true. 
As long as there is an if anywhere, the final decision rests 
with experiment. The main value of dimensional analysis is 
as a guide in planning experimental work and, particularly, 
in an; aly sing and interpreting the observational E The 
more complicated the problem and the greater the number 
of variables involved, the more useful does such a guide 
become ; and this eik leads directly to the ois lenution 
of another point in Dr. ¢ Campbell's s paper. 

He deplores the eruption of ill-digested dimensions in the 
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last few years, and seems to imply that some degree of 
responsibility: for this state of things rests on those who, 
being convinced of the utility of the dimensional method, 
have attempted to expound it in an elementary textbook 
style, so as to induce others to try it. “But this reproach, if 
intended, is wide of the mark ; for it is perfectly obvious that 
the immediate occasion for the recent greal increase in the 
use of dimensional arguments is the complete demonstration 
of their value by the Staff of the N.P. L., which has led 
others to take up the method until now it is used everywhere. 

There is, however, a more fundamental reason for the in- 
creased popularity of the dimensional method. Lord Rayleigh 
used it in 1871 in one of his earliest papers, he was interested 
in it all his life, and he employed it treely in numerous cases; 
and vet no one else had used it much until recently. Why 
is this? The answer is, clearly, that technical physics, the 
physics of engineering and manutacturing processes, has 
had an immense dev elopment i in the last dozen vears, and 
that it is precisely in technical physics that dimensional 
analysis is of most value and importance. 

In the experimental researches in pure physics, with which 
most physicists are occupied, it is usually possibile so to 
control conditions that the theory of the experiment shall be 
simple. The number of variables can be kept small, it is easy 
to write down the differential equations, and—this is the 
important point—the experiment can beso arranged that the 
equations which describe it can be solved without great 
labour. When this is impossible, the investigator who is 
free to suit himself is likely to turn to some more tractable 
problem, for there are still ‘plenty of them. 

Bat in technical physics we find a very different state of 
attairs. Problems which are clamouring for solution must 
þe taken up as they are, with all their complications, and 
cannot be thrown aside merely because they are difficult. It 
is often not possible to isolate each separate phase of the 
problem, investigate it by itself, and then get the ceneral 
solution by sy nthesis. It may be a difficult matter to write 
down any equation or set of equations for describing the 
phenomenon in question; and even if equations have “been 
obtained, it is usually obvious that the task of solving them 
would be impracticably laborious and time-consuming, if not 
altogether impossible. [tis just in such cases that the rough 
and ready method of dimensions comes in handy and proves 
itself very much better than nothing at all. 

No one, of course, will think of denvi ing that when ordinary 
methods will work, the detinite results to which thev lead are 
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worth more than anything that can be got from dimensional 
analysis alone; but the question is: “is half a loaf better 
than no bread?” and not whether it is better than a whole 
cake. And even herea counter attack may be made. For, as 
Professor W. F. G. Swann once remarked : it often happens 
that when, bya long mathematical process, we have obtained 
some formidable combination of symbols with a numerical 
coefficient, the correct value of the coefficient remains doubtful 
and the only part we are sure is right might just as well have 
been obtained by dimensions. There is truth in this remark 
along with its exaggeration. 

Dr. Campbell’s main contentions are, I take it, Lst that we 
can never be certain that our dimensional treatment of any 
problem is correct unless we have actually written down the 
differential equations ; 2nd that if we have done this, we can 
vetall the information ‘obtainable from the principle of dimen- 
sional homogeneity by mere inspection of the equations, so 
that all cumbersome algebraic machinery, such as that of the 
II theorem, is superfluous; and 3rd that, being both cum- 
bersome and superfluous, it should be buried and forgotten. 

To the first of these it may be remarked that we are never 
absolutely sure of anything in physics till it has been proved 
by experiment, even if we have written down a differential 
equation ; and thatin almost any operation, avoiding mistakes 
is a matter of care, experience, and skill. A lawyer trying 
to drive a nail may hit his fingers, whether he uses a hammer 
or a hatchet : an expert c: renter is less likely to do so, and 
he will use whichever tool is the more convenient in view of 
the other things he may be having to do in connexion with 
driving the nail. 

The “second point may be granted without diseussion,—the 
carpenter’s hammer is not indispensable : : but it is a very 
useful tool even though one cannot chop with it. 

The third point may be left for the future to decide. 
I think that beginners will find the IT theorem a good thing 
to cut their teeth on : but in any event, after one has reached 
the stage in which all the results obtainable by the fornial 
alvebra are evident upon mere Inspection, one need no longer 
pay any attention to it. I eame upon the H theorem in the 
course of trying to follow the reasoning in some of the papers 
in the early volumes of the N. A.C. A. Reports, and found 
“It advantageous to have the theorem stated in some detail: 
but the form in which the dimensional argument is put is of 
small importance: what counts Is its utility to people who 
know how to use it, and that is indisputable. In reterence 
to the question how Lord Rayleigh would have felt about the 
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formal discussion of the dimensional method, I may quote 
from a letter of October 30, 1915, in which he wrote, re- 
garding my first attempt, in the ‘ Phy sical Review ’ of Oct. 
1914: * It is the best exposition of the subject I have come 
across ; the only doubt is whether it is not too good for a 
majority of Physicists!” And three months later, after 
some correspondence: “I hope you will continue your work 
on this subject.” 

To anticipate all the possible mistakes that might be made 
in the name of dimensions would require omniscience, but 
many pbysicists of quite ordinary endowments have found 
the method of dimensions so useful that they accept the risk 
with equanimity. Their salvation hes not in formal logic, 
not in differential equations, and not in arguments about the 
dimensions of particular quantities which may always be 
stated in various ways, but, as Dr. Campbell implies, in 
physical common sense. 

Washington, 

April 8, 1924. 


XVI. Note on a Search for the missing Element No. 43. 
By C. H. Bosanqguet and T. ©. KEELEY *. 


HE smallest atomic number corresponding to an element 

not yet detected is 43, an element which from its place 

in the periodic table should be a metal resembling Manganese 
in its reactions. 

During the past year a number of manganese minerals 
have been investigated in hopes of detecting this element, ` 
as it was considered possible that amounts of the order of 
1 per cent. might have escaped detection by chemical methods 
in such minerals. The results have, so far, been negative. 

The method used in the investigation was to photegraph 
the X-ray spectrum of each mineral between the wave- 


lengths 620 and 720 X.U. 


Experimental . 


The tube used had an anti-cathode whose face was 
horizontal and normal to the cathode-ray stream, and viewed 
edgeways this constituted a line source of X-rays suthciently 
sharp to allow one to dispense with collimator slits. 


s Communicated by Prof. F. A. Lindemann, F.R.S. 
Phil. Mag. S. 6. Vol. 48. No. 283. July 1924. L 


o 
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A piece of calcite with a face about 4 cm. long. in the 
direction of the rays served as grating; it was fixed in 
position about 25 cm. from the anti-cathode and equidistant 
from the anti-cathode and the plate-holder, a lead screen 
with a slit 6 mm. wide placed immediately in front of the 
crystal serving to protect the plate from direct radiation. 
The crystal was a very perfect specimen, and gave no trouble 
through irregularities of the face, so that it was unnecessary 
to rock it. Adjustment was tested hy photographing the K 
spectrum of molybdenum (42) which just covers the range 
required, the crystal being large enough to take in the whole 
spectrum at one setting. The Ka line of 43 would occur 
approximately midway between the Ke and KA lines of 
molybdenum. The apparatus gave a dispersion of approxi- 
mately 10 X.U. per mm., the resolving power being always 
sufficient to separate the Ka doublet of molybdenum. 

The minerals, in some cases mixed with a small quantity of 
Mo filings, were fused with the oxyhydrogen flame into 
small nickel cups lined with alundum cement, and then 
ground down flush with the edges of the cups. The cups 
were screwed into the removable anti-cathode holder, which 
located them sufficiently exactly to ensure the Ka line of 43 
coming into the field. 

The exposures were never less than 1 milliampere bour 
at 50 k.v., which was suthcient to show the presence of 
O-2 per cent. of added Mo, and in several cases, when the 
tube was running well, the exposures were much longer than 
this. | 

In most cases it was necessary to pass a discharge for 
several hours with the pump working before it was possible 
to maintain a potential difference of as much as 40 k.v. 
across the tube, but when the tube had become sufticiently 
hard to give off Mo rays in considerable quantities, it passed 
in an hour or so through several stages of increasing hardness, 
In the final stages it was possible to shut off the pump eom- 
pletely, and eventually air had to be admitted at frequent 
intervals in order to keep the tube sufficiently soft. This 
was very conveniently accomplished by using a good tap 
with a long lever fixed to it to allow of fine adjustment ; the 
tap communicated direetly with the atmosphere. : 

The current which could be used varied, according to the 
mineral used and the state of the tube, between 1l and 
0-2 m.a., the anti-cathode being maintained ata fairly bright 
red heat. 
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Minerals used. 
The origin of the minerals used is given in the second 
column; in a few cases no information was available on this 
point. 


Mineral. Origin. 
Psilomelane. Broken Hill, Australia. 
Psilomelane. . Bohemia. 

Rhodonite. Perm, Russia. 

Rhodonite. Chikhla, Central Prov., India. 
Rhodochrosite. Hungary. 

Rhodochrosite. Park Co., Col., U.S.A. 
Polyanite. Upton Pike (Exeter ?). 
Pyrolusite. Davidsgon’s Mine, King’s Co. 
Pyrolusite. Newton Down (Devon ”). 
Wad. Bohemia. | 
Manganite. 

Franklinite. UNKNOWN ORIGIN 
Pyrolusite. f 
Psilomelane. 


In addition to these minerals there were also examined a 
specimen of Mn extracted from Torbernite supplied by 
Dr. A. S. Rassell, the mixed Ni, Co, and Mn extracted from 
Thorianite supplied by Professor T. R. Merton, and a 
specimen of mixed metals from the Urals supposed to 
contain Ru (44), Rh (45), and Pd (46), supplied by 
Mr. A. C. E. Egerton. 


In addition to those mentioned above our thanks are 
due to Mr. T. V. Barker and Mr. E. J. Bowen, who 
supplied us with the minerals used ; also to Professor F. A. 
Lindemann, F.R.S., for his interest and advice during the 
course of the work. 


XVII. Laperiments on the Duration of Impacts, mainly of 
Bare with Rounded Ends, in elucidation of the Elastic 
Theory. By J. B. P. Waesrarr, JA, Fellow of St. 
Johs Colleae, Cambridge, Lecturer in Physics in the 
Unirersity of Leeds *. 

T a recent paper f, an expression of the form 

t=(Mr?Ja + Byl) 0 83-3 p! 2/1"? yt), 


is derived by the method of dimensions for the duration of 
collision of two perfectly elastic bars. It is now proposed 
to discuss the form of the mathematical relationships which 
can account for an expression of this type. 


è Communicated by the Author. 
+ Proc. Roy. Soc. A. vol. ev. (1924). 
o) 
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Take a system of rectangular axes at O (fig. 1), OG and 
OG’ being the axes of x for the left-hand bar and the 
right-hand bar respectively. In the lower figure, the bodies 
are in a state of compression, the centres of gravity G and 
G’ having moved through distances z and «' respectively. 


Fig. 1. 


If P, is the pressure between the bodies at this instant, the 
equations of motion of the two bars are 


a? x: a? y' 
Po= mo yr , and Po= m -z 9 
where mz, is the mass of either bar. 
d? 
s 2Po= mozg +a’). 
If X is the distance of G and G' from O initially, 
z=X—7Z, =X +y, 
therefore æ+ =2X—(2—2z'), 
so that 2P = — mo a (t=). 
dt? 
x—w represents the change in the relative position of the 
centres of gravity of the two bars and may be denoted by a. 
The equation thus becomes 


7? 
2Py= M9 79a. ee oe ee e) 


In order to obtain a further relationship between Po and 
a, consider the portion of the bar between planes distance dc 
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apart initially (fig. 1). If the section at B is displaced a 
distance X, at the instant the pressure there is P, the section 


at C is displaced Let - 


being P+dP. 
The equation of motion of the layer is 


_ dP PE 
ae dry=pi Aidi a> 


“,dax, the corresponding pressure 


and Apdx=Ajp,dr,, where A, p,dx refer to the cross- 
section, density, and thickness of the layer in the undisturbed 
state and the suffixed letters to the corresponding quantities 
in the disturbed state. 

Further assume that at each point of the bar, 


a>, d> 
dt =v (F) ť 

then 
ix , 

{r (a) 
= š de ER a>) _ r (=) 
P=pAv 1+ d£ (i =pAV Lá dæ’ 

de 


In general, an equation of this type indicates a disturbance 
which is continuously changing its form with time. 
=) _ dy dy _ dÈ coer. a m 

If F(5- =? then ~F -V ir’ which is a dis- 
turbance of invariable form represented by $=¢(r— Vt) 
propagated with velocity V. 

I dd, d&\B | 

n particular assume (az = and examine the 

results to which it leads, 


-P/A = v (ZY =z (ZY. 


dx 


Such a pressure condensation relationship aides not imply any | 
departure from a condition of perfect resilience. 
The equation — P/A = (ZY , which it is a is 


the form of the stress-strain relationship in the case of 
impacts of the kind that are here being considered, has the 


* Earnshaw, Phil. Trans. p. 146 (1859). 
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same type of relation to Hooke’s law -P/A =: as the 


gaseous law for adiabatic changes p=xpY has to the iso- 
thermal equation p=xp. 
Moreover the centre.of gravity of the layer is displaced 
from the origin a distance 
d=, d 
dx” 2° 


The centre of gravity of the right-hand bar is consequently 
moved through a distance x’ eee by 


© 
0 


T Mo, dx ` 


away from the origin O. 


x 
If PjA=-i(“"), 
2=25= = (PAR) Bde, 


Similarly for the left-hand bar, 


% 'r 
= en dx (2 +| (P/Ak)* Fide ), 
Mo Jo 0 


9oA l Pr 
— = \ =P ae 18 . 
ameu = e AK \P dz 


If the pressure P is expressible as a function of w/l, 
P:8=/f(x/l), the value of the integral 


Ra) DY Pda= | de { lal) de, 
2/0 0 0 0 


et 
=" dt í J(Ðdt where x/l/=t, 
0 20 


and 


=F( ICOS 1O where SÊ =; 


=) 40) —tH(0)) where OY wg. 


of Impacts, mainly of Bars with Rounded Ends. 151 


E SHOHO EE O21 EY! OBL 
therefore 
(p(t) —a(0) — #6(0)) =P? (12/(0)/2! +t (9!) /3!+ ae 
=2°P,14/2!+08(2 pe „314 n 
i. e. { dof P Adx= LPs! [21 + 1 2 pua) | Blt. 


2 
Now (2. Pur), ee pve) and all subsequent differential 


coefficients are extremely small. For 


(2 pir) = (È f pua) where (2 pus) 


is the rate of variation of the pressure with time at z =0, 
and V is the velocity of sound. » If, as Hertz assumes, 


impacts are relatively slow processes, (2p) is small and 
0 


Ox 
order differential coefficients. 
Therefore 


l £ 
fae) Prêde=lP,®/2, 
0 0 


aa PA Pol tll 
mo( Ak) 8 2 
Writing my=Tr'lp, 
Piskara ees = & « & « %& « (CH) 
Substitute for Py in (I.), 


(2 P”) is very much smaller, and similarly for the higher 
0 


and 


da 2h (afl) Parr? = =m 72> 
multiply by 2 and integrate 
daN? Dhar? htt 
EP — z 2. .—- = 0. 
T) mol® Bi + constant = 0 


Initially «=0 and da/dt=v, therefore v? + constant = 0, 


=) 2 
. —})—v 
l.e. dt Qhorr? abt: 


e ap ee (IIL) 
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da 
at =0. If the 


At the moment of greatest compression 
value of æ is then a, 
2kmr? aft 
ml * B+1 
Integrating (III.), 


97 
2 


da Si 
pa aie b Bi 
m,l®(B+1) 
and the time of impact is given by - 
i=? EP da DSN 
S G A hor 2g bt) ) 2 
0 niyl®(B + 1) 


_ gee a (" l der 7 
~v krr? Ne (L— 8 t1)h2" 
Writing m= m: lp and y= 1 + B/1—8, 

1+ yi+y2P 1+ 2 : : 
oat a (p/k) +Y? . AV.) 


which is of precisely the same form as that obtained by the 
method of dimensions. 

Assuming that for very long rods y->0, the time of 
collision reduces to ¢=2:2l(p/h)!?. Since —1/y has been 
found to be expressible in theform —1/y=A" + Kljr, 

B= A”+1+Kl/r _ P+Kl/r 
~ A”—1+Klr Q+HEKUr 
so that on substitution in equation (II.), 


(a) for long rods B->1, and Po=ha7*(a/l), 
(b) for short rods 8-> P/Q, and Po= krr? (a/l)?R, 
(c) for intermediate rods 
P+K?/r Aed 
B= Q+ Ki and P= knr’ (afl) @+Kir 


e 


z €) 
t= lq)? yr E 


In (a) the stress strain relationship reduces to Hooke’s law, 
so that the stress can be assumed to be distributed uniformly 
over the section of the bar ; the point source of pressure has 
lost its identity and the various elements of the original wave 
have gathered themselves up into a plane wave (compare 
with the case of a liquid injected into a long narrow tube 
through a point source at one end). 
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In (b), on the other hand, the cylindrical boundary exerts 
no powerful influence on the impact owing to the shortness 
of the rods. The pressure becomes dissipated through the 
body and the various elements are not able to reinforce one 


another and produce a combined wave-front. The rapid 


dispersion of the stress also explains why, in the spherical 
problem, Hertz can assume that the whole compression takes 
place at the point of impact, the remainder of the sphere 
acting as a rigid body., The problem of two bars each of 
length 2r does not differ widely from the Hertz problem of 


two balls of radius r. If P/Q=3/2, . 
Po= nrk (a DP = 1-069) Ahat?, 
For-the problem of two balls, Hertz gives 
Po = 53r 2ka??, 


It follows from the foregoing that in the case of two bodies 
whose lateral dimensions are comparable with the longi- 
tudinal ones, the stress is dispersed through the bodies and 
the energy in consequence is scattered. The presence of a 
cylindrical boundary introduces the condition that the stress 
has no normal component at the boundary; the lines of 
pressure tend to become parallel to the boundary, the stream 
of energy being guided along the bars. The extent to which 
this can be accomplished depends on the ease or otherwise 
with which radial strain can be transformed into longitudinal 
strain. 

Longitudinal energy at boundary _ 27?mv?b? 
Radial energy at boundary 
where m is the mass of the vibrator, v its frequency, b the 
longitudinal amplitude, and a the corresponding radial ampli- 

tude. If lis the length of the bar and r its radius, 


Lja=dl/dr=col/r, where o is Poisson’s ratio. 
The ease or otherwise with which a divergent wave of com- 
pression is transformed into a plane longitudinal wave 


therefore depends on the quantity ol/r occurring as an index 
in the expression 


(Po/Ak)et*ir = (a[l) +R, 
K should thus be proportional to Poisson s ratio. 

The case of loaded bars follows from this point of view. 
Let m)=7r'lp be the mass of the bar and M=zrr'ljp the mass 
of the collar. Then 

da 
2Po= = (M F mo) dt? ’ 


where Pe is the pressure between the bodies and a is the 


Now = 
i Yar? mpra?’ 
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relative movement of their centres of gravity. The pressure 
P, can also be written 


Py=mr*h(al /DB, | 
where a’ is a quantity defined by the equation (my + Ma 
=moz. Substituting for a’, 
Py=ar?k(mya/M +m. 

The law is not obeyed for large initial velocities of approach, 
as the collar is not able to take up the full movement. The 
time of impact consequently shows a rapid falling off for . 
large values of v as indicated in a previous paper. 

Alternatively, it has been shown by experiment that in the 
case of equal bars of radius 7, length l, and density p, each 
loaded with a mass M, the relationship between the time of 
collision and the relative velocity of approach is of the form 
t=ArY where —1/y=A"+4+K(1+1,)/r, l being given by the 
equation m"l,o=M. This generalization of the equation 
—l/y=A" + K?/r which applies to simple bars, must follow 
since the motion of the load is longitudinal. The quantity 
al/r is increased to o(mrlp+M)/ar'p = o(l+l,)/r. This 
suggests that the case of loaded bars is met if 1+, replaces 
{in all the formule. Thus 

2Py= —(M +m) eh 
and 
Po= m: k(all + 1,)8, 

which give a time of collision 


2r!—B 1+8 11+8/!].11+8 7 de 
t= Tuite (8+1) (Pik) (+h) | (1— Pte? 


i. e. the bars have the same time of impact as two bars of the 
same diameter and material and of such a length L that 
mi? Lo=M +m. This has been found to be the case. 

The suggestion, from these experiments, that the time of 
impact depends fundamentally on the mass and not on the 
length of the bars leads to a formula for ¢ of the form 
t= Cl! 894 (p/i? The possibilities of this formula have 
been investigated but it has proved unsatisfactory. 


The Ejiect of a Lonuitudinal Magnetic Field on the 
Time of Impact of Steel Bars. 


It seems possible that under the action of a magnetic field 
the time of impact may be slightly modified since the 
magnetic properties of iron are molecular in origin. 

The arrangement used in the experiment is shown in 
fig. 2. A steel bar A (61°25 cm. long) is suspended so as to 
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lie symmetrical with respect to and along the axis of a 
solenoid D wound round an ebonite cylinder. The solenoid 
rests on small V-shaped blocks C fitted with levelling screws 
for adjusting the height. Between the solenoid and the bar 
is fitted a water-jacket through which a stream of water 
runs continuously. This prevents any Heating of the bar due 
to conduction. In the light of experience ‘the precaution 
now seems almost unnecessary, but at the time it was con- 
sidered desirable to eliminate all spurious effects as com- 
pletely as possible. E and D are separated by two bands of 
insulating tape wound round the jacket, and an annular 
space of Ji in. separates the jacket and the bar. The solenoid 


Fig 2. 


needs accurate adjustment. When a currentis passed round 
the solenoid, the bar is in general moved bodily so as to 
embrace the greatest number of lines of the magnetizing 
field. This motion can, however, be removed completely by 
a suitable disposition of the coil. To test this, the rounded 
end of the bar is viewed broadside on with a microscope and 
the solenoid is moved about until the end of the bar coincides 
with the same seale division whether the current is on or off. 
Any sideways movement is similarly eliminated. In order 
to get rid of the strong magnetic attraction between A and 
B which would ordinarily render the experiment impossible 
(as successive impacts would follow one another so rapidly 
that the condenser would be discharged completely), B is 
made of Hadfield’s non-magnetic steel, 

An ammeter and reversing commutator are arranged in 
the circuit feeding the solenoid, and to avoid hysteresis 


o- 
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heating the current is obtained from accumulators. Several 
long sets of observations have been taken, of which a typical 
one is quoted below. 


Tage I. 
vey of bar B at impact = 10°352 cm./sec. 


| Mean galv. throw 


alvanometer throw f 
G nete tor corrected for 


Magnetizing 


field : gauss. successive impacts, | damping 
= aos TaS x l af is 3 pots Yue a A eee a 
0 | 130, 130-2, 128:5, 129, 129, 130, 129 | 130-7 
+415 T 205, 1285, 29:5, 1293, 129:5, 129, e) 130-45 
129:5, 129:5, 1293, 128, 129:3 


Pewen these sets of adne the bars are not allowed to nane 


e po 1200, slg 1302, 1297. rae 
1292, 1297, 120-7, 1292, 1292, 192 


130-4 


- i 


Betw cen fliese sets of readings the bars are not ifiowed to collide. 
(128; 1226'S, 1292, R72; R82, 128-2. 1257 
129:2, 129:2, 126:7. 1262, 129:7, 129:9, Tea 
129:2, 130, 725-7, 1282, 1202, 1292, 1287, 
129, 129-2, Fi 2,.425°2, Rsa BET 128%, | 
0 4 1292, 120-2 arr 1205, Wed, Pee, 129-5, } 130°5 
129:5, 13% 3, : 30: o, 127° i. 120-7, 129:7. 1285, 
128:2, T2075. 29T, rT, 1202, 283.1282, 
| 123:2, 127, 12092, 1292, 130. 1297, 129:7 
\ 129-7, 1297, 1292, 129:2, 129-4. ) 


An interval of twelve hours occurs here, but the surfaces of the bars 
are not touched before proceeding with tbe following. 
128:5, 128:5, 130, 129, 129:3, 129, 129:5, 1295, 
29:5, 129, 129, 129:5, 129, 129, 1295, 129, 
0 1295, 1 A 29, ] | 9, 1 9 1295 130:5 
129:3., 128:5, 129, 129:5, 129, 129, 129, 1293, 
1:5, 129:5. 


- = ra — - 


The bik A is now completely demagnetized and a T set of iiia 
is taken to test their constancy. 

132, 131:8, 131:8, 131-0, 131:0, 132:0, 131-0, ) 
131:5, 131, 131:5, 131, 131:5, 131:2, 132,131, 
131, 131, 131:5, 131, 131, 131, 131, 1315, 
130:5, 130:5, 150:5, 131, 131, 130:5, 130:5, 
131, 130:8, 130:5, 130:5, 1305, 130:3, 131, 
130:5, 130:5, 130:5, 131, 1308, 130:8, 130:3, i 
130:3, 130:8, 130:8, 130:5, 130:8, 130, 130:3, 
131, 130:5, 130:8, 130:3, 131, 1308, 130:5, 

| 130:8. 130-8, 130:5, 130:8, 130:3, 130°3, 130:5, 

l i305, 131. 130°8, 131, 130:5. 
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The above readings, which were taken with extreme care, 
show that the average values for the magnetized state are the 
same as for the demagnetized state. They do, however, 
exhibit quite an interesting effect. On examining sets 1 and 
2 of the above table, it is seen that the individual readin gs 
vary very little about the mean. On the other hand, the 
second impact of set 3 (corresponding to the reversal of the 
magnetizing field together with the delivery of one previous 
blow to the bar) is abnormally short, after which they are 
steady again. l 

In set 4, taken immediately after switching off the 
magnetizing field, the 2nd, 4th, 7th, 10th, 11th, 17th, 19th, 
26th, 32nd, and 52nd impacts are short, after which they are 
comparatively steady. 

It is suggested that the erratic readings do actually reflect 
a change in the state of the metal due tu the blow delivered 
at the end. Changes of the order observed can be produced 
by the slight stretching of a suspension, a slight departure 
from perfect alignment, or the presence of a speck of dust at 
the place of impact. The impacts immediately preceding 
or following these abnormal ones are, however, perfectly 
normal usually, which would not be the case if the effects 
were due to any of the alternative explanations given above. 
In the latter case a permanent change of reading would result. 

In order to pursue the inquiry whether “the abnormal 
readings can be taken to indicate an internal change as 
opposed to a variation in external conditions, several ex- 
tended series of observations were taken with the same bars 
after demagnetization, and for zero magnetizing field. One 
series of seventy consecutive readings is given in Table I. 
It is seen that there is not a single abnormal impact. There 
is a tendency for the impacts to get progressively shorter, 
but this can be traced to a change in the external conditions, 
viz. a gradual flattening of the end of the non-magnetic 
steel bar. 

The abnormal impacts are therefore probably due to a 
change in the magnetic state of the bar produced by the 
blow on the end. It has previously been shown that the 
duration of impact is related to the initial velocity of 
approach by the equation t= Aw. The kinetic energy of the 
impinging bar at the instant of impact =4mye*. If it is 
legitimate to assume that this energy, during impact, repre- 
sents the ener gy of the waves of compression passing through 
the bars 

t = constant/(Energy in compression wave) 7%. 
Any change in the energy will be reflected in the duration 
of the impact. The short impacts may indicate that the 
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wave while passing through the bar has become enriched in 
energy due to the breaking up of aggregates peculiar to the 
magnetized state into aggregates corresponding to the normal 
state. 
The Effect of Temperature on the Time of 
Impact of Steel Bars. 


This short series of experiments sets out to determine the 
effect of temperature on the duration of impact. From the 
small effects obtained, it is clear that the results of the 
experiments on the effects of a magnetizing field, described 
in the last section, are in no way associated with temperature 
variations in the bars. 

For this investigation each bar is provided with a steam- 
jacket from which it is insulated by thin ebonite plugs, and 
the times of impact are found at 18°C. and 100°C. The 
results are given below. 

Tase II. 


Resistance 
ao t in circuit: Galvanometer throw. ee 
yee | ohms. aes 
p 189, 189-5, 189:5, 189, 189:5, 189 l 
18°C. 187 { ’ ; , ’ , ` ? 189:3 
i 1895, 1895, 189, 189:5 J 
nf) 15 = j.s =m =Q. 
ge Í 154 2, 154, 154°2, 1535, 153 S} 15403 
(154-5, 154, 154 
. Ped ETE Yay} ‘ . eo ‘ 
387 Ee 3, 1:10 As 130, 130, 191, 151, 130-67 
131, 130:5, 131:5, 131 
G87 90, 90, 40, 90, 90, 895 89:92 
Y9-50C. 187 1 loys, 1595, 159, 1893, ae 159-43 
(180-5, 180 
ONT (lotd, 1545, lots, 1542, lodo | 15452 
l L547, 147 J = 
357 131, 139, 131, 131, 150:3 13066 


687 90, 20, 90, 90, 89-5 RHY 


at 100° C., indicating that the duration of impact is slightly 
Jess at the lower temperature, but on the whole the change is 
quite negligible. 

In conclusion, I wish to thank Mr. C. Barnes, M.Sc., for 
his assistance in the experimental portions of the paper, and 
to thank also the Grants? Committee of the Royal Society 
for defraying the cost of the apparatus. 


University of Leeds. 
August lət, 19253. 
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XVIII. The Emission Spectra of Mixed Alkali Vapours. 
By F. H. Newnan, D.Sc., A.R. C.S., Professor of Physics, 
University College, Exeter * 


om IV.) 


l. Introduction. 


r a previous paper f the author has described an emission 

continuous spectrum which is obtained when an electric 
arc is passed between two pools of the alloy of sodium and 
potassium. The spectrum consists of two parts—one in the 
red region and the second in the blue-green region, the 
former being by far the more intense. Another interesting 
feature was the formation of an emission fluting spectrum, 
the heads of the bands being situated between the limits 
\ 6700 and A 5500. These results have been studied in 
greater detail in the present experiments. 

The absorption by sodium vapour is of two types, a principal 
series which is characterized by the empirical formula of the 
emission principal series of which the D lines form the first 
member. -In addition, there are a number of very com- 
plicated channelled absorption bands which do not seem to 
influence dispersion. One of these bands lies in the red, 
` 5800 to the extreme limit of the visible red, and the other 
in the blue-green region, X 5700-A 4500, though with dense 

vapour they practically meet in the yellow. Wood has 
found that there are about 6000 absorption lines in these 
bands in the visible region, and the regions transmitted 
between the absorption lines are as narrow. “apparently as the 
emission lines of the iron are. There are on an aver "age 
60-70 absorption lines within a space of only 12 Angstrom 
units in width. “These lines, taken collectiv ely, form them- 
selves into a number of groups which resemble the groups 
seen in the absorption spectra of iodine and bromine, and in 
certain banded emission spectra. Although there are no 
actual emission spectra corresponding to the complicated 
absorption ones, Wood has shown that these bands are con- 
nected with the fluorescent spectra; and probably when 
sodium vapour is illuminated with a powerful beam of white 
light, its Huoresecent spectrum is the exact complement of the 
absorption spectrum. If the vapour is stimulated with mono- 
chromatic light, a series of bright lines spaced at nearly equal 
intervals: along a normal spectrum and separated by a distance 
© * Communicated by the Author. 
t Phil. Mag. xlvi. (September 1923), 
t ‘Physical Optics, 1911. 
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equal to 37 Ångström units is obtained. Various series of 
lines can be made prominent by altering the wave-length of 
the exciting light. Stimulation by A 4800 from the cadmium 
arc produces a series of bright lines spaced at nearly equal 
intervals along a normal spectrum. ‘The bismuth arc pro- 
duces a resonance Spectrum consisting of a series in the blue 
which with long exposures can be traced well up into the 
green, and a large number of lines in the yellow-green part 
of the spectrum. With the lithium arc, definite series of 
lines can be excited in the red region, and the four exciting 
lines all produce different lines in the resonance spectrum. 

The existence of bands with sodium vapour is due to 
associated atoms of the alkali vapour. The pure rotation 
band-spectra, as observed by Rubens* with water vapour, 
can be explained by the change in the rotational quantum 
number by +1. Bands in the visible region occur when 
there is a change in the configuration of the molecule which 
results in a decrease in the internal energy at the same time 
as the change in angular momentum. This change of con- 
figuration of molecule consists in a re-arrangement of the 
electrons or the atoms within the molecule. 

If the dispersion of the instrument is not sufficient, some 
band-spectra appear continuous, especially those which con- 
sist of the so-called many-line spectra. In addition, there 
are really continuous spectra both in emission and absorption. 
This continuous character is especially marked in the case of 
the absorption bands observed with sodium vapour. There 
is a selective absorption in a continuous spectrum region 
beginning at the limit of the principal series and extending 
into the ultra-violet. This confirms the assumption that the 
absorption of energy corresponding to lines in the principal 
series of sodium results in fixed states of the atom in which 
one of the electrons revolves in larger and larger orbits. 
This continuous absorption corresponds to transitions from 
the normal state to states in which the electron is in a position 
to remove itself infinitely far from the nuclens. A continuous 
spectrum arises if an originally free electron is taken up into 
the configuration of an originally ionized atom and the latter 
is neutralized, 

In the case of iodine, Steubing t has photographed an 
emission spectrum of iodine which appears as a continuous 
hand, even at dispersions that completely resolve the very 
narrow band-spectrum of iodine. The atom of the latter 
tends to perfect the 8-shell arrangement by taking a free 

# Berliner Ber, 1913, p. 513. 
t Zeitschrift fur Phys. v. (1921). 
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electron, and as a result it is highly electronegative in 
properties. Hence, it need not be ionized to attract an 
electron to itself, but the electron affinity suffices to effect the 
taking up of the free electron. 

Wood found that potassium vapour has a channelled 
absorption spectrum consisting of more or less regularly- 
spaced bands lying within the orange-red region limited by 
6346 and A 6667, and McLennan and Ainslie * have shown 
that, in addition to these bands, there is a series of fine 
channelling beyond A 7699 towards the infra-red, and bands 
in the neighbourhood of A 4273 when vapour of high density 
is used. Vapours of the other alkali metals also exhibit 
channelled absorption bands. | 

It is to be expected that when we are dealing with mixed 
vapours of more than one alkali there will be bands due 
to each element, and in addition bands due to the association 
of atoms from the different elements. 


2. Baeperimental Results. 
/ 


The form of quartz tube used inthe present work is shown 
in fig. 1. Sodium potassium alloy —equal parts by weight of 


Fig. 1. 


e 
sodium and potassium—formed the two electrodes at A 
and B. The ends of the tube were closed with glass plates 
cemented with wax, and Cand D were two side-tubes, so that 
the spectra immediately at the anode and cathode could be 
observed, and photographed on panchromatic plates with a 
constant deviftion type of spectrometer. The arc could be 
readily maintained with an applied potential difference of 
5() volts, and the current was controlled by a variable 
resistance in series with the tube. Sometimes the arc was 
started by warming the tube with a bunsen flame ; otherwise 


è Proc Roy. Soc. ciii. (1923). 
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it was necessary to apply a discharge from an induction coil 
in addition. Once started, the lamp required no further 
attention, there being no gases liberated. The heat produced 
by the current was sufficient to produce the requisite vapour- 
pressure, but for high vapour-pressures a coil of nichrome 
wire wound round the tube was heated electrically. 

In addition to the well-known series of sodium and 
potassium lines, there were exhibited the bands previously 
observed. With small vapour-pressures they were faint, 
increasing in brightness as the tube was heated or the current 
increased, The increased intensity is due to the greater 
vapour-pressure. As the latter was raised, the bands merged 
into a continuous band which extended from A 6780 to A 5485. 
In addition, at higher temperatures another band which 
appeared continuous between the limits A 4750, A 4040 was 
exhibited. ‘This latter band was noted when the alloy was 
heated to 300° C., although it is difficult to estimate the actual 
temperature within the tube. It is certain that this tempera- 
ture exceeds that registered by a thermometer placed within 
the electric heater. The admission of a little nitrogen or 
hydrogen to the lamp caused the appearance of the band in 
the red region, suggesting that the total pressure within the 
tube decides the formation of this band. 

The instrument used was not of sufficient dispersive power 
to examine the structure of the individual bands constituting 
the channelling in the red, but they were slightly degraded 
towards the blue. These bands extended from 6776 to 
A 5931, but from 75931 to A 5485 merged into a continuous 
band which could not be resolved. Unfortunately, the 
intense radiation emitted by the D lines of sodium prevented 
observation of the wave-lengths in the immediate neighbour- 
hood of à 5893 (P1. IV.). 

The series of bands in the red region which formed a 
channelled spectrum were measųred, and gave the mean 
wave-lengths recorded in Table I. 

The continuous band in the green-blue probably consists 
of a large number of bands. At low vapour-pressures they 
are too faint to be observed, and merge into the continuous 
band at higher pressures. This seems to show that, with the 
vapour at moderate density, only a small proportion of the 
vapour is in the molecular state suitable for giving this 
particular type of emission. l 

It is probable that the complete banded spectrum arises 
from three distinct sets of molecules—viz., potassium, sodium. 
and molecules consisting of associated atoms of both elements, 
The sodium and potassium ares are difficult to regulate, and 
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it was impossible to detect banded emission-spectra from 
these elements separately. 


TABLE I. 
`A A.U. y= Frequency. cv. 
5931 16561 
130 
5977 16731 
111 
6017 16620 
124 
6062 16496 
127 
6109 16369 
6161 Na line 16231 
6154 Na line 16250 
6193 16147 
101 
6232 16046 
130 
6283 15916 
118 
6230 t 15798 
104 
6372 t 15694 
121 
6420 ł 15573 
98 
6462 15475 
97 
6503 15378 
80 
6537 15298 
93 
6577 15205 
104 
6622 15101 
108 
6670 14993 
116 
6722 14877 
119 
6776 14758 
t Sharp. 


3. Deseription of Plate IV. 


(a) Continuons band from 26780 to A 5485, and from 
A 4750 to A 4040. 

(b) Channelling consisting of bands from A 6776 to A5931, 
and a continuous band from A 5931 to A 5485. 

(c) An enlarged spectrogram of a part of (b), showing the 
bands in the red region. 

(d) Bands in the red region, the vapour-pressure being 
greater than in (c). 
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XIX. The Motion of a Rigid Solid according to the Relativity 
Principle. By G. Lemaitre, D. ès Sc. (Louvain) *. 


[StncE previous work on M. Lemaitre’s problem — intermediate 
between the special and general relativity theories—is probably not 
very familiar to English readers, a brief introduction may be desirable. 
Simultaneity is relative: but relative to what? In the special theory 
it is relative to a uniformly moving particle, it being assumed that we 
have a means of fixing constant orientation in space—or, to combine the 
two conditions, relative to a ‘‘ Galilean” frame of axes. If we seek 
to materialise the Galilean frame, we must substitute a rigid solid. 
Now an actual solid of reference may differ from a Galilean frame, 
either because it is rotating or because its motion as a whole is 
accelerated (by non-gravitational forces). This invites a generalization 
of the definition of simultaneity, so that we may consider asimultaneity 
relative to a generally moving solid. We still limit ourselves to 
a particular case of the general theory, because our four-dimensional 
continuum of space-time is assumed to be flat (Euclidean); but, as 
M. Lemaitre shows, in certain cases the resolution into space and 
time separately gives a three-dimensional space which is curved. By 
studying this transition we see how the notion of simultaneity gradually 
fades out in passing from the special to the general theory: :in motions 
of class A, it remains definite but is no longer a matter of permanent 
adjustment of clocks; in motions of class B, it exists only between 
neighbouring points and becomes ambiguous for distant points unless 
a route of connexion ia specified. The definition of a rigid body 
appeals to space-measures: but simultaneity ia involved in the 
separation of space-measures from time-measures; and simultaneity 
in its turn is relative to the rigid body. It is of interest to note how 
this logical tangle is approached.—A. S. EDDINGTON.) 


1. DHE variable motion of a solid and the correlative 

- aspects of phenomena for moving observers is 
an intermediate problem between the first relativity theory 
of uniform motion and the general principle by which 
gravitation is accounted for. 

The fundamental paper on this question is that of 
M. Born f, who has fixed the: general meaning of the 
interval and its spatio-temporal interpretation as retained 
in the general theory. The necessity of throwing over the 
Paclident Geometry i in Born’s cone eption has been pointed 
out by Bhrenfest$. Finally, G. Herglotz § has investigated 


Communicated by Prof. A. S. Eddington, F.R.S. 
Ann. d. Phys. xxx. p. 1 (1909). 

Phys. Zeitschr. x. p. DIS (1909), 

Any. d. Phys. xxxi. p. 893 (1910), 
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the most general possible movement of a solid in a Galilean 
field. We will summarize these results and deduce deve- 
lopments and applications suggested by the present point of 
view of the Relativity Theory. 

All physical notion of space and time may be expressed 
by measures of interral or generalized length of lines in the 
four-dimensional Universe. The time of a chronometer 
(proper time) is the interval along its line of universe. — 

Stmultaneity as defined by light-signals observed on a 
definite body is such that the direction of a line of simul- 
taneity is conjugate to the direction of the lines of universe 
described by the body with respect to the light-cone, 
or locus of vanishing intervals, passing through the 
point. 

In the geometrical interpretation, lines of simultaneity 
ure orthogonal trajectories of the lines of universe described 
by the body. 

A spatial length on a body is the interval along its lines 
of simultaneity. 

In the particular case ordinarily considered there is a 
definite set of point-events which can be joined to a given 
point-event by lines of simultaneity. In this case it is 
possible to assign to this set of points a number which is 
called the time of simultaneity on the body. All the point- 
events of same time of simultaneity, and only these, can 
be joined by lines of simultaneity. The definition of 
simultaneity does not depend on the path by which it is 
defined ; its mathematical expression is an exact differential, 
and it may therefore be used as a coordinate. 

But in the general case it is possible to draw a line of 
simultaneity through any two arbitrary point-events, and ` 
there is no possible definition of a time of simultaneity. 
Examples of this will be given below. 

Now a rigid solid is a body on which all the relative 
spatial distances of points, measured on the body, are left 
unaltered by the movement. It must be observed that the 
definition of spatial distance refers only to the line of 
simultaneity and is independent of the existence of a time 
of simultanelty. ' 

The possible movements of a solid have been divided 
by Herglotz into two classes according to the existence of 
a time of simultaneity or not. The movements of class A, 
i. e. with a time of simultaneity, are completely determined 
by the arbitrary motion of one point. 

In this case the interval can be written, by a convenient 
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choice of coordinates, in the form 
d? = —dæ2 — dy — d? + pd’, . . . . (1) 


where ¢ is a function of x, y, <, t. 

In the movements of class B, the motion of every point 
must be expressed by use of a parameter which is not a 
time of simultaneity. This parameter may be chosen so 
that the interval between two arbitrary points is not altered 
when the same number is added to their respective para- 
meters. The line of universe described by every point is 
transformed into itself by the movement, and the general 
movement of class B is a one-parameter group of movements 
in the Universe. 

On the basis of these results of Herglotz we begin by 
investigating movements of class A for which the given 
motion of a point is rectilinear. 


2. Rectilinear movement. 
Let v be an arbitrary function of t whose derivative is g. 
Then 
dE=coshrde+(1+gr) sinh cdt, dn=dy, df=dz, (2) 
dr =sinh vdx+(1+g.r) cosh v dt, 


are the exact ditferentials of the functions 
E= x cosh v+ f sinhv dt, n=y, C=2, } (3) 


T=wsinhv +4 cosh v dt, 


which define a transformation from the coordinates £, n, £, T 
to £, Y, 2, t. 
The interval in a Galilean field 


d? = —dE— dn? — dY +d? ©... (£) 
is transformed into 
ds?= — d? — dy? -d4 (L+ ge)? dt.  . (5) 


For given values of 2, y, z the equations (3) define an 
arbitrary movement of a point of the solid, parallel to the 
E axis. Equation (5) is thus the general expression of 
rectilinear movements of class A. 

It is easy to see that t is truly a time of simultaneity. 
The directions for which dt=0 are conjugate to the direction 
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dv =dy =d:=0 of the lines of universe of the moving points 
with regard to the light-cone ds=0. 
The spatial distance is 


do =d + dy + d:?, 


obtained by putting dt=0 in the expression of ds?. 
pyr . + 
The time shown by the chronometers of .the moving 
system (proper time) is 


"ts 
tga) dt=ty—i belt). - + 2 (6) 


Measures of simultaneity (by light-signals) will show a 
variable difference between the simultaneous readings of 
the chronometers. The difference between the time mea- 
sured by the chronometers from the epoch ¢, to the epoch ¢, 
at two points of coordinates æ and z+ Az is 


(v— v )ârz, at oes len ca. & a (7) 


which depends on the values of v at the epochs only. 
v is connected with the velocity V of the system by the 
relation 


V=% = tanhe, eo eo. 8. O) 


which is obtained by putting dz=0 in (2). 
Conversely, 


v= 3 logi zy e © © © o © >œ (9) 


The velocity does pot depend on x. That means that 
every point has the same speed at the same time t: i.e., 
simultaneously for the moving system. For the fixed 
system, on the contrary (time r), the speed is taken up 
progressively so that the length may be altered according 
to the Lorentz contraction, variable with the variable 
velocity. 

An interesting application may be made to the problem of 
the change of velocity of a Galilean observer. Suppose 
that before the time ¢, the velocity has a constant value V, 
corresponding to v,, and then varies in amount but keeping 
the same direction, and finally remains constant after the 
time t. 

Since the system is a Galilean one, before the epoch t, 
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the chronometers are able to show the time of simultaneity. 

During the change of speed (tı, t2) the simultaneity will be 

disturbed and, after ¢,, the chronometers will show a 

constant difference between their simultaneous readings. 
This difference is given by (7) and is 


Ar 14+V, 1—V 
(va— v) Ac = - 5) log icv, . Te v” š . (10) 


Az is the distance measured in the sense of the movement. 
V,and Vz, are the starting and final velocities, the velocity 
of light being taken as unit. The law of velocity variation 
is immaterial. 


3. Movement with constant acceleration. 


When g is a constant, it is possible to carry out the 
integrations in the transformation (3). Then it may be 
written : l 

1+% = (1+ 92) cosh gt, (11) 

gt = (l+tar)sinh gt. f 


By elimination of ¢, we obtain the equations of the 
movement 


(Lt €)?—(gr)? = (Lt ge) o o o (12) 


or, changing the origin, - 


Ce a ee. Se. we. SET) 


This is Born’s hyperbolic movement. The moving points 
describe concentric hyperbolas in the plane Er. 

The interval (5) may be simplified by using new co- 
ordinates * , 
ds? = =d} — dy =d +d n nn‘ (TA) 


The acceleration of a free point, or geodesic line of the 
universe, 138 


dx dt\? dy _ dz = 
ds" (a) > ds? “i ds? oe o- & Ny) 


The trajectory is a plane and we have for convenient 
choice of the coordinates 


ds = A dy, dz = 0. 


* This formula is given by Pauli, ‘ Relativitatstheorie,’ p. 648. 
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Then from (14) f 
(g) = eah) ye ch ce oes (16) 
dy dy 


and from (15) 


Ëe fda? tek, 
rata) +1+Ar =() 
or ] d 
AG T)+l+X = s0 
dy\ dy 


The solution may be written (a, b, ¢ constant) : 


ces odo He ee lO) 
y =bsinO+t+e, 
with : 
is = 1+ 27, 
The trajectories are ellipses with minor axis in the plane 
z=0. The time ¢ is given from (16) by 


F do tan 4t +5) 
t— to =|. eras i a ° (18) 


cos 0 Pes (7+ OY a 


When A=0, ds=0, the PERE are rays of light. They 
are circles with centre on 7=0. 

For comparison with the Schwarzschild-Einstein formula 
for the field of a particle, it is convenient to effect the 
transformation 


(+g) =1+2gX. 2. . 2. . . (19) 


Then the equation of the field may be written (g constant) : 


ds = — dX? —dy? — dz? +(1 + 29X) dE. ë (20) 
1+2g9X a 


4. General movement of Class A. 


It is easy to find the general expression of the function ¢ 
of x, y, 2,t in Herglotz’s equation of a field of class A: 


ds? = =d —di?—dz?+ Pde. . . . (21). 


The necessary condition that this expression is reducible 
by a change of coordinates to the Galilean form is that the 
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Riemann tensor vanishes. Its components which do not 
vanish identically are : 


ob 


“Sy (6k=1,2,3), 


Biru= = Bisik = Ban = A Bin = =s bS d 
(22) 


where £i, t2, v3 are written for z, y, z. 
Derivatives with regard to ¢ do not occur. 
p must be of the form : 


p =lr+my+nz+p, 


where J, m, n, p are functions of t and the field of a moving- 
system of class A is of the form 


ds? = =d? — dy —dz? + (lu + my +nz + p)*dt?. . (23) 


p may be taken equal to one by a change of the co- 
ordinate t. 


The transformation may be written as follows : 


E = ang+ azy +a fandt, 
n = Ay V Hazy + az + | andt, 
E = a3, € +ag Y+ azt fasıdt, 
T = aa Z tagy +a t fandt, 


(24) - 


where the 16 coefficients are functions of t defined by the 
16 differential equations : 


' / A 
aii a 2 a 31 a 4) 


—-—-—_ a =-.J=], \ 
di4 Uy dy d44 | 
d 4 ft t 
A 12 a 99 d 32 a 42 
Seer SS ame dh, | 
di4 a21 A34 a44 i 
4 U f f re 
aig Ang 33 A >. . (25) 
— = SS SS Sn Ss, 
di4 d24 34 Ail | 
' ' ' 1 
a iođa ta goada +A zoaz — a 30 Mag 
+ dea’ u+ oe a’ 24 + dzo a 34 ~~ Ayo A "49 = 0, 
(o= 1, 2, 3, 4) 


with initial values satisfying 
1 for c = 1, 2, 3, 
—1 for o = 4, 


Aye Ayr + Age Aor + azo azr — Aga Ayr = O 


(of7 = 1, 2, 3, 4). 


2 2 2 2 
a — — 
lot lag + azo ais a 


. (26) 
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These initial values are possible as they correspond to a 
Lorentz transformation. 

Let us differentiate these equations (26), and observe that 
for o or r=4 the differential is null by (25) and for o, r#4 


Got eis phage page é 

| =l; (dio di + “zo a24 + Ago Q34 — Ugo 45) = 0. 

We see that the initial conditions (26) are verified every- 
where. | 

Then 

d& = an dx +a dy +a d:+(a'næta'ay +a stay) dt, 
and from the above conditions 

dE — dn — d+ dr? 

= — da? — dy — d: + (le +my+n: +1) dt. (23 bis) 

Observe that from (26) 


lor = aro. 

We will now verity that the movement ef one point may 
be taken arbitrarily. For v=y=:=0, we have ds=dt and 
the velocity of the point is 


dE _ _ dy Bee dE dT 
de OE gO ig s a Nn 


with 


2 2 2 2 
aii +a + azr — a; =. 
The functions l, m, n of t=s, 


_ 1E oldn 1 d% 5i 
E daa Oe = 29) 
ds ds ds 


may be determined for an arbitrary motion of the point 
t=yrur= 
For every point we have 
uz dE _ ais v = dy — pee w= dg 34 (28) 
Peat 


d nr a 


Ags at dyg dr z ay 
with , 
dy = (l= wt — uw?) = (1V n. (29) 
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Change of velocity for a non-rectilinear movement. 


The proper time shown by chronometers of the moving 
system between two epochs ¢, and ¢, is : 


tg 
{ (le+my+nz+l)dt =t,—t, +H (a'ue ta'y +4432) dt. 
a (30) 


The difference of the time measured by two chronometers 
between the two epochs generally depends on the particular 
law of velocity variation. We have seen that the difference 
is independent of this law when the velocity keeps the same 
direction. The same thing happens when a, is a constant, 
i.e. when V is a constant. Then the change is 


ae [ (tg— u) Av + (vp— ri) Ay + (we—t0,) Az]. (31) 


The difference of the simultaneous readings of two chrono- 
meters after a change of direction with constant speed does 
not depend on the described curve but is proportional to 
the distance of the chronometers and to the difference 
of the projections of the starting and final velocities on 
the line which joins them. 


Acceleration of free points. 
e 
Equations of the geodesics are 


az = 


dt\* 
as? = =I (let my +nz+1)(4) 


2 i lN? 2 2 
eas ee [i+ (“") +(4") (55) ir (32) 
ds” „le+my+nz+1 ds ds ds 

and analogous expressions in y and z. 

As they do not contain derivatives of l, m, n, the acceleration 
is the sameas if l, m, n were constant, t. e. as in the hyperbolic 
movement. We have found in this case the law of elliptic 
motion expressed by the equations (17) and (18) which 
may be applied with a change of orientation of the axis. 
These ellipses are in planes perpendicular to the plane 
le+my+nz+1=0, and their small axis is in this plane. 
They are osculatory to the actual movement. 

For rays of light, the ellipses are circles. The osculatory 
plane of the trajectory is at every instant ¢ perpendicular to 


Solid according to the Relativity Principle. 173 


the moving plane lv+my+n:+1=0, and the centre of 
curvature is in this plane. 


ð. Movements of Class B. 


In the movements of class A it was possible to find in 
the moving system a time of simultaneity : i. e., to give the 
same coordinate to all the points simultaneous with one 
another. We proceed to the case where this is impossible. 
Two arbitrarily given point-events may then be considered 
as simultaneous. 

It is clear that if we determine the simultaneity on a 
twisting body, the earth for example, the simultaneous 
instants being the mean times of passage of light or 
Hertzian signals, two given instants mav be considered 
as simultaneous if we make the determination along a 
path which makes a sufficient number of compete turns 
round the earth. As a matter of fact, two events which 
occur at the same place on the equator with a difference 
of proper time of 2107‘ sec. are simultaneous along the 
equator, A. A. Michelson * has suggested a possible test 
of the rotation of the earth by interferential measures of 
simultaneity on the perimeter of a polygon, and experi- 
ments of this kind have been realized by G. Sagnae t, who 
succeeded in detecting the rotation of a twisting body by 
internal measures effected on it. . 

In these movements we use a parametric representation of 
the moving points, and the parameter t has no direct meaning 
of time. 

Herg!otz ł has shown that the movements of class B are 
one-parameter groups of movements in the universe, and he 
has determined from the theory of groups the four possible 
types of these movements. 


I. Rotation of constant speed (elliptic group of 
Herglotz). 
The equations of the movement are (A constant) : 
$ = x cos M—ysin At, 
n = xsin At + y cos At, 
=z, 


1 t. 


* Phil. Mag. viii. p. 716 (1904). 
t C. R. clvii. pp. 708 & 1410 (1915). 
t Luc. ci. 
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The corresponding interval may be written, using cylin- 
drical coordinates : 


ds? = — dr? — P dO? —dz? — 2dr? dOdt + (lL—A*r?)dt?. (33) 
The lines of simultaneity of direction conjugate to 
dr=d@=dz=0 with respect to the light-cone are 
—Ar? dé +(1—A’r*) dt = 0, 
and the spatial distance obtained by elimination of dt is 


do? = dr? + -s a e e e e (34) 


“rr 


When r is a given function of 6 the lines of simultaneity 


nae 6 d 
t—ly = rf’ ISAT 


In the case of the earth, for 0—0 = 2r, i 
ay Try Irr)? ( 40 1 


bm lg a = ot = 1300 Serra 
= 92°06 x 1077 sec. 


II. Hyperbolic group. 


E=2+4+NX, 
T= 
€ = zcoshé, 


q = zsinhé. 
The interval is 
ds = —du* — dy? — dz? —2Adedt + (:2—X) dt. . (35) 


For ¥=0, we obtain the hyperbolic movement which is 
the only one which belongs to both classes A and B. 
The lines of simultaneity are 


—Ada +(2?—A*)dt = 0, 
and the spatial distance 


5, atdan 5 7 
d=; td + de. a ee oe se § CBG) 
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III. The third group (loxodromie group) is a combi- 
nation of a rotation and an hyperbolic movement 
along the axis. | 


E = æ cos M— ysin M, 
yn = x sin M +y cos At, 
¢ = z cosh ¢, 
q =zsinhe. 
The interval is 
ds? = —dr? —r d0? — dz? — 2Nr?° d0 dt + (2—1?) dt?. (37) 
The lines of simultaneity are 
—Ar? d + (<2 —A?r*) dt. = C, 
and the spatial distance 
r2:2 d0? 


do?=dr? +- ~ 
z2?—A 72 


+d... . (38) 


IV. The last group (parabolic group) depends on two 
constants, A, p. 


E = a+r, 

n = y+ m, 

E = z+ rtt}, 

T = Attrt+at+ dre. 
The interval is l 


d = —d2*—dy? —2pdydt + 2ndzdt + (2Ac+r—p?) dl, (39) 


and can be reduced, writing 
1 

rte WM), y, 

in place of 

in place o ie: py. Bs, | 

to the form 

l d’? = —dz?—dy?—2dzdt+adt?. . . . (39%) 


The lines of simultaneity are 
—dz+aedt = 0, 
and the spatial distance 


dz? 


do? = dz? + dy + —. sowon a (40) 
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It may be interesting to calculate the spatial curvature 
corresponding to these four types of movements. 


F 
o! do? = da? +dy? + °d:? 


9 07h d'e) 
=2[( +a the .... Ci 

This formula may be applied to each of the four groups, 
and gives 


the curvature is 


E: 
I 


6d2(1—A27?)-2, ; 
R, = 6A? (2? —A?)-?, 

6X2(r? + 2?) (2? =X), ( : 
Re see": J 


(42) 


=~ 
w 
li 


xand < are distances from a plane and r distance from a 
straight line. For R this axis is perpendicular to the 
plane. 

Writing <=A+.2 we find 


qab 
R; = pe(1+ »*) l 


which tends to R, when A tends to infinity. 

In the motions of class A the geometry was Euclidean, 
i.e. of vanishing curvature, and the space might be con- 
sidered as a plane section, t=const., of the four-dimensional 
universe. 

But in the motions of class B there is no time of simul- 
taneity and the space cannot be considered as a section of 
the Galilean universe. Moreover, the element of length 
along every line of simultaneity is expressed by the root of 
a differential quadric which defines a Riemann geometry 
of the above curvatures (42). 

These curvatures of space are the only possible ones which 
ean be produced by movement of the solid of reference in a 
Galilean field. 


Cambridge, 


March 6, 1924. 
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XX. Adsorption from the Gas Phase at a Liquid-Gas 
Interface—Part II. By THOMAS IREDALE * 


l a Brayton: cominunication (Phil. Mag. xlv. p. 1088 

(1923)) the author described a method of measuring the 
surface tension of a liquid in contact with a vapour phase of 
varying composition, and studied in particular the change in 
the surface tension of mercury brought about by the adsorp- 
tion of vapours of certain organic “liquids. It was shown 
that, with a knowledge of the partial pressures of the vapours, 
and the use of the Gibbs adsorption equation, the excess of 
adsorbed vapour at the mercury surface could be calculated. 
It was thought remarkable that so few measurements of this 
interesting form of adsorption had ever been recorded in the 
literature of the subject ; but it is noteworthy that as far 
back as 1877 Gibbs, in his original Memoir on Hetero- 
geneous Equilibrium, suggested the possibility of calcu- 
lating the amount of adsorption of water on mercury by 
noting the changes in the surface tension of the mercury 
under increasing partial pressures of water vapour. 


Adsorption and Condensation. 


In his original experiments the author generated vapours 
of different partial pressures by passing a slow current of 
dry air through organic liquids at different temperatures, 
and these air-vapour mixtures were then passed into a 
chamber at a somewhat higher temperature, where measure- 
ments of the surface tension of mercury were made. With 
methyl] acetate vapour it was found that the surface tension 
fell rapidly with small partial pressures, but afterwards, as 
the pressure was increased, much more slowly, and became 
almost constant up to the point where the pressure was that 
of the saturated vapour. The curve indicating these changes 
was very similar to those usually obtained from data on the 
lowering of the surface tension of water by dissolvi ing in it 
various “surface active” substances. It would seem in all 
these cases that the surface energy of the liquid ceases to 
change when the surface is saturated at a certain pressure 
or concentration with the molecules of the adsorbed substance. 
It was remarkable to observe, therefore, that when the 
vapour of the methyl acetate was saturated, great irregu- 
larities in the drop weight became apparent, the we eight 
sometimes corresponding to what one would anticipate from 
the shape of the curve, namely, a surface tension of about 


* Communicated by Prof. F. G. Donnan, F.R.S. 
Phil. Mag. S. 6. Vol. 48. No. 283. July 1924. N: 
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415 dynes per cm., and sometimes to as low a value as 365 
dynes per cm., though intermediate values were also ob- 
tained. As the calculations of the surface tension were 
always based on the average weiglit of a number of drops, 
such intermediate values might reasonably have been 
thought to be the means of several extreme values, pre- 
supposing a fluctuation of conditions during any single 
determination. By experimenting with single drops how- 
ever, these intermediate values were found to have a real 
significance, and some of the results obtained in this way are 
recorded in Table J. 


TABLE I, 


Weight of drop of mercury 
formed in saturated methyl Surface tension. 
acetate vapour at 26° C. 


0:1471 gram. 


0:1620 __,, 

0:1443 

A a 413 to 365 
0:1533 7 dynes per em. 
O'1644 

Ol454 .. 

0:1450 .. 


One would be inclined to think that this was due to 
varying degrees of condensation of liquid methyl acetate on 
the mercury surface, but the precise conditions controlling 
this degree of condensation were still open to question. 
There seemed to be no exact relationship between the rate 
of drop formation—always greater than three minutes—and 
the rate of condensation. At the same time irregularities 
were almost certain to creep into the results, owing to the way 
in which the saturated vapour was employed. The reader 
is referred to the original paper for experimental details ; 
but it may be remarked that when the temperature of the 
saturators Was maintained at 20° C., that is, above room 
temperature, it hecame necessary to slightly warm the tube 
passing from the saturators to the thermostat containing the 
drop-weight apparatus, in order to prevent condensation of 
the vapour in this tube. This tended to make the saturators 
work irregularly, and the current of vapour was not always 
continuous. An improvement was effected by discarding 
the original saturators, and using a series of the ordinary 
bubbling type, and the temperature being raised slightly 
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above 26° C., the vapour began to condense on the walls of 
the glass dropping-chamber in the thermostat. The tendency 
of the vapour to condense on the mercury drop issuing from 
the pipette depended, of course, on the temperature fluctu- 
ation of its surface, and although the temperature fluctuation 
of the thermostat was never greater than 0°2 (., and might 
be much less than this in the case of the mercury enclosed 
in the glass chamber, one could never be sure how irregular 
the temperature of the vapour might be after passing 
through the heated connecting tube. This effect, of course, 
would seem to be very slight, but it is possible that the rate 
of condensation of a saturated vapour is influenced very 
greatly by small changes of temperature and pressure, and 
the adjustment to uniform conditions in the thermostat 
might be slower than anticipated, even with very slowly 
moving currents. The author was therefore led by these 
considerations to discard such a method of producing a 
saturated vapour, and to study the condensation process 
under more static conditions. It seemed reasonable, also, to 
abandon the use of such a substance as methyl acetate, 
which has some objectionable characteristics. It was found 
extremely difficult to remove the last traces of its vapour 
from the dropping-chamber, as it is apparently hydrolysed 
after a time, with the formation of acetic acid, on the walls 
of the chamber. Dry air was passed continuously through, 
but the mercury surface was still contaminated with traces 
of the acetate or acetic acid, the surface tension never rising 
higher than 450 dynes per cm. Treatment with ammonia 
vapour was found to be useless, and the whole apparatus was 
then dismantled, thoroughly cleaned and dried, and re- 
mounted, after changing the lubrication of the taps, ete. 
Those parts of the apparatus requiring lubrication are, it 
must be admitted, one of its principal defects, unless a 
suitable lubricating agent be found. A preparation of 
dextrin dissolved in glycerin was originally used for this 
purpose, but certain samples of dextrin were found to he 
unsuitable, as they appeared to give off vapours quite 
appreciably influencing the surface tension of mercury. 
But the mercury surface was not found to be so sensitive to 
the presence of vacuum tap grease, nor to metaphosphorie 
acid, and the former of these materials was therefore used 
with water vapour, and the latter with organic vapours. In 
order to obtain the highest value for the surface tension in 
dry air, it was found necessary to do away with the lubri- 
cation altogether, and sometimes to pass the air through 
permanganate solution, soda lime, sulphuric acid, phosphoric 
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oxide, and cotton wool, before it entered the dropping- 
chamber ; and some samples of phosphoric oxide were found 
unsuitable for this purpose, owing, presumably, to the 
formation of some volatile compound. All this serves to 
show how sensitive the mercury surface is to the most minute 
traces of impurities adsorbed from the gaseous phase. 


The Adsorption and Condensation of Water Vapour. 


The presence of water vapour in the dropping-chamber 
was not found to influence the surface tension to any con- 
siderable extent, and this is due to the fact that its partial 
pressure at room temperature, even when saturated, is 
never very high. Consequently, when some determinations 
were carried out at room temperature (20° C.) outside the 
thermostat and in a space open to the atmosphere of the 
room, the degree of humidity of the atmosphere had very 
little effect on the results. 

But when the vapour was saturated it was found possible, 
as in the case of methyl acetate, to actually condense the 

water on to the mercury surface, under certain conditions. 
The surface tension then fell to a very low value, corre- 
sponding to that found for the mercury-water interface. 

Table II. records some of these measurements undertaken 
at 26° C., and it will be seen that, owing to the low pressures 
of water vapour used, the surface tension is still changing 
fairly rapidly with the pressure, but at higher pressures one 
would expect the o-p curve to take the same form as the 
methyl acetate curve. 


Tase IT. 
Temperature Vapour pressure Drop ; . 
of saturators. ot water. weight. Snae Eimon, 
= O mm. 0:1903 gran. 472 dynes per cm. 
13°7° C. 116 ,, OIS s 461 i a 
200 , lo, 82, 454 i j 
26:9 19 250 a 0:1793 » 447 ? Lhe 
(saturated) to to 
O47, 368 


In the case of the unsaturated vapours, air was bubbled 
slowly through the saturators, and determinations of the 
surface tension were made not only when the air-vapour 
mixture was passing through the dropping chamber, but also 
when it was kept steady in the chamber, by closing the 
tap To (see previous paper for diagram of apparatus), the 
correction to be applied for thermal transpiration being 
negligible. 
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The time of drop formation was never less than three and 
a half minutes, and when it was increased to ten minutes 
there was no appreciable change in the weight of the drop, 
so that it seems reasonable to suppose that the adsorption of 
the vapour is complete in this time. 

In the case of the saturated vapour, however, a different 
procedure was adopted. The cup G was filled with water, 
and the ground glass joints of this part lubricated with the 
same liquid. The level of the water in the cup could be 
brought as near as desired to the drop issuing from the 
pipette. The temperature of the thermostat was then raised 
somewhat above 26°C. for a time, and on cooling to the 
original temperature with the tap T, closed, a slight blur on 
the walls of the dropping-chamber indicated condensation 
from a completely saturated vapour. As the walls of the 
chamber tended to cool faster than the pipette inside, con- 
densation was more likely to occur on the walls than on the 
pipette, which was an advantage for the present purpose. 
As in the previous case of methyl acetate, variable results 
were obtained when the surface tension was measured in 
saturated water vapour (Table III.). But conditions were 
more under control than when the moving current of 
saturated vapour was used, and it was observed that the 


TABLE ITI. 


Drop weights in grams, 
in saturated water Surface tension, 
vapour at 26° C. 
0:1515, 0:1642, ©1574, 
(1770, ©1632, 0:1792, 
0:1448, 0:1603, 0:1704, -H7 to 368 
0:1782, 0:1770. 0:1665, dynes per em, 
0:1477, 0:1767, 01742, 
0:1754, 0:1682, O01724. 


more slowly the drop was formed, and the nearer it was 
allowed to hang to the surface of the water in the cup, the 
smaller was its size, and the lower, therefore, the surtace 
tension. The smallest values recorded in Table III. were 
obtained by allowing the drop to form about 1 mm. above 
the water surface, in a time varying from 34 to 20 minutes. 
When the period fell below 33 minutes, however (Table IV.), 
the drop weight increased very considerably, indicating a 
surface tension no less than that obtained by allowing the 
drop to form at a distance of over 1 cm. from the water 
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surface, which is what one would anticipate to be the 
surface tension in the saturated vapour from the curve 


(fig. 1) drawn with the aid of the data in Table II. 


——— 


TENSION OF MERCURY. 


SURFACE 


S 10 iS 20 25 30 MM. 
PRESSURE OF WATER VAPOUR 


As a matter of fact, it was found almost impossible to 
condense the water on to the mercury surface if the drop 
were formed sufficiently distant from the water surface even 
if the period were as much as twenty minutes or more. 
These effects may be due, in part, to the variation in density 
of the vapour as we pass upwards from the water surface, 
but it is obvious that diffnsion also plays a part in the 
phenomenon. 


Tarte IV. 
Period of drop. Drop weight. Surface tension. 
32 minutes to 0:1455 to 370 to 
20 is 071448 gram. 368 dynes per cm. 


0:1799 | 
» 
2 ‘a PE grat. 447 3 Pe 

The detachment of the drop had always to be very 
carefully watched, as certain irregularities were observed 
when any moisture condensed on the tip of the pipette, a 
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difficulty which could not always be obviated. The water 
sometimes tended to displace the mercury in the pipette, 
and when the drop broke off it was followed by a small 
secondary droplet, detached from the interior of the pipette 
just above the orifice. If the water formed a visible skin 
around the mercury, the drop was able to grow to a larger 
size than usual, owing to the additional support against 
gravity afforded by the skin. This is a rather important 
observation, as it shows that the invisible condensed film of 
water responsible for such a large decrease in the surface 
tension previously observed, must still be very thin com- 
pared with the dimensions of the drop itself. The surface 
tension measured in this case must really be the interfacial 
tension between the mercury and the water, and not the 
tension of the composite surface, mercury /water—water/air. 

These results admit of a logical interpretation if we 
assume that there are two kinds of film in equilibrium with 
a liquid when another liquid tends to spread over its surface, 
The primary film, which may be only one or two molecules 
thick, is formed from the vapour of the spreadiny liquid. 
The secondary or condensed film, which is formed when the 
liquid has completely spread over the surface, may some- 
times be much thicker than this, with corresponding dif- 
ferences in the interfacial tension. Some observations of 
Hardy (Proc. Roy. Soc. A, Ixxxviii. p. 316 (1913)) lend 
support to these assumptions. He found that when a 
substance like benzene was spread over a water surface, 
lenses might be formed which were in equilibrium with a film 
of the benzene forming a composite surface with the water. 
This was possible because Tg>T,4+Tan, where Tay is the 
interfacial tension, and Tą., Tg, the surface tensions of 
benzene and water respectively. But with certain saturated 
substances where Tg < T, + Tap, spreading of this kind could 
not occur, though the vapours of these substances were able 
to condense on the surface, since Tag<Ty. A film formed 
in this way could not have the properties of the liquid 
en masse, and no composite surface could be formed. The 
first of these conditions would hold in the case of water 
spreading on mercury (Harkins and Feldman, Jour. Amer. 
Chem. Soc. xliv. p. 2681 (1922)), since in this case 
Ta>Fa+Tas, but in the author’s mode of experiment the 
formation of the primary film preceded that of the condensed 
film, which, owing to diffusion or some other unavoidable 
factor, took a somewhat longer time for its completion. 

In the present experiments which deal with the adsorption 
of molecules from the vapour phase, it is possible that the 
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primary phenomenon is the gradual formation of a uni- 
molecular layer. The initial surface tension-vapour pressure 
curve would then correspond to the formation and perhaps, 
also, the compression of such a unimolecular layer (compare 
the work of Langmuir and Adam on the formation of uni- 
molecular layers of fatty acids and other substances on a 
water surface). It must be remarked, however, that if the 
molecular attractive forces fall off very rapidly with distance, 
the effect on the surface tension might be due primarily to 
the first layer of molecules, and thus possibly the Gibbs 
equation might indicate a unimolecular layer, though in 
reality there were present in adsorption equilibrium a layer 
several or many molecules thick. After the vapour reaches 
the saturation value for a plane surface at a given temper- 
ature, the experimental data indicate that a new regime 
sets in. 

In this case a very thin film of liquid may condense on 
the mercury surface, the thickness of which is not a deter- 
minate function of the pressure and temperature, though the 
most stable state corresponds to the formation of a film, 
which may, from the standpoint of intermolecular forces, be 
regarded as infinitely thick. In this region (saturated 
vapour) the experimental data indicate a very abrupt fall in 
the interfacial tension, the lowest value corresponding to the 
interfacial tension between mercury and liquid water in bulk. 
The formation of such a film will probably result in a still 
closer packing of the layer of molecules adjacent to the 
mercury surface. 

The author is not aware that any experiments have been 
carried out on the compression of films on a mercury 
surface, but Hardy (Proc. Roy. Soc. A, c. p. 550 (1922)) has 
obtained some interesting results on lubrication, where 
primary films formed from organic vapours on a bismuth or 
glass surface were subjected to tangential forces. With the 
saturated vapour it was possible to obtain the same value for 
the coefficient of static friction as with a laver of the liquid 
itself. But these results are not quite in harmony with the 
author’s for the following reason, There was a gradual 
change in the friction as the vapour pressure approached the 
suturation value, whereas the surface tension was always 
found by the author to change abruptly in the saturated 
vapour in the several cases examined (water, methyl 
acetate, benzene, ete.), even when an adsorption maximum 
was Indicated by the curve at pressures much below the 
saturation pressure, The molecules on the mercury surface 
were not, of course, subjected to any external forces while 
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the drop was forming, but the two phenomena differ also in 
some other respects. In the experiments on static friction 
the vapour pressure of the lubricant had to exceed a definite 
small value before any change in the friction could be 
observed. The surface tension of the mercury, on the other 
‘ hand, is sensitive to the most minute traces of organic 
vapours, at vapour pressures presumably very much lower 
than this limiting value in the friction experiments. There 
possibly is a limiting pressure for the surface tension, but it 
is too small to be appreciable in the present experiments. 

Another important factor is the time-of formation of the 
primary film. Hardy found with some substances that the 
molecules took twenty minutes or more to orient themselves 
on the surface. The author has always observed, on the 
other hand, that the adsorption of unsaturated vapours on the 
mercury surface is a very rapid process, and the maximum 
lowering of the surface tension occurs in less than a minute. 
The somewhat longer time necessary to form the condensed 
film from the saturated vapour must depend more on the rate 
of diffusion of the molecules to the surface, and hence the 
presence of the air and thie distance of the mercury drop from 
the water surface must be the principal factors in the process. 
To test these points further the author has begun some 
experiments on the adsorption of vapours in the absence of 
air, which will be discussed later. 

A few words may be said here about the work of Cantor 
(Wied. Ann. lvi. p. 492 (1895)) which has a direct bearing 
on the present experiments. Cantor argued that it was 
possible to condense the vapour of a liquid on to the surface 
of another liquid at a pressure less than the saturation 
pressure, owing to the decrease in free energy at the surface. 
The particular equation he derived is true only in so far 
as the pressure is independent of the thickness of the 
condensed film; but he afterwards ignores this assumption 
in deriving the equation for the tension of the composite 
surface. The argument is faulty and is based on incomplete 
experimental evidence. From the author’s results it would 
seem that the transition from an adsorbed film, possibly only 
one molecule in thickness, to a condensed film having the 
properties of the liquid in bulk, is more abrupt than was to 
be anticipated on any such theory as Cantor's. 

Cantor considered that, because the vapours of benzene 
and amyl alcohol generated at 21° C. were able to lower the 
surface tension of mercury at 23° C., there were good 
grounds for supposing that condensation of the vapours had 
occurred at a temperature above the saturation temperature, 
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and consequently below the saturation pressure. These 
results do not necessarily indicate that condensation has 
occurred, and so far as the anthor can see from the actual 
values of the surface tension change, they merely show the 
existence of a primary “ gaseous ” film. 


The Adsorption and Condensation of Benzene Vapour. 


Of the other substances studied the most interesting was 
benzene. A pure specimen of this liquid was obtained by 
freezing a good thiophene-tree sample that had been used 
for cryoscopic purposes. The crystals were melted and the 
liquid distilled, the portion boiling at 80° C. being 
collected. It was afterwards dried over phosphoric oxide 
and again distilled. 


Fig. 2. 


SURFACE TENSION OF MERCURY. 


C 10 20 30 40 50 60 7O 80 90 100 10 120 MM 
PRESSURE OF BENZENE VAPOUR. 


The results of experiments with benzene vapour are 
recorded in Table V., and the curve in fig. 2 was constructed 
with the aid of these data. Jt is similar in form to the 
previous curve obtained with methyl acetate. and illustrates 
an apparent adsorption maximum before condensation of the 
vapour takes place. 
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The results in Table VI. show that, as in the case of water 
vapour, the condensation of benzene under static conditions 
tukes some minutes for its completion. 


The Reversibility of the Phenomenon. 


When the drop issuing from the pipette had grown toa 
certain size in the vapours of water or benzene, and was 
about to break off, this detachment could sometimes be 
retarded by dexterously forcing a current of dry air into the 
dropping-chamber, and sweeping out the vapour. The fact 
that the drop could afterwards grow toa larger size before 
detaching is some evidence for the belief that the pheno- 
menon is a reversible one, as the surface tension was 
evidently increased by desorption of the vapour. 


TABLE V. 


Temperature Vapour pre Drop , : 

of a e 7 bei enes i Aane punter’ tenson: 
— O mm. 0:1903 gram. 472 dynes per cin, 

0° C. 26:5 ,, 0:1668 ,; 415 % ‘i 

54 ,, 87:0 ,. 0:1636 .. 410 n T 

8l 421 ,, 0:1610 ,, ~ 406 T ‘ 

112 ,, 499 ,, 0:1592 ., 402 T 5 
15:5 ,, 61:8 .. 0:158 .. 400 ss 7 
20:0 _,, 763 ,, 0:1565 . 396 s pa 
28-0 ,, 101:0 ,, 01562 395 A E 

(saturated to to 
vapour). O1416 ,, 3o4 ” ” 
TABLE VI. 


Condensation of benzene on mercury near the 
benzene surface. 


Period of drop. Drop weight. Surface tension. 
2 minutes 0:1522 grams. 388 dynes per cm. 
5—20 Ol416 ,, 954 ‘3 7 


The Calculation of T from the o-p Curre. 


l ' 
The tangent to the o-p curve, the value of dp’ enters 


into the Gibbs equation for calculating the value of F, the 
excess surface concentration of vapour. Such a calculation 
is meaningless, however, when the curve becomes asymptotic 
to the line of lowest surface tension, as the tangent gradually 
approaches a zero value. All we are concerned with is the 
maximum value of T, and that such a maximum exists is 
evident from the following considerations. 
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The Gibbs equation, Peg 62 since p is proportional 
dp j 
do 
l d log p 
18 a constant. Taking the values of log p for the abscissæ, 
and those of o for the ordinates, the usual form of curve 


to p, may be written in the form T= —k , where $ 


would be as shown in fig. 3. The value of oo passes 


d log p 
Fig. 3. 
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through a maximum at the point of inflexion I, and so also 
must the value of F be a maximum at this point. The 
theory, of course, is quite unable to predict the shape of the 
curve, but in making any calculation of I, especially when 
we desire to know the actual value of the saturated adsorp- 
tion, it is important to bear this point in mind, though most 
Investigators seem hitherto to have ignored it. 

In the case of water vapour at the pressures examined, 
the curve (fig. 1) does not indicate a maximum value of the 
surface adsorption, which is still changing fairly rapidly 
with the pressure, just before the saturation point. 

The value of I at the saturation point was found to he 
1°83 107% gram per sq. cm., which is somewhat less than 
that required for a monomolecular film (3 x 1078; see also 
Langmuir, Jour. Amer. Chem. Soc. xl. p. 1379 (1918)). 

The maximum value of P for benzene was found to be 
6°2 x 107% gram per sq. em. From this it can be calculated 
that the area per molecule on the surface is 21 x 107)8 sq. 
em. This is very near the value 23°8 x 107!® sq. em. which 
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Adam (Proc. Roy. Soc. A, oiii. p. 676 (1923)) gives for 
the area per molecule of certain benzene derivatives on the 
surface of water. 

There seems to be some evidence, therefore, for the 
assumption that vapours adsorbed on the surface of mercury 
tend to form primary monomolecular films. 


The Surface Tension of Mercury ina Vacuum. 


There exist some discrepancies in the literature dealing 
with the measurement of the surface tension of mercury in 
a vacuum. The results of Stockle (Wied. sinn. lxvi. p. 499: 
(1898)), which are more often quoted than any others, show 
some remarkable anomalies. He found that the surface 
tension in air and certain gases was always higher than in a 
vacuum, but it fell after a time to tle same value. More 
recent experiments, those of Hogness (Jour, Amer. Chem. 
Soc. xliii. p. 1621 (1921)), Harkins and Ewing (ibid. xlii.. 
p. 2539 (1920)), Palacios and Tasala (Anal. Fis. Quim. xx. 
p. 505 (1922)), do not confirm these results, and these 
workers found that the surface tension was either the same 
in a vacuum as in dry air and other indifferent gases, or, if 
anything, a little higher. One would expect the adsorption 
of gases to lower the surface tension, and would be inclined 
to think that these later experiments were morc reliable, 
though Stockle’s experiments seemed to be carried out with 
no less care and precaution. It was obvious to the author 
that this point must be finally settled before continuing. 
investigations on the adsorption of vapours. 

Devices for measuring the surface tension of mercury in a 
vacuum by the drop-weight method have been described by 
Cenac (Ann. de Chim. Phys. xxix. ser. 8, p. 298 (1913)) and 
Harkins and Ewing (loc. cit.), but they were not found 
wholly suitable for the present purpose. In addition to this 
type of measurement, the surface tension in vapours un- 
mixed with air had to be measured at different pressures and 
temperatures, and the device had also to allow of a varying 
period of drop formation—a few seconds to an hour or 
more,—which considerably increased the difficulties of the 
technique. 

The original apparatus went through several staves in its 
development, but the final form adopted will be readily 
understood from the diagram (fig.4). The distance between 
the dropping-chamber P and the container R was about 
four feet, giving considerable flexibility to the device, and 
permitting the container to be raised and lowered through a 
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distance of several centimetres. The level of the mercury in 
the container was always higher than the column of mercury. 
throughout the length of the capillary tube, so that no part 
of the column was under a negative pressure when the 
apparatus was evacuated. The minute capillary K was 
introduced some distance down the tube, so as to be on the 
same level as the orifice. ‘These precautions were taken to 
minimize the danger of the column detaching at any point, 
as great ditħculty was experienced in getting regular drop 
formation in some of the earlier apparatus, owing to defects 


-of this kind. The tip of the pipette was made in the manner 
described in the previous paper, and the diameter measured 
with the aid of a travelling microscope. It was necessary 
for the orifice to be only one centimetre from the bend in 
the tube, and some of the tubes had to be discarded on this 
account, as the bending tended to make the capillary 
elliptical in cross-section. j 

The apparatus was evacuated by means of a two-stage 
mercury vapour pump, operated by a Toepler pump. This 
arrangement helped to promote a quiet and regular ebullition 
of the mercury in the vapour pump, and hence to minimize 
vibration effects. 
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In the first experiments pure mercury was transferred 
to F, and distilled over into R at a pressure of 10-* mm. In 
removing the cup C, air from the room passed into the 
apparatus, in addition to air already admitted by the tap Ty, 
and then some rather remarkable results were obtained. 


Tarte VII. 
Temperature 18-19° C. Surface tension, 
In air, pressure 763 mm. 456 dynes per cm. 
o 130 ,, 440 $ ‘3 
ie 24 CO, 420 ji 7 
% 10-4, 410 Š F 


As the pressure of the air in the apparatus was decreased, 
the surface tension gradually fell, and diminished ver 
rapidly as the pressure became very low (Table VII. and 
fig. 5). lt seemed as though it were a selective adsorption 


Fig. 5. 


© 


400! 


100 200 306 400 500 600 700 800 
PRESSURE IN MM HG l 


effect, some impurity tending to adsorb on the mercury 
surface more readily in a vacuum than in air. Such an 
impurity would obviously be of a condensable kind, not 
readily detectable by the McLeod gauge, and might be water 
vapour—always the last gas to be removed from any vessel, — 
or some volatile compound from the lubricant of the taps, or 
from the phosphoric oxide used for drying purposes. The 
effects were apparent, however, whether the phosphoric- 
oxide tube were inserted or not, and a change of lubricant 
from rubber grease to meta-phosphoric acid did not alter the 
results. Attempts were made to do away with the lubricant 
altogether and to use mercury seals, the manometer M and 
the flask L were removed, and a liquid-air trap inserted 
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between the mercury-vapour pump and the dropping- 
chamber. These changes, however, were without effect, and 
it would seem that the impurity was coming from the glass 
or from the mercury itself. The apparatus was then dis- 
mantled and thoroughly re-cleaned, and dried in a current 
of hot air. The mercury was re-distilled, twice in a current 
of air, and then ¿n vacuo. Determinations were then made 
as quickly as possible after distilling the mercury into the 
container. The surface tension was found under these 
conditions to be 475 dynes per cm. at a pressure of 10-5 mm. 
On admitting uir it fell to about 460, and on re-evacuating 


D 
to 10-° mm. it decreased, as before, to 410 dynes per cm. 


Tare VIII. 


Period of drop. Surface tension. 


In air, atmospheric pressure 


760-750 mm. 30 seconds. 456 = dynes per cm. 
5-10 minutea. 450-448 3 
1-2 hours. 450-446 __,, 
pressure 13 mm. 10 seconds. 460 7 o 
1 minute. 440 s P 
5-10 minutes. 427 T 
pressure 10-7? mm. 20 seconds. 417 i 7 
5-10 minutes. 412 s 5 


It was interesting to observe also that the impurity was 
adsorbed more quickly in a vacuum than in air (Table VIII.). 

Hogness (loc. cit.) states that a thorough preliminary 
heating of his apparatus was necessary in order to obtain 
the maximum value for the surface tension. This was 
presumably to drive out all the condensed water from the 
system, which the vacuum pump, of itself, was unable to do. 
Harkins and Ewing (loc. cit.) merely state that the pressure 
in their vacuum was so low as to be undetectable by the 
McLeod gauge (below 10-7 mm.). These workers did not 
observe the interesting phenomenon described in this paper, 
but they seem to have adjusted conditions whereby it would 
be overlooked. 

On admitting water vapour into the dropping-chamber— 
temperature 18° ©. and pressure 15°5 mm.—the surface 
tension was found to be 411 dynes per cm. The vapour was. 
saturated, but did not readily condense on the mercury 
surface. This is much the same as the surface tension zn 
vacuo, and it is possible that the adsorption of water vapour 
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from the glass of the apparatus is responsible for the 
anomalies that have been observed. 

It is possible, also, that the presence of air may raise the 
pressure of water vapour necessary to form a saturated, 
adsorbed film, but this by no means invalidates any of the 
conclusions arrived at in the earlier part of this paper. At 
the same time, it seems remarkable that an adsorbed film of 
water at ordinary temperatures can exist on a mercury 
surface at so low a pressure as 107° mm. This matter is 
being further investigated, but it would seem that similar 
etfects to those described were operative in Stockle’s experi- 
ments, and were responsible for the anomalies he observed. 

I am indebted to Professor Donnan for the great interest 
he has taken in this investigation, and to the Royal Com- 
missioners of the 1851 Exhibition for a scholarship which is 
enabling me to continue the work. 


The William Ramsay Laboratories of 
Inorganic and Physical Chemistry, 
University College, London, 
April 23, 1924. 


Errata. 
Phil. Mag. xlv. 1::23:— 
Page 1090, lines 13, 14, read: “any liquid of known density.” 
Page 1093, liue 8, read: ‘density of benzene at this 
temperature is 0°879.” 


XXI. Adsorption Forces and their Flectrical Nature. By 
Professor Boris ILIN, the Physical Institution of the 
Science Institution of Moscow *. 


[ A Preliminary Report. } 


HE existence of a close relation between adsorption 
and the phenomena of surface tension, the phenomena 

of the potentials of electrodes, the phenomena of electro- 
eapillarity, the coagulation of colloidal solutions under 
the influence of electrolytes, leads to the problem of the 
electrical nature of the forces of adsorption. But if one 
considers the potential of adsorption as electric, one is able 
to look for definite relations between electrical constants and 
the adsorption capacity C~ and the heat of adsorption Q, 
because the relation of C~ and Q to the adsorption potential 


+ Communicated by the Author. 
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can be established by aid of the reasonings of Eucken * 
which led him to the formula: 


e 
N SangeT 
ie ZE — 
t 
yH JN 


Here S is the surface of adsorption. 
o=p,+ p>, where pı and pz are the radii of the molecules 
of the adsorbent and the adsorbed substance respectively. 


Cae ge wee whereas Kg is a private quantity for the 


; a 
potential of attraction K= P for r=os. 


Using the same method +, and considering the potential 
of attraction as an electric potential, I arrived at the 
relation : 


h 
nN ——-(r =ø) 
< RT” trv 9 
CO. = Sn =A [a —1], - 3 © 
where ry is the width of the adsorption film, and “b” enters 
into the expression for the force of adsorptive attraction 


F=; and is defined by the position of clectrical charges 


of electrical fields of the adsorbent and of the adsorbed 
substance ł. 


For the case of the adsorption of ions 
| b = U’kn, 


where y is the elemental electric charge, x the valency 
of the ions, b' a constant. 
Therefore 


’ 


b'en 


RT Tar Coo) 
C = S ry aes e Tr, — 1 e e 2 

6 No b'en ’ ( ) 
a relation which gives an explanation of the strong 
augmentation of the coagulating action with addition ot 


electrolytes of higher valency ł. 


* Eucken, Ber. d. deutsch, Phys. Ges. xvi, p. 845 (1914). 

T For a more general case, when adsorption is not limited by the 
surface densification alone, I developed a general theory of adsorption 
processes, tested by experiments. Fide Iliin, ‘ Reports of the Physical 
Tnstitution of the Science Institution of Moscow,’ i. (1921); Hiin, Zeit. 
f. phus. Chem, evii. p. 145 (1928). 

t Min, ‘The Electrical Nature of the Adsorption Forces’: a Report 
to the Physical Institution of the Moscow Sci. Inst. Dec. 1920; “ On 
the Theory of Absorption Processes,” Proceedings of the 3rd Mendelejev 
Congress at Petrograd, May 1922. 
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The aim of this work is, besides the equations (1) and (2), 
to find even definite relations between the adsorptive 
constants C„ and Q and the dielectric constant e of the 
adsorbed gas—considering not the adsorption of tons but 
the adsorption of neutral molecules, and considering the 
- neutral molecule as a compound of positive and negative 
charges according to contemporary conceptions of electron- 
theory displaced under the influence of the external electrical 
field of the adsorbent. 

In fact, if the forces of adsorption are of electro-statical 
origin, then the tension of the field of the adsorbent E placed 
in an adsorbed gas is defined by a known relation: 


E = Eo—4rNdr', 


where dn’ is defined by a displacement of charges in the 
gas molecule under the influence of the field; d is the 
distance between the displaced charges, 7! the size of 
the charge, N the number of the charges of both signs in 
a unit of volume ; Ky, the tension of the field of adsorption 


in a vacuum ; E=— the tension of the field of adsorption 


in a gas with a dielectric constant e. 
Therefore 


ee E ER 2) TEE 


For the tension of a field of adsorption, leaving the 
question of the distribution of the electric charges on 
the adsorbent open, we make use of the expression 


where e, characterizes the electric density on the adsorbent. 
For the force of the field of adsorption acting on the neutral 
molecule, we have 
1 1 v.d 
= foe, Vee poss 
F = een'( (r+) €1-% pet) 


= and considering (3), 


Viv oe E —) s & a. 13) 


etl pytli darN € 


for the given case “b” in the formula (1) is equal to 


E, e— 1 -1 
lV -a x 7 9 


InN \ € 
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and substituting this expression in the formula (1), we 


` obtain 
Ey (=) 
ntl "årN Cea 
O a P= 
y Bo e1) 
“1 daN\ e€ 


or in rejecting the unity in comparison with 


ey Po C) 
1” V drN e 


e Rr! (ro—0) 


? 


we have 


log $C, ; (S) = log A+B(‘—*) log e, 


where A and B are expressions no longer containing the 
dielectric constant e. The following Table I. (Graph 1) 
gives corresponding experimental data :— 


Taste I. (Graph 1.) 
Dielectric Constant e and the Adsorption Capacity C.. 


logC .. log ©. (=) }. 


PEE EESE EREN noel aes 
Adsorbed Dielect. constant Data of Data of Data of Data of 
gas. €. I. H. Homfray. A. Titoff. I. H. Homfray. A. Titoff. 
Ho operes 1000264 auan, —O644 ooun --4: 224 
Arnan 557 —11l+3 oa. -136 2... 
IN. cyra 581 —0°9243 +0°37 —1:16 — 2°87 
CO riere 695 -—O7043 o onan —O86 uan 
CHi igen 944 —O254+3 aee —O27 oo. 
OOF create 985 +0°204+3 + 1°48 +019 -1-53 
OH ae 1312 +05843 un, +0:70 


The linear interrelation between log fo. (F) and 


e—l i 
aes required according to the theory is confirmed. 


Because the heat of adsorption Q is defined by thie 
potential of attraction, it is evident that according to the 
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above-mentioned considerations a definite relation must 
exist between Q and e* 

In a vacuum the adsorbent (also cool) has an external 
energy of a field of adsorption whose density is expressed 


by 
E’ 
0 Sar’ 
where Ey, is}theitension of$the field of adsorption in a vacuum. 
Graph 1. 


© Data J.H.Homnfray 
@ Data A.Titoff. 


If the adsorbent is placed in a gas with a dielectric 
constant e. then the density of the energy of the field of 
adsorption has to change into 


where E=—” is the tension of the field of adsorption in 
€ 
a given gas with a dielectric constant e. 


* The deduction and the calculations concerning Q were made by my 
co-worker, Mr. B. B. Tarasov, who is working with a great amount of 
material and whose work is shortly going to press. 
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The difference Wy>—W, defines the specific heat of 
absorption Q: - 


E? «KE? = &§E,? (/e—1 
SWW e ee es ee 
Q=Wo- Wi 8m Br se ( € ) 
The same result can be obtained if one considers Q as a 
potential of the force of adsorbing attraction : 


—_ y Ey =") 


| ened ae 


pvt! daeN € 


Taste II. (Graph 2.) 


Dielectric Constant e and the Heat of Adsorption Q. 
The Heat c Adsorption, 


foe — sn 
Adsorbed Dielectric constant Data of Data of 
gas. €. I. H. Homfray. A. Titoff. 
Ho rs 1:°000264 ana 2408 
Àr aan. 557 39938 ae 
ia 58l 4270 4460 
CO ...... 695 48600 le 
OH, ...... 944 5570 uere 
COs sects 985 6560 6467 
CoH, ...... 1312 T800 ae 
Graph 2. 
(e 
c 
.Q 
> 
a 
3 
< 
Se 
© 
~ 
S 
I C2 
f 
CO, 
N, CH O Data J.H Homfray. 
4 
Co & Data A Titoff. 


Experimental data prove the proportionality between Q 


E€ — e . . . . 
and ~~ as required by the theory quite satisfactorily, 
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especially if one takes into consideration considerable 
mistakes in the definition of the heat of adsorption and 
of the dielectric constants. 

As Debye * has shown, the constant of attraction in the 
equation of van der Waals is nothing else but the electro- 
static energy of the molecular attraction, or, according 

: ; —1 i 
to our conceptions, a quantity related to < ~ Without 
establishing any definite law, we give here items which 
show a quite definite parallelism in the growth of log C., 


Q, = and of the constant of van der Waals. 


TACLE IIT. 


Attraction-Constant of van der Waals and Adsorption Constants. 


log Ow. Q. 

ite Re ++, Attraction- 

Adsorbed Dielect. const. Data of Data of Data of Data of constant of 

gas. €. I. H. Homfray. A. Titoff. I. H. Homfray. A. Titoff. van der Waals. 
3 ae 1000264  —...... 06H ase 2408 000042 
| eee 557 —11143 a... 3993 casas 259 
Ne Meme: 581 —0°92+3 +0°37 4270 4460 268 
CO ors 695 07043 sees 4860 a. ass 275 
CH, ... 944 -02543 o DSO ë men 367 
CO, 98 +0:20+3 +148 6560 6467 699 
C Ha a 1312 +058+43 oun T800 aan 833 
Conclusions. 


The general results of this work are as follows :— 


(1) On the basis of a conception of an electric nature of 
the forces of adsorption, we have obtained a relation 
between the adsorption capacity C. and the dielectric 
constant of the adsorbed gas e in the form 


E, c 
id 4r N\ € ) , 


which is proved by experimental data. 


(2) On the basis of the same conceptions, the heat of 
adsorption Q is defined by the difference between the external 
energy of the adsorption field of the adsorbent in a vacuum 


* Debye, Phys. Zeit. xxi. p. 178 (1920). 
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and in a given gus with a dielectric constant e, and for Q we 
have obtained the equation : 


This relation is in good accordance with experimental 
data. 


(3) A definite parallelism in the changes of logC., Q, 
=~ , and of the constant of van der Waals is established. 


Finally I have to express my deep gratitude to the 
Member of the Russian Academy of Science, Professor 
P. P. Lasareff, the Director of the above-named Institution, 
where some of my work and that of my co-workers is 
- conducted, for the lively interest and attention given by him 
to it. 


Physical Institution of the 
Science Institution of Moscow, 
lith August, 1923. 


XXII. The Number of Alpha-Particles emitted by Radium. 
By Vicror F. Hess, Ph.D., and Rogert W. Lawson, 
D.Sc., F.Inst.P.* ' 


TN a recent communication (Zeit. f. Physik, vol. xxi. 

pp. 187-203, 1924), H. Geiger and A. Werner pub- 
lished the results of a redetermination by the scintillation 
method of the number of alpha-purticles emitted per second 
from 1 gram of radium, and find this number to be 3°4 . 10”. 
Although this value agrees with that originally found by 
E. Rutherford and H. Geiger (Proc. Roy. Soc. (A), lxxxi. 
p. 141, 1908), it differs from the corrected value 3°57 . 101° 
given by E. Rutherford (Phil. Mag. (6) xxviii. p. 320, 1914), 
and still more from that found later by the present writers, 
viz. 372.10! (Wren. Ber. exxvii. p. 405, 1915). In view 
of this discrepancy, perhaps we mav be permitted to make 
some comment on Geiger and Werner’s results, more 
especially as in our earlier work on this subject we also 
obtained results comparable with those of Geiger and Werner, 
and only after protracted experimenting and numerous 
Improvements in our apparatus were we able to overcome 


* Communicated by the Authors. 
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the difficulties involved and arrive consistently at the higher 
figure. After careful consideration of the available evidence, 
we still feel that the value 3°72 . 10'° cannot be far removed 
from the true value, and we propose in what follows to state 
our main reasons for concluding that Geiger and Werner's 
value is too low. 


Radioactive Preparations. 


In consequence of the difficulties connected with the short 
life of RaC, Geiger and Werner decided in favour of small 
conical emanation containers with thin mica window, similar 
to those previously used in the Manchester laboratory, but 
of metal instead of glass. The conical part was of highly 
polished brass (vol. ca. 10 mm.?), silver-soldered at the apex 
to a fine platinum tube (bore O'l mm., length ca. 5-6 mm.), 
to which was fused at the remote end a glass capillary tube, 
which led to the emanation supply. Atter filling the small 
conical container with emanation and mixed gases at a 
pressure of a few cn., it was sealed off byv fusing the glass 
round the remote end of the platinum tube, so that all the 
emanation was contained in the brass cone and the platinum 
tube (fractional volume ca. 1 per cent.). A small correction 
could be added to take account of this inoperative volume of 
the platinum tube. 

To the present writers it appears that the use of such 
containers is open to question. As is well known, platinum 
usually contains quite an appreciable amount of occluded 
gases, which can be partially removed by heat, even in 
boiling water. On cooling the platinum in a gas-filled 
space, it will re-occlude gas, rapidly at first, and then more 
and more slowly with the lapse of time. Now the platinum 
in Geiger and Werner’s emanation containers would neces- 
sarily become appreciably heated in the sealing-off operation, 
and perceptible quantities of occluded gas would enter the 
container, which was at reduced pressure. On cooling, the 
platinum will re-occlude gas from the container, and some 
of the emanation will disappear in this way. It is only 
necessary to assume that ca. 1/20 mm. (at N.P.T.) of the 
mixed gases disappear in this manner to account for the 
10 per cent. discrepancy between the results of Geiger and 
Werner and our own, for whereas the occluded emanation 
will be partially effective in the emanation measurement, it 
will be wholly ineffective in the counting experiments. 
Although this effect may not be as large as 10 per cent., it 
is probably appreciable, and ought to be detectable by means 
of a gamma-ray electrometer. 
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Where continuous measurements are available, we have 
plotted as ordinate the number (Z) of alpha-particles per 
1 gm. Ra per sec., and as abscissa the strength of the prepara- 
tion in millicuries. The average graph through the points 
for the Ra’ determinations with preparations K and O 
_ (Geiger and Werner) are in conformity with the view that 
the emanation (and mixed gases) was removed (in addition 
to disintegration) at the rate of ca. 1 per cent. per day, and 
the Rakim determinations with preparations O and L, though 
less detinite, also indicate a diminution with time. The 
remainder of their measurements are insufficient in number 
to apply this test. Whereas this might be accounted for by 
assuming that their mica window was not perfectly air-tight, 
it seems more probable that it can be explained by a slow 
occlusion by the platinum of the mixed gases in the emanation 
container. In view of this result, it seems feasible to 
suggest that several per cent. of the emanation was involved 
in the initial occlusion by the platinum on cooling (see 
previous paragraph). i 

It is rather unfortunate that Geiger and Werner in general 
only measured the Ra-equivalent of their preparations once, 
and then calculated the amount of emanation present later 
by using the known decay curve of the gas. Repeated 
measurement would have been valuable from the point of 
view of the above considerations. 

It is interesting to note that their result with Em +A +C 
(3:39. 10°) is about 1°6 per cent. greater than that 
(3°33, . 101°) obtained by using RaC’ alone. Whereas the 
emanation is contained in the volume of the container (which 
is at low pressure), the active deposit (RaA, RaB, RaC) will 
be buried in the walls of the vessel by virtue of recoil 
phenomena, and at depths varying from nii to the double range 
of the recoil atoms (RaA and RaB) in the material of the 
walls. Slight scattering and absorption effects would appear 
to be inevitable, and the correction for this is probably 
nearer 2 per cent. than 1 per cent., the amount suggested by 
Geiger and Werner. 


Neintillation Sereens. 


Great care was taken by Geiger and Werner in the 
preparation of the material for their screens. They tested 
samples crystal by ervstal and found that about 98 per cent. 
(990 in 600) gave scintillations with alpha-ravs. Taking 
account of the size of the inactive erystals they estimate that 
their material would be about 99°6 per cent. efficient. These 
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tests, however, seem to have been made on loose material, 
and it is very doubtful whether they would have obtained 
similar efhicacy had they tested the crystals after moistening, 
even with weak resin or turpentine oil, which substances 
were used as adhesives in coating the screens with zinc 
sulphide. It would appear very probable that the use of 
these binding agents will result in a diminution of the scin- 
tillating power of the material. It is a well-known fact that 
binding agents, even water-free varnishes, reduce the surface 
luminosity of zine sulphide mixed with radioactive material 
emitting alpha-rays (luminous substance) to 30 per cent., 
and even less, of their original luminosity. This is certainly 
not due to a reduction of the intensity of the individual 
flashes so much as to a reduction of the number of effective 
hits. | 

Thus, in spite of their having estimated the percentage 
urea of the surface of the screens uncovered by zinc sulphide, 
it is very doubtful whether Geiger and Werner are justified 
in assuming their screens to have 100 per cent. efficiency. 
Hitherto, a screen with an efficiency of 90 per cent. has been 
considered to have about an optimum of practicable efficiency. 


Method of Counting. 


The indirect method of estimating the true number of 
scintillations on the zine sulphide screen, as used by Geiger 
and Werner, although ingenious, is certainly open to criticism. 
Their observations were made by counting simultaneously on 
the front and back faces of the screen. As different counts 
were obtained by the two observers, the legitimate assump- 
tion was made that observer I only sees a fraction à, and 
observer II a fraction A, of the true number of scintillations 
(N). Thus we have N,;=A,.N, and N,,=A,.N, and 
although these two fractions will, on the average, be fairly 
constant for the two observers, it is just as certain that the 
traction for any one observer varies appreciably from day to 
day. A still greater element of uncertainty is introduced 
by their method of deriving N from these observations. 
The number of coincidences during a count is assumed to be 


C=. N =M. M.N, or C=. Ny, =A,. AQ. N, whence 
N= 


Theoretically, this might be justifiable, if all the scintillations 
were of equal intensity, and if the dual registration of the 
scintillations were instantaneous; but in practice it is not. 
Geiger and Werner registered their counts on a chronograph 
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by electrical means, and using a tapping key each. Nowa 
certain time lag occurs between the observation and the 
registration of a scintillation, which, as well as being different 
on the average for the two observers, will also depend on 
circumstances, such as fatigue, the frequency of scintillations, 
etc. ; and what will happen when two or more scintillations 
occur simultaneously ? Moreover, from our own observa- 
tions, we know that each observer is slightly influenced by 
the tapping noise produced by the other observer during 
registration. It was for that reason that we, in our simul- 
taneous counts, soon gave up the chronographic method of 
registration, and resorted to silent counting, the numbers 
being entered at definite periods by a third person. 

From what has been said, it is clear that an appreciable 
latitude will be taken in estimating the number of coin- 
cidences, and almost unconsciously one will be inclined to 
regard as simultaneous, marks which lie approximately one 
over the other. The tendency will thus be to over-estimate 
the number of coincidences (C), and hence to under-estimate 
the value of N. This tendency will be greater, the greater 
the frequency of the scintillations, and would hardly be 
absent for the frequency of ca. 40 per minute, as used by 
Geiger and Werner. 

It has been mentioned above that the factor à would be 
expected to vary from time to time for each observer, and 
not necessarily in the same sense. In view of this, it is 
somewhat surprising to find (lor. eit. p. 196) the value of the 
factor for three different observers given to three places of 
decimals (viz. 0 88-4, 0°904, 917). These values have been 
derived from the total numbers of scintillations counted by 
each of the three observers working in pairs, and under 
different combinations. It would have been more interesting 
if a table had been constructed of the value of > for each 
experimental series, and for each of the combinations of two 
observers. ‘Theaccuracy to ke expected in the determination 
of N would then have been more obvious, by consideration 
of the variation of A for any one observer from one experi- 
mental series to the next. In consequence of such variations, 
the introduction of a third observer (and hence of a third 
value of A) into the series of measurements has probably 
been to reduce the accuracy attainable, if the total number 
(ca. 30,000) of seintillations had heen counted by two 
observers only, 
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Geiger and Werner suggest that the difference between 
their results and ours might be due to the presence of small 
electrometer kicks of secondary origin in our experiments, 
and they draw attention to our paper (Wien. Ber. cxxvii. 
p- 463, 1918) on the photographic registration of alpha- 
particles to.support their contention. We cannot allow this 
remark to pass unchallenged. In the first place, the numerous 
experimental series on which we based our final result were 
performed by the subjective method of counting ; in this the 
average magnitude of an electrometer kick was 10 scale 
divisions, and throws differing from this order of magnitude 
were absent, except for an occasional small throw due to 
vibration caused by passing traffic, and never larger than 
about 0°5 division. The photographic method was found 
less reliable under our conditions than the subjective method, 
and was hence abandoned. 

Nevertheless, it is important to point out that, given a 
sensitive string electrometer of very small period, and using 
an alpha-particle frequency of say 40 per minute, the photo- 
graphic method would be ideal for such work. Unfortun- 
ately, such an electrometer was not available for our work, 
and the Elster-Geitel electrometer was found to be too tardy 
in its action to give accurate results. The string required 
from 1 to 14 seconds to return to its zero line after a kick, 
and 0'13 to 0'2 second to reach its maximum deflexion. This 
introduced difficulties in counting a rapid succession of 
alpha-particles in the counter ; for if two particles followed 
each other within 1/5 sec. they were registered as a double 
throw, but if the second one occurred as the string was 
returning to its stationary position, the momentum it im- 
parted to the string was partially counter-balanced by the 
counter-momentum already possessed bv the string. It is 
clear that variable throws were thus obtained under such 
conditions by the photographic method, some o them 
relatively small humps on the already deflected record. But 
it is quite unjustifiable to suggest that these throws were 
due to secondary causes. They rendered such counts un- 
certain, and for this reason we abandoned the photographic 
method. 

In view of the result obtained by Geiger and Werner, it 
is interesting to recall that, by the photographic method, and 
taking double kicks as single ones, we found a result 
identical with that of these authors. However, by applying 
Marsden and Barratt’s formula to take account of the 
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occasional rapid succession of particles, we were able to 
conclude “ from these experiments, that ‘Z° must be greater 
than 3°6.10', and is probably not far removed from 
3°7.10'°.” This is in good agreement with our visual 
cconnts by the subjective method of counting (viz. 3°72 . 10°), 
for which we can vouch a much higher degree of accuracy. 

One of the most accurate methods of evaluating Z 
theoretically is by equating the kinetic energy of the alpha- 
particle and the recoil atom from radium ‘to the thermal 
energy (in C.G.S. units) as obtained from accurate measure- 
ments on the heat production of radium. Using Geiger’s 

value for the velocity of the alpha-particles from radium, and 
Hess s value for the hourly heat production from radium, we 
calculate for Z the value 3°83.10!. This value is about 
3 per cent. higher than that we obtained experimentally, 
but more than 10 per cent. greater than the result of Geiger 
and Werner. These authors conclude from their measure- 
ments that there can “hardly be any further doubt that in 
the radioactive transformation of the radium atom, apart 
from the kinetic energy of the alpha-particle and of the 
recoil atom, additional energy is liberated in consequence of 
the readjustments taking place in the atomic nucleus.” As 
there are six such transformations between Ra and Rab, 
Geiger’s results seem to involve that 6 times 3 or 18 calories 
per hour are to be ascribed to this extra liberated energy 
resulting from transformation, or 13 per cent. of the total 
measured heat production per 1 gram of Ra (plus Em, A, 
B, and C). This appears to’ be an exorbitantly high figure, 
particularly in view of the fact that the beta- and gamma-rays 
from Ra (B+C) respectively contribute only 3-4 per cent. 
and 4'7 per cent. of the total heat produced by radium and 
short-lived decay products. That there is a probability of 
liberation of extra energy during transformation we do not 
deny, but in our opinion the magnitude of such energy is 
more likely to be in accord with our own experimental results 
than with those of Geiger and Werner. 


SUMMARY. 


After careful examination of the whole of the experimental 
evidence, we are still of the opinion that the number of 
alpha-particles emitted per second by 1 gram of radium lies 
very near to 3°72. 10)", the value we obtained in 1918. In 
the present ie we state our reasons for believing that the 
value (3-40.10!) recently obtained by Geiger and Werner 
using the scintillation method, is too low. In connexion 
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with Geiger and Werner’s work, the following points have 
been discussed :— 

(1) It seems probable that after fusing off and allowing 
their emanation containers to cool, an appreciable fraction 
of the emanation would be occluded in the piatinum lead-in 
tube of the container, and hence a corresponding fraction of 
the alpha-particles would be ineffective. 

(2) Although the scintillating power of the zinc-sulphide 
crystals used in making the screens was tested, it is doubtful 
whether their efficiency is retained after they have been 
mixed with a binding agent, used as adhesive. 

(3) Geiger and Werner’s method of determining the true 
number of seintillations occurring in a given interval of 
time mav readily lead to an under-estimate of this number, 
owing to the uncertainty in evaluating exactly the number 
of coincidences for the two observers 

The criticism of our photographic records raised by these 
authors has been shown to be irrelevant, as our final deter- 
minations were not performed by the photographic method, 


The University, The University, 
Graz. Shethield. 
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XXIII. Reflexion of Plane Polarized Light by Etched Metals. 
By Miss OLWEN Jones, /3.Sc.* 


[Plate V.] 
$1. were plane polarized light is reflected normally 


from an etched metal surface, and the reflected 
livht is analysed by a nicol prism, changes in the intensity 
of the light occur as the metal surface is rotated in its 
own plane. Under microscopic examination, changes in the 
individual crystals can be observed. 

In the examination of the specimens, white light or the 
light of a mercury are lamp was used—filters being some- 
times employed. The light passed through an aperture in 
the side of the microscope tube and was reflected on to the 
metal surface by a glass slip. When plane polarized inci- 
dent light was required, the polarizing nicol N} was placed 
with its shorter diagonal parallel to the glass slip. In what 
follows the horizontal direction in which the light first enters 
the illuminator will be referred to as E and W. The incident 
electric vibrations for plane polarized incident light were 
therefore Nand S. The analysing nicol N; was attached to 
the eyepiece. When N, is placed so as to extinguish the 
light travelling up the microscope tube, if no change of 


* Communicated by Mr. J. H. Shaxby. 
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- polarization occurs on reflexion (e. y. normal reflexion at a 
polished surface), the nicols are virtually crossed and are 
referred to as such. Similarly they are virtually parallel 
when N, is rotated through 90° from the crossed position. 

The metals examined included steels, brasses, aluminium- 
bronzes, and copper-nickel, also pure metals—copper, bis- 
muth, nickel, and aluminium, ‘They were polished and 
etched in the usual way. Nitric acid was most frequently 
used, and for copper alloys a solution of ferric chloride and 
hydrochloride acid. The reagents are referred to in the 
course of the paper. 


§2. Very lightly etched specimens of steel were first 
examined exhibiting well differentiated pearlite and ferrite 
structure. On rotation of the stage under crossed nicols the 
ferrite remained uniformly dark, but the pearlite underwent 
changes passing through four maxima and four minima in a 
complete revolution. The pearlite showed the usual striated 
structure, and it was observed that the minima, which were 
in general complete extinctions, occurred when the striations 
were either E and W or N and S in the field, 2. e. either in, 
or perpendicular to, the plane of polarization of the incident 
light. 


Fig. 1. 


Fig. 1 gives the approximate orientation of three pearlite 
grains when the stage reading was 44°. The stage readings. 
for the minima of three crystals were :— 


GY aac 170 (striations) 106° 196° 283° 
CQ) ceca A Cage gy S 2na 922° 
(acn GIE (Cay 3) GO” BOT 339° 


The minima therefore occurred at intervals of 90°. 
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Between the minima the crystals brightened up consider- 
ably and gave maxima when the striations were inclined at 
45° on either side of the N and S line. The same specimen 
was examined with the nicols parallel. When the stage was 
rotated the ferrite remained uniformly bright, while the 
pearlite went through two maxima (striations N and S) and 
two minima (striations E and W). 

A specimen of Muntz metal (30 per cent. Zn, 70 per 
cent. Cu) was lightly etched with nitric acid. It exhibited 
the usual duplex structure—the larger crystals of the 
a phase and the smaller complex laminated crystals of 
the mixed 8 and y phase. When examined under high 
power, faint striations were visible in the second group of 
crystals but not with æ crystals. On rotating the stage 
under crossed nicols the second group underwent the series 
of changes noted in the pearlite, while most of the æ crystals 
remained uniformly dark. On etching more deeply with 
nitric acid, however, the « crystals went through the four 
maxima and four minima in a complete revolution, and on 
examination under high power slowed faint striations. The 
striations in both sets of crystals were N-S or E-W in the 
minimum positions. 

Pure copper was lightly etched with ammonia and ex- 
amined. Individual crystals showed the four maxima and 
four minima. On etching more deeply with nitric acid 
and examining under high power, the striations in the 
crystals became distinct and the directions in the field of 
these at the maxima and minima were exactly as before ; 
also on examining under parallel nicols, the maxima occurred 
when the striations were N-S and the minima when they 
were E-W, i. e. two maxima and two minima, as in the 
steel *. 

Similar results were obtained in the case of bronze (10 per 
cent. Al). A specimen of bismuth lightly etched with nitric 
acid showed several crystals with well marked maxima and 
minima, the stage readings for a characteristic grain being 


Minima ...... 159° 247° 339° 67° 
Maxima ...... 205° 296° 20° 114° 


æ In several of the above cases it was at first thought that one pair of 
maxima (separated by 180°) was brighter than the other pair, e. g. with 
acertain bismuth crystal two maxima (at 303° and 125°) were much 
brighter than the other two (at 213° and 30°). The minima were not 
completely dark and their positions (70°, 173°, 251°, and 350 ) did 
not bisect the angles between the maxima. Similar effects were some- 
times observed in other specimens. They were traced to inaccuracy in 


Phil. Mag. S. 6. Vol. 48. No. 283. July 1924. P 
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A lightly etched brass examined under parallel nicols 
showed some crystals remaining uniformly bright and others 
with two maxima and two minima. Under crossed nicols 
the first set remained constantly dark, the second set again 
showing four maxima and four minima. 

If light was allowed to fall directly on the crystal from 
the side (ordinary oblique illumination) and no nicols used, 
there were two maxima and two minima. 


The readings for a single crystal under various types of 
illumination are :— 


(a) Under parallel nicols. 


Maxima ...... 231° 50° (not sharply defined). 


Minima ...... Not sufficiently sharp to be determined 


with any degree of accuracy. Approximately half-way 
between the maxima. 


(b) Under crossed nicols. 
Maxima ...... 180° 272° 0° 90° 
Minima ...... 227° 317° 46° 135° 


(c) Oblique incidence. 
Maxima ...... 225° 45° 


Minima ...... Very little light reflected at any position 
between the maxima. 


The photographs in Pl. V. are of aluminium bronze 
+°2 per cent. phosphorus (spec. 8). 

In the first pair, a shows the appearance with unpolarized 
light, b with crossed nicols in one particular orientation. 

The 2nd and 3rd pairs with crossed nicols illustrate the 
effect of rotating a specimen through 45°; the maxima in a 
pass into the minima in J, and vice versa. 


§ 3. The most interesting specimen examined (No. 8) was 
of composition Cu 94:8 per cent., Al 5 per cent., P 0:2 per 
cent. In addition to the maxima and minima it showed 


eee 


the setting of N, For an exactly crossed position of N, (ns tested by 
complete extinction of light reflected from a polished surface) the 
maxima were of the same intensity and separated from each other by 
90° and from adjacent minima by 45°. If N, was then displaced very 
slightly to one side or the other one or other pair of maxima brightened 
_ up considerably, the other pair becoming correspondingly darker. In 


fact this affords quite a sensitive means of setting the nicols accurately 
in the crossed position. : 
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very striking colour changes with the rotation of the stage 
or of Ng. 

When very lightly etched with ferric chloride and hydro- 
chloric acid and illuminated in the ordinary way without 
polarized light, the different crystals were only distinguished 
with difficulty and there were no signs of fine structure. 
The surface showed a large number of pits which under high 
power were seen to be partially flowed over by the surface 
film in the manner described by Sir G. Beilby. 

On examination under crossed nicols the individual crystals 
were at once clearly differentiated, being of various degrees 
of brightness, The crystals were large and irregular and 
without the usual sharp corners. Each went through four 
very sharp maxima and minima in a complete rotation. 
With uncrossed nicols there were again two maxima and 
minima, these not being very well defined. 

The following readings were taken for an individual 


crystal :— 


(a) Crossed nicols. 
Maxima ...... 268° 354° 83° 173° 
Minima ...... 313° 43° 130° 223° 


(b) Uncrossed nicols. 


Maxima ...... 315° 135° 


As the stage was rotated under crossed nicols each crystal 
went through a definite colour series. The colours were 
much more marked if N, was shifted slightly from its 
crossed position. 

If tbe stage was fixed so that a given crystal was at 45° 
from a minimum under crossed nicols and then N, was 
rotated slightly in, say, a clockwise direction, the reflected 
light became red. If N, was rotated slightly in an anti- 
clockwise direction the light became green. The same 
colour changes occurred with the stage rotated through 
180° from this position, while if the stage was turned 
through 90°, clockwise rotation of N, produced the green 
and anticlockwise rotation produced the red. 

Similar colour changes were also observed in some speci- 
mens of 95 per cent. Cu, 5 per cent. Al, but the general 
etteet was much less marked. 

The origin of the colours is not at present clear. The 
brilliant effects noted in specimen 8 appear to depend a 
great deal on the depth of etching and the reagent used, and 
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are obtained with difficulty. An increase of the red or the 
green on rotation of N, at a maximum can be more fre- 
quently distinguished, although it is closely allied to the 
whole effect noted in 8. 

The colouring is quite distinct from ordinary tarnishing, 
as tarnished specimens showing bright colour under ordinary 
illumination have been examined and do not show the colour 
~equences under crossed nicols, often appearing quite dark. 

The effect apparently depends on the polarization of the 
light. . Specimen 8 was subsequently etched more deeply 
with nitric acid and examined. The brilliant effects were 
no longer present but slight colour appeared in parts. These 
parts were often still covered with a thin surface film of 
the metal. Several of the crystals showed very regular 
striations under high power. 


§4. The observation of the maxima and minima with 
crossed and uncrossed nicols led to the conclusion that the 
production of the maxima and minima might be due to two 
successive reflexions at tle metal surface. The azimuths of 
the maxima and minima were constant over the whole crystal 
surface even when this was very large. ‘Thus, a bar of 
aluminium, which was kindly sent by Prof. H. C. H. 
Carpenter, contained some crystals measuring approximately 
1 in. or 14 in. across and the appearances were the same 
over each whole crystal. The phenomena-are obviously 
therefore due to the internal structure of a crystal disclosed 
by etching. : 

It has already been shown by several workers that a single 
crystal of a metal consists in general of similarly oriented 
parts. In the Bakerian Lecture of 1899 on the “ Crystalline 
Structure of Metals,” by Sir J. A. Ewing and Professor 
Rosenhain, it is stated that : 


“ Each grain is built up of similarly oriented parts but 
the orientation changes from grain to grain. Etching 
a polished surface developes a multitude of facets 
which have the same orientation over the surface of 
any one grain but different orientations in different 
grains” (Phil. Trans. vol.193, p. 356). 


The behaviour of polarized light would point to the fact 
that the surfaces of some of the crystals are really furrowed, 
i. e., there are two sets of parallel faces reflecting light and 
not only one as is the case in the strained crystals described 
in the above paper (p. 363). 

This supposition is supported by the fact that with 
obliquely incident light the crystals in general appear 


Plane Polarized Light by Etched Metals. 213 © 


brightly illuminated at two positions (separated by 180°) 
ina complete revolution of the stage. Most of the large 
aluminium crystals which can be examined individually 
without the microscope also show two positions for the 
maximum reflexion of obliquely incident light. Measure- 
ments of the direction of maximum reflexion at the two 
maxima showed that the two sets of plunes were inclined 
at 90° or a few degrees more or less. Since the etched 
crystals reflect normally incident light, either 


(a) the etching has not been deep enough completely to 
remove the surface film—giving a polished surface 
effect e.g. in the ferrite grains of lightly etched 
steel ; or 

(b) the exposed furrows mnst have their faces inclined 
at an angle of approximately 90° since the light 
returns along the incident path. 


A certain amount of deviation from 90° would be possible 
as the objective would gather in rays of small deviation. 


§ 5. Suppose that a vertical section of an etched crystal is 
as in fig. 2. Vertical rays incident along AY will not be 


Fig. 2. 


B 


reflected at CB and so will be lost, e.g. ray POQ. The pro- 
rtion of the surface therefore which is effective if only 
rays finally reflected vertically are considered, is 

CX _CAsindsin 2¢ 
CA  CAcos¢ l 
where ¢ is the inclination of the longer side to the horizontal. 


= 2 sin? ¢, 
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Let the vertical incident light be plane polarized in a 
direction such that the incident vibrations (electric vectors) 
make an angle 0 with the lines of intersection of the slant 
surfaces as in fig. 3, which represents the field of view. 
Let E, and E, (E being the amplitude of the incident light, 
fig. 3) be the components of amplitude of the incident light 
in and perpendicular to the plane of incidence on sucha 
surface as AB (fig. 2) (i. e. polarized perpendicularly to and 
in the plane of incidence respectively). 


Fig. 3. 


S 


Let p=angle of incidence and R,' R,' be the corresponding 
amplitude components of the light reflected from AB. 

This light then falls on the second surface BC at an 
angle ġ'. Let R, R, be the final reflected amplitude com- 
ponents. The usual optical theory of reflexion by metallic 
surfaces gives 


R, = En- — p sing 2) 


; -~ "tan ($+) tan ($ +x) 
an 
a tan (ġ$—x)}) f tan(¢d’—x)) _ : 
R= Bsind | an (bro | Erer = K, sin #@. 
Similarly, 
= sin (ġ$— x) sin ($'—x%) l _ 
R, = E cos 6 | Gs (aces = K, cos 86. 


K,, K, being constants as far as amplitudes are concerned, 
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since in a given crystal as the stage is rotated ¢ and qd’ 
remain the same. 

The resultant amplitude R along the E W line (i. e. the 
direction of vibrations transmitted by the analyser) is then 
given by resolving R, R, in that direction, 7. e. 


R =(K,—K,) sin @cos 0 = 4(K,—K,) sin 26. 
Hence the intensity is a maximum when 


T 3m 
20 =3 or g? 


i. e. 0 = 45° or 135°, 


and no light will be transmitted when 0=0° or 90°. 

Hence maxima occur four times in each revolution in 
accord with the observed phenomena. 

With parallel nicols N, transmits light along the NS line. 
Therefore the resultant 


= K, sin? 6 + K, cos? 0 
= K,—(K,;—-K,) sin? 0. 


. e Ld e e nr 
This gives maxima or minima at 0 = or 


at 0 =0° or 180°, R=K,, 
at @= 90° or 270°, R= K.. 
Here K,> K.. 


Hence maxima occur when the join of the slant surfaces is 
parallel to the incident vibrations and minima when it 
is perpendicular thereto, i.e. 2 maxima and 2 minima in a 
complete rotation. 

With a view to obtaining a comparison of effects, blocks of 
metal were set up to represent the “furrows,” the angle 
between the faces being 90°. This was done with pairs of 
blocks of copper, bismuth, brass, nickel, and copper-nickel, 
and the furrows examined under the same conditions as the 
crystals. 

In all cases they showed the same maxima and minima as 
the crystals, the directions of the furrows corresponding to 
the directions of the striations in the crystals. The effects 
were independent of the use of lenses in examination. 

Further evidence that the cause of the polarized effects 
was to be found in the furrowed nature of the surface was 
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afforded by scratches which under crossed nicols showed 
bright maxima when at 45° on either side of the plane of 
_ incident polarization. A ruled metallic grating was also 
examined under the same conditions and showed very well 
marked maxima and minima, the minima again occurring 
when the lines were in or perpendicular to the plane of 
incident polarization and the maxima at 45° on either side. 


In conclusion I wish to express my indebtedness to Mr. J. 
H. Shaxby for valuable help and advice throughout the 
course of the work, to Mr. ©. Handford for assistance in 
the preparation of some specimens, and to Prof. A. A. Read 
and Prof. H. C. H. Carpenter for providing us with some of 
the specimens examined. 


Summary and Conclusions. 


Etched metal surfaces were illuminated by normally inci- 
dent plane polarized light and the reflected light passed 
through a nicol prism. 

If the analyser is placed so as to extinguish the light 
reflected from a polished part of the surface (“ crossed ” 
nicols) the etched parts show various degrees of brightness 
according to the orientation of the crystal. As the surface 
is rotated through 360° in its own plane each etched crystal 
exhibits 4 maxima and 4 minima. lf the analyser is turned 
through 90° the crystals give 2 maxima and 2 minima. 

In some crystals showing the above effects it was possible 
to distinguish a fie striated structure of the surface under 
high magnification (1800 in some cases). 

The view is put forward that the maxima and minima are 
due to the similar orientation of the parts making up any one 
crystul grain. This regular orientation is developed by 
etching into a ridged or furrowed structure of the surface, 
pce the striated appearance seen under high powers. 

ence light incident normally on the surface of such an 
etched specimen is returned after two reflexions, one at each 
face of a furrow. The state of polarization of such light is 
shown to account for the maxima and minima. 

Confirmatory observations were made by setting up large- 
scale models of such furrows by means of polished blocks 
and by examining scratches and the rulings of a metallic 
grating. 

Viriamu Jones Physical Laboratory, 
University College, Cardiff. 
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XXIV. A Registering Micro-Photometer for Accurate 
Measurements. By Prof. MANNE SIEGBAHN, D.Sc." 


F°”? many purposes, especially in the spectroscopy of 

ordinary light and X-rays, a registering micro- 
photometer is needed. A photometric registering of a 
spectral plate in many cases shows a great deal more than 
can be seen directly on ocular viewing of the plate. Also an 
erroneous conclusion, caused by the physiological impress 
for instance through the contrast effect, may be avoided. 
There have also been constructed and used a variety of 
different micro-photometers, both of automatic registering 
type and also for subjective work, with this motive. Some 
years ago the authorf built an automatic registering apparatus, 
where a fine pencil of light, after passing the photographic 
plate, fell on a thermopile, whose electromotive force was 
then registered with the help of a galvanometer and a drum. 
The drum and the photographic plate were moved through 
different gears driven from one and the same motor. Buta 
registering in this way could not be used for more accurate 
Measurements when it was wanted tbat a certain distance © 
on the registering drum should correspond to a definite 
distance on the Hata, A difference in the tension of the 
straps causes, of course, an alteration of the relation between 
the two distances. 

Considerably better results were afforded by a later con- 
struction f, where a steel band connected the registered plate 
with the registering drum. In this apparatus the tension of 
the steel band was held constant during the registering by a 
load acting on the drum. Some inconvenience, which it is not 
necessary to mention now, caused me to construct a new model, 
which it was hoped would also be able to give still greater 
accurateness in the measurements. This apparatus, of which 
I will now give a short description, is very convenient in use, 
and enables measurements of line-distances to be made with 
a precision of about 0°002 mm. 

From the three figures (figs. 1-3) the construction and 
working of the instrument may be seen. The plate to be 
photometered is placed horizontally on the slide B. This 
slide consists of two micrometrically adjustable parts, where 
the displacement of the photographic plate can be read 
directly to 1/100 of a millimetre and the thousands may be 
estimated. When the photometer is used for the registering 

* Communicated by the Author. 

+ Phil. May. May 1914, p.910; Ann. d. Phys. 1913, p. 689; Malmer, 


Diss. Lund, 1915. 
$ Described by Lindh, Zs. für Phys. vi. p. 303 (1921). 
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of plates, this arrangement is intended to enable different 
parts, say, of a spectral line to be set in for the registration. 
For subjective use of the photometer through observation of 
the deviation of the galvanometer, the micrometer screws 
may be used for measuring the distances for instance between 
the blackening tops of two lines. 

Fig. 1. 


The optical part of the instrument consists of (1) an auto- 
lamp A (for 6-12 volts) with a straight spiral wire, (2) a 
condenser C, (3) an objective D, and (4) a micrometrically 
adjustable slit E. With the help of the condenser an image 
of the filament is thrown on the photographic plate. With the 
coated side of the plate turned down, an image of the film is 
formed on the slit. This operation is best done in the following 
way :—The condenser is lowered a little to geta greater portion 
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of the film illuminated. Then the objective is moved until a 
sharp image of the grains in the film is seen on a white paper 
gummed on the slit-backs. Also it is adjusted so that spectral 
lines are exactly parallel with the slit. After this is done the 
condenser is moved back to the place where a good image of 
the filament on the film is received. This last step may also, 
and with better results, be made through observing on the 
galvanometer when the maximum deviation is obtained. 


Fig, 2. 


The slit-width, divided by the magnification of the 
objective, gives approximately the breadth of the part of the 
photographic plate which is registered. A magnification of 
about 10 times may be convenient, and with a slit-width 
of 0-2 mm. a band: of about 0:02 mm. is cut out of the 
photographic plate. As to the length of the registered 
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band, this was in most cases here described about 1°5 mm., 
as the slit and the thermopile had a length of 15 mm. 
Naturally, a rectangular portion of these dimensions, that is 
1:5 x 0°02 mm. of the photographic plate, shows irregularities 
in the blackening, owing to the accidental arrangement of the 


Fig. 3. 


grains in the film. On working with such small areas it is 
therefore necessary to make registrations on different parts 
of the spectral lines, and then to take a mean of many 
such curves. With four different registrations the accidental 
errors caused by the, grains may be eliminated, as is shown 
in a paper by Mr. Larson and the author * where we used the 
apparatus to find the structure of some complicated X-ray 


* Siegbahn and Larson, Arkiv f. Mat. Astr. o. Fysik, Stockholm, 
924. 
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spectral lines. As we then worked with plates having rather 
large grains, a smaller number of registrations may be 
sufficient on using plates with finer grains. 

To get a stable zero-point of the galvanometer, it was 
necessary to have an etfective shield for the thermopile F 
For this purpose the thermopile was placed in a heavy 
copper cylinder, and then this cylinder was enclosed airtight 
in a second box. 

The most important part of the photometer is the arrange- 
ment by which the holder for the registering plate is connected 
with the slide for the registered plate. As the photometer 
was constructed with a view of enabling accurate measure- 
ments of distances on the registrations, it was necessary to 
use photographic plates instead of paper or film for regis- 
tration of the galvanometer deflexions. These plates are 
fixed on a carrier G, which can he moved vertically and 
exactly on two steel bars of circular section. A third steel 
bar of rectangular cross-section is fixed to the carrier, and 
on the lower part of this one another similar steel bar is 
attached, as seen on fig. 1. The angle between these two 
steel bars may easily be varied as desired. When the 
carrier for the plate is going downwards, the wedge, formed 
by the last two steel bars, is pressed down between two agate 
cylinders, of which one is fixed to the bed and the other 
attached to the horizontal slide. Provided the two steel 
bars have exuctly straight sides, a certain vertical dis- 
placement of the carrier G will correspond to a defintte 
horizontal displacement of the movable slide carrying the 
plate. 

The arrangement to give the slow motion of the registering 
parts is seen on the upper side of the box for the vertical 
carrier. A heliacal screw acting on a nut brings down the 
rotation velocity of a small motor toa convenient amount. 
With the galvanometer and thermopile used in this apparatus 
the registration of a curve took about 5 minutes. 

Some tests of the instruments may be given. The first of 
them was made in the following way:—An ocular scale as 
commonly used in microscopes, with a hundred divisions in 
10 mm., was placed on the horizontal slide, and in the ordinary 
way photometered with three different w ea ge angles. These 
three angles were adapted to vive a magnification (that is 
the relation of the vertical to the horizontal motion) of about 
10, 20, and 40. ‘The turee curves are seen in tig. 4. A 
measurement of the distances between the peaks gives values 
which do not differ from one another more than may be 
ascribed to dividing faults in the ocular seale. Eliminating 
these faults, the exactitude of the distances as measured on 
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the registered plate stays within 0°0025 mm. reduced to the 
distance on the scale. 

It may be mentioned that the exactitude is determined 
principally by the precision with which the sides of the two 
steel bars are made. A still higher precision may certainly 
be attained if the steel bars are made with greater care than 
was the case in this instrument. For our purposes an 
accuracy of 0°0025 mm. was quite suflicient. 

Fig. 4. 
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From the same figure it may be seen that the breadth 
of the scale lines is about 1/3 of the distance between the 
scale divisions. This corresponds to about 0:03 mm. as the 
width of the rectangular area cut out on the glass scale. As 
the magnification of the objective was about 10 times, this 
corresponds toa slit-width of 03mm. Regarding this point, 
it is of interest to note that the image of the filament of the 
lamp is much broader. It shows that it is not at all necessary 
to usea special slit instead of the filament—as has sometimes 
been proposed—to get a good definition of the registered lines. 

From the same figure it may also be concluded that the 
separation in this case was such that the two lines witha 
distance of 0:03 mm. will be wholly separated, and if the 
distance varies down to 0'015 mm., the curve will show a 
groove between the two peaks of the middle of the lines. 
There are no difficulties in getting a somewhat higher reso- 
lution than was given in this case, where the very short scale 
lines were used. With longer lines a finer slit could be used, 
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still giving the same total deviation. Also it is possible to 
give the lamp more current, which enables a further reduction 
of the slit-width without reducing the galvanometer deflexion. 

As an illustration of the working of the registering appa- 
ratus, fig. 5 shows a plate taken from a rather complicated 
X-ray spectral line (Mo-La). Of the four curves the two 
uppermost are taken on the same place of the spectral plate. 
It will be seen that all the small deviations are exactly of 
the same shape in both these curves, showing that they are 
caused by small irregularities in the plate owing to the 
grains. The two other curves were taken after the spectral 
plate had been displaced a little parallel to the spectral lines. 


Fig. 5. 


As we said above, it is easy from some such curves, taken on 
different points of the spectral lines, to eliminate the accidental 
irregularities. The sharp peaks on both sides of the com- 
plicated spectral line are due to two lines scratched on the 
film with a sharp edge. They serve te determine the mag- 
nification when their distances on the spectral plate and on 
the registered plate are measured with a comparator. 

It may be mentioned that an attempt was made, with the 
view of getting an automatic levelling of the irregularities 
caused by the grains in the film. As the spectral lines are 
rather long, an extension of the measured area in the 
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direction of the lines is possible. With the breadth still 
the same, the definition should be as good as before, but the 
irregularities strongly suppressed. This was done with the 
help of two cylindrical lenses shut in, the one between the 
condenser and the plate, and the other between the plate and 
the objective. But the result was not very good, as it is 
difficult to make the adjustments of the optical system 
accurate enough ; also the loss of intensity was rather great. 


_ In the experiments described above, Mr. Erik Biicklin has 
in a very skilful way assisted me. I wish to express here 
my hearty thanks for his valuable help. 


Upsala, Physical Laboratory of the University, 
March 17, 1924. 


XXV. Onthe Measurement of very small Changes of Capacity. 
By Ross Gunn, BASLE, M.S., Instructor in Physics, 
Yale University*. 


T. ultra micrometer has proved of great value for the 
measurement of certain physical quantities, and while 
the methods of Whiddington (Phil. Mag. Nov. 1920) and 
Dowling (Phil. Mag. July 1923) give results, they leave 
much to be desired from the point of convenience, stability, 
and sensitivity. The writer would like to suggest two 
methods that are direct reading and very easy to use. 

The method which will be described first is an extremely 
simple one, but is quite sensitive, giving a change of one 
microampere for a capacity change of 107" farad. By 
increasing the frequency and being careful with the design 
of the electrical circuits, this may be improved considerably. 

The essential features of the circuit used are shown in 
fig. 1. The radio frequency oscillator A should be capable 
of delivering three or four watts at a frequency of about 
1,500,000 cycles. The anode coil of the oscillator In is 
coupled loosely to the coil Te, which, together with the 
capacity to be measured, C} makes an oscillating circuit. 
This circuit, in which the losses should be kept as low as 
possible, is connected with another vacuum tube, as shown in 
the diagram. The grid biasing battery B, should have a 
potential of at least one-third that of the anode battery By. 
In general this will be more than sufficient to reduce the 
anode current to zero, when there is no impressed A.C, voltage 
in the circuit LoCo. 

The sensitivity is somewhat greater when the impressed 
A.C. potential is sufficient to cause an anode current of about 


* Communicated by the Author. 


very small Changes of Capacity. 225 


100 microamperes. Tke battery Bg and resistance R are 
used to balance out this current if it is found desirable when 
using a very sensitive direct current microammeter or 
galvanometer. 

To adjust the arrangement, place a shunt across the micro- 
ammeter so that two or three milliamperes will give full 
scule deflexion. Tune the oscillator A by slowly changing 
(C, until resonance is reached in the circuit LC, which 
condition will be indicated by a current through the meter. 


Fig. 1. 


Loosen the coupling between TL, and Ly, and remove the 
shunt from the meter. The most sensitive point will be 
found by adjusting the coupling so that a current of approxi- 
mately 100 microamperes flows when the circuit LC, is 
adjusted to a point just off of resonance. 

With this simple arrangement it 1s often possible to feed 
some of the anode energy back into the grid circuit with a 
considerable increase in sensitivity. One method of doing 
this is by means of the coil L3, but in general it is hardly 
worth while, as the circuit is essentially an unstable one. 

The second method (shown in fig. 2) is closely related to the 
one described above, for a capacity bridge replaces the single 
condenser formerly used. If the bridge and the coupling 
coil L; be so adjusted that they resonate approximately with 
the impressed frequency, and if one of the capacity arms of 
the bridge be changed, it is obvious that the potential 
impressed on the grid of the output vacuum tube will change, 
for two reasons: first, the usual variation caused by the 
changing of the impedance of the bridge-arms ; and second, 
the variation due to tuning, as in the first case. [t is then 
apparent that the most sensitive condition is realized when 
the bridge itself is not balanced. The diagram shows the 
arrangement of the various parts, and needs little explanation, 
as the details will occur immediately to the reader. [t is 


Phil. May. S. 6. Vol. £8. No. 253. July 1924. X 


226 Notices respecting New Books. 


evident that the proper adjustment will require some skill, as 
there are two conditions to be satisfied simultaneously for 
maximum sensitivity. 


Fig. 2. 
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It will be necessary to shield the bridge both from the 
surroundings and the associated tubes. With the arrange- 
ment used by the writer, the approach of a person within 
several feet produced a current change of a few microamperes. 
Shielding and proper arrangement oť the parts eliminated 
this, and it was easily possible to obtain a sensitivity of one 
microampere for a capacity change of the order of 10-7'5 
farad. ‘This was accomplished by using a frequency of 
1,500,000 cycles and capacities in the bridge of 125 micro- 
microfarads. Some attention must be given to keeping the 
distributed and stray capacities as low as possible. 
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The Calculus of Observations. A Treatise on Numerical Mathematics. 
By E. T. Wurrraker, Sc.D., F.R.S., Professor of Mathematics 
in the University of Edinburgh, and G. Rosinson, M.A., B.Sc., 
Lecturer in Mathematics in the University of Edinburgh. 
(Pp. xvi+395.) (London: Blackie & Son, 1924. Price 18s. net.) 


"MHIS volume deals with the mathematical problems which arise 

in dealing with numerical data. Such problems are met with 
in many branches both of pure and of applied science, in astronomy, 
in meteorology, in physics and in engineering, forexample. The 
statistician, the biometrician, and the actuary have also constantly 
to deal with them. In spite of the great practical importance ot 
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the subject, it has been almost entirely neglected in the mathe- 
matical courses given at the various British Universities, with the 
exception of the University of Edinburgh, where Prof. Whittaker 
has given courses on the subject for the past ten years. ‘These 
lectures form the basis of the present volume. All those who have 
to deal with masses of numerical data will be grateful to the authors 
for having expanded the substance of the lectures into book form. 
A wide range of subject matter is dealt with, including inter- 
polation, central difference formule and their applications, the 
numerical solution of equations, numerical integration, error laws 
and the method of least squares, Fourier analysis, the smoothing 
of data, correlation and periodogram analysis. 

Much of the material which is here gathered together was not 
readily accessible to the average student. Particular reference 
may be made to a valuable method for smoothing data, due to 
Prof. Whittaker himself, in which the degree to which fidelity to 
the original data may be sacrificed in order to obtain smoothness 
may be varied according to the nature of the problem. 

The treatment throughout is lucid and rigorous and is illustrated 
by many numerical examples. The one criticism which we have 
to offer is that many of these examples deal with integral numbers. 
or coefficients, which do not usually occur in practice. Thus the 
methods given, for example, for the solution of the normal 
equations in the method of least squares and for the determination 
of the weights of the several unknowns are not those which the 
practical computer would normally use. 

The volume ably fills a notable gap in mathematical literature. 
It may be noted that the first four chapters are also published 
separately with the title ‘A Short Course in Interpolation.’ 


Report on Radiaticn andl the Quantum Theory. By Dr. J. H. Jeans. 
(2nd Edition.) (Fleetway Press. 7s. 6d. net.) 


PernapPs no book en modern physics has been awaited more 
eagerly. Dr. Jeans always gives a fair and logical presentation 
of the case for and against any theory, and in this instance, as one 
of the pioneers whose work is too often passed over in current 
writings on spectra, is peculiarly fitted to do so. It is very 
essential that original writers in this country should not confine 
their writings to papers in scientific journals; for our share in the 
modern march of physics is being lost sight of, or ignored, even 
among those who, in a national sense, are the chief exponents at 
at present, even in our language. Perhaps this consideration 
should be emphasised no further, for there is no doubt in 
the mind of a reader of Dr. Jeans’ Report as to the position 
of the subject at present. It is a final account of the 
theory as it exists to-day. But we must recommend readers 
to compare his Report with alleged accounts of the quantum 
theory which never mention the name of Jeans, or of other 
workers in this country, except in purely subsidiary wavs. 
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Sommerfeld’s brilliant generalization—and to a less extent even 
Bohr’s angular momentum principle-—were anticipated in this 
country by authors who receive little, if anv, mention in current 
accounts. This detracts not at all from the brilliant nature of the 
work described ;. but Dr. Jeans is scrupulously fair, except perhaps 
to himself. 

This may sound controversial, but not against the author. 
lt is in some ways a protest, growing daily more insistent 
among workers, against the logical nature of present physical 
deductions. Physics will not advance by the persistency of 

advocates who either slur over or ignore difficulties, and refuse 

to even see phenomena which do not fit into a preconceived view 
of atomic structure and the relation of the quantum theory to it. 
The present Report is not open to this objection. From end to 
end, the author deals with every problem on its merits, and keeps 
an open mind in cases of doubt, but omitting nothing which 
is relevant, either in experimental research or in theoretical 
dynamics. In this respect, his account is unique, and of a 
value which it is difficult to estimate. 

‘The reviewer is writing as one who believes in the fundamental 
validity of the quantum theory in certain respects—as one who 
believes in the views laid down by Bohr, but not the vague ana- 
logies of Bohr's followers, which are opposed to the logical nature 
of Prof. Bohrs cwn writings, which should be taken as a model. 
If we may take a particular case, pointed out already by others, 
Bohr’s correspondence principle is a definite mathematical thing, 
whose application is precisely defined. But in the hands of his 
followers strange things are deduced from it, by analogies which 
entirely obliterate its real significance and value, and cannot, in 
fact, be logically connected with it. At this point we end a plea 
that the writings of Dr. Bohr be taken as the standard— 
Dr. Jeans has so taken them. The result is that his short dis- 
cussion of the correspondence principle may disappoint many 
readers who wish to get ahead; but it is fair and final, and 
contains all that can really be deduced. Perhaps this review 
goes too much into detail on general principles. Yet such 
general principles are always present to those who really see 
the development of the quantum theory in a logical manner. 
Unfortunately, they do not include many of our experimental 
physicists. But they do include Prof. Bohr himself and the author 
of this Report. 

The “adiabatic invariants” of Prof. P. Ehrenfest constitute, 
perhaps, the most beautiful sign of any hope of reconciling the 
quantum theory with the older dynamics. The author gives due 
space to this investigation. 

We can only say, in conclusion, that the first fair picture of the 
present state of the quantum theory has been given—just as the 
first edition of this Report. gave it so soon after the initial formu- 
Jation of the quantum theory. The work before us is quite 
necessary to any library of modern physics. 
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XXVII. On the Strength of Tungsten Single Crystals and its 
Variation with Temperature. By The Research Staff of 
the General Electric Co:, Ltd.* (Work conducted by 
F. S. GovcHer.) 


(Plates VI.- VHI.) 


Summary. 


Br heating drawn tungsten wires to a high temperature, large 
crystals are developed with random orientation of crystal axes, 
many of which occupy locally the complete volume of the wire. If 
these wires are subjected to a suitable tensile stress, some of these 
large crystals will deform by a process of slip; and one will 
eventually fracture. The orientation of the crystal axis in this 
ervstal is such that two sets of slip planes are symmetrically 
inclined to the direction of stress, and the crystal fractures in the 
form of a wedge symmetrical to the stress. This affords a very 
simple means of studying the deformation of single crystals under 
conditions involving a minimum distortion of the crystal lattice. 
Measurements ure made on the strength of such crystals in wires 
of various diameters and at temperatures varying from 700° K. to 
the melting-point. It was found that the time required for fracture 
—which may be regarded as an inverse measure of the mean rate 
of deformation—is approximately an exponential function of the 
load and the temperature; that for a given rate of deformation 
the load is proportional to the cross-sectional area; and—apart from 
transition temperatures—-is a linear function of the temperature. 


* Communicated by the Director. 
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Discontinuities occur in the load-temperature curves at tempera- 
tures approximately 850°, 1600°, and 2600° K. Variations in other 
physical properties are found to occur at the same temperatures, 
which leads to the view that these changes represent “ transfor- 
mation points” of anew type. Some new measurements on the 
thermal expansion of tungsten are recorded. 


(1) Introduction. 


ue deformation of single metallic crystals under stress 

has been studied by G. I. Taylor and C. F. Elam * 
working with aluminium, and by Polanyi and his collaborators 
working with zinc f and tin. It has been established for 
all these metals that deformation takes place by slip on certain 
crystal planes characteristic of the metal, and that this usually 
results in a re-orientation of the crystal axis. In the case of 
aluminium it was shown that the crystal tended to assume 
an orientation such that two sets of slip planes were sym- 
metrical with the direction of stress ; and it appeared probable 
that there would be an equal amount of slipping on these 
two sets of planes near the point of fracture if this condition 
were completely realized: in this case the fracture would be 
a wedge symmetrical to the stress. 

But no systematic study appears to have been undertaken 
on the strength of these crystals, taking into account the 
relation between the rate of deformation on the one hand, 
and the load, temperature, and orientation of the crystal 
planes on the other. Such a study would be very difficult if 
ingots composed of a single crystal were used ; for in such 
ingets there is no constant relation between the direction of 
the crystal axis—before deformation—and the external form 
of the ingot; which no doubt accounts for the wide variation 
of tensile strength observed in such ingots §. This difficulty 
might be overcome by the use of long fine wires made up of 
many crystals oriented in all directions, of which a con- 
siderable number occupy locally the complete volume of the 
wire. [n such a wire chance would insure that at least 
one of them would be oriented relative to the axis of the wire 
very nearly in the direction most favourable to slip under 
stress applied along the wire. If the wire is stretched, slip 
should occur most easily in that crystal which has the most 


* G. I. Taylor and C. F. Elam, Roy. Soe. Proc. A, vol. cii. p. 643 
19233, 

+ Mark, Polanyi, and Schmid, Zeit. f. Phus, xii. (1922). 

t Mark and Polanyi, Zeit. f. Phys, xviii. pp. 75-96 (1928). 

$ H. C. H. Carpenter and C. F. Elam, Roy. Soe. Proc. A, vol. c. 
p: 329 (1922). 
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€avourable orientation ; and if the wire is broken, the fracture 
should occur by a division of this crystal into two wedges 
symmetrical to the direction of stress, with re-orientation of 
the crystal axis. Our experiments show that these conditions 
can be realized in tungsten wires which have been given a 
suitable heat treatment, if wires 10 cm. long and less than 
0:20 mm. diameter are used. Further, tungsten isa suitable 
metal for such investigations, because it can be obtained 
exceptionally pure, and the conditions of crystal growth can 
be so regulated that the crystals are very uniform. 


(2) Material Employed. 


The tungsten wires employed in the investigation were 
made by the usual process of reducing the oxide in hydrogen, 
and pressing, “ forming,” swaging, and drawing the resulting 
metal, The oxide employed was prepared with all possible 
precautions for purity; most of the impurities left were 
removed during “forming,” that is to say, heating the 
pressed bar to a temperature in the neighbourhood of its 
melting-point. Ordinarily a forming temperature just under 
3000°K is employed, but in the case of most of the wires 
studied a temperature somewhat above 3000° K. was used. 
As a result of this treatment, and of that involved in growing 
comparatively large crystals in the wire, the residual impurity 
was reduced below 0°01 per cent. 

The drawn wire is, of course, fibrous; but if this wire is 
heated for a few minutes to a temperature about 3000° K., 
“t Recrystallization ”?” takes place, with a random orientation 
of crystal axes, and rapid crystal growth occurs with the 
result that many of the crystals till the whole cross-section 
of the wire. This treatment was applied to all wires used in 
these experiments before the measurements were made, and 
no material was accepted which did not show a reasonably 
symmetrical wedge-shaped fracture, characteristic of single 
crystals in the most favourable orientation. 

Photographs 1, 2,3 (P1. VI.) show such fractures. lis a 
perspective view of a wedge, the outline of the crystals being 
revealed by etching ; 2, 3 show views of another wedge in 
perpendicular directions. The partially-formed wedge should 
he noted; it is markedly asymmetrical, as compared with 
the almost perfect symmetry of the wedge at which fracture 
has occurred ; but in both wedges, the reduction of area has 
occurred in one plane only. Figs. 4, 5, and 6 (PI. VII.) show 
sections through wires, etched to show the crystal structure. 

lig. 4 shows a wedge fracture in a single crystal. Fig. 5 
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shows a partially-formed wedge in one of the smaller wires, the 
deformed part being again a single crystal; the neighbouring 
crystals are not deformed. Fig. 6 is a section of the thickest 
wire used (0'195 mm. diameter) ; it shows that even in this 
wire, crystals occupying the full cross-section of the wire are 
obtained, and that deformation—asymmetrical in this case— 
is confined within the limits of such a large crystal. These 
photographs provide sufficient evidence that the fractures 
studied are, like those of aluminium, true single crystal 
fractures ; and that approximately symmetrical wedges are 
formed at fracture. 

Sykes * has previously observed similar wedge-shaped 


fractures in molybdenum wires, and Jeffries and Archer f, | 


hefore Taylor and Elam’s work was published, suggested 
that such wedges might have been caused by slip on conjugate 
planes inclined at 45° to the axis of the wire. 


(3) Deformation of Tunysten Crystals. 


X-ray analysis was used to determine the nature of the 
deformation produced in the fractured crystals. A spectro- 
meter of the photographic type was employed, using Cu Ka- 
radiation ; the constants of the spectrometer were determined 


by means of a crystal of rock-salt. Since the crystal struc- ` 


ture of tungsten is known f, the reflecting planes could be 
identified hy the position of the reflexions on the photograph. 

Figs. 7-11 (Pl. VIII.) show such photographs. Fig. 7 was 
taken with a thoroughly annealed fine tungsten wire—com- 
posed of many small crystals oriented at random—rotating 
at the spectrometer axis parallel with the X-ray beam. The 
wire did not extend fully across the beam, and consequently 
lines appear only in the upper half of the photographs. The 
lines shown are those corresponding to the (110), (100), and 
(112) planes. 

Reflexions from individual crystals, in particular those 
forming wedges, were obtained by mounting the wires in hard 
glass and cutting sections through them in such a way that the 
surface of the crystal to be examined alone was exposed. 
The surfaces were polished and etched, and the reflecting 
planes most nearly inclined to these sections gave intense 
lines, which were as sharp as those obtained from uncut 
crystal. Fig. 8 shows the reflexion obtained from a section 
perpendicular to the axis of the wire through the crystal 

* W. P. Sykes, Am, Inst. Mining Eng. Trans. Feb. 1921. 

+ 7. Jetfries and R. S. Archer, Chem. & Met. Eng. xxvii. p. 751 
122): 

l 5 P. Debye, Phys, Zeit. xvii. p. 483 (19FEF7). 
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forming a wedge; many such photograplis, taken from 
sections cut through different positions of wedges, and 
from wedges formed at different temperatures, establish the 
fact that the crystal forming the wedge has its (110) plane 
perpendicular to the axis of the wire within about 10° in all 
cases. In fig. 9 the reflexion was from a section parallel 
to the edge of the wedge and inclined to the axis of the 
wire; the (112) plane is indicated. Fig. 10 shows a 
reflexion from a section inclined to the axis of the wire, but 
perpendicular to the plane containing the wedge edge and 
the wire axis; it shows a (100) reflexion. These reflexions 
are consistent with a single crystal formation. It is to be 
nuted, however, that the lines in figs. 9 and 10 are not sharp, 
but are drawn out in a direction parallel to the spectrometer 
slit, which indicates a slight curvature in the crystal planes. 

This analysis shows, therefore, that deformation has not 
been accompanied by anv break-up of the crystal or any 
marked re-orientation of the crystal axis. It must therefore 
have occurred as the result of slip along definite crystal 
planes, and the planes of slip must be of the form (11,). 
The (112) planes are the most probable, having the widest 
spacing and the densest packing of atoms ; the full evidence 
that they are indeed the slip planes will be given in a later 
paper. It is remarkable that the (112) planes rather than 
the (100) are the planes of slip, for the (100) were found 
to be the cleavage planes. 

It is of interest to note that the particular orientation of 
the crystal axis with respect to the wire axis in the case 
of the crystals which fracture is that found by Burger * to 
predominate in drawn tungsten wire, although the wire was 
drawn froma crystal aggregate with random orientation of 
erystal axes. Our experiments show that with this orientation 
the crystal is stable, and they yield the additional information 
that under these conditions the crystal offers minimum 
resistance to symmetrical extension by a process of slip. 

The measurements about to be described on the laws of 
flow of these crystals may therefore be considered as applying 
to that condition of the crystal which most frequently occurs 
in the crystal aggregate when deformed under drawing 
stresses. 


(4) The Mechanism of Deformation. 


We reserve fuller discussion of the formation of the wedge 
to a later paper, but certain conclusions with regard to this 
are of importance in connexion with the interpretation of 


* H C. Burger, Phys. Zeit. xxiii p. 141 (1922). 


234 Research Staff of the G. E. C., London, on the 


the measurements to be described. These have to do with 
the time required for fractureand the extension of the crystal 
during fracture. i 

The manner of formation of these symmetrical wedges 
must be that suggested by Jeffries and Archer, except that in 
this case the slip planes are not inclined at an angle of 45° to 
the direction of stress, as he supposed, but at the more 
oblique angle of 35° 15'. They assumed a succession of 
slips on alternate conjugate slip planes, which results in an 
extension of the crystal and at the same time a rednetion of 
the diameter in a plane perpendicular to the two sets of slip 
planes. The reasons for this alteration of slip need not 
concern us here. 


Such a process is illustrated by the diagrams I-VII (fig. 1), 
Fig. 1. 


which rapresent successive stages of deformation of a crystal 
ina test curve. These diagrams are similar to those given 
by Jeftries and Archer. ABCD (No.1) represents a section 
of a crystal eut parallel to the wire axis, AC and DB being 
the directions of the two sets of slip planes. Nos. JI-VII 
show a succession of slips which result in a progressive 
extension of the erystal and at the same time a progressive 
reduction of the diameter in the plane of the section. If the 
slips are small in comparison with the dimensions of the 
erystal, and if there is on the average just as much slipping 
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on one set of planes as on the other, a completely symmetrical 
fracture may be produced. Without making any assumptions 
as to the extent of slipping on any one plane or as to the 
numbers of slips required for fracture, it follows that the 
extension of the crystal is a function of the angle made by 
the slip planes with the direction of the wire axis and the 
diameter of the crystal before deformation. 

Consider the diagram No. VIII. Let ABCD represent 
the crystal before deformation and DOA and C'OB' two 
parts of the divided crystal just after fracture. Let DB and 
AC represent the directions of the slip planes which make 
an angle @ with the direction of the wire axis. Then any 
small slip DD' along DB may be represented as an extension 
in the direction of the wire axis, and as reduction of dia- 
meter y perpendicular to the wire axis where 


y = «x tan ô. 


If we consider the fractured crystal as having been produced 
by the summation of a larger number of such slips parallel 
to DB or parallel to AC, then the total extension BB’ will be 
given by 

BB’ = Xer = Ly cot 8. 


But Èy is equal to AD when fracture occurs, so that 


BB’ = AD cot 0. 
For the value 0 = 35° 15’, 
BB' = 1°41 AD. 


It may be pointed out that the angle p of the symmetrical 
wedge formed by such an extension will be given by 
$ = 2 tan”? (4 tan 6), 
which, if GS a7 I, 
gives $ = 358° dt. 

Many crystal wedges formed by fracture of the test wires 
had angles agreeing with this value within one or two 
degrees. Such a wedge is that shown in photo No. 4 (P1. VIL). 

A large number of wedges had angles larger than this 
value, but the results of experiments to be described in a 
later paper showed that the slip planes were the same as in 
the case of the narrow wedges, though the relative amount 
of slipping on the two sets of slip planes was not the same, 
owing to a slight asymmetry in the inclination of the crystal 
axis with respect to the direction of stress, This slight 
asymmetry would not, however, appreciably effect the total 
amount of extension required for fracture. 
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Assuming that the mechanism of fracture is substantially 
that described, it is clear that the time required for fracture 
serves asa measure of the mean rate of slip or extension 
within the crystal which fractures ; and that in studying the 
conditions for fracture the time for which the load is applied 
is quite as important as the load or the temperature. 

Doubtless, owing to the progressive reduction in area of 
the slip planes, the rate of extension will increase rapidly near 
the point of fracture; and if distortion of the slip planes 
occurs the rate of extension will be altered. But it may be 
safely assumed, however, that crystals of equal diameter 
which deform into similar wedges on fracture will deform 
at the same mean rate if the time required for fracture is the 
same. 


(5) Apparatus. 


In studying the strength of these crystals, a measured 
tension was applied to the wire electrically heated in vacuo, 
and the time for fracture noted. The temperature was 
determined by using the well-established relations of 
Langmuir * between current and temperature. 

The apparatus consisted of a tungsten and steel buoy 
floated in mercury, and attached to the lower end of the wire, 
the upper end of which was fixed. The amount of tension 
could be regulated by depressing the mercury level below 
the floating-point of the buoy by means of a mercury column 
controlled from outside the vacuum ; the control included a 
slow-motion device. 

Fig. 2 gives a diagrammatic view of the experimental 
arrangement. The wire W is attached at its upper end by 
means of a clamp C, to a removable stopper J, which can be 
sealed with mercury into the containing vessel. At its 
lower end the wire is attached by means of a clamp C; to 
the tungsten and steel buoy R; S R, T, which is constructed as 
shown. Tisa heavy mass of tungsten; S isa steel cylinder; 
R, avd R, are supporting rods ot small diameter which serve 
to space the steel and tungsten so that the centre of gravity 
of the system is low. They also pass freely through two 
holes in the guide-piece G. which is necessary to keep the 
buoy from touching the sides of the glass vessel. G is so 
constructed that it lightly grips the sides of the glass vessel 
when the wire, with buoy attached, is lowered into position, 
and it may be removed with the buoy. B is a section of 
rubber tube fastened to the glass vessel so as to act as a 
buffer for the falling buoy when the wire breaks. 


* I. Langmuir, Phys. Rev. vii. p. 302 (1916). 
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lf the friction is negligible, the tension T will be given by 
_ mD?ph 
T= ae tae. 
where D is the diameter of S; p the density of mercury; 
and h the displacement of the mercury level from the floating- 
point. 

Calibration of the buoy could be carried out by attaching 
the upper end to a beam balance in the open air and varying 
the mercury level, the whole operation being carried out 
with the buoy in position in the glass containing vessel. 


Fig. 2, 


Such a calibration showed thai, the friction forces could be 
neglected and that the calibrated value could be used. 
A wide range of tensions varying from a fraction of a gram 
to several hundred times that value could be covered by the 
use of a few buoys of different sizes. 

The wire was heated electrically through the lead to C3 
sealed into the glass stopper J, and by means of the mercury. 
The current was measured on a standard Weston Ammeter. 

The pumping system was such that a pressure less than 
001 min. Hg. could be attained in a few minutes, and 
liquid air was used near the containing vessel. Under these 
conditions the current temperature relations accurately 


applied. 
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(6) Method of Measurement. 


As it was necessary to give the wires a preliminary heat 
treatment in order to develop a suitable crystal structure 
before applying the tension, the procedure adopted was as 
follows :— 


(1) The wire in the hard-drawn state was clamped between 
C, and C, outside the containing vessel, and the whole 
was lowered into position in the vessel and J sealed with 
mercury; the total weight of the buoy is easily sustained 
by the wire in the drawn state. 

(2) The vessel was exhausted and the mercury level brought 
to the floating-point marked on the buoy, so that the 
wire was put into a condition of no tension. 

(3) The wire was given its preliminary heat treatment ; at 
the same time it was straightened by means of a very 
slight tension, which was less than that required to 
stretch the wire. 

(4) The tensile test was carried out by applying the tension 
to the wire when cold, then heating the wire to the 
desired temperature and observing the time required for 
fracture. As the wire always extended during fracture, 
the level of the mercury was kept a constant distance 
below the floating-point by depressing the mercury level 
at a rate equal to that at which the wire extended. 


(7) Experimental Results. 


Measurements were carried out on these test wires under 
a wide variety of conditions of wire diameter, temperature, 
load, and time required for fracture. It was found that 
symmetrical wedge-shaped fractures of the same type 
occurred at all temperatures between 700° K. and the melting- 
point; and that the time required for fracture under given 
conditions of load and temperature could be varied at will from 
a few seconds up to an indefinite time. As the observations 
became more variable as the time was inereased, ten minutes 
was adopted as the upper limit in the case of the measure- 
ments described. In every case the time (¢) required for a 
load (L) to break a wire of cross-sectional area (a7) at a 
temperature (T) was observed directly. But by a suitable 
combination of the observations the following relations which 
are specially important can be deduced :— 
(1) L, ¢ variable ; ø, T constant. 
(2) L, O 5° t, T 39 
(3) ¢, T a Leo y, 
(4) L, T 2 o, t 9 


Strength of Tungsten Single Crystals. 239 


As the relations deduced are derived frum the same 
observations, they are inevitably consistent with each other. 


(8) The Relation between Time and Load. 

Though the time to fracture varies very rapidly with load, 
measurements could be obtained which clearly showed the 
law governing this change for a range of time varying from 
a few seconds up to ten minutes or more. 

Typical time-load curves are shown in fig. 3, in which the 


Fig. 3. 
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logarithm of the time in minutes is plotted against L/c 
expressed in kg./mm.?_ Two curves are shown—one for a 
temperature of 2500° K., and one for a temperature 1000° K. 
The test-wires wore of a diameter 0°03 mm., the preliminary 
heat treatment being 3100° K. for two and a half minutes. 
Similar curves were obtained for wires of other diameters, 
the slope being approximately the same in all cases. 
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(9) The Relation between Load and Cross-sectional Area 

of the Test-wire. 

By taking a sufficient number of time-load curves for wires 
of different diameters, at the same temperature, the load 
required to fracture such wires could be obtained as a function 
of the cross-sectional area of the test-wire for any arbitrary 
value of time. If equal mean rates of deformation are 
required, the times must be chosen as proportional to the wire 
diameter; but as the time to fracture varies rapidly with 
the load, a comparison on the basis of equal times would 
introduce relatively small errors. 


Fig. 4. 
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Curves (fig. £)—points marked—sumimarize the measure- 
ments made in this way; the load in grammes required to 
fracture the wire is plotted against the cross-sectional area 
of the wire in mm.? The black circles represent values of 
load for time chosen proportional to the diameter, that for 
the smallest wire being one minute ; the open circles repre- 
sent values for equal times, viz. one minute. The wires 
varied in cross-sectional area from 00028 mm.’ for wires 
0-06 mm. in diameter to 00297 mm.? for wires 0°195 mm. in 
diameter, The preliminary heat treatments varied from 
2G00° K. for 1 minute in the case of the smallest wire te 
3100° K. for 25 minutes for the largest. The observaticns 
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were made at four different temperatures, viz. 1000°, 2000°, 
2500°, and 5000° K. 

It is clear that the variations in the strength of the crvstals 
from wire to wire are greater than the differences introduced 
by this change in the ratio of times. We may consider, 
however, that within the limits of experimental error the 
load required to fracture these crystals at a constant rate of 


Fig. 5. 
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deformation and at the same temperature is proportional to 


the cross-sectional area of the crystal before deformation, 


over a wide range of the variables. 


(10) The Relation between Time and Temperature. 


The curves of fig. 5 show the relation between temperature 
and the time required for a given load to fracture the wire ; 
the logarithm of the time is plotted against the temperature. 
Curves for two different loads are shown, viz. 13°-4kg./mm.? and 
6'0 kg./mm.?; the test-wires were 0°09: 3mm. in diamet: 


if 
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the preliminary heat treatment was 3100° K. for 14 minutes 
The experiments are not capable of great accuracy because 
the time varies so rapidly with the temperature; but they 
are sufficient to show that the observations tend to lie on 
straight lines. Consecutive portions of the test-wires 
naturally gave the most consistent results. Very large 
numbers of curves of this same type were obtained with all 
wires and for all values of load which fractured these wires 
in measurable times at temperatures ranging from 70U° C. to 
very near the melting-point. 

Some observations were also made by another method. 
The squares plotted on the curve for the load 13:4 kg./mm.? 
were obtained by heating the test-wires in an electric 
furnace—within the vacuum,—the temperature being obtained 
by means of a calibrated thermo-couple of nickel-nichrome. 
This was done as a check on the method of heating. The 
results of the two methods agree within the limits of experi- 
mental error. | 


(11) Relation between Load and Temperature. 


The consistency of the observations relating to time 
required for tracture and temperature makes it possible to 
determine the temperature for a given time and for a given 
load to within 50° on our temperature scale. 

By making a sufficient number of observations relating 
time and temperature for a given load, so that the tempera- 
ture corresponding to the one minute value of time could be 
estimated, the relation between load and temperature was 
obtained at various temperatures from 700° K. to within a few 
hundred degrees of the melting-point for a variety of wires 
of different diameters. 

Curves I, I’, and la (fig. 6) summarize the results of such 
measurements. The load in kg./mm.? is plotted against 
absolute temperature. 

The wires used were of different diameters, and were 
drawn from ingots formed at two different temperatures. 
The following table gives the key to the observations as 
plotted in the curves (fig. 6) :— 
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Curve Ia is merely the portion of Curve I above 2700° K.. 
plotted on a magnified scale. Most of the fractures obtained 
below 800° were probably intercrystalline ; a symmetrical 
wedge was not formed at the fractured end. In this case, 
however, the crystal was stronger than the crystal boundaries ; 
the observations thus have some significance from the point 
of view of strength, so some of these are plotted. The 
crossed circle at 700° K. represents observations made with 
wires which did form wedges on fracture. 

The most remarkable feature of these results is the 
presence of sharp changes in the load-temperature curves 
which indicate definite discontinuities. These discontinuities, 
which are characteristic of each of the wires used, occur at 
temperatures between 800°—900° K., at about 1600° K., and 
again at 2600°-2700° K. The observations appear to lie on 
straight lines between these regions of sharp changes, and for 
this reason these lines have been drawn through the observed 
points to intersect at these transition temperatures. It is 
noteworthy that the straight line above 2700° K.— plotted 
on the magnified scale in I a—appears to cut the temperature 
axis at a temperature very close to the melting-point, given 
by Langmuir as about 3570° K.* 

But the observations are not w holly consistent; they 
divide themselves into two distinct groups, which differ par- 
ticularly in the slopes of the curves on either side of the 
1600° K. discontinuity. The division cannot be due to ditter- 
ences of purity which might arise from differences in forming 
temperature ; for though Group I includes the only wire 
formed at the lower temperature, it includes also the U'05-mm. 
wire, which is of the same material as those in Group I and 
merely drawn to a smaller diameter. Neither can the 
differences be accounted for by the preliminary heat treat- 
ment, as the 006-mm. wires in Group I were given the 
same treatment exactly as those in Group IÈ. 

The wires falling in Group I! appear to give the most 
consistent results and the sharpest discontinuities. It is 
possible that this is connected with the previous history of 
the wires, for although every effort was made to give the 
same mechanical treatment, variation in die steps and tem- 
peratures from wire to wire are unavoidable, Such differ- 
ences may modify the erystal structure in some way which 
affects the strength. A further study of the physical 
preperties of these wires may throw more light on this point. 


* J. Langmuir, Phys. Rev. vii. p. 802 (1916). 
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(12) Variation of other Physical Properties with 
Temperature. 


The discovery of discontinuities in the relation between 
load and temperature suggest that existing data on the 
variation of other physical properties with the temperature 
should be examined to see if they indicate the presence of 
such discontinuities. 

Curve II (fig. 6) shows Langmuir’s values for electrical 
resistivity * plotted against temperature. Clearly the observed 
points are consistent with discontinuities at the same tran- 
sition temperatures as those shown by the strength curves, 
though the changes are too small to locate these temperatures 
with any accuracy. The circles (Curve III) show some of 
Worthing st observed points for thermal expansion plotted on 
the sume temperature scale. These show changes which are 
certainly consistent with a discontinuity at about 1600° K., 
but there are not enough observations to show the presence 
of any discontinuity at lower temperatures. His results 
point to a change in expansion coefficient somewhere between 
room temperatures and 1300° K., but he represents the change 
as oradual. 

These results appear to support the existence of these 
transition temperatures, but it seemed especially desirable to 
supplement Worthing’s measurements on thermal expansion, 
in particular at low temperatures. 


(13) Thermal Eepansion Measurements. 


The apparatus used for the tensile strength measurements 
was well suited for the measurements of expansion of these 
wires at hich temperatures; it was only necessary to observe 
the extension of the lower end of the wire with a cathetometer 
when just sufficient tension was applied to the wire to keep 
it straight, but not enough to give it a permanent extension. 
The temperatures were measured by the heating current, 
the error dye to the cooling at the ends of the filament being 
eliminated by measuring the extension for two different 
lengths of the filament and taking the difference in the 
extensions at corresponding temperatures. 

Fig. 7 shows a typical extension-temperature curve 
obtained with a wire 12 cm. in length. The extension is 
plotted in arbitrary units. The observations clearly lie on 


straight lines,above and belowa temperature between 1600° K 


* J. Langmuir, Phys. Rev. vii. p. 154 (1916). 
+ A.G. Worthing, Phys. Rev. x. p. 638 (1917). 


Phil. Mag. S. 6. Vol. 48. No. 284. Aug. 1924.’ 
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and 1700° K. A similar curve was obtained for a wire 24 cm. 
in length, and the slope of the difference curve yielded values 
of the coefficient of expansion which agreed well with 
Worthing’s values, especially above the transition temperature. 
Observations of this type were made on wires of three 
different diameters: all agreed in giving a transition tem- 
perature of about 1650°, and the coefficients of expansion 
calculated were 7°34, 7:17, and 7°30 x 1076 respectively ahove 
the transition temperature and 5°80, 5°30, and 6-0 x 107 
below the transition temperature. The mean of the higher 
value, 7°27 x 10-76, agreed very well with Worthine’s value 
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7:26 x 107-8 for the temperature 2300° K., that of the lower 
value 5°71 x 1078 being somewhat high as compared with 
Worthing’s value 5°19 x 1076 for temperature 1300° K. The 
higher values were considered much more reliable, as the 
measured extensions were so much larger, and the wires were 
no doubt straighter at the higher temperatures. There is 
no doubt, however, about the sharpness of the discontinuity 
under these experimental conditions. It is to be noted that 
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the measurements were made under conditions of slight 
tension. 

In order to investigate the expansion at lower temperatures 
a different method was employed. The expansion of a 
tungsten rod 1 mm. in diameter was measured by comparing 
its expansion with that of silica in an electric furnace, the 
temperature of which was measured by means of a platinum- 
rhodium thermo-couple. The first measurements on this 
tungsten rod did not indicate any sharp discontinuity at the 
temperature expected, but by annealing it very near its 
melting-point consistent results were obtained which clearly 
revealed a discontinuity. The results of these measurements 
are summarized in curve (fig 8), in which the observed points 
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represent two sets of readings. They clearly show that a 
sharp discontinuity in the expansion curve exists at about 
850° K., which is in good agreement with the transition 
temperature indicated by the tensile-streneth measurements, 
Here, again, the coefficients of expansion are constant above 
and below that temperature. The value below 850° K. was 
4°50 x 107° as compared with Worthing’s value of 4:44 x 
10-6 for room temperatures ; above 850° K. the value was 
9°20 x 1078, which is in excellent agreement with Worthing’s 
value for 1300° K. : it therefore appears most probable that 
this value holds up to 160U° K. Itis to be noted that these 
measurements were made under conditions which put the 
specimen under very slight compression. 


S2 
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Fig. 6 (Curve III) summarizes in heavy line the results of 
the thermal expansion measurements, Worthing’s ‘values 
being represented by the circles. Clearly our measurements 
are not inconsistent with his, but they go further in that 
they reveal the constancy of the coefficients apart from these 
transition temperatures. 

The measurements were not carried out above 2600° K. so 
that no check was obtained on the 2600° K. discontinuity 
found in the case of the tensile-strength curves. 


(14) Discussion. 


The chief results of our experiments are those which 
concern, first, the relations between the variables affecting 
deformation, second, the existence of transition temperatures 
for the physical properties of tungsten. 

We find that the time of fracture which we regard as an 
inverse measure of the mean rate of deformation is approxi- 
mately an exponential function of the load and the tempera- 
ture. For a given mean rate of deformation the load is 
proportional to the cross-sectional aren t and, between transition 
temperatures, is a linear function of the temperature. 

The only experiments on single erystals with which we 
ean compare our own are those of Schonborn *, who also 
found that the rate of deformation was on exponential function 
of the load. [lis absolute values varied from specimen to 
specimen, doubtless because he did not secure a constant 
relation of crystal axis to direction of stress. But some of 
our relations accord well with those found in crystal aggre- 
gates, und suggest accordingly that the laws governing the 
deformation of such an agoregate are intimately connected 
with those governing the deformations of the individual 
crystals. Thus it is known that for such aggregates the rate 
of extension varies very rapidly with load “and “temperature. 
‘Further, Andrade f in ‘his study of the viscous flow of metal 
ageregates found that, fora constant rate of flow, the load 
Was proportional to the cross-section, Again, the rate of flow 
in liquid viscosity 1s approximately an exponential function 
of the temperature, Lastly, Jeftries and Archer’s Ẹ results on 
the variation with temperature of the tensile strength of 


* Ji.: TN Zeit. f. Phys, viii. p. 377 (1921). 

t E.N. da C. Andrade, Roy. Soe. PGA. vol. xe. p. 329 (1914). 

t Z. 7 fries and R.S. Archer, Chem, & Met. Eng. xxvii. p. 802 
(1922). 
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tungsten agree well with our relation between load for a 
given rate of deformation and temperature. The multi- 
crystal wire used by them is many times stronger than our 
single crystals, but curves of much the same shape are 
obtained for temperatures ranging trom 300° to 1200° K.; in 
particular they found a change in strength occurring at about 
800° K. The comparison cannot be carried to higher tem- 
perature because crystal growth affects the results. 

The explanation of all these relations doubtless awaits 
further measurement and the development of the theory of 
crystal structure. It is to be hoped that this method of 
measurement, which has yielded such definite results in the 
case of tungsten, can be applied to other metals. 

The significance of the transition temperatures and the 
nature of the changes which cause the alteration of physical 
properties at these temperatures are very obscure. Ordinary 
* transformation points” in metals are usually associated 
with some re-arrangements of the atoms indicated by a 
change in the crystal structure of the material. But direct 
investigation has shown that between room temperature and 
2000° K.the crystal structure of tungsten undergoes no change 
other than that due to mere expansion. Fig. 11 (PI. VILL) 
shows on the same film two X-ray spectra given by the same 
tungsten wire, one with the wire at room temperature, the 
other with the wire heated to about 2000° K.; the displacement 
of the lines at the higher temperatures is just that expected 
on the ground of expansion. 

Perhaps the variation in the nature of the change at the 
transition temperature, which is indicated by the two curves 
in fig. 6, may provide the clue. If it can be found why two 
wires, though showing discontinuities at the same tempera- 
ture, show different discontinuities, much light will be thrown 
on the problem. Work is proceeding in this direction ; for 
the time being we would merely conclude that these tran- 
sition temperatures, though their nature is obscure, are quite 
as real and definite as the more usual “transformation 
points.” 


The Research Laboratories of the G. E. Co. Ltd., 
April 1924. 


XXVIII. The Emission of B- and &-rays from a Metallic Film, 
and the Relation to the Quantum Theory of Scattering of 
X-rays. By Lewis Simons, 1).Se. (Reader in Physics in 
the University of London) *. | 


HEN X-rays of frequency v fall upon a metal plate, 
photo-electrons of al) speeds are emitted up to a 
maximum speed given by v in the equation mv = hv, where 
m is the mass of the electron and A is Planck’s constant. ` 
By absorbing these electrons in a layer of air at various 
pressures, the author succeeded in howiips that minor 
groups of electrons were also present possessing speeds 
given by the relation 4mc?=hv—p, where p represents the 
energy associated with the K, L, M, etc. levels within the 
atom. The more exact photographic methods employed by 
de Broglie { and Whiddington § have put the assumptions 
beyond all doubt. 

When the work was resumed in London in 1922, apparatus 
was set up to measure by the method of a retarding electro- 
static field the velocities of the slowest particles emerging. 
A paper on the subject || and an earlier one by Shearer { are 
the most recent in which an attempt has been made to dis- 
cover the laws of emission of the copious stream of 6-rays, 
which possess an energy of comparatively few volts and 
which always accompany the emission of the above true 
photo-electrons. The general conclusions in these two 
papers were that the 6-rays arc many times more numerous 
than the rapid photo-clectrons, and that they are probably 
produced by collision of the rapid photo-electrons with sur- 
rounding atoms. The curves clearly indicate that they form 
a group quite distinct from the true photo-electrons. The 
é-rays of the foregoing work had been produced by the 
heterogeneous beam from the tungsten anticathode of a 
Coolidge tube; but by working with a Wilson’s tilted 
electroscope at great sensitiveness, the author has now suc- 
ceeded in measuring the very feeble photo-electric currents 


* Communicated by the Author. 

t Phil. Trans. Roy. Soc. S. Africa, viii. 1, p. 73 (1919): Phil. Mag. 
xh, p. 120 (1921). 

t Comptes Rendus, clxxii. pp. 274, 527, 764, 806 (1921) ; Journal de 
Physique, p. 265 (1921). See also Report of Solvay Congress, 1921. 

§ Phil. Mag. xhi. p. 1116 (1922). 

| Simons, Phil. Mag, xlvi. p. 473 (1923). 

q Phil. Mag. xliv. p. 806 (1922). 
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and the velocities of the 6-electrons emerging from a thin 
gold film in a vacuum upon which the comparatively homo- 
geneous fluorescent X-radiation from secondary radiators is 
allowed to fall. 

In the meantime an interesting quantum theory of the 
scattering of X-rays has been worked out by Compton *, in 
which he shows that if X-rays of wave-length A, fall on a 
scatterer, then there is an increase in wave-length due to 
scattering such that 


Ag =o + (2h/mc) sin? 0/2, 


c being the velocity of light and @ the angle between the 
incident ray and the direction in which the same scattered 
ray is observed. This theory is apparently confirmed by 
(ompton’s own experiments and by others quoted in tho 
papers, whilst still more recently de Broglie f has obtained 
photographic proof of the accuracy of the ideas. 

Whilst plotting on the same graph — (a) the intensity of the 
true photo-electron emission, as above, against wave-length 
of the exciting X-rays, and (b) the intensity of the con- 
comitant -ray emission against the same wave-length, —it 
was noticed that, after suitable adjustment of ordinates, the 
curves could be made to coincide with each other if it could 
also be assumed that the X-ravs responsible for the 6-rays 
were in each case longer than the X-rays responsible for the 
true photo-electrons by 0:040 A.U. Thisis precisely the value 
given by Compton’s formula, where, in the experimental 
arrangements described below, the angle of scattering ranged 
over from 180° to 90°. It is therefore suggested that 


not only does the present experiment add confirmation to . 


this theory of scattering, but that it would now appear 
tbat the trus rapid photo-electrons are associated with the 
emission of the fluorescent X-rays or the unmodified scattered 
rays, whilst the 6-rays are associated with the modified 


scattered rays. 


Apparatus and Experimental Method. 


The primary source of radiation was a Coolidge tungsten 
amticathode radiator pattern X-ray tube worked witha trans- 
former. No variation whatever during working was allowed 
in this over the whole period of the experiments, lasting some 


a Phys. Rev. xxi. pp. 483-502 (May 1923); Phil. Mag. xlvi. pp. 897- 
911 (Nov, 1923). 
t Guthrie Lecture, Physical Society of London, 1924. 
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months. The heating current remained constant and the 
tube was always worked with 3 milliamperes passing through 
it, equal rests being allowed between the readings. A time- 
factor, not a standardizing electroscope, gave the quantity 
of X-rays, as it was realized that these experiments deal 
with the fundamental processes of ionization, and therefore 
no method employing ionization ought to be used as a 
standard. ‘The heterogeneous beam fell upon a thick 
secondary radiator, and the secondary fluorescent beam, 
limited by suitable stops, passed into the experimental 
chamber, half of which is shown in fig. 1. It is doubtful 
whether the crystal reflexion method would have any great 
advantage over this method, for the radiators are readily 
interchangeable, and if they are thick they give a fair sample 


To 


Lead 
z Peratfin Wax 4Omm, 
7 Gold fiim s 


arses ‘Smm. C 


To Potential 
Divider 


Aluminium 0:-T5mm 


x-rays from 
Secondary 
Radiator 


of the incident rays upon them; moreover, a large surface can 
be exposed to the secondary rays. The ‘angle between the 
primary heterogeneous beam and the Hitoresdent secondary 
radiation was "90°. This secondary beam now fell nor- 
mally on to an extremely thin film of gold laid down 
electroly ‘tically on a plate of paraffin-wax 0'4 cm. thick, 
passing first through the aluminium bottom of the experi- 
mentil vessel 075 mm. thick and a pure carbon plate 
1:5 mm. thick. The lid of the vessel was sealed on with 
resin cerate for ease of removal, and the vessel was exhausted 
by a mercury-vapour pump. The mean pressure maintained 
during the experiments was 0'035 mm. of mercury, the pres- 
sure being measured by means of a Pirani pressure gauge. 
The ficto deciding this pressure were the ease with which 
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it could be established and maintained, and the independence 
of the electrometer readings on small fluctuations about this 
mean pressure. The screen Ñ, raised on sulphur insulators 
about 2 mm, from the carbon plate C, was connected by as 
short a wire as possible to the electrometer, which theretore 
registered a positive charging. A thick sheet of lead, coated 
with lampblack, was laid upon the top of the screen, in order 
to ensure that the positive charging was due only to those 
electrons emerging from the gold downwards. 

The tilted electroscope and the method of using it asa 
null instrument have been described in a previous paper *. 
‘The method ensures that the electrostatic field either 
retarding or accelerating the electrons remains constant 
and measurable, which is an obvious advantage when the 
fall of potential is of the order of a volt or less. The sensi- 
tiveness of the electroscope was of the order 0°007 volt per 
eyepiece scale division, and one-tenth of a scale division could 
be estimated. The capacity of the electrostatic system was 
about 40 cm. The time of run of the X-ray tube was varied 
only from 2 to 4 minutes, it being felt that larger variations 
than this would introduce other inaccuracies inherent in the 
use of a sensitive electroscope, which fails entirely, for 
example, in boisterous weather. As a consequence, readings 
were made on the same instrument without any variation 
which bore a ratio to each other in some cases of 20:1. 
The carbon plate C was finally connected to a potential 
divider, usually a divided megohm across which a battery 
was connected. The potential of C was not greater than 
15 volts above or below that of S, which was maintained at 
earth potential. 

The electrons emerged from an area of S, 3 cm. in diameter, 
into the evacuated space between S and C, 2 mm. deep and 
11-4 cm. in diameter, and the curves of the charge acquired 
by Sina given standard of time against the difference of 
potential between C and S should give a measure of the 
number of electrons emerging with a normal component of 
the energy greater than that given by this difference 
of potential, though undoubtediy some of the electrons are 
lost at the boundary. Finally, it should be stated that no 
measurable reading could be obtained if either the secondary 
radiator were removed or if the gold screen were replaced 
by a carbon plate. 


* Phil. Mag. xlvi. p. 475 (1923). 
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Experimental Results. 


Taking the greatest precautions, therefore, that conditions 
should be the same in all cases, fig. 2 shows the resulting 
curves for 9 secondary radiators used separately, the ordi- 
nates representing the positive charge acquired by S in 
4 minutes, being proportional to the number of electrons 
emerging per second from S whose normal energy component 
exceeds eV when V is the potential of ©. 
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After a careful examination of many of these curves, using 
different radiators and even different screens, I have con- 
cluded that the only variations they show amongst themselves 
are the maximum and minimum values of the electron cur- 
rents, and these are intimately connected with the wave- 
length of the X-radiation producing them. The maximum 
electron emission seems to be reached at a positive potential 
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of C numerically smaller than the negative potential of C 
giving the minimum electron emission, and neither exceeds 
about 15 volts. Great changes in the ordinates do not 
occur for correspondingly large changes of potential above 
+ 15 volts or below —15 volts. All the curves seem to rise to 
the axis V =0 very steeply and ina similar manner—in fact, 
by far the greater number of the electrons have a velocity 
of only a few volts, nor does this seem to change very much 
over the one and a half octaves of X-rays employed in these 
experiments. The conclusions drawn are (a) the difference 
between the maximum and minimum ordinates for each 
curve measures the number of the 6- or slow rays, and 
(b) the minimum ordinate measures the totally distinct 
group of true photo-electrons or f-rays possessing very 
much greater energy. So slowly moving are many of the 
6-particles that a positive potential is required to remove 
many from the surface film of the metal. 


Fig. 3. 


Fig. 3 shows the result of plotting (a) the differences 
between maximum and minimum ordinates, (6) the mini- 
mum ordinates against the wave-length of Hie X-rays falling 
on the gold film. the curve marked 8B being the minima 
and that marked ô the difference between the maxima and 
minima. The ordinates of the 8 curve are magnified 5 times. 
The data are given in the table. 
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Electronic Emissions from a (old Film. 


Numbers relative and uncorrected 
for absorption of incident 
X-rays by experimental vessel. 


eae At. No. Aka x10 em. p-rays. é-rays. 
Se aen 34 1-104 a e. 17 
Sra. .. 38 ‘R71 20 13-6 
7A EET 40 ‘788 389 22-] 
ae 47 538 Tl 8371 
Cd eee. 48 -534 72 374 
Sn n. 5 489 64 276 
Sb aean, 5l -468 62 O42 
| ee . 53 437 56 21-3 
Ba oo... 56 388 34 93 


The carves obviously show the characteristic shape of the 
intensity distribution curves for the X-radiation from a 
Coolidge tube obtained by the method of crystal reflexion 
into an ionization chamber * before correction is made for 
absorption in the crystal. 

The 8- and 6-rays therefore show the following charac- 
teristics: (a) the numbers of B- and of -rays emitted from 
a thin film of gold exposed to X-rays oť various wave- 
lengths are distributed amongst wave-lengths in a manner 
similar to the distribution of energy amongst wave-lengths 
obtained by the ionization chamber using crystal reflexion ; 
(b) there is no constant proportionality between the number 
. of 6-rays and the number of -rays for varying wave-lengths 
of incident X-rays. The ratio of 5-rays to B-rays emitted 
per sq. cm. decreases rapidly according to a complex function 
as the wave-length of the incident X-rays decreases. 

There oull, however, be strict proportionality between the 
B-and -rays emerging from the gold film if each were produced 
by quasi-independent N-ray beams, ali ays of the same relative 
intensities as measured by the number oj electrons assoviated 
with each but dijjering i in wave-length by a constant amount as 
the spectrum is traversed. This difference of wave-length 
from the graph (fig. 3) amounts to 0-040 A.U., the 8-rays 
being produced by the longer wave-lengths. 

In drawing the curves for fig. 3, no attempt has been made 
to correct for absorption in the aluminium and carbon through 
which the incident ravs have to pass on their way to the gold 
film. 

* Hall, Phys. Rev. i. p. 156 (1916); Duane & Hunt, Phys. Rev. ii. 
p. 166 (1915); Ledoux-Lebard et Douvillier, C. R. 1916. 
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Fig. 4, which represents the bottom left-hand corner of 
fig. 2, has been added in order to show that the relative 
displacement of the two curves for what I have called the 
-rays and 6-rays could scarcely have been brought about 
by a consistent error, if such existed, in the readings of the 
smaller currents. The points in the vertical row on the left 
of this figure indicate where the current-potential curves 
should terminate if the ratio between the numbers of 6-rays 
and -rays were maintained constant and equal to 0:1 as. 
the gold film was subjected to X-rays of increasing wave- 
length ; in other words, if the two curves of tig. 3 coincided. 

Fig. 4. 


oe À Pa 10° 
Grn. jee Se f- 104 cm. 
Sr 


® 
ee ee ee 
— xX Zr 7395 
Pa 0 gO © As 55S 
a w id +534 
TA & Sn 459 
g- MO 3l 46 
ee ae 
/ o@ o Ba -39$ 


— m "e 
— = a ow ew a 


current 


*=/5 -/0 velts. 
The displacements are well outside the limits of experimental 
error in this region and, moreover, some are up and others 
are down. Once again, we should not expect fluctuations of 
this nature from the influence of the successive changes 
of energy of the groups of -rays emerging from the gold 
film under the influence of the range of wave-lengths 
employed, as it lies well within the region L,, to Ka, for gold. 

Another point worth noting is that the emission of slow 
particles, thermions for example, is influenced very largely 
by the physical treatment of the surface of the substance 
emitting. No baking-out treatment has been possible. A 
clear indication, however, that the class of phenomenon 
described is a function of the metal of the screen and not 
of the gaseous film upon it, nor of the residual gas around it, 
is shown by replacing the gold film by one of another metal. 
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The 6-ray current fell to 5'8 on the same scale for a silver 
film, and to 2 for a tin film, using Cd K,, rays. In these last 
results, however, a further complication is introduced by the 
proximity of the K,, lines for silver and tin with that of the 
incident K,, line for cadmium. 

If we leave out of account the transformations that must 
occur at the secondary radiator and the effect of the X-radia- 
tions scattered in their passage through the aluminium and 
carbon bottom of the experimental vessel, and consider only 
the X-radintions scattered in all directions either by the 
gold film or by the parafiin-wax and lead behind it (though 
from previous work I am inclined to think that the former 
of these two is the more important), then the curves of fig. 3 
give a measure of the total numbers of particles of the two 
types emerging at all angles ranging from 180° to 90° 
to the direction of the incident beam, and they obviously 
have different associations. Associating the curve for 8-rays 
with Compton’s unmodified scattered X-rays, and that for 
6-rays with the modified scattered X-rays, the mean change 
in wave-length should be given by the expression0°048 x (mean 
value of sin? 6/2), where @ ranges over from 180° to 90° 
=()040 A.U., whilst it is remarkable that the best value 
I can obtain from the shift between the two curves of 
fig. 3 is also 0-040 A.U. Herein may also lie the explanation 
of the well-known asymmetric distribution of the so-called 
secondary electronic radiations about a radiator. 


Summary. 


The numbers of 6-rays and -rays emerging from the face 
of incidence of X-rays of varying wave-length upon an 
extremely thin gold film have been plotted against wave- 
length. The curves show that there would be strict propor- 
tionality between the d-rays and the -rays if each were 
prodaced by quasi-independent X-ray beams rising and 
falling with one another in intensity, but differing in wave- 
length by an amount equal to 0°040 A.U., the 6-rays being 
associated with the longer wave-lengths. This is exactly 
the amount we should expect from the quantum theory of 
scattering of X-rays developed recently by Compton, if the 
ô- and B-rays can be associated respectively with the modified 
seattered and the unmodified scattered X-rays, 


My thanks are due to the Governors of Birkbeck College 
for a grant in aid of this research. 
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XXIX. The Fine Structure of the Nitrogen, Oxygen, and 
Fluorine Lines in the Extreme Ultra-violet. By I. S. 
Bowen and R. A. MILLIKAN, Norman Bridge Luboratory 
of Physics, California Institute of Technology, Pasadena *. 


[Plate IX. ] 


1 the preceding studies ł which carried the region of 

ultra-violet wave-lengths explored by vacuum grating 
spectroscopy down to 136 A., our primary aim was to find 
what lines existed in this hitherto unexplored region, and it 
is altogether obvious, therefore, that we were purposely 
sacrificing resolution to intensity. 

In order, however, to obtain the most certain interpreta- 
tion of the new lines, i. e., to find the optical series to which 
they belong, and hence the kind of ionization existing in the 
atoms giving rise to them, it became necessary to arrange 
the experimental conditions so as to be able to study with as 
high resolution as possible the fine structure of these lines. 
The reason that such a study was not at first desirable, nor, 
indeed, possible, is found in the fact that in order to obtain 
the best resolution it is necessary to go to spectra of a high 
order, but in order to be able to recognize a line of given 
wave-length in one of its high orders it is first necessary to 
measure, approximately at least, that wave-length by work 
in the first order. Such fine structure work as we are now 
doing, therefore, nevessarily followed after such exploring 
work as we have already reported. 

The accompanying results are obtained with “ hot-spark ” 
high-vacuum spectrometry, using a slit width of -02 mm., a 
4-inch grating of 1 m. focus, with which spectra on Schumann 
plates in spectral orders up to and including the tenth have 
been obtained. These results represent both the highest reso- 
lution and the highest precision of wave-length determination 
by far which we or, so far as we know, others have as yet 
obtained in the region below 1000 A. 

It is estimated that the separations reported herewith may 
be relied upon to about °01 A., while the absolute values of 
-the wave-lengths may possibly be in error, on account of the 
uncertainty in the standards of comparison, by slightly more 
than this. This means that the precision of our previously 
published wave-lengths has been multiplied in the present 
work by about tenfold, and that a set of wave-length standards 
correct to a few hundredths angstroms has been established in 


* Communicated by the Authors. 
t Millikan and Bowen, Phys. Rey, xxiii. p. 1 (1924). 
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the region below 1000 À. where no such standards have hitherto 


existed. In the region above 1000 Å. the accompanying 
wave-lengths are somewhat less reliable because of our in- 
ability to work in higher than the third spectral order with 
these lines of longer wave-length. , 

These results could not have been obtained had not Dr. J. 
A. Anderson ruled for us at the Mount Wilson Obser ratory, 
in accordance with our specifications, a new 4-inch grating 
of very unusual quality. 

Our first purpose in using as high resolution as possible 
was to obtain evidence as to whether the very strong oxygen 
line at 834°0 A. and also the strong nitrogen line at 1085-2 
were not due to atoms stripped of all their valence electrons ; 
for we had already obtained excellent evidence * that the 
strongest lines in our “hot spark ?” were due to atoms from 
which the valence electrons had all been stripped off in the 
case of Na, Mg, Al, Si, and P, as well as in the case of Li, 
Be, B, and C, and we at first inferred that the very strong 
8340 oxygen line and the 1085-2 nitrogen line arose in the 
same way. If so, these lines all had of necessity to be 
doublets, since stripped atoms must all give spectra of the 
alkali type. Fig. 1 of the Plate presents a photograph in 
the fitth order, showing clearly the seven components which 
this line has revealed when analysed with suttcient resolu- 
tion. This same structure has now been clearly shown in 
photographs taken in the second, third, fourth, fifth, sixth, 
and seventh orders. The magnification in fig. 1 is about 
thirtyfold. ; 

The precision of about ‘OL A. obtained in locating the 
components of this line is due to the fact that its fifth order 
fell close to the well-known standard barinm line, the wave- 
length of which Fowler gives as A=4130°68 A. The second 
order of our new boron line at 2066-41 and 2067-88 also 
comes exceedingly close to this standard barium line, thus 
enabling this strong boron line to be used asa secondary 
standard, 

The other lines which were used as standards with which 
to compare some of the orders of the lines whose wave- 
lengths were sought were the aluminium doublets at 1854:67 
and 1858:13, and at 1935:83 and 1990:50 ; the carbon line 
at 2297:59, and the second order of the hydrogen line at 
121568. 

Plate IX. also shows a very satisfactory photograph of the 
structure of the strong nitrogen line at 1085-2, which is here 


* Phys. Rev. xxiii. p. 83 (1924). 
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revealed as a quadruplet. Neither of these two lines, 834°0 or 
1085°2, is then due to stripped atoms. 
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Oxygen. 


553°33 
554-07 
554-52 
55528 


599-60 


608°41 
600-85 
610-06 
610°79 


629-75 
6441:17 


702°36 
702-839 
T03 YU 


71856 
T986 


787-74 
79022 
796'69 


832-78 
83295 
83335 
83377 
83448 
83512 
835-31 


TABLE I. 
Nitrogen. 
v. Int ALA. Vac 
197063°7 i een ror 68504 
969551 | ae EN 65555 
196761°3 | eee OS8S°S6 
| 6XO'3Y 
190179-1 
| DESL TESST 
180724-0 | E EN T6439 
180482-6 ) ES 765-21 
1503361 
180105-5 Ponera TTL 
Meese elena Ti197 
1667779 | eens 77245 
| EEE TT2'97 
164362-8 
16397+7 ) AEE 91571 
1639183 i ele 91613 
1637224 te spe eee 916-82 
1587948 Dae ceaa ures 989-90 
Ook cee ece: 991-66 
155238-5 
eee 1084-04 
1423771 C Sear nee 1084:60 
1422698 ee 1085:59 
142067-1 | ae hee 1065:75 
139167-2 | ee 1134+20 
| eee eee 113445 
128228] | Denira 113502 
16H54 UREE ETE 1492-83 
1265470 PEE 1494-78 
125519°3 
120079-7 , 
120055-2 Fluorine. 
1199976 
119937-2 605°64 
1198351 60623 
1197433 60633 
119717-2 607-43 
607-99 
65600 
656-34 
650'°84 
657-69 
65831 


v. 

1459769 
L45808 3 
145802-4 
1456898 


130998-1 
1308233 
130683:1 


129602:5 
129538-7 
1294549 
1293711 


1092049 
1091548 
109072:7 


101020°3 
1003841°0 


Q2047°5 
921909 
921158 
92102-2 


RR167°9 
SBIA 4 
Ss]O42 


OGIRG- H 
GOSYWdD 


1651346 
1649555 
1G4790°8 
1640230 
164470604 


1524390 
152360-1 
1522441 
1520473 
1519041 


Table I. shows the structure and wave-length of all save 
the very weakest of the oxygen, nitrogen, and fluorine lines 


Phil. Mag. S. 6. Vol. 48. No. 284. Aug. 1924. 
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which appear upon our plates. It will be seen that the fre- 
quency separation of the lines of the 507 triplet is quite the 
same as that of the 703 triplet, thus indicating an identity 
of origin—an origin which will be shown in a later paper 
to be Ont. 

The structure of the two fluorine lines is not as certain as 
are the other structures shown. 

Table I. contains the fine structure of all of the strong 
lines of wave-length below 1500 A. which are due to any of 
the atoms up to neon, except those due to carbon and to 
boron. The fine structures of all the boron lines have been 
analysed in a preceding paper® and definitely assigned to 
Bin, Bu, and By. 

As to the strong lines of carbon, previous to this analysis 
with high resolution we had been inclined to regard the 
very powerful carbon line at 1335 A. as arising from the 
stripped atom of carbon, for it had been found to be a 
doublet, and it also had other characteristics which we 
had associated with stripped atomsf. Doubt had been 
thrown upon this conclusion, however, by the fact that 
Simeon ł had obtained this line in both a 30-volt arc and 
a 40-volt arc, and such an arc should not give rise to a 
stripped atom of carbon. A further comparison of the 
intensities of the 1335 doublet with the 1550 carbon doublet 
brought out quite convincing evidence that it was the latter 
instead of the former which had its origin in the stripped 
atom of carbon. 

This argument, from the point of view of intensity, is 
contained in the following table :— 


Tase II. 
Line. Old. New. Simeon. Hutchinson. 
220 v. 40v. 30v. H.-spk. 110 v. arc. 
1335 ...... 15 2,6,5,5,4,2 10 Obs. Obs. 8 10 
1550 ...... 5 4, d, 6, 5, 5, 3 3 ee sa 3 


The column labelled “old” represents results obtained with 
electrodes of carbon which could be separated as much as 
2 or 3 mm. and which gave sparks having a rather “ arc- 
like” character, while the columns headed “new” corre- 
spond to observations made with aluminium electrodes in 
which carbon was merely an impurity. The spark here 
passed with difficulty and was a true “hot spark.” It is to 

* Proc. Nat. Acad. Sci. May 15, 1924. 

t Phys. Rev. xxiii. p. 33 (1924). 

T Proc. Roy. Soe. civ. p. 373 (1923). 
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‘be noted that in all these new observations the 1550 line has 
gained largely in intensity relative to the 1335 line, bein 


actually the stronger line in most of them. Line 1550 A. 
thus clearly corresponds to a higher state of ionization than 
does line 1335 A. Also Simeon’s * and Hutchinson’s t data 
are consistent in revealing the 1335 line in arcs, while it is 
only in the “ high potential arc” or the hot spark that the 
1550 line appears at all. 

The foregoing evidence is beautifully supported by the pro- 
gression of the doublet separation of the p, ps terms shown 
by the stripped-atom spectra in the group of elements from 
lithium to carbon shown in Table III. The 1335 line does 


Taste III. 
A(2s— 2p). v. Differences. Av. Ee a 

Di scdasicon 6707:85 149038 "338 "338 
17023°8 

Béccar 3131:194 31927-60 661 413 
, 31380546 3195421 164311 

P onnsa 2067:88 483587 344 "425 
2066:41 48393-1 161226 

O E 1550:84 644812 107:4 420 


1548:26 64588-6 


not fit into this progression at all, as does the 1550 line, for 
its doublet separation Av is 67 instead of 107, which makes 
the corresponding number of the last column come out *262 
instead of °420, the latter of which alone is consistent with 
the other numbers piven in this last column. Also the 
equality of “differences” shown in the fourth column is 
entirely destroyed if line 1335 is inserted in place of 
line 1550. 

The doublet separation shown in the last two columns of the 
table not only increases as the fourth power of the effective 
nuclear charge, but its numerical value is closely predicted 
by the relativity, or regular, doublet law, which is already 
known to give the separation of the regular X-ray doublets. 

The linear progression of frequencies shown in the fourth 
column is a result of the fact that the separation of the 
s and p terms in all these spectra follows the law of 
the irregular X-ray doublet. Indeed, we have found by a 
study with high resolution like that shown in the plate, of 
the fine structure of the doublets and triplets in our extreme 
ultra-violet spectra, that the X-ray doublet laws are applicable 
to the whole jield of optics as well as to that of X-rays. 


* Simeon, Prac. Roy. Soc. civ. p. 373 (1923). 
+ Hutchinson, Astro. Phys. Jr. lviii. p. 291 (1923). 
2 
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We have also obtained unimpeachable proof that our 
“hot spark” produces the whole series of stripped atoms 


Lı, Ber, Bim, Cry, Ny ; also Nay, Meu, Alnı, Sirv, Py, Siv, | 


as well as other series of similar atomic structure like 
Br, Cir, Nin, Oiv. Indeed, we have definitely identified lines- 
due to all of the foregoing atoms. The analysis leading to 
these conclusions is to appear in detail in a forthcoming 
paper in the ‘ Physical Review, entitled “* The Extension of 
the X-Ray Doublet Laws into the Field of Optics.” The 
main purpose of the present paper is to show the sort of 
resolution and the accuracy of wave-length determination 
which we are attaining in the new studies which we are now 
making of all the stronger lines, the wave-lengths of which 
we had located approximately in our preceding studies of 
extreme ultra-violet spectra. 


XXX. Surface Tension of Colloidal Solutions and Dimensions 
of certain Organic Alolecules. By P. Lecomte pu Noity, 
Se. D.* ` 

Frem the Laboratories of the Rockefeller Institute for 
Medical Research. ] 


A LARGE number of papers have been published on the 

surtace tension of colloidal solutions; but, owing to 
the methods used, certain facts have been overlooked so far. 
The purpose of this paper is to review briefly the results 
obtained by using a ditterent method, namely, the pull on a 
ring. By this method, the surface tension of the same layer 
of liquids may be measured, at intervals of time, instead of 
that of a continuously renewed layer f. 


EXPERIMENTAL. 


It will suffice to say that the instrument used, based on 
the work of Weinberg f, hus been described by the writer 


* Communicated by the Author. 

t du Noüy, P. L., J. Exp. Med. xxxv. pp. 675, 707 ; xxxvi. pp. 115, 
547 (1922); xxxvii. p. 659; xxxviii. p. 87 (1923); xxxix. p. 87 (1924). 
(‘Surface Tension of Serum, VIIL Further Evidence on the Existence 
of a Superticial Polarized Layer of Molecules at Certain Dilutions.”) 
J. Exp. Med. 1924, in press.—(“ Surface Tension of Serum, X. On the 
Thickness of the Monomolecular Layer of Serum.”) J. Exp. Med. 1924, 
in press.—(“ On the Surface Tension of Colloidal Solutions and the Size 
of Some Colloidal Molecules.”) Read before the American Physical 
Society, Feb. 23, 1924, in press. ` 

t Weinberg, B., Zeit. f. Phys. Chem. x. p. 34 (1902). 
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in the ‘Journal of General Physiology’ *, by Sir William 
Bayliss +, and by Holmest. The torsion of a wire controlled 
by a worm-gear is used to counteract the stress of the liquid 
film adhering to a platinum ring, and as the amount of 
torsion can be measured by a simple reading on a dial, the 
surface tension is measured directly. The measurements 
require only 20 seconds. Those a in this paper were 
made at a temperature of 23+ 0°5 Two cubic centimetres 
of liquid in watch-glasses were R the diameter of the free 
surface being very ‘nearly 4 cm. The glassware, containers, 
flasks, pipettes, watch-glasses, etc., were freshly boiled for 
two hours ina cleaning solution (sulphuric acid and potassium 
dichromate), rinsed in specially prepared distilled water, and 
dried. No alcohol or ether was ever used. When NaCl was 
used for preparing the solutions of serum, for example, it 
was washed, then recrystallized twice. The greatest care was 
taken in handling the solutions under experiment, so as not 
to disturb their surface. A special table was built on which 
the surface tension apparatus, supported on a small carriage, 
was rolled on rigid rails, in front of every solution in 
succession. Under such conditions about 38,000 measure- 
ments were made, and the following results, which will be 
summarized rapidly, were obtained. 

I. The surface tension of colloidal solutions is not constant 
but decreases rapidly as a function of the time. So far, no 
colloidal solutions have been found which do not show this 
phenomenon. Experiments have been carried out mainly 
with blood serum, pure albumen, hemoglobin, globulins, 
sodium oleate, sodium glycocholate and taurocholate, and 
saponin solutions, a great number of dyes, and gold, silver, 
copper, and iron sols (electrically prepared). The drop 
varies, of course, according to the substances and to the 
concentration. It is much smaller in the electrosols 
mentioned above. At a given concentration, it can be 
expressed by the formula (figs. 1 and 2) 

y=ywe®, 
until a certain stable value is attained. This phenomenon is 
due to the adsorption in the surface layer, in function of 
time, of the molecules in suspension. As the concentration 
of the solution in every watch-glass does not vary, this 
phenomenon seems to differ from ordinary adsorption which 


* du Noiiy, P. L., J. Gen. Physiol. i. p. 521 (1919) 

+ Sir William Bayliss, ‘'I he C Čolluidal State, London, 1923, p. 65. 

-t Holmes, H. N., ‘ Laboratory Manual of Colloidal Chemistry, 
New York, 1922, p. 52. 
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is regarded as almost instantaneous. However, it may be- 
assumed that in these colloidal solutions the concentration 
varies proportionally to the time as the adsorption progresses.. 


Drop of surface tension of pure blood serum (rabbit). 


Fig. 2. 
Dynes 
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Drop of surface tension of a solution of 1/10 blood serum (rabbit). 
Dotted line is calculated according to the formula y = y,e~ E$, 


This assumption is supported by the fact that the same 
formula, in which ¢ is replaced by c (concentration), satis- 
factorily fits such adsorption isotherms as published by 
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Lewis *, expressing the adsorption of sodium glycocholate 
by paraffin oil (Table I. and figs. 1 and 3). Fig. 4 gives an 


Fig. 3. 
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Action on surface tension of adsorption of sodium glycocholate by 
parattin oil (Lewis). 


Fig. 4. 
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Time-drop of the surface tension of certain colloidal solutions, in 
function of their concentration. 


è Lewis, W. C. McC., Proc. Physic. Soc. xxi. p. 150 (1909): Phil. 
Mag. xvii. p. 466 (1909); Zeit. Chem. u. Indust. Kolloide, v. p. 91 (1909) : 
also cited by Willows, R. S., and Hatschek, E., ‘Surface Tension and 
Surface Energy, and their Influence on Chemical Phenomena.” 
Philadelphia, 1915, p. 41. 
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idea of the phenomenon as a function of the concentration 
for afew substances. It is to be noticed that a sodium oleate 
solution in such quantities as 10-5, although it affects the 
initial surface tension of water very little, will cause a drop 
of more than 25 dynes in twohours. The drop in the surface 
tension of sodium oleate at higher concentrations has been 
observed before, but could not be followed step by step on 
account of the methods used, and was not thought to be a 
general phenomenon of colloids. The effect of dilution was 
also overlooked. Qne-millionth part of sodium oleate does 
not affect the initial surface tension of water, but causes a 
drop of 20 dynes in two hours, The drop weight or drop 
count methods are unable to show this phenomenon. 

II. In all the cases studied (organic colloids), a decided 
minimum value was observed at a given concentration. 
Under the conditions of our experiments, it occurred around 
A for sodium oleate, 1/117,200 for crystalline egg 
albumen, and 1/10,500 for rabbit serum, and as this serum 
contained 6°51 per cent. of proteins, the final dilution was 
near 1/160,000. On both sides of this minimum (fig. 9) 
the drop is smaller. In the case of certain strongly active 
substances (saponin, etc.), it often happens that, at low 
dilutions (1/10 to 1/1000), a slight increase is observed 
instead of a drop. An hypothesis was made in order to 
account for the maximum drop. At this optimum concentra- 
tion (the size and shape of the vessels in which the solutions 
were exposed being taken into consideration), the existence 
of a monomolecular and oriented layer was assumed ; such a 
jayer is only possible at one concentration for every 
orientation of the molecule in the same vessels, and its 
geometric organization would account for the existence of 
the smallest possible field of forces compatible with the 
number of free molecules in the solution. Figs. 5 and 6 
show how well defined and sharp this minimum is iu 
the case of serum and sodium oleate. A more careful 
investigation on both sides of this minimum ‘revealed the 
presence of two more minima. One of these probably 
corresponds to a monolayer (the writer proposes this term 
instead of “ monomolecular layer”) of horizontal molecules. 
Experiments are being carried out on this subject at 

resent, 

III. If the solutions are stirred, even slightly, after 
standing, the surface tension rises and reaches a value 
generally smaller than the initial value (fig. 7). This phe- 
nomenon can be repeated a number of times, and for this 
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very reason great care must he taken when the time-drop is 
being measured. In the case of the biological colloids (blood 


Fig. 5. 
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Initial; values and values after two hours of the surface tension of 
solutions of serun. . 
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Initial values and values after two hours of the surface tension of sodium 
oleate solutions in water. Between ]07 > and 107°, the figures 
representing concentrations should be divided by 1000, namely, 


l 
200,00 500,009? EEC Space did not allow more figures on the chart. 


serum) studied, after some time. (48 hours), the solution 
became practically inert when it had been stirred frequently 
and there was no further rise after stirring. 
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IV. Should the above assumption of the existence of a 
homogeneous oriented monolayer at a given concentration 
be well founded, the rate of evaporation of such a solution 
should be slower than that of any other concentration. 


Fig. 7. 
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Rise in surface tension when solution is stirred. 
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Water molecules would not escape so freely from a solution 
covered with such a film. At a higher concentration, we 
have assumed that there is 4 piling up, and no organization 
of the molecules. Therefore, the water molecules can pass. 
between and escape more easily than through a closely-fitting 
mesh of identically oriented molecules. At lower dilutions, 
the breaks in the film would allow the normal process of 
evaporation to take place. Experiments proved that, with 
the colloidal solution tested (blood serum), such was the 
case. The results of a series of experiments are given in 
Tables II. and III. 

So far, our assumption seems to be supported hy the facts. 
It is very plain in these tables that. solutions at 1/10,000 
evaporated more slowly than the others. An interesting 
conclusion may be drawn from these experiments on serum. 
Of course, the critical concentration 1074 is a function, 
uvmong other things, of the ratio oe 

volume 
which the solutions are exposed. In the case of our watch- 
glasses, this ratio is 12, if it is assumed that adsorption takes 


of the vessels in 
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TABLE I, 


Agreement between Figures Observed and Calculated for 
the Lowering of Surface Tension at the Interface between 
a Solution of Sodium Glycocholate and Paraffin Oil, in 
Function of the Concentration (fig. 3). 


K=0°222, 
Concentration. per cent. 0 O1 02 O38 O4 05 06 
Surface tension observed 
(Lewia), dynes ............... 340 210 165 140 122 110 109 
Surface tension calculated 
y= Kel, dynes oo... — 22 165 140 122 109 97 


Taste IT, (ser. No. 1). 


Diameter of Serum Solutions (Rabbit) evaporating in 
Watch-Glasses. 


Dilution. 10-7. 1074, 10-*. 10-4 10-5 10-8 
Dinmeter in mm. at 5.4] ra, 
after 6 hours’ evapuration ... 26 97 97 30 27 % 
30 minutes Inter ...............085 20 20 23 25 23 22 
1 hour later ............ccceeeee wee 0 0 6 14 0 0 


Taste III. (ser. No. 2). 


Diameter of Serum Solutions (Rabbit) evaporating in 
Watch-Glasses. 


Dilution. 17', 107% 10-% 10-4 10-5 10-°. 
Diameter in mu. at 542 
LM? E A 18 237 2l 21 20 20) 
50 minutes later ............66 0 5 8 12 V 0 


place on the glass, as will be shown later. Should the 
surface increase with respect to the volume (as happens 
when the volume decreases), this ratio would become very 
great. If we attempt to calculate the size of the vessels 
which would require pure serum to develop such a monolayer, 


~ 


in other words, in which the ratio Z would be equal to 


V 


134,000 instead of 12 (the serum being diluted to 1/11,000), 
it is found that they would have to be of the order of 
magnitude of the blood capillaries, filled with blood cells. 
Thus, one of the factors governing the concentration of 
colloids in the serum is found. The adsorption of molecules 
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of substances such as albumens and proteins in general 
(biological colloids) and sodium oleate takes place on the 
glass in a similar way as on the free liquid surface. This 
was ascertained in the following manner :— 

Two series of watch-glasses were prepared ; in one series, 
500 very small glass beads were placed side by side. The 
surface of the glass was thus increased by 14:2 sq. cm. 
The same set of solutions (rabbit serum at the following 
concentrations : 1/5000, 1/6000, 1/7000, 1/8000, 1/9000, 
1/9500, 1/10,000, 1/10,500, 1/11,000, 1/11,500, 1/12,000, 
and 1/13,000) was placed in the two sets of watch-glasses. 


Without beads, the ratio `: equalled 12°8. With the beads, 


the volume of the liquid being the same, this ratio became 
19-9. If our assumption is correct and provided adsorption 
takes place on the glass, the maximum drop must be shifted 
towards a higher concentration, and its place will be at a 


: Qel 

concentration oa = 1°56 greater, namely, at 1/7000 instead 
of 1/11,000. The experiments supported this view entirely, 
and the maximum drop, as well as the minimum value of 
the surface tension, occurred at 1/7000 in the watch-glasses 
with beads. 

The existence of such a criterion (namely the minimum 
of surface tension) for a monolayer makes it possibie to 
compute its thickness, if the concentration at which it 
occurs is accurately known. Fig. 5 shows that this value 
is very well defined. The specific gravity of anhydrous 
proteins of the serum was measured and found equal to 1°275. 
On such a basis, the thickness of a monolayer of seram 
proteins was found to be 38°5x 107% cm. The length of 
the molecule of crystalline egg albumen was found to be 
52°8x 107%, and if its molecular weight is assumed to be 
34,000 (Sørensen), and Millikan’s value for N, 6°06 x 10%”, is 
taken, we find the square root of the cross-section of this 
molecule to be 29:2 x 10-°?. Hence, it would seem to be 
oriented vertically. The same technique and calculation 
applied to a substance whose molecular weight is well known, 
such as sodium oleate, yielded the following figures (the 
minimum value of the surface tension occurs at 1/750,000, 
and the molecular weight is 304). The calculated length of 
the molecule is found to be 12:3 x 1078 em., and the square 
root of the cross-section 6'8 x 107% cm. 

If we compare these figures with the dimensions of the 
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molecule of oleic acid, as given by Langmuir (length, 
11:2 x 10-78; square root of cross-section, 0°8 x.10~°), we see 
that the diameter of the molecule is unchanged, but that its 
length is increased by 1-1x 107% cm. This would correspond 
to the space occupied by the sodium atom at the end of the 
molecule. When the length of insoluble organic molecules 
(oleic acid, tripalmitine, tristearin, cetyl palmitate, myricy] 
alcohol, ete.) is divided by the number of carbon atoms, the 
length per carbon atom is obtained. The mean value of this 
length, for nine substances, is equal to 1-4 x 10-%cm. As the 
sodium oleate molecule is dissociated, a double electric layer 
is probably formed at the surface, the free Nat ions being 
energetically attracted by the powerfully negative film due to 
the identical orientation of the oleic™ ions in the surface layer. 

V. When a solution of NaCl (0:9 per cent.) is allowed to. 
crystallize in a perfectly clean watch-glass, the crystals are 
formed at the bottom and grow as evaporation takes place. 
They finally assume the appearance shown in fig.8. When 


Fig. 8. 


Crystals of pure sodium chloride: 2 c.c. of a 0'9 per cent. solution 
in a watch-glass. 


a small amount of any colloid is added to such a solution, 
concentration in the bulk no longer takes place, large crystals 
are not formed, and the sodium chloride (or any other salt 
of the same kind) is deposited on the walls of the watch-glass 
in a thin, smooth, and often opaque, white layer of very 
small crystals (fig. 9). At the bottom, a darker area witha 
few tiny scattered crystals indicates that concentration did 
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Fig. 9. 


Sodium chloride crystals in watch-glasses. A small amount of saponin 
has been added to a 09 per cent. NaCl solution. The concentration 
of saponin is 10-7, 10-%, 10-‘, 10—-°, and 10 -°, 
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not take place, and that the molecules and ions are first being 
adsorbed on the colloidal micellæ, then carried up to the 
sarface layer. As evaporation progresses, the colloidal 
particles, with their adsorbed NaCl, are deposited on the glass 
in concentric beaches. At certain concentrations, periodic 
rings are to be observed ; at 1/100, for example, in the case 
of serum, and 1/1000 for saponin and sodium oleate. The 
appearance of the crystals is quite characteristic of the 
concentration, and varies but little: Thus, in the case of a 
composite solution of colloids and crystalloids, Gibbs’ law, 
which states that substances tending to increase surface 
tension will concentrate in the bulk, no longer holds true. 
This observation has thrown light on the spontaneous creation 
of membranes at interfaces which was difficult to explain 
before the discovery that not only colloids but also crystal- 
loids concentrated in interfaces at the same time. 

VI. When two colloids are present in the same solution, 
one of the factors governing the final surface tension of the 
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Recovery of the surface tension of a colloidal Hes (dog serum 
pure) to which a trace of powdered sodium oleate was added. 


solution is the adsorption equilibrium existing between the 
two. The following experiment will make this clear. If a 
trace of powdered sodiam oleate (about 1/10,000 in weight) 
is added to a less surface-active colloid in solution, such as 
proteins, gelatin, gum arabic, or metallic sols, the surface 
tension drops instantaneously by about 50 per cent., then 
immediately starts rising again until a certain equilibrium 
(which may be called adsorption equilibrium) is attained. 
In certain cases (pure blood serum, for example), the final 
surface tension is equal to the original value before the 
addition of sodium oleate. In order to observe this phe- 
nomenon, measurements must be made every 30 seconds, or 
at least every minute (fig. 10). 
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The curve representing the phenomenon is again 2# 
logarithmic one. Let us call A the relatively inert colloid 
to which the surface active colloid B is added. When B is 
added in solution instead of powdered, or when the solution 
is stirred after its addition, the surface tension does not rise 
so high, as a greater number of micelle of colloid A are 
coated with colloid B. When powdered sodium oleate (A) 
is added without stirring, a relatively small number of 
micellze of colloid B are heavily coated with A, and in time 
practically allof A isadsorbed ona few B micelle which either 
precipitate or collect in large aggregates with little action on 
surface tension. This buffing or antagonistic action of 
colloids seems to be a general phenomenon. 


SUMMARY, 


The use of an instrument allowing measurements of the 
surface tension of the same layer ot liquids at very short 
intervals (15 to 30 seconds) made it possible to study the 
evolution of certain surface tension phenomena in function 
of time, namely : 

1. The spontaneous drop of the surface tension of all 
colloidal solutions, with the order of magnitude of 1 dyne 
per minute during the first minute. This drop increases 
with dilution and showsa maximum ata given concentration, 
varying between 10~‘.and 107° generally. The drop may 
then reach 20 dynes for colloids such as blood serum and 
albumen, which were not considered as acting powerfully on 
the surface tension of water. Certain colloids, saponin, for 
instance, do not show any drop at high concentrations, but 
even a slight increase (107! to 1073). 

2. When such solutions are stirred, the surface tension 
rises, 

3. The existence of an accurate criterion of the existence 
of a monolayer at a well-known concentration makes the 
calculation of the thickness of such a layer possible. This 
criterion—minimum value—does not always coincide with 
the maximum drop. In the case of pure soluble substances 
(albumens, etc.), it gives the length of the molecule, and, 
when the molecular weight is known, its cross-section can 
be’ calculated. The length of the molecule of sodium oleate 
was found to be 12:3 x 107% cm. and its width 6°8 x 107° em. 
The length of serum albumen was 43:3, and that of egg 
albumen 52°8 x 1078 em. 

4, The crystallization of sodium chloride solution, or 
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other salts, is affected by even the presence of one-millionth 
part of most colloids, and large crystals do not form at the 
bottom of a watch-glass. On the contrary, as the ions are- 
adsorbed on the surface, the NaCl molecules are deposited in 
fine crystals along the walls of the glass, and form periodic 
rings at certain concentrations. 

5. Evaporation of serum solutions in watch-glasses is 
slower at a dilution of 1074 than at any other concentration. 
This fact is explained by the assumption made in order to 
account for some phenomena reported above (1), namely, 
the existence of a monomolecular oriented layer at a given 
concentration. 

6. When sodium oleate or any surface active colloid is 
added to another more inert colloidal solution, such as pure 
serum, for instance, the surface tension drops considerably, 
then rises immediately, and may reach its initial value in 
7 minutes. 


XXXI. Central Orbits in Relativistic Dynamics treated by the 
Hamilton-Jacobi Method. By G. Tempir, B.Se., Birk- 
heck College *. 


Introduction. 


To first part of this paper is devęted to an exposition of 

a process of integration applicable in particle dynamics 
on any relativistic theory, and forming the appropriate 
generalization of the methods of Hamilton and Jacobi in 
classical mechanics. In the second part, this method is 
applied to the problems of planctary motion and of the 
deviation of rays of light in the solar field according to the 
theories of Einstein and Whitehead. 

In the treatment of the Bohr hydrogen atom according to 
the restricted theory of relativity, Sommerfeld (14) and (15) 
has made use of this method, but so far it has not: been 
employed in the general theory of relativity. 


Canonical Equations for Particle Dynamics. 


1. Let (£i, Z}, 3, T4) be a “ pure” system of coordinates, 
and let X 
Jou y , 


be the fundamental differential form of the metric manifold. 
® Communicated by Prof. A. N. Whitehead, F.R.S. 
Phil. Mag. S. 6. Vol. 48. No. 284. Aug. 1924. U 
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Then the equations to an historical route can be written in 
the form | 


“= tA), w=1, 2, 3,4, 


where the four functions x, (A)are single-valued, differentiable, 
and satisfy the inequality 


Son dat (N) de, (A) >0. 


Let 


U 


dar, (A) 
jee 


ag ee ee 
p dA b] H l; 2 i, 4, 
and let 


—vs ft) oo u 
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where IIS | is a symmetrical covariant tensor of the second 
order, and 
dJ?= SJ, dr, de, 


ie pow 


is the fundamental differential invariant of the dynamic 
manifold. 


The integral =À, 
I= | E.da 
AXA, 


taken along an historical route joining the event-particles 
whose parameters are A), Ag together with its first variation, 


Ts 


s ? 
al at\=\X, 


A=), 
i 5 dE _ d on) i s oL 
ž S | (Se dA Oea adat ' 
A=A, 
is defined even when dJ =0 and E=0, 
If dJÆ0, we may identily the parameter à with the integral 


sÀ 
| dJ 


taken along the historical route from some arbitrary fixed 
event-particle to the event-particle whose parameter is 2. 
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Then 


A=A, 
i= —2| x x Se, FSI] tt, [Bq dà 
a A=A, 
oh y= 
+3 TANN 
) , dx, i d Ci 
where Ce dd > ¢ i oe 


2 

Since E = (S the first variation of the integral will vanish 
l 

if the functions & (à) are chosen to satisfy the equation 


> S Jy 2 oo! poe y=. 
p," 


It has been shown in a paper by Murnaghan (1) that the 
functions satisfying this equation are the limiting forms 
assumed by the functions satisfying the more general 
equation 

éI=0, 


as dJ (and E) tends towards zero. 
This investigation is necessitated by the indeterminate 


character of the operator a when dJ =0. 


dJ 


2. Let | A(z) || denote the components of the contravariant 
acceleration tensor 


ot SILT J tata o=1,2,3,4, 


and let || | denote the components of the electromagnetic 
vector putential, which satisfy the equation 


one 
‘ y qx). pp (7) 
i i a a Ji p } a 
et 
(£) ~x) 
a) oF, ò F; : 
Mage gg Ou,” a,8=1,2,3,4 
and 
P =Z Foo a,o=1,2,3 4. 


i iJi l being the contravariant associate of II. 


U 2 
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Then the equations of motion of a particle of proper mass 
m and charge e may be written in the form 


m. Ave) + >) Fo) =0, o==1,2,3,4 
C u 
in all theories of Relativity (c being a constant). 
3. These equations are equivalent to equations (11) on 
p. 80 of ‘The Principle of Relativity, by A. N. Whitehead, 


and may be deduced, as in the book, as a condition of the 
vanishing of the first variation of the integral 


A=À, 
| (m .dJ 4- dF) à 
A=), 


Sp g, 
where dE >r dys 
or of the integral 
A=\,, 
mM , e 
SJO p edd + dF), 


In view of the remarks of § 1 and of the investigation of 
the tracks of rays of light in the solar field which we shall 
make later, we shall use the second integral. 


4. It has been remarked by Th. de Donder(2) that the 


equations to a geodesic of the dynamic manifold which are 
summarized in the formula 


may also be written in the form 


dz, W du, OW 


BE ee aa Be ene one ag pk 
dJ Ou, dd Ola aS Aa 
where 
SI =1,2,3,4 
qs pa Cw =l, =; 9, 
and j 


Pe Sys ; _ 
W= T 
a3 


5. Similarly it has been shown by W. Wilson (3) that the 
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equations of motions of a charged particle given above may 
be expressed in the form 


A=), 
a| SI. de,=0, 
5 
A=A, 
where | Tl, = md J? ves : F”, 
i c 


We now proceed to develop the ideas of the preceding 
sections along the lines suggested by the methods of Hamilton 
and Jacobi in classical mechanics. 


6. The Lagrangian function L is defined by the equation 
_m D oe g aE (2) 
L= 2 Z Jag artat oa Fa «Lay 
and is therefore an invariant. We take as our fundamental 


equation of motion the condition of the vanishing of the 
first variation of the invariant integral 


A=A, 


This integral may be called the Action of the charged particle 
alony the portion of the historical route which it pervades, 
defined by the inequalities 


Mi LAL Aa 
From this “principle of least action” we deduce the 
Lagrangian equations 
d db _2dt. 
dJ “Ot, = Ora i 
which are equivalent to the equations of motion given in the 
preceding section. If 


a=1,2,3,4, 


OL _ 

Org 
z, is called an “ignorable” coordinate (other coordinates 
being called “ palpable ” coordinates), and 


OL 


a a constan 
“a 


0, 


is an immediate first integral of the equations of motion. 


282 Mr. G. Temple: Central Orbits in Relativistic 


7. We now transform the Lagrangian equations by means 
of the Legendrian contact-transformation, obtained by writing 


w OL 
Pa = Ot,’ 


H= Z po -ta — L, 


a=1, 2,3,4, 


when the equations of motion assume the canonical form 


OH _ Ira, OH _ dpe, 
op?” d)? Ot, dJ 


3 


: (r) (t) « e ale) 
since Pa Se : t3 + a “es 
we deduce that 

Spo tye L+ g EJ ty hy 
a 


jes ae e aB v(x) 
and r3 (x) tl JE aE Sa)Fa 7 
Hence 
1 (x) AG r) Fy yap pe) (x) 
H= 2m ZJ "Pa “23 mc eden? F3 
e” e) po, 
i 2mo a EI): Fa Fp 


8. In order to indicate that H is a function of z, and po 
only, we shall write it in the form 


H (2, Uo, 3g bg 5 Pty Ph P35 pa). 


dH sH dra, DH A 
dJ z Ora dJ ap dJ 


H =k, a constant. 


=0, 


Now 


Hence by Jacobi’s Theorem, if 
W (£i, Zay 03,2455 A1 Ag, (3,5 k) + a,=0 


be any complete integral of the partial differential equation 
of the first order and second degree, 


. ow OY. ow oW)\_, 
H (ei roanines $2 Ore Or; Se) = 
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the integrals of the canonical equations of motion are 


oN = is (i=1, 2, 3), oN = J — Jo, 


ry: 
a =p, (=1,2,3,4), 


where b; (i=1, 2,3) and J, are arbitrary constants. 


and 


Planetary Motion. 


1. In the preceding exposition of the method of reducing 
particle dynamics according to the theory of relativity to a 
system of canonical equations, it has not been necessary to 
make any hypothesis regarding the actual form of the laws 
of gravitation and electromagnetism. We shall now discuss 
the problem of planetary motion according to the first three 
laws of gravitation mentioned on p. 86 of ‘ The Principle of 
Relativity,’ by Whitehead, making the usual assumptions 
that the sun is at rest, and that perturbations due to the 
attraction of planets other, than the one whose motion we 
consider may be neglected. 


2. Einstein’s Law. 
Let J) denote the value of the symmetric determinant 
formed by the components of the fundamental tensor || aI. 


Then the ten functions J (p, v=1, 2,3, 4) satisfy the ten 
partial differential squdtions of the second order, 


z [Se e Ò 57, 8 (= go 


= SIH}. g {12} REY 
pots | dr Dr, ”’ 
mv=l, 2, 3, 4. 
Since these equations are covariant, if ee | is any set of 
ten functions satisfying them, and 


Yy =—2 p (En E2 E., E,), p=, Zs Os 4 


is a set of TA equations defining a transformation from the 
system “x” to the system “ E,” then the ten functions 


jou i ò, 
we oy POE, OE,’ 


will also satisfy a equations, if E be substituted for w. 


p,v=i,?2,3,4 . 
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To obtain solutions of these equations appropriate to the 
solar field, many writers have assumed that the fundamental 
differential invariant of the dynamic manifold associated with 
the solar field is expressible in the form 


dJ?=e" . è? dt?—e .dr?— et .r?(d0?+ sin? 0 . dd’), 


where (r, 0, $) are spherical polar spatial coordinates, t is the 
temporal coordinate, e the base of Napierian logarithms, and 
A, w, v functions of r only. 

Thus the following writers have obtained solutions satis- 
fying the above hypothesis and the supplementary conditions 


Lt (A, p, v) =0 
TD 


together with other simplifying assumptions :—WHinstein (4), 
[A+ 2u+v=0, i.e. J=—crtsin? 0]; Drodste(6), [A=0]; 
Schwarzschild (5), [w=0]; de Sitter, Hill and Jetfery (7) 
and (8), [A=]. Combridve (9) has shown that the general 
solution of Kinstein’s equations, subject to the condition that 
dJ? is expressible in the above form, may be written 
A 1 dry? e aa 

ha es pee yp? © ae f> 
where / is an arbitrary function of r, and m a constant of 
integration. To satisfy the supplementary conditions, we 
must have l 


Ltf=r and Lt A =i 
r>o rp \dr 
Finally, Forsyth (10) has shown that if dJ? is expressible in 
the form 
i a. di? +d? + cdg? +d. dt, 
where u, b, c, d are functions of r, 0, ġ only, and 


Lt (a, b,c, d) =(—1, —7?, — 1? sin’ 0, c’), 
-> 
then we reach once more the solution 


dJ? = (1 z ny ale — . + derd sin? 6. de’). 
r 2m 
(=) 
5s 
m ìs called the “ gravitational radius” of the sun and equals 
yM 
oe? where 
y = the constant of gravitation, 
M = the mass of the sun, 


c = the velocity of light a vacuo where the gravi- 
tational field is zero. 
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The Lagrangian function is 


Lady [(a- =) ct? — 2a) — r$ —r sin? ð. $]. 
rT 
The ignorable coordinates ¢ and ¢ yield the equations 
pr’ sin? 6. p+ pp=0. 
per( 1- isp 


where pg, Pg Pe are constants. 


Let the axes be oriented so that p,=0. Then pO + pp=0. 
Then the Hamiltonian equation is 


—1_ ays (1-24) @)- As 

[es 7) 2 ot a) or 7? \ d0 =m 
, r 

and this possesses a complete integral in the form 


i W=py-O+p,.t+:, 


where = is a function of r only. 
Pat r.u=1, and we obtain the differential equation 


~\3 
wi(1 —2m.u) (E) spp- U, 


2 my pe — Nne 
, Ee ne, ES E mei A 
where U = 2m? — uv? + ae „u+ nre 
Po- U?.du 

ee ae ey 1—2mu) 

ow ò: du 
and g =0+ 57 =0+4\ i. 

Ope Ope TJU? 


Since 7 = p?, this is the elliptic integral discussed by 
Forsyth (11). 
Let U =2m(u— a) (u— f) (u— 7), 
where y<u< <a. 
Then, it is shown in Forsyth’s paper that æ, B, y, the roots of 


the equation U=0, are real, distinct, and positive in the 


solar field. 
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Let p? = 2p (=)= ayy 


Measuring 0 from apreli (u= y), we have, asin Greenhill`s. 


paper (12), 
u—y = ane mod e 
3 S 2 ( ), 


where sn is Jacobi’s elliptic function defined by the equations. 
i dæ 
A BI OOS <1, 
á \ Ny (1—2). (1— ra?) | x | 
z=sny (mod x). 


A discussion of the possible forms of the orbit has been 
given by Morton (13). 
Let K denote the first complete elliptic integral modulus 


VE ae i. e. the real quarter period of sn Y then the peri- 


helionic advance in radians per revolution is 


For all the inner planets this is approximately 67 T where 
ph ttre With the usual notation 


a = semi-axis major 
and e = eccentricity of orbit. 
By Forsyth’s analysis h?~ ma(1—e?), hence 


6ary MM 
Te 2a(1—e?) 


3. Whitehead’s First Law. 


For the solar fieid this law can be expressed 1n the integral. 
form 


2ry i > 
dJ? = (ede — di? —1° d0 — 1° sin? 0 . dg?) — a (Pdp?) 
where c(dt—dp)=dr, 


whence the Lagrangian function is 


L=tu [(- ajel 242 ~(1+ omy ja 2 O27? sin’. $? 


dme > 
+ menil, 
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The Lagrangian equations for the ignorable coordinates. 
gd, y are 
prisin? 8$ +p,=0, | 
t 
‘, 2m ay, me. C 
p(1- i ee ae r= pt, | 
where p, and p; are constants. 
Choosing axes so that py=0, we find that the Hamiltonian 
equation is 


1 / 2m\ ,aW \? 2m, /aW\? 1 /aW\? 
alte F)(ae) r) Cr) - (Se) 
4m (OW\(oW) _ 
. + re be )( dt )=n 
and Br?d + p,=0, 
and this possesses a complete integral in the form 


W=79-O+p,.t+¢, 


where < is a function of r only. 
Putting r.w=1, we obtain the equation 


z\3 dz 
K (5) +21,(&) +M=6, 
where K=(1—2mu)u4 5; L=2m 1 ws 


2 2 
M= (pr — 2m”; -f + ). 


Impa? 
pa Pe f +p 2? Us 
H da n eee 
ence du (1 —2mu) u* i 
2 
2m pe —ne 
where Us=2mb—w + ~ out! — er 
Pe Pee 


the same cubic as that which occurred in the previous 
paragraph ; 


2mpdu ‘pg. Ut .du 
: =| (L=2mu)ew EJU Smu) 
f oW E Oc = (e 


288 Mr. G. Temple: Central Orbits in Relativistic 


Hence we regain exactly the same equation to the form of 
the orbit as in the previous paragraph. 


4. Whitehead’s Second Law. 


In rectangular Cartesian axes this law may be written 


1 ò (r) 
TA lied =0, y,v=l, 2, 3,4, 
where the constants w, are those which occur in the expression 
for the linear element of the metric manifold 


ds? = > w dr. 


Up to the present no researches on the equations have been 
published. We shall consider only those solutions which 
correspond to a steady gravitational field, i. e. for which J a 
is independent of z, 

By writing p=v=4, we obtain the equation 

os E DIR DIE 

er? Or.” Or” 

The general solution of this equation, subject to the condition 
that JG? is a function of r only where 


=0. 


r= Va t+ a) + 23’, 


9 
is IQ=e(1-="), 


c, m being constants of integration. 


Assume that in spherical polar coordinates (r, 0, $), dJ? 
can be expressed in the form 


dJ?= (1 = =m) edt? —(1+/(r).r°)dr?=— rd? 
—7* sin? 0.dg?—g(r)r dr dt, 


where f(r) and g(r) are functions of r only, 


Qn Wie ae , 

Then J= i zp flr), pd, 
I= SE ly SO), BEV ; pf, v£4, 
J= —a,.g(r), we. 


The ten equations which express Whitehead’s Second Law 
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may be divided into three groups, obtained by setting 
(1) pm vž4, b= Vv; 
(2) mv#ł, pÆ»; 
(3) v=4, pH. 


The necessary and sufficient conditions for the satisfaction 
of groups (1) and (2) are er the equations 


3f(r) + r -=0 
yt 
and 5 d; tr Te =0. 


Hence f(r) reduces to a constant 2X. 
The third group of equations is satisfied identically, what- 
ever the form of the function g(r). 


In order that the expression for dJ? in polar coordinates 
should tend towards the form 
edt? —dr— r°d6? —r sin? 0. de? 


as r tends to infinity, A must be zero, and Lt g(r) must be of 


. 1 T->D 
higher order than `. 
r 


Let r.g(r)=R(r). 
Taking as our expression for dJ? 
2m 
(1— =) edt? —dr— rd — r sin? 0. dp?—R(r)dr dt, 
we find as the Lagrangian function 
= 5a [(1- m) erir sin? O. $= Ri | ; 


The Lagrangian equations for the ignorable coordinates 
r, ¢ġ are 


pr? sin? 0. p +p,=0, 


p(1—* =m ye? ij uRr=p, 


where Pe and p, are constants. 
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When the axes are oriented so that Py =9, the Hamiltonian 
equation is 


E A) IY) 


(404 R?) U7 ey \ or/\ dt 
_1laWwy _ 
2(30) =% 
and rd + pg=0, 
where A=ct(I — =") : 


This possesses a complete integral in the form 
W=pq-.94p,.t+2, 


where < is a function of r only. 
Put r.u=1, and we obtain the equation 


K(i) +h% ,) += 0, 


where K= —2Au*, 
L=R.p,.u’, 

and M = 2p? — (204+ 3R*) (p. u? + 7). 
H d: —Ry tev Q 

ence du = — D2 , 

9 
where Q= 4/47. e (2m =w — 
pene Rage 
Z em 


Proceeding as before, we find that 


pe Alan Imut is), 


VAR) 
Hence the necessary and sufticient condition that this should 
reduce to the same relation between u and 6 as that obtained 
in the two theories just discussed, is that 
liz 2e J 2mu, 
9 y Y 
: Jev Pin 
This leads to gass peT 


and hence satisfies the supplementary conditions, respecting 
the form of dJ? as r tends to infinity. 
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Deviation of Light Rays as in the Solar Field. 


It is shown in Murnaghan’s paper (1) that the equations 
to the paths of rays of Jight in the solar field may be obtained 
by writing 


Pr id e 

- —> a finite quantity. 
r9 

The cubic U then takes the form 


2mv —u?— a’, 


and in the practical application of the analysis to the solar 
field the three roots u, u2, and uz of the equation U =0 are 
real, distinct, and satisfy the inequalities 


U< <UL U< U3. 


. se 2 
Hence, if —— = sin’. 
tg — Uy 
a Ua ty 
and k= e, 
Uz — ui 


the equation to the path of a ray of light on all three theories 
is 


o u ee y 
6 | du a/ 2 f diy 
ia N Gas Pie y 
L mamua) A A La? sin? y’ 
0 n 4 wy 
ui — ug 
whence the approximate value of the total angalar deviation 
sutfered by a ray whose minimum distance from the sun is 


bs f 
“~ is found to be 4mu, radians. 
Uo 


Conelusion. 


It will be seen that the preceding method of treating the 
problem of central orbits according to relativistic theories 
has two merits to recommend it to the computor—it evades 
the tedious calculation of the Christoffel 3-index svmbols, 
and it forusses attention at once ona differential equation, 
the solution of which furnishes the key to the whole problem. 
The principal results established in this paper by the use of 
this method are the following :— 


(1) The equation of a planetary orbit has precisely the 
sume form on Kinstein’s theory as on Whitehead’s first 
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theory. In Whitchead’s book, ‘The Principle of Relativity,” 
it was shown that both theories yield the same expression for 
the perihelionic advance to a first approximation. This paper 


shows the exact equivalence of the formulæ. 


(2) The equation of a planetary orbit on Whitehead’s. 
second theory involves an arbitrary function which can be 
chosen to vield the.same equation as in the previous cases. 
This second theory has not been studied before. 


Thus no observations of the forms of planetary orbit can 


discriminate between these three theories. 


References. 


(1) F. D. Murnaghan. *“ The Deflexion of a Ray of Light in the Solar 
Gravitational Field” (Phil. Mag. (6) vol. xliii. 1922, pp. 580- 
588). 

(2) Th. de Donder. ‘La Gravifique Einsteinienne.’ 1921, p. 46. 

(3) W. Wilson. “The Quantum Theory and Electromagnetic 
Phenomena ” (Proc. Roy. Soc. A, vol. cii. 1923, pp. 478-483). 

(4) A. Einstein. “ Erklärung der Perihelbewegung des Merkur, . . .” 
(Silzungsberichte Berlin, 1915, ii. pp. 831-839). 

(5) Schwarzschild. “ Uber das Gravitationsfeld eines Massenpunktes” 
(Sitzungsberichte Berlin, 1916, i. pp. 189-196). 

(6) J. Dröste. “ The Field of a single Centre in Einstein's Theory of 
Gravitation...” (Koninklijke Akademie von Wetenschappen te 
Amsterdam— Proceedings, vol, xix. pp. 197-215). | 

(7) de Sitter. “ Planetary Motion and the Motion of the Moon .. ` 
(Koninklijke Akademie ron Wetenschappen te Amsterdam— 
Proceedings, vol. xix. pp. 367-551). 

(8) F. W. Hill & G. B. Jeffery. “ The Gravitational Field of a 
Particle on Einstein’s Theory” (Phil. Mag. (6) vol. xli. 1921, 

p. 823-826). 
(9) J. T. Combridge. “The Gravitational Field of a Particle on 
Einstein's Theory” (Phil. Mag. (6) vol. xlv. 1923, pp. 726-732). 

(10) A. R. Forsyth. ‘The Concomitants.... of Quadratic Differential 
Forms in Four Variables ” (Proc, Roy. Soc. Edinburgh, Part IT. 
vol. xlii. 1922, pp. 147-213). 

(11) A. R. Forsyth. “Note on the Central Differential Equation in 
the Relativity Theory of Gravitation ” (Proc. Roy. Soc. A, 
vol. xevii. 1920, pp. 145-151). l l 

(12) Sir G. Greenhill.“ Newton-Finstein Planetary Orbit” (Phil. 
Mag. (6) vol. xli. 1921. pp. 148-148). 

(13) W. B. Morton, “The Forms of Planetary Orbits on the Theory 
of Relativity ” (Phil. Mag. (6) vol. xlu. 1921, pp. 511-522), 

(14) A. Sommerfeld (Ber. Akad. Munchen, 1915, pp. 425, 469 ; 1916, 
p. 181; 1917, p. 153). 

(15) A. Sommerfeld, “Zur Theorie des Zeeman Effeltes....” (Phys. 
Zeitschr. Bd. xvii. 1916, pp. 491-507). 


[ 293 ] 


XXXII. Radioactive Disintegration Series.— Part IT." By 
W. P. Wibbowsos, B.A., Scholar of Christ Church, 
Orford, and À. S. RUSSELL, M.A., D.Sc., Dr. Lee's Reader 
in Chemistry f. 


§ 1. Introduction. 


N Part I. it was shown that radioactive disintegration 
series are limited to four in number, the members of 
which have atomic weights given respectively by 4n+3, 
n+? » dint, and dn, where n is an integer. Reasons 
were given for supposing that the first of these is the 
actinium series, the second the uranium series, the third 
a hypothetical series the end-products of which may be 
isotopes of bismuth (a=209) and of thallium (a = 205), and 
the- fourth the thorium series. The present paper deals 
with the hypothetical series. It will show that experi- 
mental evidence is against the existence of this series in the 
possible form given in the earlier paper, and that theoretical 
considerations. are not only consistent with this view, but 
render the existence of the series in any but an attenuato 
form unlikely. 


$ 2. Method of Investigation. 


The hypothetical series as postulated has a gaseous 
member of atomic number (2 =) 86 and of atomic weight («) 
221, which will for convenience be referred to as X. 
As an electroscope can detect a much smaller amount of 
a waseous radio-element than of a solid one, this member 
of the series appears to be the most suitable for exami- 
nation. Its expected period, also, is a convenient one 
This may be calculated from the periods of radon and 
thoron by the relation given in the paper cited, namely 
that the periods of radon, of X the hypothetical member 
considered, of thoron, and of acton are roughly in the 
ratio of 80%:80?: 80:1. An eightieth of radon’s period 
is 693 minutes; eighty times thoron’s is 720 minutes; 
the mean value of X’s expected period is consequently 
70°6 minutes. If this series existed along with the radium 
series in uranium minerals in such an amonnt that, for 
every hundred radon atoms breaking up per second, one 
or more atoms of X break up, then it is likely that the 


* Part I., A. S. Russell, Phil. Mag. xlvi. p. 642 (1923). 
+ Com muincated by the Authors. 


Phil. Mag. S. 6. Vol. 48. No. 284. Augy. 1924. X 
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series would have long ago been detected in the ordinary 
course of experiment. But if the equilibrium ratio were 
less than one per cent., X probably would not bave been 
detected unless it had been specially looked for. It is 
clear, however, that if X exists and has a period of about 
an hour, its detection, even when the equilibrium: ratio 
is as low as 1 to 1000, should not be very difficult. For 
if X and radon be completely removed from the mineral 
and then allowed to accumulate for an hour, the ratio of 
their relative activities is raised from obg to yx because 
of the difference in their periods. If emanation of this 
composition be examined in an electroscope, it would be 
expected to show different properties from those of the 
two emanations in the proportions in which they naturally 
occur. It is quite possible, however, that X might exist 
and not have a period of the expected value. The closer 
the period is to that of radon the more difficult it would he 
to detect it. But if the period were much longer than that’ 
of radon it might easily have been overlooked, although, 
if it were looked for, it should be possible to detect it. 
Shortness of period would make detection easier provided 
the period is not so short that X has decayed considerably 
in the time of its transference from its parent-substance to 
the electroscope. The expulsion of -particles instead of 
a-particles by X would, other things being the same, make 
the detection of X much more difficult. 

Failure to detect A may, then, be ascribed to one of 
four principal reasons :— | 


(1) The parent of X may exist, but not in any of the 
preparations investigated. 

(2) X may exist in measurable amount, but its period 
is such that it is not likely to be detected without 
elaborate precautions. 

(3) X may have a suitable period and exist in uranium 
minerals, but in so small a proportion that in 
the unavoidable presence of radon it cannot be 
detected by ordinary means. 

(£) X does not exist. 


In the present investigation we have looked for X only in 
the minerals pitchblende and thorianite and in a preparation 
of radium separated from pitehblende a few years ago. The 
first two of these are likely sourees. Further, we have done 
only such experiments as are likely to reveal X if its period 
lies between four hours and four minutes, 
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§3. Experimental work. 


4 prams of a pitchblende containing 25 per cent. U30, 
was dissolved in nitric acid, 3°5 grams of barium chloride 
added, and the barium containing radium and the parent 
of X (an isotope of radium, if it exists) removed as sulphate. 
The sulphate was converted into barium carbonate by fusing 
with fusion mixture, and the carbonate dissolved in dilute 
hydrochloric acid to give a clear solution. When this 
solution is boiled the emanation is quantitatively expelled, 
us is well known. In the experiments to be described it is 
essential that this occurs, for otherwise the alteration in the 
ratio of the amounts of radon and of X by their growth for 
a known period of time after supposed complete expulsion, 
would not be that calculated from their known or supposed 
periods. In all experiments the emanation was transferred 
without loss through a drying apparatus to an air-tight 
emanation electroscope. Experiments to test if the 
emanation could be completely removed from the solutions 
used, and if the emanation electroscope was working 
properly, led to the following satisfactory results :— 


Radium solution from pitchblende containing 25:4 per 
cent. U;0,. 1 seale-division of the instrument 
corresponds to 9°6, 9°5, 9:3, 95, and 9°6 x 107% mg. 
radium in different experiments. 

Radium solution from thorianite containing 35°8 per 
cent. UO. 1 seale-division of the instrument 
corresponds to 95 end 95x 1078 mg. radium in 
two experiments. 


Eveperiment I.—The solution of barium-radium chloride 
from pitchblende was made up to 45 c.c. 3 c.c. of this was 
placed in a flask, diluted with water, and the emanation 
expeiled. A quarter of an hour later this operation was 
repeated. The flask was then sealed up for 2 days. At the 
end of this time the emanation was completely expelled into a 
vas-holder, and a few minutes later transferred to the 
electroscope through a tube containing calcium chloride 
to dry the gas, and through another to remove, as far as 
possible, solid disintegration products in the gas. Readings 
of the ionization produced in the electroscope were taken 
continuously every few minutes for three hours and then at 
longer intervals for the next hour. The maximum value, 
obtained by taking the mean of those obtained between 24 
and 3 hours after the transfer of the emanation into the 
electroscope, was taken as 100, and all values calculated on 


» Ges 
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this basis. 


A continuous curve was obtained when the 
values were plotted against the time. 


Four experiments 
of this kind were carried out. 


The mean values from the 


closely-agreeing curves at intervals of five and ten minutes 
are given in the column under I. in Table I. 


TABLE Í. 
Pitchblende. | Radium.  Thorianite. 
ee ees ee ee Ra oe as 
Time i | : : : 
in minutes. ` I. | a oe IV. | V. | Vi. 
, Growth Growth . Growth Growth Growth | Growth 
2 days 2} hours. 30 mins. l min. | }omin. | 9 mins. 
eat 59'8 626 ' 628 680 ; 685 | = 
1O eee | 654 | GS-4 | GNX 71-0 | TLO | 706 
en 694 | TER TLE 
| ee T22 TEO 740 76-0 z0 | my 
pL eee TEG | T672 T58 , 
BO ee OO TOB 0 Ts 776 790 U E SS 
E ecmiesee: T90 TYR TO | ! 
M0 0. © BLU] S2 i RLO B20 | B4 ` BO 
S EE 82:4 ad | S24 | | 
HO, 840 x0 S38 |  St8 854 | RU 
VED se aape st | Rot 82 , 
il Seer ree SOR, SGN | 866 876 | 8x0 | 87O 
‘| EOT S92 o, | S90 i 
ta EEEE Oto | 91-6 91-0 92:4 924 0, 912 
90 aaa. 933 | 5-6 93-0 | i 
WOO aneas 94 | 2 948 93 , 96:0 | 95:2 
HO. WG | 968 w4 | | 
eee 978 | OTS ws 98 j 8s | Os 
LB O ended | 9x5 OS'S | Os-4 | 
J40 cee OVD | 92 | Qa 99 | 99 99:5 
IW u. a ie 3 9G 99-4 | | 
WO erri. | luo | 100 | WO. j WO | 100 100 
Cepertment IT.—42 c.e. of the solution used in expe- 


riment I. were placed in a flask and the emanation completely 
expelled. This operation was repeated, and the flask was 
then sealed up for 25 hours. At the end of this time 
the emanation was removed, as before, from the flask into 
the electroseope. Measurements were made as in expe- 
riment I. Five experiments were carried out. The mean 
values of the relative ionizations produced are given in the 
column under Il. in Table I. 

Keperiment I11.—A solution of barium-radium chloride 
was separated from such a quantity of pitehblende that the 
quantity of radon which grew in it in half-an-hour gave an 
ionization in the electroscope that could be conveniently 
measured. The emanation was completely expelled, the- 
flask sealed up for 30 minutes, and at the end of this time- 
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the emanation which had grown was removed to the electro- 
scope. Measurements were made as in experiments I. 
and II. Four experiments were carried out. The mean 
values of the relative ionizations produced are given in 
the column under III. in Table I. 

Faxperiment IV.—This was carried out in a similar way, 
but on a mueh larger quantity of active material. The 
emanation was allowed to grow, after complete expulsion, 
for 1 minute only and then drawn directly into the 
evacuated electroscope. Three experiments were carried 
out. The mean values of the relative ionizations produced 
are given in the column under IV. in Table 1. 

Experiment V.—This experiment was carried out like 
experiment IV. on a solution of radium which had been 
extracted from pitchblende a few years ago. Six expe- 
riments were made. 

Experiment VI.—This was carried out on a solution of 
barium-radium-mesothorium chloride extracted by us from 
a specimen of thorianite containing 35°8 per cent. U0; 
and about 55 per cent. ThO, in the following way :—The 
emanations were completelv expelled. They were then 
allowed to grow for two minutes, at the end of which 
time they were removed to a gas-holder and kept there 
for 7 minutes to allow the theron to decay to »łg of 
its initial value, and then drawn into the evacuated electro- 
scope. The first measurements were not accurate because 
the ionization was too great. Ten minutes after the 
transfer the effect of the thoron was negligible, and 
measurements thereafter were continued as before. Three 
experiments were carried out, the results of which are 
given in Table I. under VI. 


§ 4. Discussion of Results. 


The results in the table may be divided into two groups: 
those in columns I. II. II. and VI., and those in columns 
IV. and V. It is seen that the results in the first three 
columns are very similar from 40 minutes to 160 minutes, 
but that the earlier values of I. are slightly smaller than the 
corresponding values of TI. and II., which are very similar. 
If this difference is genuine it seems to be explained best 
by saying that X has a period of about 15 minutes and 
constitutes about 5 per cent. of the activity of radon and its 
products after they are five minutes in the electroscope 
under the conditions of experiments II. and III. This, 
however, leads to difficulties. For if the ratio of the 
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activities of radon and of X in pitchblende is 1000, then, in 
experiment. I., it may be calculated to be 302, and so 
X would be presumed undetectable. In experiment Il. 
the ratio would be 18:6, which is approximately the ratio 
apparently detected. But in experiment II]. the ratio 
would be as low as 5, and so X would contribute nearly 
four times more ionization than is found experimentally. 
In other words, the presence of u short-lived emanation 
would explain the differences between I. and II. but not 
the similarities of II. and III. On the other hand, the 
similarities would be consistent with the presence of an 
emanation with a period of 3 hours or more, but this 
product would not explain the differences between I. 
and II., which disappear after about 40 minutes. The 
difficulty cannot be resolved by considering in addition 
to X its possible active deposit, for although the nature 
and amount of the active deposit would be different in I., 
JI., and III. in the emanations before they were trans- 
ferred to the electroscope, this difference can hardly be 
operative inside the electroscope as the greater part of ` 
the deposit is prevented from entering by the glass wool 
and the drying agent. The difference under discussion 
is about three times the estimated experimental error. 

The results of columns IV. and V. closely agree, but 
differ from those of the other cclumns. It would appear 
that a one-minute growth reveals something which the 
other experiments do not. The difference, we think, can 
best be explained as follows:—In experiments IV. and V. 
the emanation was transferred directly and in a few seconds 
from the vessel where it had grown to the electroscope. 
In experiments J., II., and III. the emanation was first 
collected in a gas-holder over water and then transferred 
to the electroscope, an operation taking about ten minutes. 
The effect of ‘this difference in operations seems to make a 
difference of abont six minutes to the times at which corre- 
sponding amounts of active deposit are formed in the 
emanation ; the curves we obtained in IV. and V. are 
unmistakably those of IT. and ITI. except for a shift of 
the time-axis by about six minutes. This may be scen 
also from Table I. If five minutes be added to the times ` 
given for the results of IV. and V., then the ionizations 
in TI., HHI., IV. and V. are approximately the same. 

An alternative explanation is that the effect is genuine 
and due to X. If so, X has an initial value of about 
6 units, which falls to 2 in five minutes, to 1} in fifteen 
minutes, and remains 1 till a hundred minutes. It 1s 
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therefore at least two products, one with a period of about 
tliree minutes and the second of two or three hours or so. 
The former product, if just detectable in an experiment in 
which the emanation accumulated for one minute, would 
not be detectable in experiments I., II., and III., so that 
the experimental results are consistent with the existence 
of this body. 

Experiment IV. was again carried out with this dif- 
ference, that the transfer of emanation was made as in 
experiments I., II., and III.; the results were approxi- 
mately the same as those of 1., II., and III. This is what 
would be expected on the first of the explanations offered ; 
and also on the second, since during the ten minutes of 
the transfer the quick-changing emanation has decayed 
almost to zero, and ths second product, presumed not a 
gas, is prevented from entering the electroscope. 

Against the alternative explanation is this: that the 
ratio of parent and product in e-particle activity cannot 
he lower than the reciprocal of the ratio of their periods. 
In this case the former ratio is, at most, 6 and the 
latter, at least, 20. This objection does not apply if the 
parent (in this case X) expels a 8-particle, and its product 
an a-particle. 

To help to decide the matter experiment IT. was repeated, 
except that on this occasion the accumulated emanation was 
transferred directly and quickly to the electroscope, as it 
had been in experiments IV. and V. The results now 
obtained were those of IV. and V. This shows conclusively 
that the difference effect is not due to an unknown radio- 
active body as suggested in the alternative explanation. 
It is probably due to the fact that in this method of trans- 
ference a larger proportion of the active deposit of radon 
evaded the glass-wool and drying-apparatus and accompanied 
the radon into the electroscope than in the other method. 
Given a uniform method of transferring the emanation, 
exact timing of the moment the emanation reaches the 
electroscope, and a uniform method of measuring the ioni- 
zation, we think the accuracy ef our measurements is about 
1 part in 200 when the mean of three values is taken. 

In the experiments on the radium containing meso- 
thorium separated from thorianite—experiment VI.—the 
effect of the thoron was enormous. Even after it had 
stood for seven minutes after its removal from its parent 
before being passed into the electroscope it was impossible to 
measure the combined emanations in the first five minutes. 
An emanation with a period of few minutes could not 
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therefore be detected in a source of thorium. In ex- 
periment VI., however, when the effect of thoron was 
spent, the rise-curve obtained was very similar to those 
obtained in experiments I., II., and III. 

It seems, therefore, from these results that the six 
experiments appear to reveal no effects that cannot be 
explained without postulating the existence of a body X. 
They do not, however, exclude the possibilities that X 
might exist and have a period of the order of a minute, 
or that it might have a longer period and expel §-particles. 
It remains to discuss below what fraction of radon its con- 
centration must be for it to exist and yet remain undetected 
in our experiments. 

This fraction is obviously a function of X's supposed 
period, of the nature and intensity of X’s radiation, and of 
the nature of X’s active deposit. We propose to confine 
ourselves to cases in which it is supposed that X expels 
a-particles of approximately the range of those from radon, 
that its period is between 4 minutes and 4 hours, and that 
the presence of an active deposit neither hinders nor helps 
the detection of X. 


TasBieE II. 
: Ratio 


| Radon gi 
S se ae fer Ge cee a ge ee 
period oi X,! Tenization | pI yap IT | Rap. IV. 
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| 2} hours. |- 30 mins. l min. 
i ao a a ee a 
| 113 | 133 110 
20 l a0 oy ees Ai 
o w| Aadal 
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The information, calculated from our results, is given in 
Table II. In the first column are given various supposed 
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values of the period of X ; in the second, values of ioniza- 
tions contributed by X which would be detected from our 
results; and in the third, fourth, and fifth columns, the 
ratios of the activities of X to radon in a mineral which, in 
experiments II., II., and IV. respectively, would give the 
lonizations of column II. The ionizations of column II. 
are caiculated taking the maximum point of radon’s rise- 
curve as 100. | 


§ 5. Theoretical Considerations. 


It has been pointed out by one of us* that there is a 
close relation between the isotopes of radioactive elements 
and those of the inactive elements, it being possible to 
deduce in many cases the complexity of the latter from 
knowledge of the former. We propose here to discuss 
a converse problem: what light may be thrown on the 
possibility of the hypothetical series by present knowledge 
of inactive isotopes ? 

It mav be deduced from Aston’s collected results f that 
if an even element (i.e. an element of even atomic number) 
has an odd isotope (i. e. an isotope of odd mass-number), the 
latter is 3 or L units less than the principal even isotope. 
Indeed the rule seems to be, except for krypton, that when 
the element has two odd isotopes they are 3 and 1 units less, 
and when one isotope only, it is 3 units less. Neither of 
these rules applies to the light elements below sulphur. 

Some results in illustration are given in Table III. 


TABLE III. 


Element. Pear ie Odd isotopes. 
RO. Mercury osne 202 $ 199 — 
3A. Xenon............ceceeeeee 132 129 | 131 
DO, Timoer | 120 117 119 
36. Krypton. .cereeseseeroed 84 — 83 
34. Selenium ............... i 80 TT — 


§ The likeliest value from Aston’s results and atomic weight evidence. 


It may also be deduced from Aston’s results and from 
some (denoted by asterisks) given in the former of the 
papers by one of us cited, that one of the isotopes of 
an odd element is usually 5 units less than the principal 
even isotope of the element above it, if the latter be 


* A. S. Russell, ‘Nature,’ exii. p. 588 (1923); Phil. Mag. xlvii. 


p. 1121 (1924). 
t F. W. Aston, Phil. Mag. xlv. p. 934 (1923). 
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complex, and 1 or3 units less, ifit be simple. (A “simple ” 
even element is one consisting predominantly of one isotope.) 
The rule is not absolute, but the number of exceptions are 
small and confined to the lighter elements. 

Exampies in illustration are given in Table IV. 


TABLE IV. 


Element “Net | Principal Klement Mass- 

z ature. | even isotope. z—l. _ number. 

ue ce a | Complex. |  208t 81. Thallium ......, 203% 
80. Mercury ......... A 202 19: Gold siririn: 197* 
D4: ROUGU: ERNS 132 53. Todine ......... 137 
Be AM: itn | A 120 49. Indium ......... ) 115- 
35. Krypton ......... | á | 84 35. Bromine......... 79 
ot. Selenium ......... | i 80 SS: APSONIS 62.05.55: 79 
DS. OUM .......-<.. | Simple. | 140 57. Lanthanum ...' 139% 
42. Molybdenum ...| 5 | Qf 41. Niobium......... 93+ 
38. Strontium ...... S | 88 37. Rubidium ...... 85 
SOs LU srs biisei ‘a | 56 25. Manganese... 55 
16. Sulphur ......... 32 15. Phosphorus ... 3l 


t Assumed. Very complex elements have as a rule principal even 


isotopes of mass-number dn. 208 is also the nearest even number to the 
atomie weight. 


If both these considerations apply to even radio-active 
elements, we obtain the possibilities given in Table V. 


TABLE V. 


ri i S i | ` n | 2 

Element } DEN | shor pss p o eR eile 

z. isotope. | isotopes. f—4i. isotope. isotopes. 

92. Uranium ...... | 238 |, 235, 237 91. Protoactinium 233 | 231, 235 
90. Thorium ...... 232 | 229, 231 ' 89. Actinium ...... 227 225, 229 
88. Radium ...... 226 Poe T e Bi an 29] 219, 293 
86. Rudon ... ..... | 222 210, SEE BO. ——: dien 217 215, 219 
84. Polonium...... | 210 | 207, 209 ' 83. Bismuth......... 205 | 203. 207 
82, Lead........020-! 208 | 205, 207 81. Thallium ...... 203 201 205 


The figures in columns 3 and 5 are derived from those 
in column 2 from the considerations above, and those in 
column 6 from those in column 5, because an odd element 
may have two odd isotopes which differ by two units. 

In compiling column 5 a difficulty has been to decide 
which of the even radio-elements are to be treated 
as complex, and which simple. Regarded as inactive 
elements, all but lead and possibly uranium are simple ; 
regarded as radioactive elements, they are all complex. 
We have decided to assume in the first instance that each 
is complex. 


Digitized by 
Google 
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The number of possibilities may now be reduced consider- 
ably by making the two following limiting assumptions:— 

(1) Uranium is expected to have one odd isotope ; ; radon 
and lead two; thorium, radium and polonium none *. This. 
excludes 237 from uranium, 229 and 231 from thorium, 
223 and 225 from radium, and 207 and 209 from polonium 
as “ probable” isotopes. (If they are ‘‘ possible ” they are: 
likely relatively short-lived products.) 

(2) Isobares of odd mass-number expelling the same type 
of radiation do not exist. (No odd isobares have yet been 
discovered among the inactive elements.) 

This excludes 235 from protoactinium, 225 from radon, 
219 from elements 87 and 85, 203, 205 and 207 from 
bismuth, and 205 from thallium. It also implies that 
successive radioactive changes in series of odd atomic 
number are confined to a succession of a-particles and 
to the succession a, B, a, B. 

The modified possibilities are given in Table VI. Since 
hismuth may not have isotopes of 203, 205 and 207 t, it is 
given the value 209, which is, of course, the experimental 

value and that to be ex pected if polonium be regarded as a 
simple element. IE bismuth has a second isotope, it can 
only be 211. These values are consequently added to the 
table under “ probable” and “ possible” respectively. 


TABLE VI. 


uasible 
odd odd isotopes, 


Element i Probable 


x ' odd Aot 


92, Uranium aaea i 235 

91. Protoactinium a 2 931 
90. Thorium si == 
8 Aretini oaaae. i 225 or 229 
S8. Radium ............ l | mn 
To FOO ents | 22] 

86. Radon... ........ 219 i = 
BI, —— cece cca e eee ! 217 215 
R4. Polonium asa... 

83. Bisuruth............ 200 | oy] 
82. Lead ............... 205, 207 == 
81. Thallium ......... j 0S | ead 


If it be assumed that elements having mass-numbers 
greater than 209 are radioactive, two disintegration series 


* A. S. Russell, ‘Nature,’ cxii. p. 588 (1923); a fuller account is in 
course of publication. 
+ These end-products must be classed as æ-ray bodies, for if they 
were B-ray bodies the second assumption would be contray ened. 
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may be drawn to embrace the above values, one embracing 
mass-numbers of the form 4n+1, the other those of the 
form 4n+3. Neither of these is unique, various possibilities 
heing allowed by the data. Each series is drawn to pass 
through the “ probable” mass-numbers (printed in large 
type), through the ‘ possible’ mass-numbers (printed in 
smaller tvpe) and through any mass-number which is not 
inconsistent with the data given in the above table (these 
are not printed). The series are shown in the figure. 


ao 85 84 33 $2 8I 


R 


It is seen that one of the possibilities of the upper series 
is part or the whole of the actinium series * which is the 
alternative that does not pass through elements 87 and 85. 
This is shown in thicker type. A second possibility— 
namely, that which passes from z=89, a=227 to :=87, 
a=223 and rejoins the actinium series either at z==88, 
a=223 or :=86, a=219—is unlikely since the expulsion 
of a-particles by actinium (<=89, a=227) has not been 
observed, but it appears possible. This second possibility 
would form a branch of the actinium series, and if such 
exists the branching ratio at actinium must be very small. 
The third possibility is that a branch occurs at actinium A 
(z=84, a=215). There is nothing to be said against this, 
as the possibility that a small proportion of §-particles 
accompanies the a-particles of actinium A has not been 


* See Part I., loc. cit. p. 646. 
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tested experimentally, and would indeed be a very difficult 
thing to substantiate if it exists. 

The Jower series differs from the actinium series in that 
it keeps more particularly to elements of odd atomic number. 
There are again three alternative routes, but all pass through 
-=$7, a=221 and z=5), a=217; and one of them passes 
through all of the elements of odd atomic number in its 
course. The relation of these to the hypothetical series 
of Part T. of this paper 1s illustrated in the figure. The 
hypothetical series is identical with one of the possibilities 
as far as the point marked X ; it then continues along the 
dotted line and joins the series again at 2=83, a=213,. 
and continues with it to z=83, a=209 (bismuth). 

If the lower series exists its long-lived members are 
2=91,a=233, the apparent head of the series; <=8%, 
ae221; 2=85, 4=217, with z=83, a=209 as a possible 
end-product. It should consequently be looked for ‘in 
minerals containing tantalum, bet it need not exist In 
miuerals containing thorium or uranium. Uranium might 
have an isotope 237 which by an a- and a -change is trans- 
formed into the head of this series, but if so it is more 
complex than is to be expected ; the element : =93, a= 237 
is also a possible parent, but it, like its homologues, the 
missing elements 79 and 43, 1s probably unstable. These 
possibilities are ‘ndicated in the figure by dotted lines. How- 
ever the series goes in its earlier stages, it ought not to 
pass through the clement X in the way anticipated in 
Part I. of this paper. If it goes through X, X emits £- 
not a-particles and is transformed into a body about whose: 
period nothing is known. This anticipation js consistent 
with our failure to find X experimentally, because, as is 
well known, the ionization contributed by a -particle 
relative to that contributed by an a-particle is small.. 
It may be argued. however, that this lower series is an 
unlikely one for the following reason. It is to be 
expected on general grounds that series whose members 
have odd atomic weights pass through the odd elements, 
and those whose members have even atomic weights 
through the even elements. The upper series in the figure 
may run either through even or odd elements, and it is 
known experimentally that it avoids the elements 85 and 87 
and passes through elements 86, 84, and 82. The possibility 
of passing through even elements appears to be partly 
excluded from the lower series, and if it be not possible for 
a series to pass through the elements 87 and 85, the series 
(if it ever starts) may come to an end at the product which 
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would otherwise have been transformed into an isotope of 
-element 87. 

In the form the series are given in Table VI. and the 
figure, element 87 is simple with a mass-number of 221. 
Element 85 may also be regarded as simple with a mass- 
number of 217 until its possible second isotope 215, a 
branch product of actinium A, is discovered. 


Summary. 


(1) A search has been made in pitchblende, in thorianite, 
-and in a preparation of radium for au isotope of radon, 
thoron, and acton expelling aæ-particles with an anticipated 
period oť 70 minutes. This was unsuccessful. 

(2) Itis concluded either that, if this hypothetical emanation 
exists and expels a«-particles, its period must be greater 
than 4 hours or less than 4 minutes ; or that, if its period 
lies between the above limits, the number of atoms breaking 
up per second must be less than a value which varies 
between ;,, for the higher limit of period and ,,.; for the 
‘lower, of that of a ener of the radium series in pitchblende 
or in thorianite.. 

(3) It is to he anticipated theoretically that there are 
-only three out of four possible radioactive series which have 
members of atomic number 8&6 emitting a-particles. The 
fourth, if it exists, should arise from an isotope of proto- 
actinium having an atomic weight of 233, pass through the 
missing elements 87 and 85, and end in bina. 

(4) The principal isotopes oť elements 91, 85, and 87 are 
-calculated to be 233, 221, and 217 respectively. Elements 
85 and 87 are probably simple. 


We wish to thank the Government Grant Committee of 
the Royal Society for providing us with the instruments 
-and materials employ ed in this work. 


Dr. Lee’s Laboratory, 
Christ Church, “Oxford, 
March 1924. 
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XXXII. Scattering of Light by very big Colloidal Particles. 
By Was. SHOULEIKIN, Professor of Physics, Higher 
Technical School, Moscow *. 

€ 
l. Introduction. 


HE theory of light scattering developed by Lord 
Rayleigh t, and perfectly confirmed by a series of 
precise experiments, relates to the case of light falling on 
very small particles whose diameter is many times smaller 
than the wave-length of light. 

In this case only do the relations stated by Lord Layleigh 
allow us to define the brightness of light, radiated by a 
particle at some angle to its previous direction, as well as 
the polarization of the scattered light. Such particles as, for 
example, the molecules of gas, whose light-scattering has been 
thoroughly studied by Abbot and Fowl $ and J. Cabannes Q. 

But if one turns from molecules to colloidal particles— 
tə colloidal solutions of resins, oi] emulsions, etc.—tle picture 
changes drastically : one notices already by sight that the 
scattering of light is here unsymmetrical towards the planes 
perpendicular to the incident rays. Light is brightest along 
directions not far away from the previous one, and is least 
bright in the opposite direction, whereas Rayleigh’s formula 
gives a symmetrical distribution |]. 

If one studies the polarization of light scattered at 
different angles to the previous direction, it appears that the 
maximum of polarization corresponds to azimuth considerably 
greater than 90°, and here also polarization is incomplete. 

Ali this shows that the laws of scattering of light by big 
particles vary greatly from those of the scattering by 
particles which are small in relation to the wave-length, and 
this difference is the greater, the coarser the particles. 

The problem of scattering of light by particles of any 
dimension has been studied in general by G. Mie, taking 
into account also the absorption of light by the particles 


® Communicated to the Scientific Institution of Moscow, November 2], 
1922. 

t Lord Rayleigh, Phil. Mag. (4) xli. (1871); (5) xii. (1881); (5) 
xlvii. (1899). 

t Abbot & Fowl, Astrophys. Journ. xxxiv. p. 203 (1911); xxxviii. 
p. 392 (1913). 

§ J. Cabannes, Annales de Physique, xxv. p. 1 (1920). 

l The experimental measurements have been made originally by 
Ftamanathan, Phil. Mag. xlvi. p. 543 (1923). 

q G. Mie, Ann. d. Phys. xxv. p. 377 (1908). 
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whose electrical conduction is not zero. But witha growth 
in the size of the particles the difficulties of calculation crow 
also rapidly, being at last rather serious. 

Therefore Mie’s studies were pursued only so far as to 
deal with particles a third of the size of the wave-length. 

The present article fills up the gap between the small 
particles and those of any size (to the limit of infinitely big 
ones in comparison with the wave-length). In solving this 
problem we shall use the methods of the elaborate studies of 
Mie, but we shall limit our case to particles which have the 
ideal properties of a dielectric. 


2. The Theory of Mie. 


A flat wave falls on a spherical particle placed at the pole 
of a system of coordinates (r, 3, ġ). By an integration of 
Maxwell’s equations for the field inside and outside of the 
particle, and solving them together with the equations for a 
flat wave, Mie obtains expressions for the amplitudes of 

waves radiated hy the particle in all directions and superposed 
on a Hat wave. 

As the common integral of Maxwell’s equations includes a 
series of partial solutions, the whole radiation of the particle 
ean be divided into an infinite number of partial waves. 
If v be the number of partial waves and w be put equal to 
2? 

A 
length of light in the surrounding solvent, the components of 
the amplitudes of the electrical vectors can be expressed in 
accordance with G. Mie as follows :— 


, where r is the distance of the pole and A the wave- 


EEA l SAT ) P,; } 

oat 

Eg =» Pan = oe i a | 
+ rot raisins ap ]t pe 

Meader ya ar 3 


p K- OR, 
$— N 
v(v+1) £ foe | 
Here K a x) (and K,'(—«<)) is a function (and its deri- 
vative) entering into ihe integral of Maxwell’s equations 
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which depends upon r; P, and #, are functions of $ and ¢. 
The magnetic components M,, Mg, and Mz are expressed 
similarly. 

The functions a, and p, entering into all expressions are 
defined by border conditions ; these are complex functions, 
depending upon the wave-length, the radius of the particle, 
and the index of refraction of the material of the particle in | 
relation to the outer medium m’. 

The relations are considerably simplified if one supposes 
that the point where the field of light is studied is as far 
from the particle as r, a distance very great in comparison 
with its radius p. 

In accomplishing corresponding modifications, G. Mie 
passes from amplitudes of vectors to the values of intensity 
of light radiated by the particle in all directions. The 
intensity of the incident light is taken asa unit. For the 
definition of the polarization of the scattered light Mie 
investigates two of its components: (1) the radiation I; whose 
electrical oscillations are perpendicular to the plane of sight, 
and (2) the radiation Irr whose electrical oscillations are in 
the plane of sight itself (but, indeed, also perpendicular to 
the ray of sight). 

If the scattered ray investigated makes an angle (m —y) 
with the ray falling on the particle, then the intensities 
I; and Irr will be expressed according to Mie as: 


xr? % ay, 
n= pora 2 Leip” 
+ P+ (K; cos y— II ‘sin? 9) b's | 
v(v+ 1) - Y á (2) 
_ M | { ay OIM! ont : 


eA 


Pr mn 
T y(v+1)° 1, } i J 

The sign | |2 shows that the quadrate of the absolute value 
of the complex in the parenthesis is taken. II, are spherical 
functions, II,’ their first derivatives on cos y. 

The summation Ir + Irr gives the full intensity of the rays 
scattered under the angle y, and the ditference Ir— [r is the 
surplus of polarized light. If the difference is positive, the 
light is polarized so that the electrical oscillations are 
perpendicular to the plane of sight: if it is negative, the 
electrical oscillations are in the plane of sight. The number v 
of the partial waves which can be considered sufficient for 
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calculations depends upon the size of the particle in relation 
to the wave-length. 
We shall calculate four cases : 


im? =0; 2TP 1. 2TP _3. 
(a) Lim, = ; (b) x =1; (o) x 3; 
and finally — (d) Lim? =o. 


Let us take as a colloid a substance with an index in 
relation to the medium m'=1°32. This corresponds to an 
emulsion of paraffin oil in water or to drops of condensed 
vapour in air. The results obtained can also, with some 


modifications, be applied to the case m'= corresponding 


= 
1°32’ 
to bubbles of gas suspended in water. 


3. The very small Rayleigh’s Particles. 


Inj this case the radiation consists in the first partial 
wave: y=]. Besides p,=0 in equations (2), of the two 
complex functions a, and p, only a, appears where 


m'?—] 


a= 2a ab: 


where a is an abbreviation for =e, 


Again,. II =1 and II,/=0. On putting these values 
into (2), we have : - 5 


AZ 


And finally: 


rmt a pm 
kirs -P E l 


2 
ji a] (1+ cos? y); 


~— 1624. pê Fm’ —]17? 
eee M7? m? + a (emess) 


This is evidently Rayleigh’s law of scattering. On plotting 
out graphically the intensity of scattered light along polar 
coordinates in some scale on radii-vectores, we get the curves 
of fig. 1. The outer curve represents the full brightness of 
the dispersed light, and the parts of the vectors between the 
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outer and the inner one (in the shaded part) the admixture 
of polarized light. The maximum of polarization corresponds 


Fig. 1. 


to an angle of 90° to the incident rays; the polarization is 
here complete, and the electrical oscillations are perpendi- 
cular to the plane of sight. 


4. Particles of a Diameter about a third of the 
Wave-length of Light. 


Let us suppose ge =l. 


In this case, as Mie has done, one has to take into con- 
sideration the first (v=1) and the second (v=2) partial 
wave. But out of all the complex values a, pı, az, and pz, 
the last one (p,) can be still left out of account. The 
remaining coefficients are equal to the following values, if 


one drops the common multiplicator e-i which does not 
influence the result : 


a= 0156—i. 0:324 a 

pı= —0:025 47.0040 with s 7 A 

ag= —0°017 +: . 0:027 3 =3Ə COS Y. - 
2 tÀ IL,’ =3. 


In simplifying the calculations we drop in the formula (2) 
Sars x 
the multiplier Ani before the parenthesis, because at 


present we want to find the law of the distribution of energy 
around the particle, and not the absolute brightness of light. 
Theretore, out of the modified equations (2) we determine 
the values j; and j,,, proportional to I, and to I,,. 
Y2 
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Equations ready for calculations have the following 
aspect : 


la las + P |2 

ET Sa. 23 T Pi 

ta Seal t g Cosy 
~ = 


| 2 
jn= , cos y+ 9 nos 2y +p, | ; 


| 2 2. 
The results of the calculations are given in Table I. 


TABLE I. 


Angle y ...| 0°. | 20°. | 46°. Í 60°. | 90°. | 120°. | 140°. | 160°. | 180°. | 


Se ee Se a ee ee m — 


The full 
brightness 0:0390, 0°0387 0:0380 0° 0360. 0:0325 0: 0462, 00667 0:0875. 0:0925 


25 
(relat. ). | | | 


ee 


| 


am e-——— eee iM 


p-s 


The | | | | | | | 
polarized | O 0:0020; 0°0070 0:0155, 0:0297) 00327 00212) 0:0060) 0 
light. | | 


| 

—_— pees Sa! SARA RARE GRR SRR a Gana VARIN 

Percentage | | | | | | | | 

of polarized) O | 52 | 185: 43 | 91 | 71 | 32 | 6&| O 
light. | | | | | | | | 


The law of radiation is graphically represented in fig. 2. 
Here, as in fig. 1, the radii-vectores of the outer curve 


Fig. 2 
| 


express the full brightness of light, and their parts in the 
shaded surface the admixture of polarized light, where the 
plane of polarization is the same (that of Rayleigh) as in 
fig. 1. The maximum of polarization is here removed from 
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90° towards the direction of the falling rays. The polariz- 
ation is everywhere complete. The w ‘hole curve is more 
symmetrical ; its left part is contracted, its right part is more 
developed than that of Rayleigh’s in fig. Le 


5. Particles whose Diameter is approximately equal 
to the Ware-length. 


Let us suppose ai P 3, 


With this size of a particle one has to consider several 
partial waves, which rather complicates calculations. After | 
a determination of the amplitudes of several partial waves, 
we found that it is a to ignore waves from the 4th 
degree upwards (v=4). Therefore one has to summarize 
three separate electrical and three separate magnetic 
oscillations for v=1, v=2, and v=3. The coefficients a, 
Pı; G2, P23 az, p3 in the formula (2) determined by border 
conditions were found to be : 

ay=—1'7 +i.125; pı= —0°224—72. 3°32. 
az= 2°54-2.1°27; pe= —2°64 +2.1°48. 
az= 1°51-—1.0°12; p= 0°6764+7.0°029. 

Further : 

T,=1; W,=3cosy; W3;=7'5 cos? y—1'5. 
II,=0; IŅL=3; II;=15 cos y. 

Instead of Ir and I, let us calculate, as in the former 
section, the values j,, and j,,;, proportional to them. After 
some simplifications we obtain the following expressions for 
jy and jy: 

jy = |Q; cos’ y+ R; cos?7+8, cosy+T, cos 2y+U, l°; 

Ju= | Qu cos? y + Rir cos? y+ Sir cos y + T,, cos 2y + U,, |”. 

Here : 

225 -> 22:5 


Q= -jg Psi Qu= Fy 4: 
R= ii Ri =o pe 
T=; T a 
Ue. —'g3 Un= a 
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The numerical values for those ten complex coefficients 
are given in Table II. 


TABLE II. 
| I. II. 
Oera: 1:27 +i. 0054 —2:83 —i. 0225 
T E: E | —0 945 — i . 0:750 0424+: . 0018 
Saee.. 0:230 — i . 2°33 —0:085 +i. 1:525 
T on | —1:32 +i. 0740 1:27 =i. 0:630 
Ua... — 0:660 +i . 0:640 — 0'197 —i . 1:664 


| laa a aa aaa 
The calculation of jį and j,, for nine different azimuths 
gives the full (relative) brightness of dispersed light 7,4 jir 
as well as the admixture of polarized light 7,—j,, (see 


Table IIT.). 
Tague III. 


i 
ee ee | e e = am Ss 


Full | | : 
brightness | 60 503) 306! 2°70! 3°56' | 197 | 505 | 64:4 
(relative). | | | | 
Admixture | | m | 
of polarized © +0°25!—0:13 —1:06 |—2°68:—36 —1'45|—0:5 0 

light. 

. | Percentaye l : 


of polarized O +5 pi —38:1 1—75 45 


t 


light. 


The sign (—) before almost every number of the third line 
shows that the plane of polarization is turned at an angle of 
90° in relation to that of Rayleigh, and the electrical oscil- 
lations are in the plane of sight. 

Fig. 3 shows the law of radiation represented, as before, in 
a polar system of coordinates. It is evident that there is 
little in common between scattering of light by small ($3) 
and big particles, and that the curve of radiation is 
sharply deformed, developing in the direction of incident 
rays. 
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Even the polarization is here, as we have seen, quite in a 
different plane. Rayleigh’s polarization (§ 3) has been pre- 
served only for very small azimuths (where the surface 
between the outer and inner curve is shaded ; but where this 
surface is dotted the plane of polarization is perpendicular 
to that of Rayleigh). The maximum of polarization is still 
more displaced from 90° than in case § 4, and the degree 
of polarization even at this optimal angle is still less 
complete. 


Fig. 3. 


What is the physical meaning of this change in the 
character of scattering? What does such a deformation of 
the curve of radiation, such a displacement of the maximum 
of polarization and even of the plane of polarization, signify ? 
We shall endeavour to solve these questions in § 6, investi- 
gating the last of the possible cases with very big particles, 


for which the relation č tends towards infinity. 


6. The biagest possible Particles. 


In the case of such big particles, for which Lim : =, 
we shall not proceed with the calculations used above, but 
we shall use quite different methods. 

It is easy to conjecture that such big spherical dielectric 
globes will simply refract and reflect rays falling upon them, 
and that the brightness of the reflected and refracted rays 
radiated by these balls in all directions can be calculated on 
a basis of common propositions. 
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Fig 4 shows the details of this case. Let one of the 
parallel rays (SA), shining upon the globe, fall upon it in 
the point A, forming with the normal AN an angle 
SAN=¢._ A part of the light-energy will be reflected at an 
angle SAT to the ray SA, so that evidently SAT=2¢. 


Fig. 4. 


Therefore for reflected rays y= 2p. The brightness of the 
ray reflected at such an azimuth ean be found from the 
relation 


Ta = Tine. -® . cos d, 
where there is an abbreviation, (3) 


2 sin? (+y) cos? (6 —) - | 
The admixture of polarized light is 


(Lren) olar. = Tig . p' « COS d, 


where | (3’) 
oa THVT eo ayy 
2sin?(G+y) L T cot(z Jo 

The plane of polarization will be, evidently, perpendicular 
to that of Rayleigh, because electrical oscillations will be in 
the plane of sight. 

At an angle $»=arctang (m') the reflected ray will be 
completely polarized. Therefore a ray with an azimuth 
Yo= 2h0= 2 arctang (m’) will be completly polarized. In our 
case, where m'= 1'32 the value of Yo Will be y= 105° 40’. 

The calculations of brightness of the reflected light are 
given in Table IV., where the brightness of the incident 
light is taken as a unit, i 
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TABLE IV. 
eg oe ope ee ig ea a A mer. oY ee ‘Gees 
| Angle y n| 10°. | 20°. | 30°, | 402, | 60°, | 909. 
‘The full bright- E | 
ness of the re- 


0-018 | 00182 | 00169 | 0-0182 


| | 


| 
| flected light. | | | oe 
| 


| 
0:0020 ; 0:0036 0:0077 | 00180 


' Admixture of po- 
| larized light (in 0:000 
| a reflected ray). | 


| 
0-017 | 0:017 


120°, | 140°. 150°. | 160°. 170°. |1790 40". 


Therefore it is evident that if y=0, 
11x2 
Tea, = C I =0°017 ° Tia 


m +1 
and that if y=180°, Iren. =0 (because cos ġ=0). 
. Fig. 5. 


The same law of reflexion at different azimuths is repre- 
sented graphically in fig. 5. 
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But the full energy of “scattering ” by a spherical globe 
is evidently composed of two parts: one of them, the energy 
of the wave reflected from the surface, we have already 
taken into account. It remains to calculate the energy of 
rays which have penetrated through an absolutely trans- 
parent dielectric globe and are refracted at its surface. 

We see in fig 4 that a refracted ray will come out of the 
ball under the same angle ¢ to the normal line in the point 
of exit (B) at which it previously fell upon the surface of 
the ball in the point A. Therefore the brightness of the 
reappearing ray will be found from the relation 


Iret. = Iino.. (1— È)’. cos d, 


where ® has its previous significance. The azimuth of this 
ray is easily found from the geometrical relations; it will be 


Yet = 180°—2(p—). 
The values for I „a calculated for a series of angles Y etr. 


(corresponding to values of the angle ġ = 5°, 10°, 15°, etc.) 
are represented in Table V. 


TABLE V, 


Angle ref, -+| 177° 40'.| 175° 20". 172°-40' 170° 0". | 164° 40" 155°0". 


a eee 


we ee oe | 


t 


Brightnessof light 
which passes 
through the waa 


0:967 | 0950 0933 | 0907 | 0836 | 0709 


| 142° 0'.' 13190". 


| 124° 20’, 116° 20’. 108° 0'. | 98° 40’. 


í | | i 
| o-450 | 0-280 | 0162 O07 | 0015 | 0-000 | 


ae | 


4 


The polarization of these rays can be determined from 
Table IV. For a precise calculation of the “ scattering ” of 
enercy, one has to take into account the secondary, tertiary, 
ete. refractions of rays inside the globe, but this feeblv 
influences the final result, and we omit them. In sum- 
marizing the energies of ravs (a) reflected by the surface of 


Light by very big Colloidal Particles. 319 


the ball and (b) those which pass through it, we find the 
final law of scattering graphically represented in fig. 6. 

We can see that this fig. 6 resembles fig. 3, which has 
been obtained on the proposition of the theery of scattering 
of light for particles whose diameter is approximately equal 


9) 
to the wave-length (Fr =3). And this likeness is not 


occasional or external, but very deep and of an inner origin. 
Fig. 6. 


If one considers the polarization of rays in both cases, in 
order to prove the correctness of the above said, the plane of 
polarization just at the position of the maximum of polar- 
ization is the same in both cases (in the latter case the 
polarization will be also incomplete, even at an optimal angle 
of 105° 40’, because upon a completely-polarized wave of 
fig. 5 another not fully-polarized wave, which has passed 
through the globe, is superposed). 

The law of scattering itself, found in §5, has now a clear 
physical meaning : the greater development of the right part 
of the curve with a growth of the diameter of the particles is 
caused by an emerging refracted wave which has passed 
through a dielectric ball. The maximum of polarization, 
corresponding in Rayleigh’s particles to an angle of 90°, is 
striving for an optimal angle Yo, which is equal to a double 
anule gy of a complete polarization of the reflexion (the 
tangent of the latter is equal to the index of refraction m’). 


Conclusion. 
1. The distribution of scattered energy of light around a 
radiating particle of a turbid medium (dielectric in an ideal 
state) is subject to Lord Ravleigh’s formula, if diameters of 
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the particles 2p are included in the limit O<2p<}A. At 
an angle yọ= 90° the scattered light is completely polarized 
(the electrical oscillations are perpendicular to the plane of 
vision), N 

2. Already al. 2p = 3 one notices a definite asymmetry of 
dispersion, so that along the direction of incident rays the 
[brightness of the scattered light is 2°5 times greater than 
in the opposite direction (these calculations have been made 
for a relative index of refraction m’=1°32). The angle of 
maximal polarization is displaced from 90° in the direction 
of incident rays. ‘The polarization is everywhere incomplete, 
but in the same plane as in point 1. 

3. With diameters bigger than 2p =), the asymmetry is 
still greater; with 2p >; and with m'’=1°32 the brightness 
of light dispersed in the direction of incident rays is ap- 
proximately 11 times greater than the brightness in the 
opposite direction. The maximum of polarization is dis- 
placed still more from the angle 90°, tending in the limit 
to the angle y)=2 arctan (m’). The plane of polarization 
itself completely changes with such dimensions of the 
particles ; it gets perpendicular to the plane of polarization 
of Rayleigh’s particles, 7. e. electrical oscillations are in the 
plane of sight. 3 

4. This plane of polarization as well as the character of 
distribution of the dispersed energy, from these dimensions — 
of particles upwards, does not change any more until just the 
greatest dimensions of particles which can be studied by 
common methods applying the laws of refraction and reflexion 
of light. The greater and still greater development of the 
curve in the direction of incident rays is due to the wave 
which has passed through the dielectric globe. 

5. In limits with dimensions of particles infinitely greater | 
than the length of the wave, the brightness of light scattered 
in the direction of incident rays is 52 times greater than the 
brightness in the opposite direction (if m'=1°32). The 
angle of maximal polarization is in this case equal to 105° 40’. 

6. There is, therefore, a smooth continuous change from 
scattering of light to its reflexion and refraction. 

Physics Department, 
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XXXIV. Votes on the Constitution of Spectra. By W.M. 
Hicks, Emeritus Professor of Physics, University of Shefield. 


I. In re the Oun. 


f opinion has been expressed that the discovery of 

isotopes has invalidated the evidence for the existence 
of the oun and the part it plays in the constitution of sequence 
terms. This is, however, based on a misconception of the 
evidence. When it is remembered that the first discovery of 
the oun effect was led up to by the general belief at the time 
that the doublet and triplet separations depended in some way 
on the squares of the atomic weight, such a misconception is 
perhaps natural. If the problem had been considered after 
the publication of Aston’s researches on isotopes, it would 
probably have been tested on the basis of squares of atomic 
numbers. In that case the result would have been nuga- 
tory t and the discovery of the oun effect would have been 
left for some future investigator. 

The maguitude of all doublet, triplet, and satellite separa- 
tions is a secondary effect depending on definite changes in 
the denominator of the function N/D? which gives the value 
of the terms of a sequence. Thus in a doublet series, the 
limits are given by N/D? and N/( D—A)?, so that the separa- 
tion of the two series is vy=N/(D—A)?—N/D*. If we 
wish to determine how the separation (v) depends on any 
natural quantity, it is the A and not the v which we have to 
study. A consideration of these A showed, that if w denote 
(atom. wt.)/100 then in all cases where the series were 
known the A (or A,, A, in triplets) were integral multiples 
of a quantity = (90°445 + (005) w?, within observational errors 
spectroscopic or chemical. In fact, with the more accurate 
data of to-day any alteration of a multiple by unity entirely 
upsets the relation. That it is possible to do this with 
elements whose atomic weights range from 23 (Na) to over 
200 (Hg, TI, Ra) is in itself a remarkable result. But it is 
then found that the satellite separations in d and / sequences, 
as well as the enhanced doubletsin group II. (ionized atoms) 
also depend ina similar way on multiples of the same oun, 
and indeed that other effects, not further dealt with in this 
note, depend on oun values. 

This dependence of all the various separations on the oun 
opens up a possibility of an independent and purely spectral 
determination of the oun values, especially in cases where 

° Communicated by the Author. 
t See ‘Analysis of Spectra,’ p. 149. 
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triplet series occur or where the successive spectra of mul- 
tiply ionized atoms are known*. To do this with confidence 
accurate spectroscopic measures are required, especially for 
D and F satellites where observation errors are multiplied by 
large factors in the corresponding A. Ultimately we may 
hope to obtain a large number of oun values thus indepen- 
dently obtained, and then it will be possible to consider 
directly their dependence on the atomic weight. 

Meanwhile, on the evidence as it stands at present we 
can hardly escape from the conclusion that as an experi- 
‘mental fact the oun is proportional to the square of the 
atomic weight, that is to a quantity which, in at least a large 
number of cases, corresponds to no physical entity. Possibly 
a way out of the difficulty may be indicated by the following 
considerations. To fix ideas take the case of an element with 
two isotopes A, B. It is usual to explain the observed 
atomic weight us the statistical mean of the two isotopes 
occurring in their respective numbers. The ratio in their 
numbers appears as a quite definite one, the same from 
whatever source the element tested has been taken. Why, 
in the building up—or degrading—of successive elements, do 
we find that for each particular one the isotopes are always 
in this ratio? If the numbers were equal we might take it 
as due to pure chance, but this explanation is not here 
tenable. There must be some cause which, in the-building 
up of an element, settles in a precise way the probability of 
the entrance of cach isotope, and this cause must depend in 
some way on the constitution of the element itself. Does 
this cause also affect the different energy levels which in any 
sequence produce the doublet and triplet separations? If so, 
the oun depends on this quality directly, and only in a 
secondary sense on the observed atomic weight, because this 
latter also depends on it. 


TI. The Aluminium Oun. 


The recent remarkable work of Paschen + on the spectra 
of the singly and doubly ionized atom of aluminium enables 


° . o 
* E.g. in Cd with very accurate measures :— 


Cd. cat, 
A, 23105°83 = 203 x 113819. A. 27348 =240 x 115-94, 
A, 1087033= 91 x 115-989. o. 4314= 88X113°03. 
A +4,. 3347616 = 204 x 113°864. 
oto, 8803 = 29x113:89. 
The satellite in Cd*(4314) depends on two ultra-violet lines with 
considerable possible errors in wave number. It agrees with 1158604 
within possible errors. 


+ Ann. der Phys. ixxi. pp. 142, 537 (1923). 
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us to illustrate the exactness of the oun relation in this 
element very fully. lt must be noted that values of the A 
obtained with enhanced spectra are specially accurate, since 
on account of the 4N, 9N, etc., relation, their percentage 
uncertainties are very much diminished. In the present case 
in addition the observations themselves are of the first order 
of accuracy. For the neutral atom the oun relations for the 
doublet separations and the satellite separations for D(2) and 
D(3) are very fully obeyed *, but asthe oun values for all the 
early elements in any periodic group are small, their evidential 
value for proving the reality of the relation was not great. 
The new spectra, however, afford increased data with striking 
agreement. 

The various data from the three spectra are here given. 
Paschen’s values for the terms in AIII, AIIII are all 
affected with the same unknown error, but it is small and 
the effect on our deduced values is inappreciable. We 
shall use the value of ô (4 ouns) as given in the ‘ Analysis ’ 
and determined from the doublet separation of AlI. In the 
case of triplets the values for the sum of the separations are 
also given, because in the majority of elements there is a 
small “triplet modification ” as between v, and v, although 
vı +»: is normal. This modification, however, is almost 
negligible in the early elements of a group. 


6=46,=26°5465+°0045. 


® 


Sep. A. 
pil)... 112038+:010 . 175207+30 6608 
Doublet. fie Gods 1:33 - 110 440=112°8 
d(3)...... 4°49 - 823 316=822°9 
( Pl)... 125:5 1075 4036=1075'1 
61:8 529 208 = 530°9 
| 187:3 1604 6036 = 1606-0 
1 (2)... 2:16 5835 20=531 
aii | 112 27-8 §=26°5 
Triplete. | 3-28 81-3 36=79°6 
| WB) ais 2-81 194-0 748=1925 
2:09 143:7 516 =146-0 
4:90 3377 1236 =3385 
(FQ)... 4753 32862 123} =3285'1 
ALIIL ç p(2)...... 238-00 1606-2 6018= 1606-0 
ee | p(B) ..e00- 80:30 1592-0 606 = 1592-7 


It will be noticed that the A for vy, +v, in Al II and v in 


* í Analysis’ pp. 128, 136, misprints on p. 136 here corrected. 
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AITII have the same value 6046, although the »,+y 
and y—187°3 and 238—are quite different. This illustrates 
the fact that the essential quantity to study is the A and not 
the separation observed. 


HI. The Spectrum of Manganese. 


The S” (2, 3) and D'” (2, 3, 4) sets were allocated by 
_ Kayser and Runge in 1894. Extensions up to m=7 were 
given in my ‘Analysis of Spectra.’ Catalan * has since given 
a very full discussion of the different series of this element. 
His work has brought to light a number of new facts and 
has been the occasion of extraordinarily interesting extensions 
by Sommerfeld of his descriptive theory of internal quantum 
numbers and by Landé of his empirical method of pre- 
determining the Zeeman patterns, verified experimentally 
by Back. This note, however, has no reference to these 
questions, but considers only a few minor points relating to 
series arrangements. It is followed by a short excursus on 
the theory of displacement, illustrated by the higher orders 
of these series. | 

For P,,; (2) Catalan gives A= 15263, n=6550 and supports 
it by two suggested combinations nn=27280°20, 27444°65 as 
pil—pe2, pal — p2. AS pol —p,1=173°6 the separation of 
these, 164°45, is too large for different k and tpo small for 
same k. The following are suggested as preferable (measures 
by Fritsch) :— f 

. À n 


p,1—p,2 1, 3667°758 2725779 
p,l—p2 3, 3664779 27279-95 
pl—p,2 4, 3660-549 27311-47 | 173:80 
pal —p,2 3, 3641579 27453-75 
These give for P(2) the set, in wave-number :— 
6585:50 
31:52 
6553:98 
22:16 
6531:82 


The separations are in the same ratio as in P(1) and of 
the order of magnitude to be expected. They also support 
Catalan’s allocation of A=15263 as a mean value of P,93(2). 
His proposed set for P(3) give separations also in about the 
same ratio and of suitable magnitude. But with these two 
sets for P(2, 3) his A=6315 for P(4) is doubtful, as indeed 


* Trans, Roy, Soe, 223 A. p. 127. 
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he indicates. Its denominator would be 4°8376 as compared 
with 1:6305, 2°8047, 3°8360 for the others, and too small to 
be in step. We should expect one about 4°8516 corresponding 
to about A=6300. 

In the S’’’ we agree up to m=5, whilst Catalan gives a 
slightly different set for m=6 and none for m=7. ‘The 
equation calculated from m=2, 3, 4 exactly reproduces the 
wave number for m=5. The formula may therefore be 
considered as very reliable. For m=6 it deviates very 
largely from Catalan’s allocation, less from mine, but still 
outside observation errors. For m=6,7 the calculated 
values fall in a region containing a large number of displaced 
lines, and are considered below in note IV. In D” again 
Catalan gives up to m=5 only. We differ slightly for 
m=05, but again we come into a region of displacement also 
considered in note IV. The equations, with N =109678°7, 
are 


Si”, 41254-06 —N/ {m+ 1378714 —*067251/m)3 
D,'", 41254:06—N/{m+ +904297 —-049476/m}}, 


S being determined ftom the first three lines and D from the 
S(æ ) and the first two lines. The v separations show an 
anomalous ratio of 1°34, or say 4:3, instead of being greater 
than 2. They seem analogous to those of O, S, in group VI. 
with ratios 1°8, 1°6, although Sein the same group gives 2°5. 
The D sequence is also unusual in that the coefficient of 1/m 
is negative, but the outstanding interest of the D series is 
that the sequence genus d comprises five species in place of 
the three hitherto known. These species are analogous to 
those of the triplets hitherto recognized, in being formed by 
successive negative displacements. In the newly found single 
groups of multiplets on the contrary, they are formed by 
suc tessive positive displacements. 

The presence of triplets in an element of group VIIL., 
where according to Rydberg’s rule we should expect doublets, 
is an anomaly for which Catalan’s explanation is probably 
correct *. But another anomaly also occurs in connexion 
with the series which in other elements constitute a singlet 
system associated with the triplet. For the singlet systems 
to be expected we apparently get triplets. But if this is 
really the case, we have a new fact in spectral constitution, 
the evidence for which calls for careful examination. As 
a contribution towards this, the series arrangements are 


è But see Sommerfeld, Ann. d, Phys. |xxiii. p. 217 (1924), 
Phil. Mag. S. 6. Vol. 48. No, 284. Aug. 1924. Z 
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here discussed rather more fuliy than would otherwise be 
necessary. 

For the singlet representatives he finds triplet systems in 
about the correct position and composed of lines of correct 
spectral behaviour. In addition there is another triplet 
system, parallel to this, in which the first members of each 
order are separated by 10967°75 from the corresponding line 
of the other. As this second series has separations 14°22, 
8°70, in the ratio 5:3, we shall take it that its limit term 
belongs to a d sequence, that of the first being of the p type. 

There van be little doubt but that the allocation of s'1 —»./’1 
is correct and from this, s'l can be calculated (=59959-40). 
Regarding the first series as a split representative of a true 
S’, the first line gives with the above s'l the limit p,2 as 
24189°39. But if it is not, the series must be treated 
independently, and the formula calculated from the first three 
lines. The result is to give a limit 216 larger. The formula . 
calculated with the supposed }/2 limit and the first two orders 
gives for the third (m = 3) a line in error by 53A. This 
might seem decisive against the hypothesis, were it not that 
in these typical singlets, the first line is in general greatly 
out of step with the others, and a formula calculated with it 
unsuitable. Itis found better to determine the formula from 
the next three lines, or as here, where the limit is given, 
from that and the second and third orders. The two formule 
are then, on the two hypotheses, 


S, n=24405°'17—N/{m +°484377 —°134311/m}? 
Sy, 2=24189°39 — N/{m 4+°578576 — 294684 /mt?, 


where S* refers to that of an independent narrow triplet, 
„and S to that of a “singlet” system, 

The first equation gives lines for m=4, 5 at n=18868°53 
and 20722:76. The former is close to two observed lines 
(3n)18866°95 and (2n)18870°10. Moreover, a line at 
(2) 2983544 is separated from 18870 by the shift 10968°34, 
only *6 greater than that between the two parallel series. 
Further, as this is the shift between the first lines of each 
order, it is supporting evidence that 18870 is 8,(4) or close 
to it. But it does not show triplets with lines vi, va ahead. 
Indeed, the other line 18866°95 is the centre of a congeries 
of triplets. There is clear evidence of considerable dis- 
placement and linkage effects in both regions round 18870 
and 29838. 

The second formula gives for m=1 a line at A2361A, 
quite impossible for the observed 2794A. For singlets, 
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especially with a large a, as here, we often find considerable 
discrepancies between observation and calculation for the 
first line, but in this case it is very excessive. On the other 
hand, the calculated lines for m= 4, 5 are found with approxi- 
mate triplets. The calculated have n=18784°95, 20589-40. 
As the matter is important from its bearing on general 
theory, the data are more closely discussed in the next note. 


The annexed table gives the oun relations for different 
series. The values of the satellite separations of the normal 
D” series vary so greatly as given by different observers, 
that displacement in both terms or some unknown effect is 
clearly present and it is impossible to assign definite values, 
The separations for the first three orders of P are given, in 
which it should be remembered that those for P(2) are 
measured on the plL—p2 combinations and are consequently 
very accurate. The values for the “ singlet ” series and the 
dependent multiplets will depend on the limit adopted— 
Stor S. That of S* mav be in excess by an error < 10. 
The S' limit is definite within about +1. Both are given, 
those depending on S'in italics. Further, the values for the 
sum of the separations are also given, as owing to the “ triplet 
modification ” effect it is this to which the ‘multiple law is 
applicable. 

§ = 109233 + °36dy. dv<'Ol. 


sep. A. a; xè. 

173628 3420:32 31}, 34135 

pa] 120-272 253290 2834. 25397 

302:900 5953:22 +195» 5t; (109-233 +36dv) 

31:52 ; 3164 — 29, 31677 

2d 22:16 2219 204, 22119 

53:68 53836 + 100d» 49}, 53797 

( 9.52 2448 224, 24577 

p's) T3 1896 17}, 1884-3 

16:91 . 4344 + 207d» 39}, 43420 
44:11 1913-2 174, 19115 1988'S 173, 19888 
{298 15519 14}, 1556-6 18727 14}, 1583-9 
7998 346514+43¢y--2i25 319, 3468-1 35115 323, 35227 
14-222 353-58 3, 3550 STII 24, 2550 
at { 8703 2166 2, 21846 2184 E 21S46 
22925  57050+25dr—:025£ 5}, 57346 57555 34. 57346 


Separations with three decimal places are the means of 
several good measures. The Aare slightly atfected by errors 
in the limit, with possible changes in N, as well as in the 


Z2 
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separations. Inp''’2 an exact multiple requires a dv = — +039. 
As vis measured on lines about 3660A, this requires dX = "005. 
In p3 an exact multiple requires also dA=:005. In p’ it 
is curious that both hypotheses give close multiples for »,, 
but the crucial values for v; +v, defihitely exclude the S’ 
hypothesis and allow the X” provided the limit error is about 
—8 (see IV. p. 342). The d' numbers as they stand 
exclude both, although the multiple law is clearly indicated. 
The valid dedaction is that as we are dealing with new types 
of sequences (the Zeeman patterns * are quite different trom 
those of our known triplets in group IT.) we are not justified 
in assuming ^ priori that rules based on the others are 
rigorously applic “able to these new ones. What the discussion 
really shows is that the old rules are still applicable rigorously 
to the main triplet terms and probably with some modifica- 
tion to the new “singlet” triplets. Æ.g., where the old 
rule applies to the sum, here,in the narrow triplets it applies 
to the first, and not to the second, but this question cannot 
be decided at present. From this point of view it may be 
interesting to place on record the data determined from the 
first two of Cutalan’s multiplets. In both these we have 
double sets depending on the same p',d' limits with common 
second terms, say $), d:.... In the first, 6; = N/(2'9...)? 
with small separations suggesting analogy with D. The 
separations adopted are the means of all the observed, and 
the A are eee for ci, o+.. In the second 
p: =N/(1:59...)7, the separations are large and are adopted 
from the Sane of the p’—d, multiplet as they are more 
reliable than those from d’—@,. This term $, is important, 
acting as the limit term in the remaining multiplets. 


{ oa, 476| 53517 5, 5461 5474 8, S461 
lato, 8209] 930-1 8}, 928-5 9536 8}, 955-7 

#14 a,..0, 10°83] 12129 11, 12016 12459 113, 1256-1 
lo,...0, 1240| 139128 113, 1283-5 1426-4 18, 1420 
\ +112dy +115dv 


/ a 22967| 4264418dv 39, 42601 4297 394, 42874 


| a, 16955] 3170 29. 3167/8 193 294}, 3195-1 

| o, 11695] 2197 20, 2184-7 2214 203, 2211:97 
$ ' a, G864) 1204 12, 1310°8 1304 1?, 1810°8 

| a,...0, D8479) 160248 100, 109233 +2 | 11007-9 1003, 11005+2+ 2 

\ +19dy — 3832 


In dy. cis mean of 1°62, 1°52, of which the latter is the 
more reliable. It would make ilie final A 13857, 1420°6. 


* Back, Z. f. Phys. xv. p. 206 (1923). 
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The —& would increase the former, the latter is exact 138 
within errors. 

In œ, the small coefficient of dy makes the conditions more 
exigeant. The S' hypothesis here also best satisfies our old 
conditions, especially when the S” data are modified by 
the —& condition. There are therefore good grounds for 
suspecting that the S’ hypothesis is correct and that the 
new sequeuces obey the old rules subject to some multiplet 
modification analogous to the old “ triplet.” 


IV. Displacement in the Manganese Spectrum. 


We come now to the consideration and discussion of the 
statement made above that the normal representatives of 
the X and D triplets for orders of m=6 and bevond are 
disrupted into congeries of displaced lines. For the sake of 
readers not familiar with this condition it may be convenient 
to begin with some remarks on displacement in general. 
When a change takes place in the mantissa of the function 
N/( m+ mantissa)? which gives the value of a term, the new 
line ts said to he displaced and its wave number is shifted a 
detinite amount. #.g.,in Mn, pilis N’(1°630526)%. If we 
deduct a quantity -003420 from the mantissa, N/(1°627106)? 
gives pol and ps is shitted from p, by vy, =173°62. Here the 
displacement 3420* is 3148 or 125 ouns. A further dis- 
placement of 2532, or 93 ouns, shifts to p, by n= 129-24. 
In peneral—and always in the recognized series—the wave 
number of a line depends on the difference of two terms, 
and displacement may occur in each term, giving a line 
shifted from the original. This for example occurs in 
diffuse series where the doublet or triplet separations are 
produced by displacements in the limit p,, and the satellites 
by displacements in thed(m) term. In practically all known 
cases the displacement value is a multiple of the oun. 
A line displaced from a given one is represented by writing 
the displacement on the limit (or first term) before the line 
symbol and that on the sequence or second term after. 
Thus Dam) is (—#6) Dy(m)(—y8), where xê is deducted 
in py—3146 in the above example—and y6 is deducted in the 
dj). Por example, in Mn the line 3547:7792 or D,(2) is 
(—21}5) Di(2)(— 248). 

Now it is found that this shifting or production of new 
lines by displacement is a very common eftect and not 
confined to the multiplets of the generally recognized series. 


* It is convenient to treat the mantissa as multiplied by 10°, 
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It is especiaily common in connexion with the higher order 
of series lines, the actual series lines being either reduced in 
intensity or absent and replaced by several displaced repre- 
sentatives or “collaterals.” The effect may take place when 
the excitation is produced by the arc, but even more copiously 
when the spark is employed. Itis a common fetish to regard 
a spectrum produced by a spark as depending wholly on 
ionized elements with the exception of a few stubborn series 
lines of the neutral element which have managed to survive. 
Collaterals are also found in rich are spectra, but linkages 
seem to be a special feature of those of the spark. Indeed 
in the present case the are spectrum of Mn, as observed by 
Fritsch,terminates just beyond the Sand Dlimit—z.e.extreme 
limit of displacement—whilst the spark by Exnerand Haschek 
continues very considerably bevond—z.e. to link possibilities. 
It is probable that when a spectrum by the spark is rich in 
lines, the richness is due largely to the prevalence (1) of 
collaterals of neutral atomic series lines, and (2) of linkages 
to individual series lines. Such collaterals are to be looked 
for in the neighbourhood of the higher series lines, and their 

existence often enables us to reconstruct the normal series 
ponies e, even when it has itself disappeared. Thev 
often indicate themselves by showing repeated separationsclose 
to those of the normal doublets or triplets. Frequently, also, 
we find a number of lines close together, separated from one 
another by amounts which are multiples of some common 
factor. In such a case they may be suspected to be col- 
laterally related, and if this common factor corresponds to 
the shift produced by an oun displacement in one of the 
terms of the series line in question, it’ is good evidence 
that they are actually coll: iterals. It must of course not be 
forgotten that a single numerical agreement may be a chance 
coincidence, and must not be regarded as a proof by itself of 
actual collateral relation. 

As in general displacement. may occur in two terms, the 
identification of a single line as such a collateral of another 
is not easy *. But for our present purpose we are dealing 
with high order lines, and in this case the shift per oun in 
the sequence term is exceedingly small, and a small fraction 
of the observation errors. Consequently any observed shift 
is almost wholly due to displacement in the limit term alone. 
Tf large displacements on the sequence term also occur, the 
above “regularities will not appear, and the collateral would 
not thus be rec ognized. 


* For some examples see ‘ Analysis, p. 139. 
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We proceed to illustrate the above remarks by a discussion 
of the observed data in regions corresponding to 5 (6,7) and 
D(5,6,7). In doing so, the object is not so much to 
determine the value of series lines themselves as to give 
evidence for the displacement effect and to illustrate method. 
Consequently we shall have to adduce a considerable quantity 
of data which the application of the method may show to be 
irrelevant. 

For any number of ouns here dealt with, the shift in any 
ease will be very nearly proportional to the number taking 
part in a displacement. The shifts per oun displacement are 
1:3516 in py, 13911 in pe, and 1°3963 in p3. Those for s 6, 
d5, d 6, are respectively -023, ‘029, ‘O18. For the sake of 
Peruse the shift multiples up to 12 and for 16, 20, 24 are 
here given :— 


1. 2 3. 4. 5. 6. 7. 8. 
i ES 1:38 2:76 414 553 6:91 8:29 9°67 11-05 
Pieters 1°39 2°73 +17 5°56 6°95 835 9°74 11:13 
Pirca 1-40 2-79 4°19 5°59 6:98 8:38 9°78 1117 
9. 10. 11. 12. 16. 20. 24. 
Pi setae 12:43 1382 1520 1655 2210 2763 33°16 
D atone, 1252 1391 1530 1669 2226 2782 3339 
eer eee 1257 1397 1536 16076 2235 27% 3802 


Deviation from proportionality for æ ouns = +°0000350 & 
for +.r, or shift per oun on (wò) p =0000350 (2. +1). 

As the formula gives the exact value for S (5) we may feel 
confidence in its reliability for higher orders. For 8 (6, 7) 
it vives wave numbers 38547°05 and 39233°45. In the 
following. Fritsch’s measures in the are and those of Exner 
and Haschek’s in the spark are used with wave numbers 
expressed in I/A. All successive obser ved lines are taken in 
each racion. The first wave-lengths in each are 2595847, 
2554432, 2576 284. Separations of successive lines are 
shown with deviations from oun shifts, the shift per oun 
being denoted by s. Those accepted as obeyi ing the multiple 
law are indicated by an asterisk. 

In the N, set 38541 definitely has no adai shifts, and 
indeed the eae cannot belong to the S system since it 1s 
strongly enhanced in the spark. u the others we get dis- 
placement evidence as between (1.2, 5) in the are anil (2,3) 
in the spark respectively with 18s +°03, 12s—-05, 10s —:03. 
Tt should be possible to determine a very accurate estimate 
of the normal line taking the c: aleulated valne as a guide. 
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No. I. Are, I. Spark. 
(1 5, 38512-85 2, 38497:25 
2490 18s +03» 16:90 12s +°32 
2 2, 3775 3, 514715 
392 3s—-22 13:79 10s —'03 =+ 
S, 43 4, 41:67 2, 527-94 
813 2s 4°37 
+ 4, 44°80 j 
9:48 Fs—'19 ğ 
(5 5, 54°28 
(9)--(2)=1653 12s —-05 x. 
[1 4, 3868295 2, 38703-34 
| 288 25+:'10% : 5410 4s —°16 
2 4, 85:83 l, 08:74 
12:35 9s—'17 285 254+ O07 « 
| 3 3, 98:18 l, 11:59 
69 11:09 8&s+°O+« 
S,4 4 3. 98-87 l, 22:68 
1:98 
5 2, 70085 
| i 
6 l, 01:73 
| 1973 14s +28 
U7 l 21:48 


(83)—(1)=11 s—'07 «; 
(5)—(8)=2s—']l *; 
(6)—(4)=2 8+°08 «. 


(1 5, 88805-28 4R, 88806°53 
987 Ts+09% 9:04 
E 5, 1515 20 WT 
6°53 19-00 
13 1, 21-68 l, 34°57 
| 372 22-03 
s, {4 4 1, 2540 1, 56-60 
| 6:23 514 
5 1, 31:63 1 61-74 
| 77 8:15 
6 1, 32°40 1, 09:89 
| 2370 17 s—Od« 14:51 
(7 8, 36°10 2. 84:40 
(b)—(2V=12s— 28; (6)—(2)=39s—'10«; 
(6)—=(4)=5s+ 0l 4, (T)—(4)=29s—'12. 


Treating the are lines as displaced 25, 7, —5 ouns on Sj, 
t. e. shifted 34°54, 967, 6-91 and the spark as displaced 24, 
14 ouns or shifted 33°16, 19°34, we find 

are)... A (6)=38547°39, 42, 37, mean 38547:393 +023 
spark... 4, =... 47°31, °28, . 38547295 +015. 


The difference between the two means is not larger than that 
to be expected between the absolute measures of two observers, 
here Fritsch and Exner and Haschek. The are mean gives 
O-—C da= —02. 

In S; we take (1, 2, 3, 5, 7) in the are as displaced by 27, 25. 
16, 14, —1 ouns giving shifts 37°53, 34°76, 22°26, 19°47 
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— 1:39 and (1, 2, 3, £4) in the spark by 12, 8, 6, —2 ouns 
with shifts 16°69, 11°13, 8°35, — 2:78. The resnlts are 
are ... 38720°48, "59, +44, 32, °09, mean 38720°384 
spark... ... 20°03, 19°87, °94, +90, » 38719-9305. 


But although these are strikingly mutual limit collaterals 
they do not give a value of S, corresponding to 8,(6). The 
other set (4,6), however, do. Regarded as 16, 14 oun dis- 
placements or shifted 22°26, 19°47 they give for S.() 


38721°13, 20, mean 38721-16; »,=173°77. 
The first set correspond to a ‘8 shift on the s (6) term, about 
a 35 6, displacement. 

In 83, (1) in the are is a greatly enhanced line in. the 
spark (4 R to 30 R) and the agreement in (2)— (1) is probably 
a chance coincidence. (4, 6, 7), as displaced 18, 13, —4 ouns 
or shifted 25°14, 18:14, — 5:59 give 38850°54, °54, °51, mean 
38850°53, with v-=129°37, in good agreement. The spark 
measures definitely exclude the enhanced line, and it 1s 
remarkable that out of the 15 possible combinations of the 
other six spark lines only two sets show a multiple connexion 
accepted only because the observation errors in the spark are 
larger. The are lines (2,5) with 25,13 ouns and shifts 
34°90, 18°16 and the spark (2, 6) with 25, —14 ouns and 
shifts 34°90, —19°56 vive 

are... 38850°05, 49°79, mean 3854992 
spark... ... 50:47, °33, 5,  38850:40. 
The spark may correspond to the former arc set. The arc set 
here vive ve=128°76, and they correspond therefore to lines 
also displaced about 24 ouns in s (6) (shift = °51). 
The final results for the S(6) triplets are thus : 


38547°39 


38850°53 
The fact that with so large a factor as 1'4 we get such close 
agreement in so many cases is very striking. 
In further support of the displacement effect we may 
notice the following sets with triplet separations. 


A. B. C. D. E. 
82512-85 3855428 3252794 s 3853775 
17298 173°66 172.91 17384 
63553 727-94 [00°85 3870173 711-59s 
129°32 128-68 130°78 130°67 172°81 


ELS 15 85662 83163 852-40 8440s 
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These illustrate the fact that where doublets or triplets are 
disrupted into collaterals we find a considerable number of 
sets in the neighbourhood with separations nearly, but not 
the same as the normal ones. Here 


A is Catalan’s suggestion for S(6). It is the set (25 81) S (6) 
with O—C dA=—-02. The displacement of 25 ouns 
requires a diminution of vi +v by '38 to 302-48, 
The observed 30230 is within observation errors 
of this. 

B is (—68,) S(6): O—C da on S,=0. 

C. The tirst two form the set suggested in the ‘ Analysis.’ 
They are (76,) S81, 2(6). “= 

The calculated values for D(5, 6,7) are 38097-29, 38947:73, 

3949544. In the region of D, there are few spark lines, 
and these represented in the arc: There is a gap in the are 
lines after 38300, whilst the spark is rich, Consequently for 
m= we take are lines for D; and spark for D}. The calcu- 
lated D, is directly observed at 38097°37. The separations 
from this—or corresponding D}, D;—are entered in the list 
with the multiple deviations. T'he first wave-lengths in each 
region are 2625226, 2613°669, 2604-44. 


D,(5) are. D5) are. 

l 2, 38081-88 11 s+:29 2. 38250:27 15s—‘l4x 
2 4, 86°52 8s5—'20 4, 60:95 T s+:30 
3 1l, 88:20 7s—"d0 l, 65:05 4s+°40 
4 4, ITT 0 * 4, 30023 ~—218—-03% 
ð 4, 10841 — 8s+0l+ 
6 5, 1402 —12?:— 07+ (3)—(2)= 408= 35-09% 
Tl, B74 —~295— OL (9) —(1) = 49:96 = 36 s—08 « 

D,(5) spark. D,(5) spark. 
1 1, 38243°52 20 s —'35 2, 3838530 10 s4+-46 
2 1, 64:15 5s—'ll 87°91 t 9s—:25 
3 l, 90:05 ~1l4s-+-38 3, 95:09 4 s—'44 
+ l, 9404 --17 54-60 1, 402-60 —2s+'42 
õ 1, 30020 —?ls+0 +% l, 0330 —3s—'62 
6 2, 09:30 —2Ss+-64 ], 04+32 —33--'10 % 
T 3 09-68 —7 s+°33 
8 1 18:39 — 1354-0 + 
(O)—(4)=15-26= 11] s—-04 x. (1) —(4) =708 =5 54°10 x. 


t Corrected from Catalan’s ...89-4, y Arc. 


In D, (4, 5, 6, 7) give D,5 = mean of 3509737, 36, 44, °37 
= 38097357. For Ds, 38300 are and spark is enhaneed and 
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had best be excluded. In the are (3, 2) require also displ. 
in d(5) (of about °35), as also 6, 4 in the spark (of about *6). 
(2) in spark is good. It gives D, 5=38271:10. D345 from 
(6, 8) is mean of 38400°33, 23 =38400°280. 

The D (5) set is thus 


32097 387 O-—C dA=— 07 
17371 

38271-10 302:89 
129:18 


BROO 2RN 
Here the vı, v2 are practically exact normal separations. 
Amongst the above are 


(88,) D, 38086-52 (—128,) D, 3811402 38265-03 
17443 129°50 130°06 
260-95 301°39 943-52 395-09 
126°96 
387-91 


The first set is C'atalan’s allocation for D(5), but the separa- 
tions are abnormal. For a set (86,)D the triplet separations 
should be 173-54, 129°20, sum 302°74. The deviations are 
greater than can be accounted for by observation errors and 
must be due to displacements in d(5). 

The lines for S(7), D(6, 7) and beyond become inter- 
mixed. The number of spark lines is so large that we will 
omit their consideration except where absence of collaterals 
appear amongst those of the arc. Take the arc lines from 
2567°529 to 2527:539. 


l 1, 38937-60 1013 13 2, 3925583 
D,6 14.1, 31275 
99 5551 — TT 15 3, 1445 
3 3.  D86T —1094, — 8s4 11 16 3, 1888 
4 2, 5951 —11:78 7 4, A 
5 2, T88 —23:18, —17 84°35 i8 1, 6212 
6 3, 94 60t 19 3. 63-91 
7 2, 3900132 —53:59, —59 s435 2 3, OT RS 
8 2 5931 6204, 45s—49 $7 | 
9 3, 9852 2288 D1 4, 46579 

10 1. 10232 19:02, lds—‘44 D4 
D,6 92 1l, 68-67 
11 1, 4089 —19°54, —l4s—:07 23 4, 502-71 

12 E ST 
S7. Da6 24 5, 5342 


t Enhanced line. 


Taking first (1... 7), as in the region of D,(6), the numbers 
entered on the right are separations from the calculated 
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D,(6). (3) as (—26)D,(6) gives D,(6)=38947°62, 0— C 
dX='V07. (5, 7) —separation=22s + ‘Ol have the same d 
sequence but probably displaced from the normal d(6). Also 
(1,2,4?) separated by 17:91, 4°00, or 4s —-05%, 3s—°14 (7%) 
are possible mutual limit collaterals, displaced also by the 
same amount in their d terms. 

(8...11) are in the D.(6) region. Of these (8, 10) are 
relativ be shifted by 3ls—' Oe (11) as (—146,)D.(6) 
gives D.(6) =39140°89 —19-47= 3912142. It and (10) will 
be equally and oppositely displaced +146, i in the limit, and 
(10) in addition by a small one in d. 

The four or more lines beyond (12) are in the neighbour- 
hood of S(T) and D,(6). These both lie between (12) and 
(13). These are separated by 33°31 which is 24s+°15 if 
both are related to S, and 24s—-20 if to D}. They cannot 
therefore be mutual limit collaterals. The smallest displace- 
ments would suggest allocating (12) to S; and (13) to Ds, 
but this is no necessary condition, and indeed if (12) be a 
D; line it gives a correct vy; +v with the D), determined above. 
Thus (12) as displaced 206, gives D3(6) =39222:52 +27:92 
=39250°44 and the whole set give n =173°80, vn =12902, 
V) + V = 302: 82. 

In this case (13) cannot be a limit displacement of D3, but 
if it is connected with 8,(7) it is displaced —166, and gives 
Sı (7) =39255°83 — 22°11 =39233°72 with O-—C dA=—°02. 
But there is little supporting evidence for the allocation. 

S.(7) comes between (20, 21) and D,(7) between (21, 22). 
The separations of (20, 21) from the calculated S; are 39°19 
=28s +27 and — 58:72 = —42s—°22. Their mutual separa- 
tion is thus 70s +49 so that they cannot be mutual limit 
collaterals. (20) as (286,))S8, gives S,7=39367°88 +35:92 
= 3940680, O—C dà=—'017. 83(7) comes between (23, 
24), separated by 5091=36s+'62, and consequently not 
mutual limit collaterals. (23) as (248,)83 gives 8;(7)= 
39502°71 +33:50 =3953621, O—CdrX=:006. The absence 
of collaterals in the are lines for the S(7) set, however, renders 
the evidence precarious as it depends only on a general 
agreement with formule values. In its favour is the fact 
that the resulting vg separation 129°-4L=y.+°17 is good, 
although the v, L72058 =y,—-d4, is bad. There are few arc 
lines in the neighbourhood although the spark are numerous, 
but not so well measured. Æ.g. the spark lines AA2537°45, 
259691 or nn.39390-13, 30407752, separated by 8 39=6s 
+°05 for S,, are mutual limit collaterals, and, as (68 1) and 
S; give 3959913 +835 = 3940745 and ...07°52, mean 
39407°50, close to the calculated ...07-07. We should not 
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expect the normal S, to appear in the spark and not in the 
arc. This is therefore probably not the true S,(7), but the 
two are displaced by the same amount in the s(7) term. 

(21, 22) are separated by 2°88 =2s—-12 and may possibly 
be mutual limit collaterals. Regarded as displaced by 226, 
and 206, they give for D,(7) 39465°79 +30°40=...96°19 
and ...68°67+ 27°64 = ...96°31, mean D,(7) = 39496°25 
O—Cdr= —'05. 

There are no arc lines in the Də, (7) regions. The series 
lines here require the spark for collaterals, and these give 
evidence for displacement. Æ. g., for these regions, beginning 
at A=2521:77 and A=2514°75, we find 

D D.. 


1 1, 39644-10 1, 83975£76 
By als 52:28 2; 61:72 
3 2, 61°40 2, 817°29 
4 1, 66°28 l, 3410 
oy l, 68°49 
6 2, 99°16 


In the first column two different sets satisfy the conditions 
of mutual displacement, viz. (1, 2, 4) with separations 
©s—'17? 10s—'09, and (3, 5,6) with 5s+°13, 22s+'05. 
(5) is very near to D,7, but we should not expect the spark 
to produce a series line when the arc does not; so that it © 
_ probably belongs to another series line. Indeed they satisfy 

S,(8) which is given by the formula as 39688:16. Taking 
(1. 2, 4) as 18, 12, 2 ouns on D,7 and 6 as —8 on S,(8) gives 


D,7=39669-14, 8°97, 9:06, mean 69°056, O—C dA= —-001, 
S,8=39699°19 —11°05=...88°14. 


In the right-hand column there are again two sets of mutual 
collaterals (1, 2) and (3, 4) with 5s—°02, and 12s +°05 on the 
psl. The first two as 31 and 26 ouns on D, give for D;(7) 


39798°04, 02, mean 39798°03, O—C dA=°015. 


The foregoing discussion gives evidence of the existence of 
displaced series lines as a general phenomenon. The actual 
suggestions for individual series lines in S(m), D(m), cannot 
be proved to be correct owing to the existence of displacement 
on the current s (m), d(m) sequences, but it is noticeable how 
closely they reproduce the independent series separations 
vı, v, and how closely they conform to values calculated from 
the formula, of which the S formula has been shown to 
reproduce one undoubted set with exactness. 


' 
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The results of the discussion are here collected :— 


6. 7. 8. 
/ 38547°39 39233-72 3968814 
i 1737 173: 
S 4 38721-16 3940680 
12937 129:41 
38850-53 3953621 
A, 6 7: 
` / 3809739 38947-62 3949625? 
| 17371 173-80 81 
D { 3827110 8912142 39669-06 
| 12918 129°02 12897 
| 38400 28 39250 44 397 98-03 


The wave-lengths of the various lines involved are 
appended. The figures in brackets denote the number of 
ouns the limit must be displaced to produce the series 
line. Thus (—25)2595,= S,(6) or 2595 is (256,) 8,(6). The 
numbers on the left of a line give the intensity. The measures 
are in R.A. 
$,(6), Are 5, (—25)2595°847 ; 2, (—7)...4:170; 5. (5)3-057. 

Spk. 3, (—24)...95°76 ; 2, (—14)...4°83. 
S.(6). n 3, (--24)2583°369: 1, (—14)...3°178. 
Spk. 2.(—12)...307; 1, (—8)...2°71 ; 1, (—6)...2°52: 1, (2)... 1-78, 
S6) a 8, (—29)2070°629; 1, (—138)...4°536. - 
Spk. 1, (—25)...560; 1, (14)...2:00. 
S,(7). 2, (16)2546713. S,(7). 3, (—28)...89465. Sa(7). 4, (—24)...30°797. 
S8). 2, (8)2518-27. 
D,(5). 4, 2624158; 4, (8)...3°368; 5, (12)...3°011; 1, (29)...21-40s, 
D,(4). 1, (—5)2612-72; 1, (—20)...£13; 1, (14)...0°95. 
D,(5). 1, (3 2603-17 ; 1, (13)...2°23. 
D,/6). 3, (2)2566:140. D,(6). 1, (14)...54193, D,(6). 4.(—20)...48°877. 
D,(7). 4, (—22)2533-165 ; 1, (—20),..2-980, 
D.(7). 1, (—18)202177; 1, (—12)...1°255; 1, (—2)...0°36. 
DT). 1, (—31)2514°75 ; 2, (—26)...4°31. 
$,(6)(— 306, +). 4, (—27)284-432 ; 4, (—25)...4-240; 3, (—16)...3-415; 
2, (—14)...3:°237; 1, (1)...1'860. Arc, 

We now turn to the consideration of the nature of the two 
parallel narrow triplets. We will denote their formula by 
p—om, d—gm, the question being whether the p is a singlet 
limit and thus determined indirectly without reference to the 
series itself, or whether the series is to be regarded as inde- 
pendent and p directly determined from it. We are to test 
this by examining which of the formule is the better 
supported by the observed data. The series lines themselves 
will be denoted by 8’, D' or S”, D”, the dash referring to 
singlet and n to narrow series and D to the limit d. The 
two formule give for m=4 

S*= 18805-53, S= 1878495, 
D” = 2953536293, D'=2?9752 
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The wave-numbers of the lines observed in these neighbour- 
331°479 and A 


hoods are given in the two lists below, be 


5 


3366:361 respectively. 


1 1, 1875161 
. 33°80 

C20 9 B54 T 
6206 27°03 

3 In, 18813°84 
1:73 
4 lz, 1507 . 
539 

5 la, 20:46 
1:76 

627 6 Lx, 2222 
885 

Ge? 7 ON, 3107 
35°88 

629 8 3n, 66:95 
315 

9 2n, 70°10 
17:78 

10 1, 87°88 
12°52 

11 2n, 18900°40 
1:95 

625.12 1, 02:35 
630 3540 

626 13 1, 37°76 
17:19 

‘632 14 1, 54 94 

(12)—(10)=14°47 
(6) —(3) 


GO 
3s= 188, sL 


l4s= 878s, ‘71 


hs= 3 143+, 
38s=17'62, +46 
20s = 12 00%, 


3s= LRO, DPE: 


9Fs=1706, 691 


Bs = 14498, Se 
= 888 lis= 88Sa, 7 


b .(—38))8y' 


(—26))S;' 


(— A, +22965,)8,' 
( es A, + 26,)8;' 
(-A,- ò DS 


(=24,)S 


t Rowland in sun. 


(4,;4+24,)X) 
(A1+4,)4, 
b. (15X; 


b. (èDX, 


Xi or b. (A,)Xq 


Xi andò X, 
(—58)X: 
H6DXa 
W(3)X5 

b . (ĉ1)X3 


b. (— Ast 26))N5 


1 


i 
| 
| 
| 


1, 29698-14 
3. 74268 
l, 93°35 
2, BONES 
27-01 
1,  2935tł 
2; 38°44 
3, 4746 
2 8363 
3, 9817 


doD 2? 
a.(—34)D," 3 
b.(-108,)D," 4 


5 
6 

(—8D" 7 

| 8 
(-56)D".b 9 
(--5ò)Dd 10 


+ Exner and Haschek. 
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These are all the lines observed by Fritsch in the S(4), 
D(4) regions together with (6) in list D by Exner and 
Haschek and (2) in List S. The latter is taken from 
Kayser’s Handbuch as observed by Rowland in the sun. It 
has not been observed in the are or spark by Hasselberg, 
Fritsch, Kilby, Fuchs, or King. It practically corresponds 
to the calculated S’(4) and is the only line in the neighbour- 
hood. The question of its reality is therefore crucial as 
regards the singlet hypothesis. There is no corresponding 
line for D'(4). The calculated S*(4) comes half-way between 
(8, 9), whilst in list, D, (7) is 10967 ahead and is D*(4). 

The first thing to be noticed is the large number of 
separations close to those of the S triplets. They are shown 
in the subjoined diagrams, which recall at once the meshes 
and chains of a linkage system. The figures in thick type 
refer to the numbered lines in the list. This repetition 1s a 

1 79°47 7 
5380 4566 3588 


S. 35-05 46:49 
3681 Í 44-73 


8 3540 12 3540 13 


4 © Q 1454 10 
45:19 


45-09 
1 4454 2 5067 3 3600 6 


striking characteristic in many spectra and isa certain sign of 
multiple displacement, or linkage. Here, in the second list 
where displacement can only occur in d or ġ,, the appearance 
of p separations cannot be due to displacement, and their 
presence here points to the linkage effect. In the first list 
their appearance may be due either to links, or displacement, 
or both. 

We will now examine in more detail the data in the first 
list. The shifts per 6 (=46,) will be slightly different on 
the two hypotheses, viz. 2°5150 for p” and 2°4878 for p’— 
the first near S,” at (8) and the second near S,’ at (2). The 
changes in these after a displacement of «ô are practically 
the same, viz. ‘000194(22+1). The shifts per oun are 
printed on the left of the wave-number, those due to p’ 
being in italics, on the supposition that no linkages enter. 
The shifts per oun ind, are 1:0971 and 1°0577. The shift per 
oun in @" (4) is ‘0679 and in $’(4) is °0655. The successive 
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separations are given in the column next the wave-number 
and are followed by the nearest oun shifts on the two 
hypotheses. It will be seen that the independent hypo- 
thesis gives the best agreement. The separation 1°7, which 
appears twice, cannot be due to limit shifts alone. If due 
to displacement in @ alone, 26 ouns shift 1°76 or 7°70. 

First consider the data on the basis of S”. The calculated 
value comes just half-way between (8) and (9), which are 
definitely mutual limit collaterals of tive ouns. The line (9) 
is separated from (7) in the second list by 10967:75 +:59. 
As ‘59 is within error limits of ‘62 itis natural to take the (7) 
as the representative of D"(4) and the (9) as too small by ‘62; 
in other words it represents (5,)8,"(4). But as (8) is the 
stronger line with numerous links, it will be better to take it 
as our starting point and denote it by X,, witha limit near p,". 
Then (9) is (—56,)X,. (6) is 44°73 behind (8). Jf this is a 
linkage, the link isb + °62 (b=y,) and the line }.(8,)X;.. Now 
a (—/) link would bring X, back vı, X, to coincide with X, 
and X; to a line v»»=35'87 ahead of X,. We find a line (12) 
35°40 =v; —'47 ahead, but ‘47 is no oun shift. Butif X, be 
linked back by the a link instead of the b, it should be 35°99 
ahead =35°40+°59, the °59 being within reach of an oun 
shift. But this seems artificial, and it is more probable that 
displacement occurs in @ Consequently (12) is entered as 
b(6,)X3, X; being regarded as suffering a small displacement 
in œ of two or three ouns. Thus (6.8.12) give a triplet 
linked back by b from (8). Although this bodily shift of 
the triplet is exact we do not expect to find, especially in an 
arc-excited spectrum, that the normal lines wholly disappear 
when linked, But we have just seen that (8) may be both S, 
and b.S since the two are necessarily the same. In this 
case the normal S+, 83 have disappeared. There is a great 
deal to be said therefore for this allocation. (7) isan exact vg 
behind (8) and it would appear as the linked line y,. Xj, but 
we have no evidence in other spectra of v, acting as a link. 
If it is (A,) NX), the separation would be 35°56 and not per- 
missible without concurrent displacement in (4). But (5) 
is, as shown above, also b.X, and (A:)X, produces a shift 
close to the observed 35°88, or (7) is &.(A,)No, and is 
entered thus. 

(13) is 35°40 ahead of (12). A displacement —A, on X; 
in (12) shifts 35°97, or 35°404°57, i.e. an additional ô}. 
The line is b. (—A:+ 26,) X3. 

(13, 14) are not mutual collaterals and (14) remains un- 
determined, 
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(10,11) are mutual collaterals with (12) and are therefore 
b. (6)X; and b(68)X3. 

(1) is 79°46 behind (7). If linked by v,+v it is *42 in 
detect ; if displaced A +â», the shift is 79°64 or °18 in 
defect. Itis numerically (4,+ 2A,)X), as if (7) were (A,) Xj. 

The uncertain line (2) by Rowland is 79°52 behind (8). 
A displacement of 4,+4, on p, gives 79°64, the same 
within error limits of the two different observers. 

(3) is a 14 oun shift on (6). It is b.(158,) X.. 

Even if not correct in all details, the foregoing discussion 
affords strong evidence of a linked and displaced congeries of 
lines based on the line (8), which we have denoted by X;. 

What is the relation of X, to Sı»? The system is clearly 
built on X,. We have the triplet set &.(6,)X,, X, or 
b. Xs, and 5.(8)X3, or say if X,=(—6,)8," the set 6.8,, 
b.(—6,)S_.b.83. Now the line 2983844, which is 10968°34 
= 10967°75+°59 from (9) would seem to point to (9) with 
a 6, displacement as the true 8,. But there may be dis- 
placement on the line 29838 as well. If X, is true S; 
the true D, is 29834°68; whereas if X,;=(—6,)S, the 
true S, is 18166°30 and the true D,=29834:05. These 
are respectively 3°76 and 4°39 behind the observed line. 
The shift per oun is here 1:0971, of which 3°76 is no 
multiple, whilst a £ oun or 6 shift is 4'388 or exact. Thus 
the combined evidence points to 18166°30 as the true 8,"(4) 
and 29838-44 is (—8)D,"(4). This gives the O—C error of 
the calculated 8, as dn=—2°23 or dX=:62. This can be 
explained by the limit having been taken too large bv a 
few units—easily the case, since it was determined by 
using the first three lines of the series. We should then 
expect to find that the calculated 8,5 should be in excess 
by a quantity greater than 2. Indeed, if the formula be 
calculated from m=2, 5 and this for m=4, the limit is 
5°75 less and the calculated for m=5 is 20719-19. 

When we now proceed to test the data on the supposition 
that (2) is near the true 8,’ we have the uncertainty as to 
the relative separations due to the fact that (2) is due to a 
different observer. Æ.g., if it is correct, (3) is an exact 
limit collateral, but in the triplet (2.7.8) whilst və 
is correct the v,=45°66 is 1°55 in excess and cannot be 
a pure displacement (1°55=2 oun shifts+°32). Since we 
have here an otherwise good triplet we shall take the 
°32 as an obs. error, in which case (3) must be taken 
as not a limit displacement of (2), and 7, 8 become 
(— 26,)8', (—28,)83°. 
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. (12) is 35°40 ahead of (8). An additional A, dis- 
placement shifts 35°96 or ‘56-too large, °61 being equivalent 
to an additional ô. Thus (12) is (—A,—6,)S;. (10, 113 
are reluted to 12, as in the former case. 

(13) is 35°40 ahead of (12), i. e. of (—A,—8,)8,'. An 
extra A, displacement shifts 36°03, requiring E3 a or 
+6, on the limit. It is therefore (—2A.)8’3. 

(6) is 44:73 =y,+°62 behind (8). If lik: it requires 
also 6, on the limit and is b.(—38,)S';; if displaced —A, 
on the S, it shifts 44:23 or °50 too little. The former is 
therefore adopted. It will be seen that both the 8’, S” 
hypotheses work in well with linked and displaced lines. 
The S” show more definitely small displacements, but are 
weak in explaining the exact v at (7,8). The S’ theory 
has to impose a definite obs. error on one line. It then 
forms a well-connected system, with a definite triplet ; 
but it is difficult to explain why what should be the strongest 
line thereof has not been observed directly in the laboratory, 
The failure to discriminate between the two theories is due 
: to two causes :—(1) the appearance of links, these being 
independent of the line origins ; (2) the coincidence that 
the calculated S,’ and S,” are separated about v,;+ 2, so 
that one comes at the beginning of a triplet and the other at 
the end. 

The parallel D' would be at 29753-48 if (2)+°32=8". 
The nearest observed line is 29742°68 at (2) in the second 
list. It is separated from the supposed D,! by 10°80 or 
10s—-07, so that (2) may bə related by displacement on 
the limit alone. 

The D list contains the lines from 7X=3366'361. The 
shifts per oun on the limit are 1°0971 for D,” and 7°0858 
for D,’. These lines are quite bevond the reach of any 
series with a p, limit. The appearance therefore of a 
large number of separations near the vi, və of that limit 
(see D diagram above) can only be-ac D for by their 
entrance as links. We have taken (7) as (—8)D,"(4). 

(9) is 45°19 =p, 4+ 1°08 ahead, t.e. a b nk and a ô dis- 
placement or d}. It is therefore (—56,)D,". 

(10) is 14°54 or o14+°32 ahead, where o is tle D sepa- 
ration 14°22 and cannot serve. But as a d link (44°36) 
to (7) it gives 4436414224 1°007=5968 to meet the 
observed 59° 73. Hence it is (— 58,)D.". d. 

(3) is 45°09 behind (7). The a link is 43°99, and a 
6, shift gives 45°09 exact. It is therefore a. (—36,) Dy". 

(4) is “7-53 ahead of (3). 126, on pı shifts 7545; 76, on 
d, shifts 7°68. As p, occurs in the a link of (3) the 126, 
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shift might be thus accounted for, but we have no ex- 
perience in this connexion. The 76, shift is 7°60 on d,’ 
and would fit, but we have found no other d’ relations. 
The 76, shift =7°68 on d” is excessive, but it fits to 
a previous b instead of a (shift 7°65). It is thus 
b( — 106,) D,*. 

The appearance of the separations 36 involves in both 
cases the explanation for the two separations 9°0. Clearly 
g@ displacements are involved. We need not extend the 
discussion. The important point for our present purpose 
is not a true allocation, but the fact that a consistent 
allocation is possible on established lines involving both 
D, and D, provided the triplet system is an independent 
one. 

For m=5 the formule give 8,"(5) =20722°76, 8,'(5)= 
20589-40 with the oun shift on $(5)='0855. The list, 
starting from 7=4862°261, is long, so as to include the 
regions round both S’ and S*, which are now much farther 
apart than in m=4. Again we find the excess of separations 
near vi, ¥, (see diagram), and at the same time a large 
number of oun shifts*. It is to be noticed that (16) shows 
none of these. This is as it should be since (16) is S,” (2), 
where the oun shift is 1°38. Further, none of the other 
lines show multiples of this 1°38, in other words no limit 
displacements of N,” (2) occur. This also is in accordance 
with experience, as the lower orders of a series are little 
subject to this effect. It will be seen that the multiple 
shifts, as shown, afford little discrimination between the 
two hypotheses, since where the larger separations occur, 
both hypotheses exclude them. There is a possible exception 
with (15)—(12)=868, but here (13) is by a different 
observer. 

On the S” hypothesis, the calculated 8,(5) falls between 
(15, 16), but from the discussion on S(4) we were led to 
expect a somewhat smaller value. In fact the evidence at 
once points to (14) as close to the true N, because it has a 
vy, forward, is the centre of numerous links, and especially 
because there is a line, (7) list D, 10966-82 = C—:93, ahead 
to represent Di(5). The defect °03 cannot be explained 
by a displacement on one line only. But if the two 
observed lines be (26,)8,; and (28,)D), the separation of 
Di, Ni = 3167823 4 2-194 — (2071 L414 15257) = 10967757, 
the true C. We shall take then (14) as (26,)8). 


* These are calculated as on lines wholly displaced from the initial 
line, They will be modified where links enter. 
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92:29 
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BAD 
42-08 

96-33 
20 

9919 


t Kilby only. 


S. 


Ifs 14-98%, SS 


68 


41s=25°65, 44 
293 = 18:14, 
24s= 15-03%, 4°93 


4s= 25l», 4I% 
lds= 8° 78x, '7Ix 
9s= OBbe, 02% 
9s= 5:67, 63 


(138))8)' 


(—2,)Si’; a. b. (5081)S1” 


S;'.d 


§ in SO). 


a.b.(98,)8i" 
b.(876,)S\" 
b . (278,)8\" 
b . (236,)Si" 
b .(961)Si* 
(2ô1)S,” 


(—76,)S,” 


(—4,)S,” 
(6)S4” 
( = Gc, )S.” 


(B8)S.",d 


| 


D. 
3156L69T (Bedi 


əl B2A-OKS 


1 


) 


oa 


3458 a. (20,)D,7? 3 


3680 a.D,? 


4 


48-73 a. (26,)D,"? 5 


78°23 (26,)D," 


31737-22 || (23,)D." .d 


47°75 
48°29 


D,.d 


t Rowland in sun. 
§ 8/703). 
| ke HH. 


6 


7 


Oo œ 


3529 
8 4397 13 4849 14 42°84 


42:33 
4 3540 


44:94 21 


19 


34°49 


20 


TV53 


15 


346 Prof. W. M. Hicks on the 


(19) is 42°84=y,—1'27 ahead and 26, shifts 1:26; it is 
therefore (6)No. 

(21) is 44-94—=y,+°83=d+°58 ahead of the last, where 
the d link is 44°36. It is therefore (38,)S,.d. 

(18) is 36°96 ahead of (14). A—A, displacement on pı 
shifts 35°70 and the excess is now 1:26 or a two oun shift. 
It is therefore (—A,) S}. 

(13) is 48°49=v,+4°38 behind (14) and 76, shifts 4°40. 
D we have a b link back and 76, on limit, or the line is 

(96,)S;. or since another ener is bere involved it may 
bo B 

(13, 12, 11, 9) are mutually displaced as shown in the list, 
i.e. they are respectively b.[238),, 278,,516,]8,;. As A,=576, 
the last may be written 6.(A,—66,)S). 

(8) is 43°97 behind (13). The separation is ata 
the exact link a =43°99. It is therefore a.b. (98,)8). 

(7) is shown as 41s—‘22 behind (8). But if (8) is as just 
determined, the shift is directly on S, and then 41s=25°79 x. 
Thus (7) is a . 6(508,)8). 

(5) is 8°62 behind, and the oun shift on (506,)S, is °6270, 
so that 14s=8:78 and probably inadmissible. 

(15) is —96, on (14) and is (—76,)S,. 

(20) 1 is 79°33 =v, + ve—"65 ahead ve (15), t. e. S, changed 
to S; and a +6, displacement. It is (— 6ô,)S;. 

(16) shows no mutual oun shifts, as it should not, since it 
is S” (2). 

There are few lines in the D region. (1) is another of 
Rowland’s lines seen in the sun, and observed by no one 
else. (2) is S” (3). It shows a just possible oun multiple 
shift to (4), w here 11:22 =8 x 1:3911 +:09, but doubtful. It 
would be (—86,)8,'"(3). (6) bas been allocated above to 
(26,)D,*%. (3:5) show the c separation of this series, viz. :— 
I4flo5=o,—'07. As (3) is 48°65 behind (6) it suggests a 
v link or a 408, displacement on (6) which gives a shift= 
43°86. But in either case a simultaneous displacement in ġ 
is required, viz.:—a. (26,) D(106,) or (426,) D (—68,), a7 
a observed lines have no error. Jt is denoted in the list iy 

t. (26,) D, ?, making (5) therefore=a. (28,) Da? Then (4) 
>. Dy ahead, means ‘the annulment of the 26, displ: coment 
andis a. Dy" 2. Further (7)—an B.H. line — is 58°99 ahead 
of (6) and d+a,;=58'59. An error dA 2:04 as between 
E. H. and Fritsch is quite possible. This would make 
(7)=(26,)D.".d. 0 (8) would be 10°93 ahead of the corrected 
(7) and would be aceounted for by ca and the annulment of 
the 2d, displacement, viz.:—S8 70 +2°19=10°39, Thus 
(=D 6d. For our present purpose the important point 
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is that we here find the o,, e, separations appearing in 
possible allocations on the independent and not on the 
singlet hypothesis for (3) is too far ahead of (1)—given 
below as a possible D’ line—to bring them within the singlet 
ambit. 

On the S’ hypothesis, judging foi the case of m=4, we 
are to expect a line close to and somewhat larger than the 
calculated value. We find this at (6) or (7) with a vı forward 
and a D’ line at 1 in list D about C ahead. This last line is 
another of Rowland’s sun lines, and observed by no one else. 
The separations from (6, 7) = 10972: 40, 1:61 are C+ 4°65, 
+ 3°86, while (6, 7) are decisively not mutual limit collaterals. 
The excess 4°65 has no obvious relation to oun shifts, but 
3°86 =:62 +3 x 1°08, or exactly one oun displacement on S’ 
and three on D’. But the exactness again must be a pure 
coincidence since the lines are measured by different observers. 
Taking this indication however, (7) in S is (—6,)8,' and 
(L) in D is (36,)D' or 8,'(5) =20593°70, D,'(5)=31561°45. 
The excess 4°30 over the calculated is larger than we should 
expect, compared with ‘46 for m=4. (9)in S is 43°73 ahead 
of (7). This has no reference to a displaced 8,’ line unless 
the S; has displacement also in the ġ term. Numerically 
it is 44°36—°63 or the d link with +6, on limit, ù. e. is 
S, (5) .d . without any displacements. But if so there is 
no allied S,’ seen. (7) —(5)=8°62=14s—-U6 or a 14 oun 
displacement on S’ basis and probablv not on S” basis. 
Thus (5)=(138,)8;'.. There is definitely no connexion 
with (X). There is nothing to be gained by following up 
the connexions further. Comparing the two theories we find 


(26,)S,"  (26,)D," /(—6,)8/ (36,) Dy’. 
(O)S2" a . (28,) Dy” (?)8./(?)=Si'. 
( —68,)S3" (26,) Do" .d Dy. d 


with a doubt as to the real existence of the D’ line. 
Although the discussion of the “singlet” data affords 
good illustrations of the displacement effect, it unfortunately 
does not vive any clear and certain discret between 
the two liv potheses as to the nature of these series, although 
perhaps on the whole it favours that of independent origin. 
The reason for this is that the inks have the same siie on 
either hypothesis, and that the two limits, 24159, 24405, are 
so close that the shifts per oun on them are very nearly the 
sune for the same wave-number. Dilferences in multiples 
of these shifts therefore only become greater than possible 
observation errors when these mult iple s are very large. 
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But we have met with one possible criterion which may be 
found to weigh heavily against the singlet hypothesis. This 
is the allocation of lines for S'(4) and D'(5) which have been 
observed by Rowland when identifying the origin of very 
faint lines seen by him in the sun, ind seen by no other 
observer. If the existence of these lines as due to Mn is 
established we get a very strong support for the singlet 
theory, especi ially as a complete triplet would then be found 


for S'(4). If after a special search no such line can be 
found, the argument against this theory w ould become very 
strong. 


The oun relations, (see III.) while favouring the singlet 
hypothesis where the two multiplet terms ¢,, $x are concerned, 
are decisively against it, in connexion with the triplet separa- 
tion sum, 79°98, if these new terms are subject to the same 
rules as those obeyed by the hitherto known terms. It would 
seem that the question of the nature of these new series must 
remain open for the present. . 


cr ne re nr a e a e e. e 


XXXV. Observations on the Note of Dr. L. Silberstein: De- 
termination of the Curvature Invariant of Space-Time (Phil. 
Mag. xlvii. 1924, pp. 907-917). By H. WEYL, Professor 
a. d. Fidg. Techi Hochschule, Zuerich * 


1. Dr. SILBERSTE;N maintains (footnote, p. ` 909) that “tan ” 
ought to stand for “sin” in my formula for the displacement 
to the red T, for this is the result furnished by his own formula 
(5, p. 912) for y=1. But in my case r signifies the distance 
of the star measured in the static space of the observer at 
the moment of observation. For Dr. Silberstein, on the 
contrary, r signifies a very artificial (in some instances 
complex-imaginary) quantity—namely, the distance of the 
star from the observer at the moment of observation, but in 
the static space of the star. 

2. I have by no means “more or less disguised as a 
necessary feature of de Sitters world” the assumption 
regarding the world-lines of stars. On the contrary, going 
further than de Sitter and Eddington, I stronely emphasized 
the necessity for adding an assumption regarding the *‘ undis- 
turbed state” of stars, if anything in the theoretical line 
regarding the displacement to red is to be formulated. The 
hypothesis also which I have pursued arithmetically*is not 

‘perfectly gratuitous,” but simply means that the stars of 


* Communicated by the Author. 
+ Raum Zeit Materie, 5. Autlage, Berlin, 1923, p. 823; Physikalische 
Zeitschrift, xxiv. p. 230 (19: 23). 


Electrical Conductivity of Metals and Alloys. = 849 


the system are able to act upon one another from eternity. 
Another hypothesis has been followed by Mr. K. Lanczos *, 
but mine has the great advantage of not introducing a 
singular initial moment, of conserving the homogeneousness 
of time. (Morcover, it is the only one which satisfies this 
requirement.) However, the cosmology arrived at in this 
way remains also for me—that is self-understood—an_ hypo- 
thesis, even a rather daring but nevertheless reasonable 
hypothesis. 

3. Curiously enough, Dr. Silberstein at the end of his articles 
uses exactly the same assumption as a basis, the only difference 
being that he adds to my group of world-lines, which diverges 
into the future, that which results from it through the inter- 
change of past and future (double sign). That, I must 
contess, appears quite abstruse to me. If (according to the 
opinion of van Maanen and Shapley) the conception which 
has been developed by Charlier, Lundmark and others is 
erroneous—the conception, namely, that the spiral nebule are 
extra-yalactic and in consequence a good deal further off 
than the other heavenly bodies, including the globular 
clusters,—then, of course, the cosmological interpretation of 
that pronounced displacement to the red which the spectrum- 
lines of the greater majority of them show becomes impossible. 


Zuerich, 15 June, 1924. 


es 


XXXVI. The Electrical Conductivity and certain other Pro- 
perties of Metals and Alloys on the Basis of Bohrs Theory. 
By Kristian H6OsENDAHL, Danish Government Ramsay 
Memorial Fellow f. 


Introduction. 


N ETALS and alloys form an outstanding group of 

bodies possessing certain characteristic properties. 
Theoretical explanations of these properties have already 
been put forward by various authors. 

In this paper the attempt is made to show to what extent 
such properties can be accounted for on the basis of the 
rotation of the elliptic orbit of the valency electron, which, 
according to Bohr (‘ Nature,’ vol. exii. p. 29, 1823), is much 
more pronounced for the case of metals than for hydrogen. 
The reason for this rotation is that the field-force is stronger 

æ Zeitschrift fiir Physik, xvii. pp. 168-189 (1923). 
t Communicated by Prof. W. C. M. Lewis. 
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inside the inner electron shells than it is outside. In passing 
from lithium to carbon in the periodic system, the difference 
between the inside and the outside of the K shell diminishes: 
and it can therefore be understood why the rotation of the 
elliptic orbit can be overcome in the case of carbon atoms 
chemically bound, whilst this is not the case for lithium. 

The © shared” electrons constituting a typical organic 
(covalent) bondare assumed to move in ‘shared orbits similar 
to the figure of eight proposed by Sidgwick (Trans. Faraday 
Soc. vol. xix. pt. 2, p. 469, 1923). The shape ofa loop in a 
figure of eight is very similar to that of the inner loop in an 
elliptic orbit with a small rotation. This analogy might also 
be expected for the following reason. Near to one atom 
the influence of other atoms on the orbit of an electron must 
be small. The electron, therefore, will move very nearly in 
the same path as it would if the other atoms had been absent— 
that is,in the freeatoms. This agrees with the view expressed 
by R. H. Fowler (lrans. Faraday Soc. vol. xix. p. £59, 
1923), who assumes that the loop of a shared orbit in a 
(compound) molecule may replace and represent the inner 
part of an unshared orbit in an isolated atom. 


The General Structure of a Metal. 


The manner in which electrons possessing considerable 
orbital rotation can form covalent bonds between pairs of 
atoms may be illustrated as follows. Let us take 2 atoms 
of vaporized lithium (A and B in fig. 1). Only the orbit of 
the valency-clectron originally be longing to one of the 
atoms, namely A, is considered. It describes a rosette 
round A, as “shown in the figure. When an outer loop 
comes close to B, it may happe n that the attraction 
from B on the electron will be so strong that it will balance 
that from A, and the electron will therefore move in a 
straight line towards B. Near B the field of B is the 
dominating one. The electron therefore moves round B 
in nearly the same way as does an electron in a free atom— 
ice in the dotted rosette. It will be realized that the 
electron, when moving in the rosette, will not be expelled 
into the sphere of attraction of A before it has passed the 
whole way round in the rosette. Only for the time-interval 
during which the electron is passing between the atoms 
can these he-eonsidéred as bound together with a covalent 
bond. This happens only at intervals, and consequently 
the bond in this case is not a stable one, and metallic vapours 
are practically monatomie. 
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If, however, the liquid or solid state is considered, there 
will be a third atom C and a fourth atom D relatively close 
to A and B, as shown in the diagram, If this is the case, 
the electron, when expelled from B, may be caught by C 
traversing a rosette-shaped path around it, and then in turn 
may be captured in a similar manner by D, and so on in a 
zigzag path throughout the metal. 


Fig. 1. 


For the case of a crystalline metal the atoms are arranged 
in a space-lattice. The zigzag paths of the electron, 
therefore, will be very regular and placed in a number 
of equivalent directions. The atoms are thus knitted to- 
gether in many directions by electronic orbits. Electrons 
follow rapidly in the same path at definite intervals, Every 
time an electron passes over between two atoms, these may 
be considered as bound together with a covalent bond. 
When a erystal of a metal is disintegrated, such bonds 
must be broken, Similar bonds are not broken by the 
disintegration of other crystals. Thus the bonds, which 
are broken in the case of a crystal consisting of organic 
molecules, are those weak attractions, due to polarity only, 
which join the moleeules together. Nuch molecular 
attractions are not due to covalency, as envisaged above. 
The bonds broken in the case of a salt are the electrostatic 
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attractions between the ions. In non-metals, only in a few 
cases such as the diamond are actual covalent bonds broken. 
It should be emphasized that the passage of the “ covalent ” 
electrons here considered, although involving translations 
from place to place, is wholly different from the old and 
now-discarded theory of freely-moving electrons. The 
motion here considered is a quantized one. 

Another comparison between crystalline substances is 
suggestive—namely, that the heat-conductivity is high in 
all cases where electrons pass over in quantized paths 
between the atoms as in the case of the diamond and the 
metals ; whilst for the cases of salts and organic crystals, 
where such transitions do not take place, the heat-con- 
ductivity is low. It must therefore be assumed that 
the energy of the electrons varies (very slightly) with 
temperature. The valency-electrons, however, do not 
possess measurable heat-capacity, since their characteristic 
quantum energy is supposed to be very high. The marked 
conductivity is due in part to the rapidity of motion of 
the valency electrons. 

The quantum energy of the valency-electron arises 
because the zigzag path of the electron represents the 
path of an oscillator, which moves from one atom to its 
neighbour for one vibration. This means that the shape 
and dimensions of the path, and the velocity, energy, and 
frequency of the electron, approximate (closely) to definite 
values. Thus also the dimensions of the crystal-lattice are 
fixed. The crystalline form which the metal takes up is 
determined mainly by the angle of rotation (¢ in fig. 2). 
The definite state, however, only appears at the absolute 
zero. At higher temperatures the vibrations of the atoms 
will be superimposed on the motion of the electrons, and 
cause slight changes in the total energy of the electron 
and in the dimensions of the crystal. The change in the 
total energy of the electron is the ultimate cause of heat- 
conduction. 


The Hlectrical Conductivity of Pure Metals. 

It is evident that the system outlined above will be an 
excellent conductor for electricity. In its consequences 
it is similar to a theory of Wien (Berl. Ber. vol. vii. p. 184, 
1913); in fact, it gives a model for Wien’s theory. Wien’s 
treatment is based on Drude’s equation : 


pees a ke ane 40) 


Dmu 


where ø is the specific conductivity, u the meun velocity of 
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the electron and e its charge, L the mean free path, and 
N the number of free electrons in 1 c.c. 

Wien assumes that u and N are constant ; L is the only 
temperature variable that remains. Furthermore, Wien 
assumes that the path of an electron is changed abruptly by 
vibrating atoms only, and that the probability of an abrupt 
change is proportional to the square of the amplitude of 
the atom. Introducing Debye’s theory, he arrives at the 
following equation for the specific resistance : 

kT vy, f 

Wy = CO 1 tpmt35Pm'—azeo0Pm')> + + C) 

where pm =i and Ym is the maximum frequency. The 
equation is in good agreement with experiment. The 
resistance vanishes before the absolute zero is reached, 
aud the temperature-coefficient for normal temperatures 
becomes somewhat larger than 1/273. A basis for Wien’s 
assumptions is found in the present model. As has already 
been shown, the velocity of an electron is constant. Also, 
as shown in fig. 2, the actual zigzag path pursued con- . 
stitutes, owing to its persistence, an effective linear motion 
-in one direction—i. è., parallel to a row of atoms. This 
would go on indefinitely, if all the atoms were at rest and of 
the same kind, and thus give rise to the superconductivity 
at absolute zero. If, however, one of the atoms is displaced, 
the path will be disturbed in the way shown in fig. 2, and if 
the displacement is large enough, the path will be abruptly 
changed in direction by a definite characteristic angle in the 
crystal. Even if the effect is not due to a single atom, the 
disturbances of the path caused by several displaced atoms 
will sum up and finally cause an abrupt change in direction, 


C s) 
Fis- 2, 


as shown in fig. 2. The new effective direction pursued by 
the electron will be parallel to another row of atoms in the 
crystal. The mean length of the & unbroken ” path between 
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two such abrupt changes in direction is considered as being 
analogous to.the mean-free-path in Drude’s theory. A 
single “‘ unbroken” path obviously consists in general of a 
certain number of zigzag * vibrating” movements. A 
single “ vibration ” is not to be taken as the analogue of the 
mean-free-path of the older view. 

The degree of disturbance of the quantum path of the 
electron may be represented by the change in the distance D 
(fig. 2) between the nucleus of an atom and the tangent 
to the point of inflexion in the preceding branch of the 
electron’s quantum path. The normal value of this distance 
is A. As shown in fig. 2, the thermal displacement a of the 
atom is subtracted or added directly to A to give the value 
of D at the first displaced atom. The displacement a of 
one atom will cause a corresponding disturbance of the 
electron motion at all the succeeding atoms. Whether 
these disturbances are larger or smaller than a depends 
on the nature of the field-force of the atoms. It is assumed 
that the disturbance of the electron caused by a displacement a 
of one atom‘ will appear with the same magnitude at the 
succeeding atoms. When the total disturbance becomes 
larger than A, i.e. D=0, the electron will be expelled to 
the “ wrong” side of the last atom in the sequence, and 
the path will be abruptly changed in direction. The dis- 
placements of the atoms are not all to the same side, but 
distributed according to probability laws. The total dis- 
turbance therefore follows the rule for summation of experi- 
mental errors. Consequently, the number of atoms n which 
on the average are necessary for obtaining a total dis- 
turbance A of the electronic path is given by the equation : 


A=ann 
1 a } 
OF = awe we, & ao ee a (3) 


where @ is the mean amplitude (displacement) of the 
atoms. : 
The above equation (3) shows, in agreement with Wien’s 


l ere 
assumption, that RE the probability for “ break ” or abrupt 


change of the path of an electron, is proportional to the 
square of the amplitude of the atom. 

It follows from this that the probability of a “break” is 
(approximately) proportional to the heat-energy of the atom; 
this means in turn that the magnitude of the resistance is 
proportional to the heat-content. At sufticiently high 
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temperature the heat-content becomes proportional to the 
absolute temperature. Hence also the resistance becomes 
proportional to the absolute temperature. 


The Llectrical Conductivity of Alloys. 


A more marked disturbance, 2.e. a more frequently 
occurring effect, may appear in the path of an electron 
when an atom in the crystal is replaced by an atom of 
another kind. The foreign atom necessarily alters the 
characteristic angle ġ, with the result that the effective 
direction of the path of the electron is abruptly changed, 
generally at the foreign atom. 

The resistance Ro, which arises in this manner, depends 
on the heterogeneity introduced ; the alloy-resistance R, 
persists at the absolute zero, and is practically a constant 
tor all temperatures. In addition to the above effect, the 
heat-vibrations also will cause “breaks” (abrupt changes 
in direction) in the normal way, and give rise to a certain 
resistance Ry, which depends on temperature in the known 
manner. From what has been said already, it follows that 
at 0° C. the temperature-coefficient with respect to Rr alone 


j Lam. > 
Ry ay ~ circa 973° 


With respect to the total resistance of an alloy, the 
temperature-coefficient becomes 


i aR 1 Ri i 
Re a 2 Ree a 


For ordinary alloy-compositions, Ry is generally much 
larger than Ry; hence it will be seen that the temperature- 
coefficient of allovs (mixed crystals) is small. If Rp is the 
linear mean of the resistances of the components, the above 
expression is Identical with the empirical expression given 
by Matthiessen, as cited by Guertler (Jahrb. Radio-Llektr. 
v. p. 17, 1908). 

If it be assumed that the electron-path is always“ broken ” 
(abruptly changed in direction) at a foreign atom. an ex- 
pression for the relation between the composition of the 
alloy and the specific alloy resistance Ry may be obtained in 
the following manner. 

Let us consider the probability p that the path of any 
electron shall be “broken” or not “ broken ” at any atom 
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in a mixture of a atoms of a metal A and b atoms of another 
metal B. The condition that a “break” shall occur is 
that the preceding atom shall be of another kind. The 


sequences B-A-B and A-B-A will give “breaks” at the 
crossed atoms, and therefore not at the last ones. B-B-A 


x 
and A-A-B will give a “break” on the last atom. The 
probabilities that the atom considered shall be the last one 
in a sequence of the latter type are 
ae and a espectively ; 
(a+b) (a+b) respectively ; 
ab 


total probability = (+b 


These are the most predominant, but not the only com- 
binations, which lead to a “break” on the last atom ; 


x x x x x x x 
others are (BBABA and AABAB) and (BBABABA 
and AA BABAB) etc., with the probabilities 


a®h? j a a 
(a+b)? (atb (a+b)! 
abt atb’ ab’ 


~ > 


(ath) T (ato) (a+b) 


The total probability p that the path shall be “broken” 
at any atom is given by the sum of the progression : 


ab 
ab ab 2 ab | ES (ath 
p= web" Frees] + ree ae ee pm ab ` 
(a+b) 


The average distance L (in lattice spacings) between two 
consecutive “breaks”? (or abrupt changes in direction)— 
which distanee, on the old view, would be the mean-free- 
path of the electron—is given by the inverse of the 
expression for p. That is, 


ab 
= (a + b)? Z 
L = A . e . . . e ° (5) 


ab 


(a+b)? 
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According to Drnde’s equation (equation 1), 
2mu 1l P 
oN . I ° ° ° e ° s . (6) 


Inserting the expression for L, denoting e atomic 


Ry = 


a b T 
fraction ae by e and —-— by cy, and putting equal 


+h a+b 
to C, the following expression is derived : 


E E 


— Cil} 


u 


C is only a constant in so a as the velocity u is the same 
for the two metals. 

The above relation is very similar to an empirical relation 
given by Guertler (Jahrb. Radio-Elektr. v. p. 17, 1908), 


l 
mae W, = UK(100—K), 


where W,=Ry ; K is volume-percentage, and C a constant. 
He obtains a good agreement for the alloy Ag~Au (where 
atomic fractions and volume-percentage are proportional). 
In the following Table I., equation (7) has been tested on 
the experimental values for the alloys Cu-Ni given by 
Feusner (Landolt-Börnstein, 5th ed. p. 1054). In this 
case also, volume-fractions are equal to atomic-fractions. 
The temperature-resistance Rr is taken as the linear mean 
of those of the components, employing the familiar “ mixture 
law ” formula. 
| Tase I. 


promt, Atanle Total, ca 2m 
nickel: raction. resistance. : c N 

OU 0000 ` 162 162 0-0 

10-5 0:105 1490 27-4 121-6 1170 
X8 0:208 24 383 228-1 1156 
250 0:250 3162 42:7 2695 1163 
31-0 0:310 3922 48-2 BAO 1260 
41-0 0410 4980 DOT PRS 1540 
ple 0:512 DEO 796 quest 1380 
63-0 0-630 500 0 83:0 417-0 1375 
928 OOS 185:0 1150 GOV 9X) 
96-6 0-966 1650 1195 46-0 140 
100:0 1:000 1225 122-5 0:00 


The table shows as good a constaney for C as can be 
expected in view of the variation in v. 

I£ actually the path of every electron is “ broken” every 
time it arrives at a foreign ‘atom, the rise in resistance 
caused by introduction of a small amount of another metal 

(B) may Tead to a determination of the distance between two 
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consecutive abrupt changes in the effective direction of the 
path or, as it also may be termed, the mean length of 
the “ unbroken” path of the electron in the pure metal A. 
For this case (c, small) the above equation gives 
2mu ¢,xXl 
R= NT 
The total resistance is this plus the temperature-resistance Rr, 
which is the same as that for the pure metal A. According 
to equation (1), 
i 2mu 1 
eN’ 
The velocity u is the same for the pure and the impure 
metal, and consequently for the metal A: 


Rr = 


1 Ro 
L = n lattice-spacings. . . « (8) 

Now consider another alloy of the metal A—namely 
A mixed with C. If an atom of C “breaks” the path 
of an electron at every collision therewith, the mean length 
of the “unbroken” path calculated on the basis of the 
A-C alloy should give the same result as that calculated on 
the basis of the A-B alloy. This actually seems to be the 
case, as shown below in Table II. The experimental data 
are mainly taken from a diagram in Guertler’s paper (J. ¢.). 


Tague II. 


Resistance of iron with 2 weight-percent of other metals. 
Mean length of * unbroken” path in iron. 
L calculated L ealeulated 


Atomic Total Resistance from Guertler from other 
fraction, resistance. of iron. © & Matthiessen’s investigators’ 
data. data. 
W aan 0-006 119 76 43 720 
Au...... 0:0057 139 ie 63 1100 
Ni ...... 0:019 161 2 Sd 44-7 
Cr... 0:0214 192 ae 116 ofr 
Mn... OMS 210 ise 134 66:0 50 
Sh anes 0:0394 335 Fos 259 66-0 65:67 
Alesin 0:0413 370 ike 294 T13 58 
Olos 0:0930 660 n 5S4 63-0 
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very large. The mean length of “ unbroken ” path for the 
valeney-electron in iron is about 60 lattice-spacings—i. e., 
about 1:7 x 107° em. 

In the same manner the mean length of the “ unbroken ” 


path of (probably impure) platinum is found to be about 
8 lattice-spacings. 
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For solid mercury L is about 9, based on mercury-sodium 
alloy. If this is the correct value, the mean length of the 
“unbroken ” path in liquid mercury will only be about 
2 lattice-spacings if the same proportionality holds for the 
liquid as for the solid state. 

When the mean length of the unbroken path has been 
determined in this manner, the velocity of the electron may 


be determined by help of equation (6)—viz., 


2mu l 
R= ON CL 
Inserting the value for iron, a velocity of the order 4'3 x 10° 
is obtained. As might be expected, it is of the same order 
as the velocity of an electron in a hydrogen atom. 

Taking the lattice-spacing as 2°83 x 1078, the vibration- 
frequency of the electron considered is 1°5x10'%—. e., a 
quantity so large that any energy term dependent upon it 
would be negligible in specific-heat measurements. 


Summary. 


1. On the basis of the Bohr atom, with special reference 
to the rotation of the orbit, the attempt has been made 
to envisage the formation of a di-atomic compound in a 
metallic vapour by the sharing of electrom orbits. A per- 
manent diatomic compound cannot be formed, and in the 
state of vapour the metal must be monatomic. It is, how- 
ever, possible to form an infinite-atomic compound (the 
metallic state). In this an electron does not move inside 
a limited space ; but it moves in a quantized zigzag path 
throughout the metal. 

2. The shape of this path, the distances between the 
atoms, and the energy and velocity of the electron will 
be determined by quantum rules. Hence they will be only 
slightly dependent on temperature. 

3. Ina perfect crystal at the absolute zero the paths will 
be regular, of the same length as the crystal, and placed in 
a number of equivalent directions parallel to rows of atoms. 
The direction of the path may be abruptly changed, t.e. 
“broken,” by (a) the heat-vibration of the atoms, by 
(b) irregularities in the crystal, and (c) by introduction 
of atoms of another kind. 

4. The “ unbroken” path is the analogue of the free-path 
in Drude’s classical theory. The specific electrical con- 
ductivity, then, is proportional to the mean length of the 
“unbroken ” path. 

5. The present model provides a basis for the assumptions 
underlying the theoretical treatment of Wien on the relation 
between electrical conductivity and temperature. 
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6. It indicates why alloys have a high resistance and a low 
temperature-coefticient. A theoretical expression for the 
relation between resistance and composition of a perfect 
mixed crystal is worked out in fair agreement with experiment. 

7. The rise in resistance caused by introducing 1 atom of 
a number of metals into 100 atoms of a pure metal (A) is 
nearly constant for the same pure metal. This leads to a 
determination of the mean length of the “unbroken ” path 
in ue tal A expressed in lattice-spacings 

On this basis the velocity of the covalent electrons in 
fon has been calculated, using Drude’s equation. The 
calculated velocity is of the right order of magnitude. 


The author desires to express his thanks to the Ramsay 
Memorial Fellowship Trust for a grant. 
Muspratt Laboratory of Physical 


and Electrochemistry, 
ey of Liv ee 


XXXVII. The Band nian of Reais and the Disso- 
ciation of Hydrogen Molecules by Excited Mercury Atoms. 
By K. T. COMPTON, Ph. D., 118e., Professor of Physics, and 
Lovis À. TUkNER, M.A., Ph.D., Charlotte Elizabeth Procter 
Fellow in P husies, Princeton University * 


T has long been known that an electric discharge of low 

intensity in mercury vapour causes the appearance 
of a band spectrum. In addition to the green and ultra- 
violet unresolved bands, prominent in the fluorescent 
spectrum and ascribed to Hg, molecules formed in the 
presence of excited atoms f, there have been found several 
bands with resolvable structure f. The earlier workers 
found that these bands were enhanced in intensity when a 
stream of vapour was maintained in the dischar ge-tube by 
evaporating mercury at one end and condensing it at the 
other. The heads of the most intense bands are of wave- 
lengths 4219, 4017, and 3728. They shade off toward the 
short wav e-lenath side, and are made up of comparatively 
easily resolvable lines of which the wave-lengihs were 
measured by Liese §. Bands of similar structure have also 
been found in the spectra of zine and cadmium. These band 
spectra have been analyzed by Hulthen ||, who came to the 
conclusion that the emitters of these spectra must be molecules 
composed of heavy metal atoms and atoms of an element of 
low atomic weight, since the wide spacing of the lines 

. Conmate bv the Authors. 

+ Franck and Grotrian, Zeits. f. Phys. iv. p. 89 (1921). 

t Kayser, Handbuch der Spektroscopie, eas 

§ E. Liese, Zeit. wiss. Phot. xi. p. 349 (1912). 

" Erik Hulthen, Zeit. fir Phusik, xi. p. 291 (1922). 
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indicates a small moment of inertia of the molecules. He 
suggested a nitrogen compound as a possibility, owing to 
certain simultaneous variations of intensity of these bands 
and those of nitrogen, when the conditions of excitation were 
varied. Kratzer * analyzed these spectra also, revised 
Hulthen’s arrangement somewhat, and came to the conclusion 
that the emitters must be molecules of a hydride rather 
than of a nitride, since their moment of inertia is less than 
that of a nitrogen molecule. Mulliken f has recently pointed 
out that these bands show no evidence of separations due to 
the different isotopes of the metals, and has shown that this 
fact favours the theory that the bands are emitted by hydride 
molecules. | 

We have obtained experimental results of a different kind, 
which confirm this theory that the band spectrum of mercury 
is emitted by molecules of a mercury hydride. We have 
tuken photographs of the spectrum of the light emitted by 
the positive column of a Geissler discharge in a tube with a 
tungsten filament cathode, containing mercury vapour at a 
pressure of 0°3 mm. and hydrogen at different pressures from 
0°16 mm. down, with 80 volts applied to the anode. The 
band spectrum is quite strong in comparison with some of 
the lines of medium intensity in the mercury spectrum at the 
higher pressures of hydrogen, and is almost entirely gone 
when the hydrogen is pumped out by a diffusion pump. Its 
strength is roughly proportional to the hydrogen pressure. 
This we consider to be a good indication that the bands are 
due to the hydride of mercury. This experiment is some- 
what of a confirmation of the quantum theory of band spectra, 
since Kratzer’s calculation of the moment of inertia of the 
molecule was based on that theory.. This experimental 
arrangement gives a good source of the light of this band 
spectrum, which should be of use to anyone with the proper 
spectroscopic equipment who might wish to extend our 
knowledge of this spectrum by a study of the structure of 
some of the weaker bands. Apparently the evaporation and 
condensation of the mercury in the earher experiments 
caused the production of hydrogen in the tube which would 
otherwise have remained dissolved in the liquid mercury. 

The question arises as to whether this spectrum is emitted 
following the excitation of mercury hydride molecules existing 
in the tube, or whether these molecules form by the reaction 
of hydrogen with excited mercury atoms. We believe that 
the latter process is the one which occurs. W. H. McCurdy 
has made an extensive study of the discharge in mercury 
vapour in a tube of this sort. He found that the positive 

* A. Kratzer, Ann. der Physik, lxxi. pp. 9-12, 72 (1928). 
t R.S. Mulliken, f Nature, cxiii. p. 489 (April 5, 1924), 
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column was uniform when the mercury vapour was pure, but 
became striated when impurities were present. He introduced 
hydrogen in order to produce the striations. His measure- 
ments of the density of the electrons, their mean velocity, 
their velocity distribution, and the potential pradient in the 
striated discharge, which are to be published later, show that 
the bright parts of the striations are the regions where many 
inelastic impacts occur, resulting in the for mation of mer cury 
atoms in the 2), 2)», ani 2n; states. Consideration of the 
mobilities of electrons of different velocities and of space- 
charge effects leads one to expect a striated discharge, 
provided that the excited atoms in the 2p state do not diffuse 
far away from their place of formation, thus offering the 
possibility of inelastic collisions with electrons of almost any 
low velocity at any place in the tube. The function of the 
hydrogen is apparently the prevention of this diffusion of 
metastable excited mercury atoms throughout the tube by 
collisions of the second kind in which the energy of the 
excited atom is used up in dissociating tho hydrogen 
molecule, as in the experiments of Cario and Franck *. 
When the hydrogen is pamped out, the excited atoms diffuse 
throughout the tube and the striations disappear. According 
to this theory, the bright parts of the striations should be 
regions of high concentration of mercury atoms in the 2p 
excited states. We have found that the subordinate series 
lines of mercury 5461, 4358, and 4047, 2)),2,3—2s, are 
much more strongly absorbed in these regions tban in the 
dark spaces between striations. This theory and these 
experiments will be discussed fully in another paper. We 
also find that the band spectram of mercury hydride is 
emitted from the regions of high concentration of excited 
mercury atoms. This would not be the case if the emission 
of the spectrum resulted from the excitation of already 
existing hydride molecules, and did not depend upon the 
presence of excited mercury atoms. 

Cario and Franck suggested as a possible explanation for 
their experimental results on the clean-up of hydrogen 
molecules by excited mercury atoms that the excited atom 
gave up its energy to dissociate the hydrogen molecule into 
the two atoms, the excess energy appearing as kinetic energy 
of the three resulting atoms. This explanation meets with 
difficulties, however, if we consider thermal equilibrium in a 
region containing hy drogen and mercury. Such considera- 
tions are analogous to those which originally led Klein and 
Rosseland t to the idea of collisions of the second kind. In 

* G. Cario and J. Franck, Zeit. fir Phys. x1. p. 161 (1922). 
+ O. Klein and S. Rosseland, Zeit. fiir Physik, iv. p. 46 (1921), 
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order to maintain the equilibrium, this ‘dissociation of 
hydrogen would have to be counterbalanced by the reverse 
process, which would be the simujtaneous encounter of two 
hydrogen atoms and a mercury atom, resulting in the for- 
mation of a hydrogen molecule and an excited mercury atom. 
The colliding atoms would need to have enough kinetic 
energy so that its sum with the energy of combination of the 
hydrogen atoms would be sufficient for excitation of the 
mercury atom. This is a most improbable happening. The 
present experiments suggest an explanation which presents 
tewer difficulties. It is that the excited mercury atom reacts 
with the hydrogen molecule to form a hydrogen atom and an 
excited molecule of mercury hydride. This excited molecule 
radiates the band spectrum, and then may dissociate into a 
normal mercury atom anda hydrogen atom. This explana- 
tion accounts for the experiments of Cario and Franck and our 
experiments on the band spectrum, and offers fewer difficulties 
in the consideration of the thermal equilibrium. It should 
be pointed out that this possible different explanation of the- 
process makes no difference in the calculation of the average 
life of the mercury atom in the 2p, state made by one of us *, 
upon the basis of the measurements of Cario and Franck. 


Summary. 


1. The band spectrum of mercury, the heads of the three 
strongest bands of which are of wave-lengths 4219, 4017, 
and 3728, is developed strongly ina Geissler discharge in a 
tube containing a mixture of mercury and hydrogen, but 
disappears when the hydrogen is pumped out. This supports 
Kratzer’s conclusion, bisel upon a study of the structure of 
the bands from the point of view of the quantum theory, that 
the emitters of the bands are molecules of a hydride of 
mercury. 

9. The bands appear in the regions of the striated discharge — 
where the concentration of excited mercury atoms in the 2p 
states is greatest. This faet indicates that the presence of 
these excited atoms Is necessary for the production of the 
bands. 

3. It is suggested that an excited mercury atom reacts 
with a hydrogen molecule to form an excited hydride 
molecule and a hydrogen atom rather than to dissociate the 
hydrogen into two atoms immediately, by a collision of the 
second kind. 

Note added with the proof.--Anattempt was made to excite 
these bands optically by absorption of resonance 2536 radia- 
tion ina mereury-hydrogen mixture, but without success. 


* Louis A. Turner, Phys. Rev. xxiii. p. 464 (1924), 
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March 12th, 1924.--Prof. W. W. Watts, Se. D., F.R.S., 
Vice-President, in the Chair. 


THE following communication was read :— 
‘The Old Red Sandstone of the Cardiff District? By 
Albert Heard, M.Se., F.G.S., and Richard Davies, M.Se. 


This paper gives an account of an exhaustive petrological 
investigation of the Old Red Sandstone of the Cardiff District. 
During the course of the work, a new tish-band was discovered in 
the Red Marl Group. This Coed-y-Coedeae Fish-Bed contains 
innumerable fragments of Cephaluspis and Pleraspis, together 
with Pac hytheca and obseure plant-remains. 

The petrological investigation revealed a rich assemblage of 
pebbles and minerals. Among the pebbles, vein- quartz and 
opalescent quartz are the most abundant, with numerous acicular, 
irregular, and especially regular inclusions. Evidence of intense 
mechanical deformation is generally exhibited. Cherts, Jaspers, and 
pebbles of quartz-gneisses, mica schists, sandstones, and quartzites 
are abundant. Pebble-beds, with sandstone-pebbles not assignable 
to anv Lower Paleozoic sediments, are of common occurrence in 
the Red Marl Group. The finer constituents include quartz- 
grains similar to larger quartz-pebbles, abundant fresh microcline 
and oligoclase, and many large flakes of white mica and chlorite ; 
fresh biotite occurs in the cornstones. 

The ‘heavy’? minerals include ilmenite and Jencoxene, pvrites, 
garnet, tourmaline, a large proportion of coloured to colourless 
zircons, rutile, apatite, and a httle magnetite. 

Three definite mineralogical zones are established. corresponding 
roughly with the stratigraphical groups. 

The cvornstones have been investigated, and partial chemical 
analyses made. A physico-chemical origin is suggested. 

The sediments are compared with the Porridoman and Millstone 
irit of Yorkshire, and it is concluded that the Old Red Sandstone 
of the Cardiff district represents estuarine and deltaie deposits 
derived mainly from a pre-Cambrian massif on the north-west. 

The Silurian rocks of the Cardiff distriet have been investigated, 
and have proved to be entirely different and distinet from the Old 
Red Sandstone. No pebbles from the Silurian have been observed 
in the lowest Old Red Sandstone beds. It is coneluded that 
the definite petrologieal break represents a non-sequenee. The 
hypothesis of the ‘Welsh Lake’ is considered to be untenable. 

A probable connexion with the Devonian of North Devon is 
suggested, 
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XXXIX. The Complexity of the Elements —Part II. Elements 
of Even Atomie Number *. By A. S. RUSSELL, M.A., D.Sc., 
Student and Tutor of Christ Church, Oxford t. 


§ 1. Introduction. 


N this paper I propose to develop a scheme for predicting 
the complexity of elements of even atomic number in 
the range -=82 to 36, making use of the principles and 
postulates of Part I. of this paper. The possible complexity 
of even elements will be dealt with first, in general terms ; 
second, an attempt will be made to arrange the mass- 
numbers of the isotopes of many elements in the order in 
which they are considered to be in Nature; and third, 
the relation of mass-number to the stability of the nucleus 
will be discussed. 


§ 2. Lhe Limits of the Mass-Numbers of Even Elements 
in the range z=82 to 36. 


Even elements may be considered in four groups — 
(1) simple elements, (2) complex elements without odd 
isotopes, (3) with one odd isotope, and (4) with two odd 
isotopes. An.element of the first group has one mass- 
number, of the second two or three, of the third five, and 

* Part I., Phil. Mag. vol. xlvii. p. 1121 (1924). 
t Communicated by the Author. 
Phil. Mag. S. 6. Vol. 48. No. 285. Sept. 1924. 2 C 
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of the fourth seven. This is arrived at in the following 
way :— . 

(a) It is assumed that the most complex inactive element 
has a difference in limit of mass-number of 8 units, 
has only two odd isotopes, and that the mass-numbers 
of these are neither the highest nor lowest of all. I£ 
all even mass-numbers are included between the 

_ limits, the element must have five even and two odd 
isotopes. Examples of this class are xenon (54) and 
tin (50). Their odd mass-numbers are numerically 
second and fourth lowest. This is considered to be 
typical of the class. 


(b) A less complex class is regarded as obtained from the 
more complex class by discarding the two lowest 
isotopes. This class has consequently a difference in 
limit of mass-number of 6, four possible even isotopes 
and one odd, which is, in mass-number, second lowest. 
Mercury (80) with limits of mass-number of 198 and 
204 is considered typical of this class. 


(c) The next class, obtained from the one above in the same 
way as it was obtained, has a difference in mass- 
number of 4, and in consequence three even isotopes 
only. Special cases of this class are those with two 
and with one isotope only. 


Even elements in the range ==36 to <=82 have already 
been divided into classes (2), (3), and (4), mentioned above 
in the earlier paper. Possibly complex elements without odd 
isotopes were given in the first column of Table IX.; those 
with one odd isotope in the second column of the same 
table, and those with two odd isotopes in the third column. 

There are possibly one or more groups in the class without 
odd isotopes that are simple. The criterion of the simplicity 
of an element in absence of experimental evidence would 
be the possession of an atomic weight approximately an 
integer, and of the form 44, since all even simple elements 
according to Aston’s work are of this form. In Table I. 
are arranged the groups of elements without odd isotopes 
and their atomic weights. lt is seen that the only group 
which appears simple is the group 16n +10, and it will be 

taken to be so in what follows. 

Of the eight groups into which the even elements may be 
divided in the range under consideration, the groups lön 
and 1l6n4+12, having one odd isotope per element, have 
a range of mass-numbers of 6, lön+2 and nae u 
range of 8, and the group lÖn+10 a range of 0, since 
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TABLE I. 

Element. ae Element. ane 
Iron (28) eenen. 55°85 Zine (30) cas syseceaeonatess 65°37 
Molybdenum (42) ...... 96-0 Palladium (46) ......... 106:7 
Cerium (58) ..... ...... 140:25 Samarium (62) ......... 150:4 
Tungsten (74)............ 184:0 Platinum (78) .........06 195:2 
S = Ee 8 alt aiy 
Calcium (20) .........48. 40:06 Chromium (24) ......... 52°0 
Krypton (86) ............ 82:92 Zirconium (40) ......... 90:6 
Tellurium (52) ......... 127:5 Barium (56)............. .. 137:37 
Erbium (68) ............ 167:7 Hafnium (72) ............ ? 


it is likely to be simple. The ranges of the three others 
may be guessed at by making use of the diagram, fig. 1, 
which is very similar to fiy. 1 of the earlier paper, and 


Fig. 1. 


bn lOn+l bnez 


lon+l4 


l6n+{g 


lont+g 


illustrates the periodicity of the complexity of even 
elements in the range considered. The eroup-numbers 16n, 
ln + 2, ete. are arranged in order round a cirele, and the 
difference in limits of their mass-numbers, where known, 

placed on their radii. As before, the lines joining 164-1 ` 
and 16n49 and J6n+5 and l6n+13 are the axes of 


symmetry. Each known limit on the right of the former 
IC 
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axis of symmetry is 2 greater than its corresponding limit 
on the left. It would follow, therefore, that the limit for 
the group 16n+8 is 2, and those for groups 16n+14 and 
1l6n+4, O and 2 respectively, or 2 and 4 respectively. 
Table II. sets forth these results more explicitly. 


TABLE IT. 


ifference in A 
D Atomic number of element. 


limits of mass-numter. 


Oe hai eeadets 82, 70, 66, 54, 50, 38, 34. 

O iroa 80, 76, 64. 60, 48, 44. 

r E Possibly 68, 52, 36. 

A EEE 72, 56, 40, and possibly 68, 52, 56, 78, 62, 46. 
E E 74, 58, 42, and possibly 78, 62, 46. 


§ 3. Absolute Values of the Limits of Mass-.Numbers of 
Complex Elements. 


It is, of course, possible that the assumptions which led to 
the above results are unnecessarily simple. It is interesting, 
therefore, to see if another line of inquiry will support or 
modify them. The likeliest method of attack appears to be 
a consideration of the absolute values of the limits of mass- 
numbers. These are known for the radio-elements 92, 90, 
88, 80, 84, and 82, and for the inactive elements 80, 54, 50, 
36, and 34, and will be made use of in this section. 

A radioactive isobare is not usually the first or second 
isotope in importance of an element ; it does not belong to 
more than two elements; and it appears to be connected 
numerically with the atomic numbers which share it 
according to a rule analogous to two mentioned in Part I. 
This is that if a, be an even isobare, 2; and z the atomic 
numbers of the element sharing the mass-number, and 
ò numerically the difference a,;—(2;+2.), then 6 applies 
to one pair of elements only. Table III.A illustrates 
this. lt includes all radioactive isobares of even mass- 
number. 


TABLE ITI, a. 


c. Zi F dye Radioactive products. 
52 92 90 234 Ue Tiy 

50 co £8 Ze Msth,. Ra. 

48 &4 &2 214 RaC’, RaB. 

46 e4 E2 212 The’, ThB. 

J4 84 82 210 Po, RaD. 


It has been pointed out by W. P. Widdowson and the 
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writer * that when an element has an odd isotope the limits 
of its mass-numbers are usually from 5 above the higher 
isotope (if there be two) to 1 below the lower. Since all 
odd isotopes belonging to even elements were deduced in 
Part I., the limits of all elements with odd isotopes are 
known if this rule be made use of. The limits of the other 
elements, however, are not known except those of the class 
lën +10 which is considered simple. The remaining limits 
may be obtained, however, if the isobare rule mentioned 
above be applied to inactive ‘elements. 

The results of doing the latter are included in Table III. B, 
and from the results of both parts of Table III., Table IV. is 
compiled. 


TABLE III. B. 


ò. Sii A a. Authority. 
42 82 80 204 — 
40 78 76 194 — 
38 72 70 180 — 
36 72 70 178 — 
34 68 66 168 — 
32 68 66 166 — 
30 66 64 160 — 
28 62 60 150 — 
26 56 5+ 136 — 
24 5t 52 130 —- 
22 54 52 128 — 
20 54 2 126 — 
18 50 48 116 — 
16 46 44 106 — 
14 ? ? — — 
12 36 34 82 Aston. 
10 36 34 80 Aston, 

8 36 34 78 Aston. 
8 34 32 T4 Aston. 
8 32 J 70 Aston. 


It is seen in Table IIT. 8 that the isobare rule breaks down 
at the difference 8 which applies to no less than three sets 
of elements. In this respect it resembles the analogous 
rules referred to. No elements appear to correspond to 
the difference 14. If strontium had an isotope of 92, 
or krypton one of 88, or selenium one of 84, a pair of 
elements could be found for it; but the first two of 
these possibilities are unlikely, and there is no experi- 
mental evidence for the third. The gap arises owing to 
the anomalous value of the principal isotope of zirconium. 


* W. P. Widdowson & A.S. Russell, Phil. Mag. xlviii. p. 293 (1924). 
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The expected value, as will be shown in the next section, 
is 94; the value of the atomic weight suggests strongly 
90. If the higher value was the real one, strontium 
would be a complex element, though less complex than 
others of the class 16n +6, and have an isotope 92 isobaric 
with one belonging to zirconium. But as zirconium’s 
principal isotope is 90, strontium is limited to the isotopes. 


TABLE IV. 

Element. Limits of Mase-nuimber. 
U92) arena 234-240 
Th (90) eases.. 228-234 
Ra (88) seese. 224-228 
Em (86) 00an. 220-222 
PO(S)). accuses 210-218 
PU(82). - eenen 204-214 
Hg (80) oes 198-204 
Pt (T8) aiee. 194-196 
Os (T0) variae 188-194 or 186-194 
W (74) eesse = 
Ai (72). siarc 178-180 or 178-182 
TOGO). svesrswcins 172-180 
Er (UB). emie 166-168 or 166-170 
Dy (66) aes. 160-168 
Gd (64) oo... eee 154-160 
Sa (GIJ «licen des 150-152 
Nd (60) aaneen 144-150 or 142-150 
Ce (58) uaes esee. — 
Ba O aert 136-138 
Xe (4) eae 126-136 
Te (52) . sauce tenes 126-130 
Sn (50) csavhinakes 116-124 
CHGS) anaoiit 110-116 
Pd (46) aan 106 -108 
Ru (44) eeens 100-106 or 98-106 
Mo (2) aes --- 
Zr (40) assess 90-92 or 90-94 
Sr (88) sessen. — 
Kr (36) ............ 78-86 


88 and &6, since it may not have a mass-number which 
is the principal mass-number of another element. The 
isobare rule excludes the second isotope, since the dif- 
ference 12 is assigned to elements 36 and 34. Strontium * 
is consequently a simple element, as Aston finds. 

In Table IV. are given some alternative possibilities 


* [fit were complex, the probability that its isotopes are 88 and 86 
only is much greater than that of another possibility, 
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consistent with the data of Table III. They occur chiefly 
with elements in the neighbourhood of simple elements. 
Comparing the data of Table IV. with the limits assigned ta 
the olements in Table II. the following points arise :— 


(a) Elements 78, 62, and 46 are probably not simple but 
have two isotopes. 

_ (b) Elements 72, 56, and 40 have probably each two 
isotopes only but possibly three. 

(c) Elements 68, 52, and 36 have each probably three 
isotopes. 

(d) Lead (82) has isotopes from 204-212 considered as 
a common element, and includes 214 as a radio- 
element. The mass-number 204 is demanded both 
by the isobare rule and also by the rule connecting 
limits with the values of odd isotopes. 

(e) Xenon (54) has also apparently a range of 10, but the 
value 126 is demanded only by the isobare rule. 
If this isotope is genuine it is probably a “ second- 
order ” isotope for, as will be seen in § 5, it does not 
fit in with the other even isotopes of this element. 

(f) Mass-numbers 186, 170, 142, 98, and 94 may be 
inissing, but if not they are probably isotopes of 
minor importance of elements 76, 68, 60, 44, and 40 
respectively. 


§ 4. Order of the Masses of Isotopes. 


Three things at least must be known before the masses of 
the isotopes of an element may even approximately be 
arranged in the order of their importance: (1) the chief 
even isotope, (2) the second even isotope, and (3) the relation 
between mass-number and stability. The second of these 
has been the most difficult to discover, and except in very 
easy cases L have not been able to find out how to calculate 
it. The third will be discussed in § 5; and the first now. 

It is clear from Aston’s results that the chief even mass- 
number of an element cannot be guessed at from the latter’s 
atomic weight; the more complex the element and the 
closer the masses of isotopes are, the more likely is such a 
guess to be in error. On the other hand, if an element has 
two isotopes only the relative importance of each may be 
easily ascertained. 

The chief even isotope of an even element is related in 
many cases to the isotope or the lower isotope of the element 
next below it by the empirical rule that it is 5 or 3 units 
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greater according as the even element is complex or simple. 
The values of the odd isotopes are those predicted in Part I. 
Secondly, in many cases the value of the chief isotope ascends 
by 6 units from one even element to another when the latter is 
complex, and by 2 units when the latter is simple. Thirdly, in 
several cases the principal even isotope is three units above the 


TABLE V. 
Calculated Values. 
Atomi 2nd Bra E i 
2n . Uxperi- 
N ee Method. Method. Meth od. a i Authority. 

92 236 (233) 238 238 - At.-wt. 
90 232 932 —- 232 At.-wt. 
83 — 226 226 226 At.-wt. 
86 — 220 222 222 Radioactivity. 
84 . 214 214 — 210° Radioactivity. 
82 208 208 208 206 or 208 Radioactivity. 
80 200 202 202 a02 A 
78 198 196 
79 190 190 192 
47 184 184 — 184 At.-wt. 
72 182 182 
70 176 176 176 
68 170 170 
66 164 164 164 
64 156 158 158 
62 152 152 
60 146 146 148 piped 
58 140 140 — 140. . At.-wt. 
56 138 138 So p ECG 
D$ 132 132 K2- w Ta : Aston. 
52 126 126 = J28P ©  bAtewt. 
50 120 120 120 120; : = Aston. ` Mn 
43 112 ll4 114 [a ieee > ot 
46 108 168 
44 102 102 104 
42 96 96 —- 96 At.-wt. 
40 94 94 = 90 l -e At.-wt 
38 88 83 gs -t Aston. > 
36 &4 86 86 SE Aston. A i 
34 S0 s0 SO RI) Aston 
32 74 T4 — ~. 72., Aston. 
30 68 68 — G4," Aston, 
28 64 62 — BR ce Aston, 
26 60 56 -— 56 7 A Aston. 
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lower of its two odd isotopes when there are two, and three 
units above its odd isotope when there is one. The chief 
even isotopes derived in these ways are included in 
Table V., which contains also such experimental values as 
are known. 

It is seen that the agreements are poor for elements below 
selenium (34), but that, inthe range under consideration, they 
are, on the whole, good. Alternative experimental values of 
lead’s (82) chief isotope have been given. Radioactivity 
favours the lower value; the atomic weight determination the 
higher. It has not yet been done by the positive-rays method. 
Outstanding discrepancies between the experimental and 
calculated values are seen in the principal isotopes of 
zirconium (40) and of polonium (84). In no case in the 
range considered are there more than two different values 
for the four results. 

I have not been able to estimate by a general method the 
values of the second even isotopes. 


§ 5. Stability of the Nucleus a function of the 
Mass-Numbers of Isotopes. 


There are two relations in radioactivity known as Fajans’ 
a-ray and -ray rules which connect the mass-numbers of 
isotopes with the stability of their nuclei. The aæ-ray rule is 
that a-ray isotopes of ascending mass-number have periods 
in ascending magnitude ; the S-ray rule that -ray isotopes 
of ascending mass-number have periods in descending 
magnitude. To these empirical rules there are, as is well 
known, a few exceptions. The a-ray rule holds perfectly for 
the isotopes of elements 92, 90, and 86, holds partly for 
elements 88 and 84, and does not fail completely for any 
element. The @-ray rule holds perfectly for elements 89, 
83, and 81, holds partly for element 82, but fails for 
element 90. Table VI. contains the data on which these 
statements are based. In this table it is assumed that 
actinuranium (AcU) is the head of the uranium series and 
the parent of uranium Y, the product of which is proto- 
actinium, This appears to me to be in better accord with 
present knowledge than the commonly-accepted view. This 
assumption, however, does not affect the validity of the 
empirical rules under discussion. The table includes also 
the assumed isotopes of the inactive elements bismuth and 
thallium. 
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TABLE VI. 


Element. 


and mass-numbers. 
Uranium (92) ...... Ur, (a); AcU, (a); Un, (a). 
238 239 234 


Protoactinium (91). Pa, (a); UX,,(3); UZ, (B). 
231 234 234 


Thorium (90) ...... Th, (a); _—iTo, (a); RdTh, (a); UX,, (3); RdAe, (a); 
232 230 228 234 227 
Actinium (89) ...... Ac, (3);  MsTh,, (8). 
227 228 . 
Radium (88)... sec... Ra, (a); MsTh,, (8);*AeX, (a); ThX, (a). 
226 — 228 227 224 
Emanation (86) ... Rn, (a); Tn, (a); An, (a). 
222 220 219 
Polonium (84) ...... Po, (a); RaA, (a); ThA, (a);  AcA, (a); RaC’, (a); 
210 218 216 215 214 
Bismuth (83) ...... Bi; Rak, (8); Th, (3); RaO, (8);  AcO, (a). 
209 © 210 212 214 211 
Lead (82)............ RaQ’, (206) 
AcQ”, (207); RaD, (3); ThB,(3); AcB, (8);  RaB, (8). 
Tha’, (408) 210 212 211 214 
. RaQ”, (210) 
Thallium (81) ...... T1, (203) | 


); AcC", (8); Th”, (8); RaO", (B). 
Tl, (205) 207 208 210 


Descending order of the periods of isotopes with tbeir radiations 


ThC’, (a). 
212 


From the above table, however, two wider generalizations 
may be deduced and these, it will be shown, apply approxi- 
mately also to the isotopes of inactive elements to the extent 
they have so far been experimentally determined. These 


are :— 


I. In elements of old atomic number the isotope of 


lowest mass-number has the largest period. 


IT.(a) In elements of even atomic number the order of the 
periods of even mass-numbers is given by a clock- 
wise arrangement of these mass-numbers. * Going 
clockwise round the face gives an “ascending ~ 
series, and counter -clockwise a “ descending ” 


series. 


(b) In an “ascending ” 


series the odd mass-number is 


in its order of intensity when placed immediately 


before the mass-number three units greater. 


(c) In a “ descending ” series the odd mass-number is 
in its order of intensity when placed immediately 
after the mass-number which is one greater when 
the series descends continuously ; and immediately 


after the highest mass-number when it does not. 
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Jt is seen from Table VI. that rule I. holds perfectly for all 


odd elements included in it. It is immaterial whether the 
isotope emit any radiation or not, OF whether it be of even 
or of odd mass-number. ‘The application of this rule to 
inactive elements has already been discussed in Part 1. of 
this paper. 

Rule II. is much less definite, and with the meagre data 
available it is difficult to know what, if any, is its bearing on 
the question of the stability of the nucleus. It is seen trom 
Table VI., however, that the first part of the rule, LI.(a), holds 
for all elements, for which data are available, except uranium 
(z=92). This element alone contains no product of another 
element as an isotope, and 18 consequently in an exceptiona 
position. The rule would require mass-numbers for uranium 
of 238, 240, 934, and 236, oF of 238, 236, 234, and 240 in 
Jescending order of period. The experimental evidence 
neither favours these possibilities nor is against them. It 1s 
possible that at a former epoch, or even now, one of them 
represents uranium fT. 

In Table VII. is seen how the rule applies to the isotopes 
of inactive elements. For these elements “relative con- 
centration” must be substituted for “ period.” It is seen 
that the agreement is fair. Points where experimental work 
and the rule disagree are underlined. 


TABLE VII. 


Descending order of importance of masses. 


fn 
Experimental. According to Rule II. 
< 900 6 e é 

Mercury (£0) «e+ 202, | n ,204* 202, 200, 198, 204 
Xenon (5$) oe 132, 134, 136, 128, 130, 126. 1924 1832, 134, 136, 128, 150 
Tin (BO) seee nni 120, 118, 116, 124, 122 120, 119, 116, 124, 122 
Krypton (36) Sores g4. 86, 82, 80, 78 ag, Rt, 82, 80, 78 

pon ent 
Seleniuin (84) -ev 80, 78, 76, 82, i4 g0, 78. 76, 82 
Calcium (20) ee 40, 44 40, 44, 42 
Argon (18) eee 40, 86 40, 36, 33 


* This arrangement is most consistent with Aston’s results and with the 
accepted atomic weight. 


cnpted moma we ent PO 
+ See also G. Kirsch, Sitz. Akad, Wiss. Wien, vol. exxxi. p. 551 
(1922). . 
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The rule does not give the minor isotopes of xenon or that 
of selenium. These lie outside the limits of mass-number 
for which it is operative, because from the number and value 
of the odd isotopes of these elements the limits of xenon are 
regarded as 128-136 and of selenium 76-82. 

he exact relation of the relative concentrations of odd to 
those of even isotopes in an element of even atomic number 
is a more difficult problem. In “ascending series ” like that 
of lead (82) (Table VI.) or of xenon (54) (Table VII.), odd 
isotopes ure among the principal ones, and their position is 
given by rule II.(l) above. According to Fajans’ -ray rule 
an “ascending series” is a series of isotopes all of which 
expel @-particles, but the order of the isotopes of lead, the 
only even element that possesses such a series, is given better 
by rule IT. than by the @-ray rule. 

Most series, however, are “ descending ” series like those 
of thorium (90), mercury (80), and tin (50), and in these 
the odd isotope is of less importance and in some cases 
of minor importance Fajans’ a-ray rule would demand 
that it be placed next below the mass-number one unit 
greater if the latter were an a-ray body. This rule 
generalized to exclude the provisoes of radioactivity holds 
(see Table VI.) for the positions of radioactinium (88), 
acton (86), actinium A (84), and for actinuranium (2) if 
uranium’s second isotope has a mass-number 236. It would 
hold also for radioactinium (90) if the period of this body 
were greater than that of uranium X. (The periods are 
close, however, 19°5 days and 24°6 days respectively.) It 
fails to account for the position of uranium Y as does Fajans’ 
B-ray rule also. Among the inactive elements it may apply 
to mercury’s isotope of 199, but it does not apply to the 
odd isotopes of tin (50), krypton (36), or selenium (34). 
Rule IL.(c), on the other hand, applies to the odd isotopes of 
uranium, thorium, radium, emanation, polonium, lead, tin, 
and selenium, might apply to that of mercury, and fails only 
for the isotope 83 of krypton. The experimental data in 
support of this are given in Table VI. above and in 


Table VIII. below. 
TaBLE VHI. 


Element, Descending order of intensities of isotopes, 
200) 
Mercury (80) ............ 202, coal 204, 199 ? 
198 J 
Tin (50) ...cecesecesseees 120, 118, 116, 124, 119, 117, 122 
Krypton (36) ............ S4, 86, 82, 83, 80, 78 


Selenium (34)............ 0, 78 76, 82, 77, 74 
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§ 6. The Order of the Masses of Isotopes. 


The lack of knowledge regarding the second even isotope 
of an even element prevents a prediction of the order of the 
masses of isotopes for the complex elements, even when 
their number and absolute values have been estimated. 
This would not matter if one knew when a series of isotopes 
was an “ascending” or a “descending” one, but this is 
evidently not a periodic property since lead (82) has an 

“ascending” series and tin (50) a’ “descending” one. 
If dysprosium (66) has the former its order would be 
according to Tables IV., V., and rule II., 161, 164, 163, 
166, 168. 160, 162 ; if the latter, 164, 162, 160, 168, 163, 
161, 166. The atomic weight, 162°5, is consistent with 
either. 

JE vtterbium (70) has a series similar to xenon (54) its 
order would be similarly 173, 176, 175, 178, 180, 172, 174, 
and, if it has a ‘‘desc-nding ” series, it would he 176, 174, 
172. 180, 175, 173, 178. The atonio weight, 1735, is in 
favour of the former, but this may not be a very exact value. 

Cadmium (48) if « descending ” should have 114, 112, 110, 
116, 111, or 112, 110, 116, 114, 111 according as 114 or 112 
is the principal even isotope, and, if “ ascending, ” 111, 114, 
116, 110, 112, or 112, 111, 114, 116, 110. The first and 
fourth of these are most probable, since neither 112 nor 114 
is likely to be of minor importance. The atomic weight, 
112-41, is not decisive but favours the first and third ; 
an: logy with mercury (80) favours the first. 

Others mav be worked out in this way, but obviously an 
ambiguous answer may be given even when the principles 
laid down hereare kept to strictly. The evidence of atomic- 
weight favours ‘ascending ” series for ruthenium (44) and 
for ‘neodymium (60), the former commencing on the mass- 
number 100, the latter on 144; it favours also “ descending ” 
series for osmium (76) and for gadolininm (64), the former 
commencing on the mass-number 192, the latter on 158. 
The elements without odd isotopes appear easier: platinum 
(78) is likely to have isotopes of 196 and 194 only; hafnium 
(72) 180 ang either or both of 182 and 178; erbium (78) 170, 
168, 166 ; samarium (62) 152 and 150; barium (56) 138 
and 136 ; tellurium (52) 126, 128, 130; palladium (46) 106 
and 108, and zirconium (40) 90 and 92. Tungsten (74), 
cerium (58), molybdenum (42), and probably strontium are 
simple. 
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Summary. 


(1) The complexity of the elements of even atomic number 
between selenium and lead is investigated on the lines 
employed in Part I. 

(2) The number of isotopes and their mass-numbers are 

calculated for each element in the range investigated on the 
assumption that the complexity of the elements is a function 
of the atomic number 16 and by making use of empirical 
relations that apply equally to radioactive isotopes and to 
those of ordinary eleme:its. 

(3) A generalization similar to, but wider than Fajans’ 
a- and 8-ray rules for the order of the masses of isotopes is 
stated, and is found applicable both to radioactive isotopes 
and to those of ordinary elements so far. experimentally 
investigated. 

(4) With the help of this generalization an attempt is 
made to predict the order of the masses of isotopes of many 
elements still to be examined by the positive-ray method. 


Dr. Lee’s Laboratory, 
Christ Church, Oxford. 
May 1923. 
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XL. The Selection Principle: A Development based upon the 
Stokes-Thomson Pulse Theory. By C. N. WALL*. 


T selection principle which states that the azimuthal 

quantum number can change at most by unity in any 
interorbital transition of an electron is due to Rubinowicz * 
Bohr f has also deduced a restricted selection principle 
which excludes a zero change in angular momentum. 
A rigorous development of this principle ‘demands extensive 
knowledge of the classical electrodynamics and vector 
analysis. However, this principle may be deduced very 
simply though with less rigour by basing the deduction upon 
the Stokes-‘Lhomson pulse ‘theory for an electron and certain 
ramifications of this theory. ` 

Consider the changes whieh take place, according to the 
quantum theory of electronic orbits, when an electron such 


* Communicated by Prof. Jakob Kunz. 

t Rubinowiez, Phys. Zeit. xix, pp. 44] and 465 (1918); Sommerfeld, 
Atombau, 8d Ed., pp. 810-839 and Appendix. 

t Bolis “Quantum Theory of Line Spectra,” Pts. I. and IL, Danish 
Academy of Science. 
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as in an ion of helium undergoes an interorbital transition 
and radiates light. In such a transition the electron loses a 
certain amount of energy, namely, AE=E,—E,, where E, 
represents the total energy of the electron in its initial orbit 
and E, the total energy in its final orbit. This loss of energy 
is radiated in the form of electromagnetic waves whose 


frequency v is given by the relation 
AE = hy, 


where h is Planck’s constant. In addition to the loss in 
energy the electron suffers a certain change jn angular 
momentum, AP=!P,—P,)/, where P, and P, designate 
respectively the angular momentum of the electron in its 
initial and final orbit. It is assumed that this change in 
angular momentum suffered by the electron in its transition 
is carried away by its radiation, so that both energy and 
angular momentum are conserved. In other words, the 
radiation emitted by the electron in its interorbital transition 
contains within itself both the energy and the angular 
momentum given up by the electron in its transition. The 
plausibility of such an assumption as the conservation of 
angular momentum is greatly strengthened if one remembers 
that circularly polarized light should contain both energy 
and angular momentum *. 

It is necessary to determine the relation between AE and 
AP. In order to do this we make use of the classical theory 
of electrodynamics and work with what mav be termed the 
equivalent path of an electron in the classical theory, or what 
is sometimes referred to as a vibration ellipse of an electron. 
In short, we make the assumption that an electron jumping 
from an initial orbit to a final orbit according to the quantum 
theory is in a sense equivalent in classical electrodynamics 
to an electron undergoing simple harmonic notion of fre- 
quency v along two perpendicular axes X and Y with ampli- 


. EAR TT 
tudes a and b respectively and a phase difference of + yia 


Thus the vibration electron has an ellipse as its orbit with 
semi-axes a and b. The coordinates of this vibration or 
equivalent electron in its vibration or equivalent path at any 
instant ¢ are evidently 


r= a Cos 2rvt 


y = b sin 2rvt.| 


* Poynting, ‘Collected Seientitie Papers,’ pp. 372-379. 
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Its velocity components are 


v= e = —a?rnvsin anv, | 

: Coa’ (D 
y =~ Y = U2rvcos2rvt. | 

dt J 


The acceleration components are 


Hoag: 
ao = ae —a(2rv)? cos 2rvt, 
za 43 
n _ ay on 
== b(2arv)? sin 2arvt. 


As this so-called vibration electron moves around its 
elliptical orbit it radiates both energy and angular momentum 
according to the classical theory. Furthermore, by hypo- 
thesis the relation between this radiated energy and angular 
momentum is identical with the relation hetween AEB and AP. 
Thus it is only necessary to determine the relation between 
the energy and the angular momentum radiated by a vibration 
eleciron] in one or more complete vibrations. 

Sir G. Stokes first suggested that an electron suffering an 
impulse would send out an electromagnetice pulse emitted at 
the instant of the impulse. Nir J. J. Thomson * calculated 
the energy radiated by such an electron, and Larmor extended 
the theory to the case of an accelerated electron. It may 
easily be ‘shown t by this theory that the rate of radiation of 
energy from an electron accelerated along the X-axis is 
given by 


where e represents the electronic charge, ¢ the velocity of 
light, and æ”? the square of the acceleration of the electron 
along the X-axis. A similar equation may be written for 
acceleration along the Y-axis. A more rigorous analysis ft 
of the problem leads to the conclusion that expression (4) is 
not accurate if one desires to compute the rate of radiation 
of energy from an accelerated electron at any special instant. 
However, the total emission of radiation through a sufficiently 


* J. J. Thomson, Phil. Mag. xlv. p. 172 (1898), 

+ J. A. Crowther, ‘lons, Electrons, and Ionizing Radiations,’ pp. 143- 
147. 

} Jeans, ‘ Mlectricity and Magnetism.’ Sec. 649, 4th Ed. 
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large interval of time is accurately given upon integrating 
the expression through this time interval. Fortunately it is 
in this sense that we are going to use the expression. 
Suppose now that we look upon this radiation by an 
accelerated electron as implying the existence of a reactive 
force acting upon the electron. If F,, and F, represent the 
components of this reactive force due to radiation then 
obviously the following equations must hold, l 


r 2e n) 
Pat aS] i 
9g a é ia a: (9) 
F,y =~ y'". | 


By means of these equations it is possible to calculate the 
values of F, and Fy. It must not be inferred, however, that 
the above values of F, and F, represent the total reactive 
forces acting upon the electron. F, and F, are only the 
non-conservative forces acting upon the electron due to 
the friction-like eftect of energy radiation. There are certain 
conservative forces which also act upon the electron. If all 
these forces are taken into consideration then it has been 
shown by Lorentz * that. the total reactive force upon the 
electron should be directly proportional to the first derivative 
of the acceleration of the electron. Nevertheless, in deter- 
mining the value of the energy and the angular momentum 
radiated by the vibration electron in any integral number of 
whole vibrations a time integral around the entire ellipse is 
required, so that the energy and angular momentum con- 
tributed by the conservative reactive forces acting upon the 
electron vanish for such an integration and the non-conserv- 
ative reactive forces alone furnish the value of the integral. 
Accordingly the same result is obtained if one uses the total 
reactive force on the electron. 

The next task is to set up expressions for both the energy 
and the angular momentum radiated by the vibration 
electron during any integral number of complete vibrations. 
Evidently the total energy radiated during n (positive 
integral number) complete vibrations is given by the 
expression 


B, =h” (eR, + y'Bydt. . 2 6. (8) 
0 


* Lorentz, ‘The Theory of Electrons, p. 251. 
Phil. Mag. S. 6. Vol. 48. No. 285. Sept. 1924. 2D 
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The total angular momentum radiated for n complete vibra- 
tions is given by the expression 


P, = (°(F, -yF Jdt 2 ok a ot. (EDD 


0 
Let us multiply equation (6) through by the constant 
2ab 1 ; 
k i ony and subtract the resulting form from 


equation (7). We have 


P, — kE, = ( r | CF,- yF) — k(«'F, + y'Fy)| dt ] 
e 0 


x + (8) 
=|" [E ka! — y) + Fy(—ky' + sje 


If now we substitute in the right-hand member of expres- 
sion (8) the values of F „and F, as determined in equations (5), 
and then make the further substitutions for æ, y, «’, y', 2”, 
and y", as determined in equations (1), (2), and (3), the 
integrand simplifies considerably. Upon carrying out the 
indicated integration the right-hand member vanishes for all 
positive integral values of n. ‘Thus we obtain the relation 
E 2ab 
P,a = E, = a ZO pe 
2nay at +l? 7 7 8% (9) 
which gives the relation between the energy and angular 
momentum radiated by the vibration electron in n complete 
vibrations. 
By taking the finite differences of P, and E, with respect 
to n we get at once 
È AE 2ab 
AF nnn 
2mv a” + b’ (10) 
In accordance with our assumptions this relation deduced 
by classical methods is the relation between the change in 


energy and angular momentum of an electron undergoing 
an interorbital transition. But for such a transition 


h\ 
AP = |P; — Pi |= g jm, — ml, 


since 


m, and mg being respectively the azimuthal quantum 
numbers for the initial and final orbits. Also AE = hv. 
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Therefore expression (10) becomes after these substitutions 


2ab 
|m — Ma | = a? + b?’ (11) 
In short, we arrive at expression (11) by quantizing the 
classical relation (10). 
Now 
2ab < a2 +? since (a — b)? 20. 


Theretore 
Im — mg! <1. 


Since by the quantum theory m, and mọ must be positive 
integers it follows that the difference between m, and mg 
can only be + 1 or zero, i.e. we have the three cases 


+1 h si Qub ) 
M, — Ma = a = ü SINCE ., 3 = 
l 2 : a? + l? 


Dah r (12) 


ee o mey 
a+ bo | 


mı — m = 0, a=0,b=0,ora=b=0.) 


mı — m = —1, a= b since 


The relations (12) give at once the essence of the principle 
of selection : the azimuthal quantum number can change at 
most by unity in any interorbital transition of the electron. 
The polarization rule follows immediately : iť the azimuthal 
quantum number changes by + 1 the light emitted because 
of an interorbital transition will be circularly polarized ; 
otherwise, there will be linear polarization. 

In conclusion it might be well to point out that the 
development of the selection principle depends upon the 
quantizing of a relation developed by the use of classical 
electrodynamics. It states that only those interorbital 
transitions are possible in the quantum theory in which the 
accompanying changes of energy and angular momentum are 
compatible with the classical theory. In this sense the 
principle of selection serves as a bond which tends to tie 
together more closely the quantum theory and the classical 
theory. 

Thanks are due to Professor Jakob Kunz for valuable 
suggestions in the preparation of this paper. | 


Laboratory of Physics, 
University of Illinois, 
Urbana, Illinois, 

November, 1923. 
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XLI. Quantum Defect and Atomic Number. By Lovis 
A. Turner, M.A., Ph.D., Charlotte Elizabeth Procter 
Fellow in Physics, Princeton University * 


HE values of the terms of a series of spectroscopic terms 
are given by the expression 


sO a 
{mtatjf(m) 12? 


where N is the Rydberg constant, m has different integral 
values for the different terms with a value of 1 for the first, 
ais a constant, and f(m) is a function of m, of which the 
numerical value is small compared with a and decreases 
rapidly with increasing m. For the hydrogen spectrum 
a=0, f(m)=0, and the values of m are, according to Bohr’s 
theory, the principal quantum numbers of the corresponding 
electron orbits. By analogy, the denominator of the more 
general expression for a term is called the effective quantum 
number of the term. If n be the actual principal 
quantum number of the orbit corresponding to the term, and 
m+at/(m) the effective quantum number, the difference 
q=n—{m+atf(m)} is called the quantum defect. As n is 
taken larger and larger m increases by the same amount, but 
Hm) diminishes rapidly so that q approaches a limiting 
value n—m—a which equals some small integer minus a. 

The order of magnitude of g depends upon which of the 
two possible types of orbit the one in question belongs to. 
Bohr f calls them orbits of the first kind and orbits of the 
second kind. Orbits of the first kind are those in which 
the valence electron remains throughout the orbit com- 
pletely outside of the region traversed by the inner 
electrons of the atomic structure. I have discussed else- 
where f a possible interpretation of the difference between 
the values of the terms corresponding to such orbits 
for the alkali metal atoms and the ionized atoms having 
a structure similar to that of Na. The g values for such 
orbits are small fractions. Orbits of the second kind 
are those in which the electron penctrates the region 


* Communicated by Prof. K. T. Compton. 
+ N. Behr, Annalen der Physik, lxxi. p. 228 (1923). 


t Louis A. Turner, Astrophys. Journ. lviii. 3. p. 176 (1923), and lix. 
4. pe - (1924). 
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traversed by the other electrons and passes close to the 
nucleus during part of the orbit. For such orbits g may 
have a value on several units. For an electron of given 
energy and angular momentum the contribution to the 


integral pdr, which gives the radial quantum number, 


will be much greater during that part of the orbit when it 
is close to a nucleus of several units positive charge than 
it would be for that same part of the orbit in a coulomb field 
of a single positive charge. The effective or apparent 
quantum “number will therefore be less than the actual 
one. 

If this theory be correct, we should expect that the limiting 
alue of the quantum defect for series of the same type 
should be a function of the nuclear charge-—i. e., of the atomic 
number. ‘The purpose of the present paper is to point out 
certain empirical relations of this kind and their bearing 
upon the theory of atomic structure. The values of the 
constant a have for the most part been taken directly from 
the series formulas or calculated from the term values given 
in Professor Fowler’s Report on Series in Line Spectra. In 
addition, constants calculated by Fowler*, Fuesf, and Datta, 
and data for Sr given by Saunders § ‘and for Alt given by 
Paschen ||, have been used. Tt should be pointed out thata 
takes practically the same value, no matter what form of 
ffOn) is used in the computation, The data for the different 
types of spectra are presented and discussed separately, and 
followed by a more general discussion. 


Doublet Spectra of the Alkali Metal Type. 


Table I. gives the values of the constant a for the series 
of the second kind in the spectra of the alkali metal type. 
The quantum numbers given are those of the largest term of 
the series, first, as given by Bohr in his theory of atomic 
structure, and second, as the following work seems to 
indicate that they should be. There are two corresponding 

values of the quantum defect. 


æ A. Fowler, Proc. Roy. Soc. A, ciii. p. 413 (1923). 
t E. Fues, Ann. d. Phys. Wx. p. 21 (1920). 

TS. Datta, Proc. Roy. Soe. A, xcix. p. 71 (1921). 

§ F.A. Saunders, Astrophys. Journ, lvi. p. 73 (1922). 
| F. Paschen, Ann. d. Phys. Ixxi. p. 537 (192 3) 

q N. Bohr, loc, cit, 
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f Tase I.—Doublet Spectra. 
Quantum Quantum 
Ele- Atomic ‘Numbers Numbers 


ment. Number. Series. a. (Bobr) g. (L.A.T.). Q. Qa—= qp. 


Ti as 3 8 060 2, 0-40 2, 040  o35 
| Py 0951 2, 0049 » 0049 
Na... 11 8 0650 3, 1350 8 1350 50 

P, 1148 3, O852 3, 0852 
Ke cee: 19 s 0822 4, 2178 4, 21738 o4g 
P, 1296 4 1704 4 17% 
Rb ......... 37 8 087 5, 313 6, 413 g.s9 
P, 1366 5, 2634 6, 3634 i 
OB accutane: 55 8 0:95 6, 4°05 8, 6:05 0:50 
P, 1449 6, 355l 8&, 555l 
Cu... 29 8 042 4 258 5, 3:58 
AB oeaan 47 s 049 5, 35l 7, ol 
Mgt ...... 12 8 0934 3, 1066 3, 1066 h 
p 1305 3.  œ695 3, 695 097 
Cat .....: 20 8 1201 4 L799 4, 1799 
d" 136 4&4 164 4, 164 
Sr+ es 38 8 13150 5, 2685 6 3685 
d" L2 5 248 6, 3-45 
Ba” gas 56 8 1430 6 3570 8 5570 
d"' 8 6 342 &, 542 
Tht” poes 88 s 133 7 469 14, &69 
Di gi 30 8 035 4, 265 5, 365 
of) aan 48 8 (045 5 355 7, 555 
Alt 2. 13 s I0 3, 090 3, 090 gap 
Pi 1:40 3, O60 3, O60 ` 
Sit++... 14 8 1228 3, 0772 3 0772 o 
n, 1492 3, 0508 3, 0508 i 


K 
w 


Fig. 1 shows the values of q for series in the neutral atoms 
plotted against the atomic numbers. If the values of q for 
the pı series of the alkali metal atoms obtained by the use of 
Bohr’s quantum numbers be plotted, they lie along a broken 
line ABC, which changes slope at the K point. If, however, 
the value of q for Rb be increased by 1, and that for Cs by 2, 
the straight line ABD passes through the upper four points, 
the Li point falling shghtly above the line. This would seem 
to indicate that the largest pı term of Rb has the quantum 
numbers 6, instead of 5, as given by Bohr, and that the largest 
p term of Cs has the quantum numbers & instead of 65. 

The reasons which make me believe that the present data 
call for this change are :— 


1. If the general theory which accounts for the quantum 
defect of such orbits is correct, a continuous change with 
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increasing atomic number would be expected. That it should 
be a linear relation is surprising, but some sort of a smooth 
curve would be expected. 

2. Ifa break of the line exists, because of the change of 
structure occurring in the long periods of the periodic 
arrangement of the elements, one would not expect the 
break to occur at the K point. This point would belong 
to one or the other segment of the line, but not to both, 


for the K atom must have one or the other structure, and 
not both. 


Fig. 1. 


(0) 10 20 30 40 90 60 


3. It would be a remarkable coincidence if the change of 
slope were a real one, and yet such that the second line could 
be swung into the first by this precise integral change in the 
ordinates of the two points. 

4. The same change produces the same result with other 
series, as will appear in the sequel. 


The corresponding changes have been made in the quantum 
numbers from which the q’s for the s terms of the alkalies 
have been calculated. Quantum numbers have been assigned 
to the Cu and Ag terms so as to bring the two points as close 
to the s curve for the alkalies as possible. They are 5 and 7 
respectively, the two numbers fitting in between the value of 
4 for K, 6 for Rb, and 8 for Cs. The equation of the p, line 
is g=0°1068.V—0°322. The slopes of the other two lines are 
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approximately the same. The p, line for the alkalies lies a 
distance of 0:50 below the s line, as is apparent from the 
values of g.—gp. The two Li points do not fall very exactly 
on the lines. This is in agreement with Bohr’s statement 
that the degree of penetration is different for Li. 

The xth s or p, term in the spectrum of an alkali metal is less 
than the corresponding term in the spectrum of one of lower 
atomic number. A d or f term is larger, however. Hence 
einai defects calculated for the d and f series could not 

t into this scheme, for they do not increase the same way. 


fe) 
Z 


The orbits corresponding to these terms are apparently 
orbits of the first kind with quantum numbers as given 
by Bohr. 

On fig. 2 are plotted the data for the spectra of this type 
given by ionized elements. The quantum numbers used 
correspond to those used for the data of fig. 1. The line AA’ 
is the s line of fig. 1 drawn in so thàt the two figures can be 
compared. The orbits for the d terms are apparently 
orbits of the second kind for elements of atomic number 
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higher than that of Ca. The Rat point is not accurately 
determined because of the lack of sufficient data, but the 
deviation from the line is probably more than can be 
accounted for by this error. The Zn* and Cd* points show 
a considerable deviation from the alkaline earth metal line, 
but lie on a line nearly parallel to the others. The points 
corresponding to ionized elements lie below the lines for the 
neutral elements of the same spectroscopic type, the distance 
below being greater the greater the degree of ionization. 
The q, — 9p separation becomes less the greater the degree of 
ionization. 


Triplet Spectra. 


Table II. gives the available data for the triplet spectra of 
the divalent metals and also of O, S, and Se. Fig. 3 shows 


Tase II.—Triplets. 


| Atomic Quantum 
Element. Number. Series. a. Numbers. q. qs— Up 

ME casicevens 12 8 1377 4, 1:623 

Ck. ETNE 20 8 1-561 5i 2:439 

SEENA 38 8 1°631 Ti 4369 

Baiissveaureiee ot s 17 o, 627 

Dit mansiin. cree 30 5 1°25 6 372 0:52 
M 0 80 Dy 320 

Coe aerasi 48 s 1:33 & 67 ine 
mo O88 i; 5ld Cos 

+) em 

IE urea 80 s 1-29 li, 8: il 0:39 
Py URS 10, 812 

E A 8 8 O77 3, 1-23 

TT 16 8 0'93 4, 2-07 

SO eenceatieie 34 5 0:96 6 +'U4 

A ae 13 8 0:73 : 1:27 a 
p IN 3. U59 o 


the lines obtained by plotting these data. The line AA’ is 
again the s line from fig. 1. It should be noted that the 
three s lines of fig. 3 for the different groups of elements all 
come very close to that of the alkali metals. The Hg point 
does not fall on any of these lines, but comes very close 
with the quantum number taken as indicated. The g, — qa 
separations for Zn and Cd are 0°52 and 0°53, in fair agree- 
ment with the value of 0°50 for the alkalies. This value of 
0°52 might be used to predict the wave-numbers of some of 
the higher p terms of the spectra of the alkaline carth metals. 
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The d terms of these spectra show unusual departures from 
the simple term formula, so that no values of a have been 


Fig. 3. 


` 


0 10 20 30 40 SO 60 70 80 90 
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computed. The Hg point falls considerably below the 
Zn-Cd line. 
Singlet Spectra. 
Table III. gives the data for the singlet series. These 


Taste III.—Singlets. 


Atomic Quantum 
Element. Number.. Series. a. Numbers. q. Qs—{p. 
i T ATEEN NETET 12 S 0°47 3, 1°53 
P cat 
OG TEA E AEA 20 S 0-65 4, 2°35 
P ‘al 
BF hs civeniedatessest 38 S 0-74 6, 4°26 
P ast 
OG WAERTE E FETTE 56 S — 
P — 
1A EPE EA AE 30 S 0:35 5 3°65 > 
P 0-91 5, 309 95 
O e AEE A 48 S 0-41 7 559 ; 
P è 0% 7, 606 053 
Lot OE EI IS 80 8 0:36 10, (2?) 864 063 
P 0:99 10, 8'01 


Digitized by Google 
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data are plotted in fig. 4. Again the S line comes very close 


Fig. 4. 
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to that for the alkali metals (A A’), the P line falls a distance 
of about 0°55 below it, and the Hg points are too low. 


Doublet Spectra, Al type. 
Table IV. gives the data for these series. They are plotted 


TaBLE IV. 
Atomic Quantum 
Metal. Number. Series. a Numbers. q. qs— qP. 
AL enaa 13 8 1222 4 1°78 
m O7 3, 1-25 gee 
Ga. aeecksss eas. 3l 8 —- = 
p 07 5, 3-28 
EO. -gevswisssagsass 49 8 L27 8, 573 wns 
P, 0:80 7. 520 Oe 
Tl sessessseevcoee BI i 125 ll 8-75 : 
p 083 10 8:17 ae 


in fig. 4 also. Again the S line comes very close to all the 
others. The gs— qp differences are again 0°53 for Aland In, 
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but the difference for TI is 0°58, and the Tl point falls below 
the line. The difference for Al* is 0°38. 


DISCUSSION. 


Apparently any orbit of the second kind can be arbitrarily 
divided into three parts—one, where it is completely outside 
of the region of the other electrons and ina field very nearly 
the same as that of a single positive charge; another, where it 
is close to the nucleus in a much stronger field ; and the third 
transition part of the orbit when it is passing from one to the 
other. During this transition the particular structure of the 
atom will have its greatest effect. The fact that these S lines 
for the different eloments and their different spectral types 
come so close together, seems to show that this quantum 
defect depends primarily upon the nuclear charge, and only 
to a slight extent upon the distribution of electrons in the 
outer parts of the atom—that is, the general course of the 
lines depends upon some very fundamental general relation 
of the electron to the nucleus, but their positions are shifted 
somewhat for the different outer electron structures. This 
point of view is in agreement with the changes in the 
quantum defect for the larger terms corresponding to smaller 
orbits. For these orbits the influence of the particular 
structure is of greater influence. This is specially true for 
the divalent atoms, where the second valence electron is 
presumably relatively loosely attached, and for which the 
terms show the greatest deviations from any of the simple 
series formulas. 

The chief problem presented by these relations is the 
explanation of the linear relationships and the slope of the 
lines. That I have not been able to solve. The quantum 
detect for a given orbit is the excess of the contribution to 


the integral $ pdr which is made as the electron passes close 


to the nucleus over what it would have been had the electron 
remained in the field of a positive charge at a point. The 
decrease in quantum defect for ionized atom terms would be 
expected, because this contribution to the integral which 
must be subtracted is greater the greater the value of the 
net charge. The problem of calculating how much of a 
complete orbit the electron traverses in the region of the 
nucleus, and the contribution to the integral, is a very com- 
plicated one, even on the basis of the simplest reasonable 
assumptions. 

IË these relationships mean anything at all, we have to face 


+ 
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the alternative of either explaining the sharp break in the 
curve for quantum defect as a function of atomic number of 
all of these groups of similar spectra, or of altering the theory 
of atomic structure in its explanation of the details of the 
building-up of the atoms through the long periods. For the 
reasons given above, I think that the latter is necessary. 
The kernel of Rb will have to contain some orbits of principal 
quantum number 5 and that of Cs some of numbers 6 and 7. 
More spectroscopic information must be had before the 
details of the process can be worked out. 

Regardless of the theoretical explanations, these relations 
should prove useful in working out series in the spectra of 
the elements ionized to different degrees. The same linear 
relationships will hold presumably, for they do so for the 
ionized alkaline-earth series. The parallelism of these lines 
brings out the fact that the difference between the constants 
a for two different series of terms is nearly constant for all 
elements of the same chemical sub-group. In particular, the 
difference of 0°50 to 0°55 between q, and gp for these neutral 
atoms of different spectroscopic type is worthy of note. I 
have never seen that fact explicitly pointed out, although it 
may have had something to do with the use of the values 
1:5, 2°5, etc. for m in the formulas for the s series. This 
difference qs — qp is, of course, equal to ap— as. Perhaps the 
values for this difference of 0°37, 0°30, and 0°26 as obtained 
from the Mgt, Al**, and Sit** spectra will be common to 
the spectra of various elements corresponding to these 
successive stages of ionization. The value of 0°38 for the 
Al* spectra lends support to that expectation. The fact that 
the four numbers 0°52, 0°37, 0°30, and 0:26 are in the ratio 
1 : 2-4: 3-3: 4-3 may be of significance. 

Mention should be made of the work of Brackett and 
Birge *, who discovered similar relationships. They plotted 
values of the effective quantum number of the various 
spectroscopic terms as a function of the number of electron 
groups beneath the valence electron as given by Bohr’s 
theory. Lines were drawn through the points having the 
same quantum number according to that theory. They also 
found that corresponding parts of these curves had the same 
slope, especially for the terms of higher quantum number, and 
that there were certain recurring differences in these effective 
quantum numbers for different elements of different groups 
related similarly in the periodic arrangement. The present 
arrangement gives these results, and, in addition, gives a 


#1}. S. Brackett and R. T. Birge, Jour. Op. Soc. Am. viii. p. 213 (1924). 
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better correlation of elements of the same chemical group, 
and brings out more clearly the fundamental regularities 
common to all. 7 


SUMMARY. 


1. It is found that by increasing Bohr’s quantum numbers 
for the valence electrons of elements of atomic number 
greater than 28, limiting quantum defects can be computed 
which are linear functions of the atomic number, for corre- 
sponding series, for elements of the same chemical sub-group. 

2. The slopes of these lines are all very nearly the same. 

3. The s lines for elements of different chemical nature 
come very close together, indicating that the quantum 
defect depends primarily upon the atomic number and 
secondarily upon the particular atomic structure. 

4. The p lines forall the neutral elements lie approximately 
0°50 below the s lines, which means that the constant a in the 
term formula is 0°50 greater for p terms than for s terms for 
a given element. 

5. The quantum defects for the series of ionized atoms 
are less than those of the corresponding neutral atoms. 

6. The difference between the s and p quantum defects 
becomes less for higher degrees of ionization. 

7. The regularities introduced by the increases of Bohr’s 
quantum numbers indicate a possible need for a revision of 
the theory of the building-up of the atoms of the long periods 
of the periodic arrangement. 


I wish to thank Professor K. T. Compton for his interest 
and helpful criticism of this work. 


Princeton, New Jersey, 
March 5, 1924. 


— — - ——— 


Note.—Professor H. N. Russell has pointed out to me that 
straight lines will also be obtained if the quantum defects 
obtained from Bohr’s quantum number are plotted against a 
sequence of integers. For example, one can use for abscissas 
for Li, 1; Na, 2; K,3; Rb, 43; Cs, 5. There is no choice 
between the two methods of plotting on the basis of more 
accurate satisfaction of the linear relationship for cither 
method. If this be the correct expression of the relationship, 
it means that the effect of the completion of each group of 
orbits corresponding to a whole chemical period has the same 
effect on the quantum defect, even though some of these 
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groups contain 8 electrons and others 18 or 32. It does not 
seem probable to me that these groups, so different in number, 
would influence the quantum defect by the same amount. 
One advantage of the scheme of changed quantum numbers 
is that it is in accord with the occurrence of simple spectra 
in elements in the middle of the longer periods, where the 
orbits of the next higher total quantum number begin to 
appear ; i. e., if the quantum number of the normal orbit in 
K is 4, and that of Rb is 6, the intermediate number 5 is in 
all probability the correct one for the intermediate element 
of similar spectroscopic type, Cu. The change of 3 units 
between the quantum numbers of Ba and Ra would lead one 
to expect two elements with spectra of their type in the 
period of 32. Hg is one of these, of course. Hicks * has 
recently pointed out that lines of the spectrum of Eu indicate 
that it, too, is of this spectroscopictype. The more complete 
working out of the spectra of the rare earth elements will 
throw much light on this question. T 


ree Ra rr a e a is 
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XLII. The Rotating arth as a Reference System for Light 
Propagation. By L. SILBERSTEIN, PA.D.} 


HE relativistic physicist has no difficulty in placing an 
“observer,” with clock and measuring rod, now upon 
a distant star, now upon an atom or an electron, and reasoning 
about his experiences. There is certainly nothing illegitimate 
or contemptible about such fictitious standpoints or reference 
frames, provided they are helpful in deducing some con- 
sequences of a verifiable nature. Yet all such frames or 
reference systems offer only an indirect interest, and their 
properties cannot, of course, be explored without the inter- 
calation of a chain of more or less uncertain principles, 
assumptions, or guesses. There is, however, one frame which 
can be explored directly and to which, moreover, all our 
actual observers are chained down, perhaps forever,—and 
that is our own Earth. The purpose of this paper is to 
emphasize the need for its experimental investigation as a 
reference system, especially for optical phenomena, and to 
state the actual problem without prejudice either against or 
in favour of Kinstein’s theory of relativity. 
* W. M. Hicks, ‘ Nature,’ 113. p. 642, May 3, 1924. 
+ Communicated by the Author, Paper read in the H. A. Lorentz 
Colloquium held at the University of Wisconsin, Madison, March 20, 


1922. Communication No. 212 from the Research Laboratory of the 
Eastman Kodak Company. 
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The properties of the Earth as a reference frame for 
mechanical plienomena can be said to be fairly well known. 
T hey are anisotropic and symmetrically distributed around an 
axis practically fixed in the frame, and are typified, say, by 
the Foucault pendulum, the gyrocompass, and the projectile, 
whose behaviour is described, for the present at least, with 
sufficient accuracy by the well- known Newtonian equations 
of motion written for “rotating axes.” If r be the position 
vector of a particle, these equations are condensed in the 
vector equation, in obvious symbols, 


dye \ en 
(i +V z) r=F 
or, developed, 


ï =F—2Vör + wr- olor), . . . . (1) 


where @ is a constant vector along the said axis of symmetry 
(SN) and w ifs absolute value. Historically, of course, this 
equation was derived from r'=F’ =F, written for an inertial, 
say the fixed-stars svstem S', by the familiar reli on 
r'=r + Vor, with o as the spin vector of the Earth relative 
to S',or by the transformation of the cylindrical coordinates 


=, p'= =P» | 
GC =0+0l, C=.. a.a‘ @) 


But once in possession of equation (1), we may as well 
forget its origin and look upon it intrinsically, from a purely 
terrestrial point of view. It then becomes meaningless, of 
course, to speak of the Earth's ‘ rotation ” (without adding 
relatively to what). The constant œ in (1) is then simply 
an ascertainable physical directed magnitude belonging to 
the Earth as such, considered as a reference frame for 
mechanical phenomena. That the same vector w, with 
reversed sign, happens to express also the revolution of the 
starred sky around us (whenever we choose to look up to it), 
is a most welcome addition to its terrestrial properties, which, 
however, does not concern us at this stage of the discussion. 
Of the two supplementary terms in (1) the first, normal to 
the Earth’s axis and the particle’s velocity, is known as “the 
Coriolis force,” and the remaining two, amounting together 
to a transversal vector away from the axis of size w’p, as 
“ the centrifugal force,” per unit mass. Thus far the Earth 
as a mechanical frame. 

Our experimental knowledge of the planet as a reference 
system for optical phenomena is, thanks to the famous 
Michelson-Morley experiment, on the one hand perhaps of a 


eet | tee ae ee O ee a -a -iaaa Ya ee 
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much more precise nature than the aforesaid, but on the 
other hand essentially less complete. It can be said without 
unfairness that what we know about it is just one-half of 
what seems worth knowing, or just as much as remains to be 
explored. The information derived from the Michelson- 
Morley experiment seems as fragmentary as would be our 
knowledge of the terrestrial mechanical frame if it were 
limited to experiments of short duration and extending over 
small distances *, and what remains to be found out would be 
the optical counterpart of the behaviour of gyrocompasses 
and long-range projectiles. In fact, what we have learned 
trom the much discussed and extremely fruitful nil-effect of the 
Michelson-Morley experiment, stripped of every theoretical 
interpretation, can be stated as follows:—Let O, A, B be 
three points marked on a slab of stoneft. Then, whatever 
the phase-difference or time-lag between the light-signalling 
GAAO and OBBO in one orientation of the slab, it remains 
the same for any other orientation, say, after turning the 
slab by 90°, relatively to the Earth, that is, and no matter at 
what season of the year. I purposely abstain from ealling 
the slab a “rigid” body. For this would virtually amount 
to begging the question, and frustrate the desire of stating 
the result as one of purely phenomenal content divested from 
every interpretation. For the same reason no mention is 
made of the possibility of the ‘ distance” OA or OB being 
“shortened ” in a certain ratio (Lorentz contraction), when- 
ever the segment is brought by a 90° rotation to a certain 
otherwise remarkable direction f. In fine, the experiment 
teaches us that there is no privileged direction, that the 
orientation of the slab is irrelevant. What is responsible 
for this monotonous, isotropic behaviour is a further question 
which, at this stage at least, does not interest us. 

This, then, is the knowledge of the Earth as an optical 
reference frame we do possess. 

Now, to pass at once to what we do not know about it, 
consider 1, 2, 3, three non-collinear fixed terrestrial stations. 
Let two light signals be sent simultaneously from 1, one to 2, 
thence to 3 and back to 1, the other to 3, thence to 2 and 
back to 1, mirrors being placed at 2 and 3 so as to avoid 
delay at the stations. The plain question is: Will both 


æ The former compared with 27/w, the day, and the latter with the 
radius of our planet. 

+ The support of the interferometer, to be sure, with OA and OB 
roughly “equal” and perpendicular to each other. 

t That of the resultant of onr orbital motion and of the motion of 
the solar system towards Hercules. 


Phil. Mag. Ser. 6. Vol. 48. No. 285. Sept. 1924. 2 E 
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signals return to l at the same time or not? And if not, how 
does the time-lag of one behind the other depend on the 
circumstances of the experiment, the geometrical properties, 
the geographic position (presumably only the area and the 
geographic latitude, respectively), and the inclination of 
the plane of the triangle 123 to the horizon? It may be 
interesting to remark that the existence or non-existence of 
such a time-lag, 


A = ti231 — 13015 


important on its own account, has also an immediate bearing 
upon the fandamental question . -of the possibility of setting 
up on Earth a consistent clock synchronism based on light 
signalling, as first proposed by Einstein (1905). For the 
synchronism thus defined will be transitive *, if and only if 
A=0 for every optical circuit. 

A reliable and definite answer to these questions can be 
obtained only trom experiment, on a somewhat large scale. 
Preliminary experiments to that purpose have actually been 
started by Prof. Michelson at Passadena in 1921 and are 
still in progress. Their results, however, may not be 
available before the end of the summer of 1923 or, perhaps, 
of the succeeding year. 

Theoretically, two ditferent ways of conjecturing the 
possible outcome of these experiments offer themselves, one 
based upon the assumption of an ether, the other based upon 
Ninstein’s relativity theory, more especially upon the role 
attributed expressly by its founder to the world-geodesics 
and the minimal lines. With this proviso, the latter method 
will be shown to lead toa perceptibly definite, unique answer, 
while the former will give a whole range of possible values 
of the time-lag, for a given terrestrial optic: al circuit. 

Let us first consider the problem on the ether theory. 
Without dwelling upon a number of details concerning the 
shape of light-ray vs terrestri al optical trigonometry, ete., which 
together with the bibliography of the subject were given in 
a Previous paper (Journ. Opt. Soc. of America, v. 1921, 
pp. 291-307), we may pass at once to the formula Per 
the only feasible experiment, that is to say, giving the time- 
lag A for an optical circuit. If —«o@ be the relative angular 

* That is to say, the synchronism of clocks at 1 and at 2, and clocks 
at 2 and at 3, will entail the synchronism of those at ] and 3. Needless 
to say that Einstein postulated this transitivity only for inertial systems, 
and would by no means expect it to hold for the Earth. The subject is 
here presented as it would be viewed by a radical experimentalist :— 


Given a reference frame, it is a matter-of-fact question whether an 
optically established sy nchrouism of its clocks is or is not transitive. 
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velocity of the eether and the Earth near its surface (so that 


k—1 will be the rotatory dragging coefficient), o the area 


of, say, the triangular circuit, and œ, the component of the 
spin vector œ normal to its area, then the required time-lag is 


Acko, 


A= —; s ...... (3) 


‘ : C 


where ¢ has iis usual meaning, As far as our knowledge 
goes, the numerical coefficient « may have any value between 
0 and 1. This formula can be easily deduced in a variety 
of ways. One of these, adopted by the writer (l. c. p. 299), 
is based upon the obvious (approximate) formula 


already noticed by Professor Lorentz *; where dl is a line- 
element of the light-path and v the relative velocity of the 
æther, in our case v=«Vro. The application of Stokes’s 
theorem gives then (3) at once. Another deduction, which 
has seemed interesting as being independent of the “ray ” 
or “ light-path ” concept, is this. For simplicity consider a 
rotating disk, or a horizontal platform at the north pole. 
With the centre of rotation O as origin let 7, 72 be the radii 
vectores of two stations 1, 2, and @ the included angle. Leta 
light signal start from 1 at t=0. This will spread in the 
wether as a spherical wave (with the ether point 1 (0) as 
centre)’, which will reach the second station, 7. e., the «ther 
point 2(¢) at an instant ¢ such that ct is the third side of the 
triangle 1(v0)O2(t). Thus, rigorously, 


eE =r? + ry? —27, 72 cos (8+ rot), 
a transcendental equation for the required time of passage 


t=tł In our case, ewt being in all practicable experiments 
avery small angle, this gives at once, up to w? terms, 


. KW 
(to = D+ rı? SIN 0 e} 
C 


= | Ko 
where Dig=12. Similarly, ete; = Dg, — rar sin @. P 


Whence, 


tu—tys y (012) (8) 


where the last factor is the area of the triangle 012. Treating 


* Wissenschaflliche Abhandiungen, vol. i. p. 466. 
RE 
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similarly the pair of stations 2, 3, and so on, and adding up 
the time differences, we shall obtain the previous result with 
ø equal to the whole area embraced, no matter whether 0 is 
inside or outside the polygon of stations *. 

Returning to formula (3), divide both sides by 7’, the 
period of oscillation. Then the phase delay per period, or 
the corresponding shift of the interference pattern with the 
fringe width as unit, will be f 


_ foro, 


e= ee ee OS) 


A sufficient description of the technicalities of the actual 
experiment will be found in the paper mentioned above. 
Here it will be enough to recall that for c= 1 km.?, X= 5000A., 
and for an angle of 45° between the normal of the triangle 
plane and the Earth’s axis (say, for a horizontal circuit at 
Chicago), the shift would amount to 


e138, 2. 1. ww. Sa) 


i.e., in the extreme case, of no drag, to about 1:4 fringe 
widths per each km.? embraced by the circuit. (For Pasadena 
e=1:095«.) As to the factor x, it would be idle to speculate 
about its value. If there is no rotational drag, then «=], 
if there is a full drag, «=0, and if a partial one, « may have 
any intermediate value. If we are at all to return to the 
wether concept, then to account for the nil-effect of the 
Michelson-Morley experiment (which in distinction from 
the new or rotational, may appropriately be referred to as the 
translational terrestrial optical experiment) an almost complete 
translational dragging of the wether at the Earth’s surface 
must be assumed. In fine, we must have recourse to the 
Stokes-Planck compressible ether to which Prof. Lorentz 
devoted an interesting investigation t. But from the trans- 
lational or annual drag, should it even be complete, no 
inference can be drawn with regard to a rotational or daily 
drag of the wther by our planet. Direct data on daily 


* Notice in passing that in the transiticn formula (4) of this proof the 
area (O12) could easily be made enormous, even with the actual stations 
l and 2 not far apart (say only 100 metres at the equator). Unfortunately, 
however, ti2—¢21 cannot be made the object of precise measurement 
(and is even conceptually ill-defined), unlike ¢).+¢.; which is ^a, a local 
process. This is the reason why at least three non-collinear stations 
(i.e. not eclipsing each other) are indispensable. 

t Cf. Columbia Lectures on ‘The Theory of Electrons, Chap. v. and 
Abhandlungen, vol. i. p. 454. In connexion with recent developments, 
see also my paper on“ Recent Eclipse Results and Stokes-Vlancl's 
Ether,” Phil. Mag. xxxix. Feb. 1920. 
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aberration, which might throw some light upon this question, 
are as good as absent, while from Lodge’s and Sagnac’s 
experiments, even if they were unimpeachable, one could 
judge only that there is no ether drag by their comparatively 
light turn-tables, but not by such massive bodies as the Earth. 
In fine, as far as is known, the whole interval from 0 to 1 is 
open to the coefficient x, and its values may even turn out to 
be different at different places of the Earth’s surface. 

Let us now consider the same problem from the stand- 
point of modern Relativity. Notice that on the classical or 
Newtonian theory there is no definite connexion, and, in fact. 
no binding connexion whatever between the properties of 
the Earth (or any other frame) as a mechanical or kinetical 
reference system and its properties as a frame for optical 
phenomena, This is most emphatically shown by the 
mechanical equation (1) as contrasted with the optical 
formula (5), the former being perfectly definite, while the 
latter * is vague in very wide limits, as broad at least as 
the range of possible « values. More generally, there is 
in Newtonian physics essentially no connexion between 
mechanics and optics. | 

In fine, no matter how precise our knowledge of the Earth 
as a mechanical frame, it leaves us completely in the dark 
with regard to its behaviour as an optical reference frame, 
on the classical theory. Not so on the relativity theory, in 
which optics and kinetics are intimately tied to each other. 
Jn fact,—and this is perhaps the most characteristic feature 
of Hinstein’s theory,—whatever the quadratic differential 
form determining the metrical properties of a world domain, 
its geodesics prescribe the motion of free particles, and the 
minimal lines of the same metrical manifold express the pro- 
pagation of light in vacuo. In other words, if ds, given by 
the form | 

ds? = glt dv 


is the appropriate “ line-element ” for the description of the 
motion ot free particles relatively to any frame S, through 
the corresponding geodesics 


òfds= 0, 2 2. 2. (A) 


then the same line-element rules also the propagation of light 
in that system, through the minimal lines 


dsa 0. %. e te <& om & a (B) 


* Even apart from the new ether constant c and the independent 
introductien of that hypothetical medium at all. 


402 Dr. L. Silberstein on the Rotating Earth as a 


It mav, for instance, be very hard to find, for an actual 
reference frame, the appropriate ds. But if this be once 
found, it does both services at the same time: it characterizes 
the frame as both a mechanical and an optical reference 
system. The moral of this characteristic feature of Hinstein’s 
theory for the case under consideration is obvious. 

In fact, the kinetical behaviour of the terrestrial frame is 
represented with sufficient accuracy by the equation (1) or 
by the expressions for the centrifugal and the Coriolis forces 
therein contained. To cover these by the world geodesics 
substantially, i.e. apart from terms immeasurably small, it is 
imperative to usefor the line-element im’ terrestrial oond vites 
the form * 


2.2 y2 
ds? = (1- e )ede—ar rdo — "Pad edt, (0) 
i 


which is simply the galileian line-element 
ds? = edt? ~ dr? — 7219"? 


transcribed from the system S’ to terrestrial co-ordinates by 
means of the transformation (2). The second-order term 
wrie? has been retained only to show this origin of (6). 
The question of the derivahility of the coefficients (g,,) of 
the quadratic form (6) as the solutions of Einstein’s field- 
equations from huge masses revolving around our abode 
need not detain us heret. Enough that the form (6) with 
w equal, of course, to our full angular velocity, 27/day, 
is essentially indispensable for the correct description of 
terrestrial kinetics by means of the geodesics (A). Needless 


æ It is enough to consider here the two-dimensional case, with 
dz=(), that is. “The gravitation of the Earth may be altogether dis- 
regarded, as its chief ellect is only to modify the coetticienta of the 
quadratic terms dé? and dr, which is without influence on the rotational 
optical experiment. The only effect upon a terrestrial optical circuit 
would be represented by aterm amounting, at the utmost (at the equator), 


8 M i 
to z ap? to be subtracted from the factor 2 in the last (rectangular) 


term, R being the radius and M the mass of the Earth in astronomical 
units. Since, however, M/c=045 cm., this term is of the order 107: 

+ Thirring’s attempt at obtaining it is certainly HOG ee 
According te Einsteins own adinissiou (in a private conversation), the 
correct values of the centrifugal and the Coriolis force can only be 
obtained by accepting his cosmological hypothesis of a closed space and 
uniform mass distribution throughout it. ‘The rotation of the whole 
universe around us will then give the desired result. 
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to explain that the approximation we have here in mind 
corresponds to putting in the final result, ds =cdt. With 
this approximation the variation òr yields at once, by (A), 
dr dO? 
deat T). 
which exhibits the centrifugal acceleration. Similarly, the 
variation of @ will give the Coriolis term. 

Now, such being the ds required for kinetic purposes, the 
optical aspect of the terrestrial frame will be completely 
determined by the principle (B), i. e., dropping the term 
tœ? which was kept only for formal reasons, by the 
equation 


éde—*" © d0 edt = dË, = tates 1D 


where dl = (dr+7°dQ’)? is the distance of two terrestrial 
stations. We need not even solve this equation, etc. in 
order to see that it leads to all results obtained trom the 
wther-point of view, with x = 1. For we know beforehand 
that it was obtained from the S’ equation hy the transforma- 
tion @ = 0 +wt. Thus, for instance, light-rays, straight in 
S’, will be spiral shaped for terrestrial observers, and so on. 
(Some curiosities will be found in the paper quoted before.) 
Thus also the previous shift formula, with «= 1, must 
follow. In fact, (7) gives, up to second-order terms, 


cdt = dl+r°d0 . a 


which is identical with the previous formula for ctz, for 
infinitesimal 8. Whence, as in (4), 


w tw 


dtia — dta = 21°18 . = ae doa, 


c 
where da is the area of the triangle 012. 

Thus also the time-lag or corresponding fringe shift for 
any optical circuit, replacing for the general case w hy o,, 


40, 
€ = TA ks TE, ae a o (8) 
as in (5), but with the particular value æ = 1. Such then 
is, to a sufficient degree of approximation, the result to be 
expecte: on the relativity theory. 
There is thus a possibility for discriminating, through the 
rotational terrestrial optical experiments now conducted by 
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Michelson, between the relativity- and an ether theory. 
To state tiie situation more precisely, if the result of these 
experiments will be a full shift effect (e=1°38 per kin.’, 
reduced to the stated conditions), there will be no diserimina- 
tion between the two theories, but this being only one more 
evasive answer to all questions put to Nature in the name of 
the ether, it will certainly not help the exiled medium. 
Should there be, however, either no ascertainable shift at all 
or only a fraction « of the *“ full” effect, sensibly smaller 
than unity *, the relativity theory will be (as Einstein himselt 
gladly admitted) irremediably disproved, while on the «ether 
theory one would have only to assume a complete or partial 
spinning drag of that medium. This gives the new terrestrial 
experiment a strong additional interest. Asa matter of fact, 
it was the proof of this possibly crucial nature of the experi- 
ment by means of which the writer was fortunate enough to 
induce Prof. Michelson + to undertake it in spite of the 
technical difficulties. After what has been explained, it is 
scarcely necessary to say that by “relativity theory ”’ is here 
meant the doctrine such as was given to us by Einstein and, 
if modified, then certainly not so as to give up the concrete 
(physical) interpretation of either the world-geodesics or 
the minimal lines. The beauty and conce ptual value of 
Einstein’s work as an abstract theory will persist even in the 
extreme unfavourable case of a nil-effect. 

Bat apart from all such considerations of a possible crucial] 
test, and whatever the final result (nil, fractional, or a full 
shift), it will undoubtedly be a very desirable ai aon to 
our knowledge of the planet as an optical or electromagnetic 
system of reference. | 


Research Laboratory, Eastman Kodak Company, 
Rochester, N.Y., 
March 15, 1923, 


* Prof. Michelson, who up to the time of this colloquium was not 
able to discern less than 0-05 of a fringe width, bas recently succeeded in 
pushing this threshold of observability down to 0-01, although the fixing 
of the * zero” by the control circuit (ef. loc. cit.) is thus far somewhat 
less precise. [In the meantime, November 1923, also the “ zero” was 
fixed by Prof. Michelson to within +0°013 of a fringe width. ] 

+ Who as early as 1904 discussed it on the ether theory. 
Cf. tirst paper. 
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XLIII. Electron Theory of Aberration and Lorentz Trans- 
jormations. By Dr. D. N. Mariik, F.R.S.E., SeD., 
Professor of Physics, Aligarh Muslim University, Aligarh, 
India *. 


1. i the usual development of the electron theory of 

aberration (as given by Poincaré and others), while 
-it enables us to deduce Fresnel’s dragging coefficient, it 
supplies no clue to the Lorentz transformations as a 
necessary consequence of that theory. In the present paper 
these transformations are derived as a necessary consequence 
of the electron theory. 


2. Whatever view we may take regarding the physical 
existence of an ether f, we have to admit, in the present 
state of science at any rate, that a moving electron produces 
a magnetic yield, It this is granted, we should be justified 
in regarding the total energy in the Langrangian sense as 
made up of that of the electrons themselves and that of 
the field. This procedure was adopted in a paper “ On the 
Theory of Dispersion,” in Phil. Mag. April 1915, and, as 
will be presently shown, directly leads to all the results. 


3. Let T,= Kinetic energy of an electron, 

T,=that of the associated magnetic field, which 
may provisionally be taken to be that of 
the ther, 

V= Potential energy due to extraneous forces, 

V= Potential energy of the «ther. 


Then, if z, y, z define the position of an electron, 
d dT d 
fede =g |w 

— {i —yg)dr = momentum of the field, 


since 


where (a, B, y)=magnetic force, (f, g, h)=electric polari- 
zation, and dr=an element of volume. 


* Communicated by the Author. 

t With regard to this, the latest pronouncement of Larmor (‘ Pro- 
ceedings of the Cambridge Philosophical Society,’ vol. xxi. part iv.) 
may be quoted :— 

**,... a8 18 here claimed, closer scrutiny compels a reversion to the view 
that space is a plenum, is an ether in the historical and ultimate British 
senge,. .. . not a coherent scheme of local physical relations. ... .” 
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G: uay +02) = -+ da +34) A ar =- fjou 


08 _ dz 
Or dy’ 


— 4 | (80-0) dT =Í a(S; 4 oF er) dr 


and (remembering 4ro= 


Ke.) 


+ : (2 (a? + 82 +y’) dr (by integration by parts)= 0, 
since Oz AB, oY 
Or a TF OY R Oz 


and surface integrals necessarily vanish when taken over the 
entire field. 


= 0 


Thus 

d OT. dor we ae 

ioe, fea- A 
Moreover, | 

oT LO. Ase ma ge 
and 


2r z o OV. | 
AR (tF tle) dr =% = 0 


| = = velocity of light in the wether |. 
vi : 


0 


Now the Langranvian equation of motion is of the type 


or, 49! o(T, +T), oV: + Va) Lik 
ACPE ni Ou Ow á 
1. e., 
Atay Bae Ns JOUER 
if we admit oan 0, i. e. regard electrons to be of 


invariable size. 
Now T, = 4(Le?+ m) (.t?+9?+27) for a single electron 
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of self-inductance L, mass m, and charge e, while 


oO ies 


force due to sy stem of electrons in a given volume 
£ 


+force brought into play on account of dis- 
placement (2— wo, Kc.) of the electrons, 


= mT- per unit charge (as in the corresponding 


3 ko 
magnetic theory) — A(z —2,) (per unit charge). 


=) z Ap dr— | pdr (where A is a constant for 


a small displacement) 
since p(a@—a2) = A, 
where A, B, C are defined by 
A oB 
oe +3) += "AP 
us (x og ot) 
oe Oy acl) 


i.e., I (A, B, C) is the coefficient of electrification, giving 
rise to electronic moment I dr. 


4. For the entire system of electrons in volume far, 
we have, accordingly, equations of the type : 


A (Le? +m) čp dt + njade (spur 


= T L Sefer teie) èr |. 


Writing pé=A, and taking mean values of the various 
quantities under the sign of integr ation, viz. 


Se a nan, tins 


{dr = ee fdr 
we have 


(Le +m) A+AA = 7) TELLA +f) +yz), 


which can be written in the form 
Ärt peA = af 


if the magnetic effect is omitted or is nil, the suffix referring 
to the kth group of electrons. 
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5. Again, the expression for the energy (as was shown in 
the former paper) can also be written for a material 
medium, 


Imh. 
WaT (poe thea 
where fp>=/ft+A, &c., 


and > 
T= \G +8 +y’) dt, 


so that B= where V is the velocity of light in the 


material medium considered. 
These lead by the principle of least action, viz. 


è| (T—W) dt = 0, 
h= VV? R or FHA=VV f, &e. 


to 


6. But if X =the electrostatic force in the direction 
of z, we should have 


- dm., 4r. 
X= j= 
0 
for it should have the same value, whether we regard it as 
arising from f or fo. 


Hence f+ A=V’Vv"/, and two similar equations. 
Finally for a plane wave, z=const., we have 


O'h 
y D? 
Cy + pC; = azh, 


together with 


where Cx refers as before to the Ath group of electrons. 


7. These suffice for the derivation of the dispersion 


formula 
ak 


~ 2 799 
pe—p” 


n?-1=3 


since we may write 


. [n on" 
he T and aie? i). 


Tt will be observed that since DA o òB =0, we have 
dC | Ox oy 
\.  P and therefore it will suffice to consider the 


equations involving C alone. 
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8. Now if x, y, z are the coordinates of a point referred 
to fixed axes, and 2’, y’, <' those of the same point referred 
to axes moving with velocity 0, 0, € uniformly, we have 


2S ey Sy, 2 = e— fF, 
and the transformed equations become 

r (0 ,-9Vee _y 20h 

a 20 Vege 


and , 
(2 T A Cr+ prC.= azh 
(where V, = velocity of light in the æther), 


since f, g, h being coordinates of the «ether may be held 
to be unaffected by this motion. 


9. Writing now 
c= cely!) and iene e 


we have 


\ 2 
ha{ (ip)*—Cipn)?} + (p—Lipy ) By = 0 


and pen 
i (ip- cy v) Cot Osp? = arh, 
0 
2 ; 
or nt—1= (1-17) 5M 
Vo 242 ng y 
Pe —p (1-7) 
0 
But p( 7 )= p (art. 11, eqn. (1)] ; 
0 
l.e. n= — 1 n 
aa 1—?2 2 nearly, 


leaving out square terms in ¢. 


10. Again, if V = velocity in the moving medium, and 
V'=velocity in the quiescent medium, V— V’ = ģķe, where 
e is the dragging coefħcient of Fresnel. 


But 
no 1 ud n' i 
Vu ee 
so that j i 
n=  — be 


Vo Vv? 
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while 


_ 9% V3 
nen’ = 2Vo or n?— n’ = 2V o, 
ae y' Viv 9 
whence n’? 


i n 
€ V = (n £ — 1) V,’ 

1 
e= 1— o nearly. 


11. If, however, the motion is not to affect p (i.e. electric 
charge is to be an invariant, since the element of volume is 
: unchanged on the above scheme of transformation), C should 
have the same value in both cases. 


But if C= Cez 4-9 in a fixed medium, i.e. relative 
to the moving observer in a moving medium, 
and C= Cyel: V4o-0 in a moving medium, relative to 

a fixed observer ; 


on identifying the two expressions (on the understanding 
that 2’ =(2:—t)), we get 


pin’ = pn and p'(Lt+n'tVk,) = p, 
or nE\ , i 
| p(y) = p's Se ee a 


but also | 1 
7 


O ly. 2. (2 


This, however, contradicts the previous result [art. 10], 
which, as we know, is verified by experiment. 


12. This suggests that the equation of transformation 
should be modified. Let us write, therefore, 


Z= Aht) 2... we. D 


but as even this does not give the right result, we should 


write further 
(= lp) a 2. 2 2. se O) 


where A, u, v have to be determined. 
Thus C= Cyeie zN i-t) relative to the moving observer, 
moving with the medium, 
and C= (peP yko- relative to the fixed observer. 


Now comparing coefficients of z and ¢, on identifying the 
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two expressions, we have 


pv kiter) =pnvky .. . . (8) 


an z 
P'AN V kotu) =P... .. (A) 
giving 
E e yen. 
ao o V i ~ A+pvV'’ 
yite 
but 


V=V'+¢(1—V ko) up to the first order [art. 10]; 
whence | ¢ 
X= p and p= Eko = y» 
0 
and the equations of transformation become 
SNH), ct ce & & Swe CL) 
t! = A(t—Chyz). . e A27) 


13. The evaluation of à may be effected by the use of the 
principle that either medium may be regarded as being in 
motion in relation to the other. Now, from (1') and (2%, 
we get | 


Aat ee te 
r2(1 iene 


At (1-8) = 457. 


But on the above principle, 


which gives 


14. It is easy to verify that if A has this value, the 
coefficient of £7 in the period equation vanishes identically. 
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For, using the above transformation (L') and (2’), the 
equations of motion become 


itaet EC =V - 


1 
wo (Get E3.) Cet rece = ash 


so that we get 
ak 
Pk (y v) 
But (-¥).: : =l- vo up to €7, if A= Oe ie 


15. The above method of deriving Lorentz transformations 
might appear to be less elegant than some others, such as 
that of Laue, but it seems to have the advantage of showing, 
so far as it goes, the implied dynamical mechanism. Maore- 
over, while the method based on the principle of relativity 
is mainly kinematical, here we seem to get at the source of 
the light-signals itself. 


(f—l)=--., -> 


16. In the paper above referred to, it was shown that f 
and f may be physically interpreted as being of the nature 
of rotations, thus according well with various elastic solid 
theories of dispersion. Such a view should therefore fit in 
with Bohr’s theory of atomic structure, but the requisite 
analysis will have to be held over for the present. 


a oe = SS e —_ 


XLIV. Some Cases of Polymorphic Transformation 
Energies. By A. Hare, M.Sc.* 


Introduction. 


LTHOUGH the phenomenon of cathodo-luminescence 
has been the subject of careful investigations for a 
number of years, and a considerable amount of experimental 
evidence has been obtained, there has yet appeared no proved 
general explanation of all the facts. 
Experiments f have been carried out in the Physics Labora- 
tories of Leeds University, with the object of determining 


* Communicated by Professor R. Whiddington. 
t Ewles, Phil. Mog. vel. xiv. (1923). 
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whether the luminescence excited by cathode ravs appears 
only when the rays acquire a minimum speed, that is, whether 
a definite quantum of energy is required to excite the 
luminescence. With each of the substances tried a definite 
critical velocity of the cathode rays was found. It was also 
found that above the temperature of transformation the 
cathodo-luminescence disappeared. This indicates an intimate 
relation between the processes involved in the molecular re- 
arrangement and the emission of luminescence. From this 
the suggestion arose that luminescence is a manifestation of 
the energy change involved when a substance changes from 
one state of molecular ; aggregation to another. 

Now, taking the minimum energy required to excite 
eathodo-luminescence as determined from the formula 
| Ve=4me?] to represent the quantum of energy required to 
transform the molecular aggregate, and assuming the equi- 
partition of this energy among the constituent molecules of 
the aggregate, it should be possible, from a knowledge of this 
energy and the molecular heat of transformation, to determine 
the number of molecules composing the aggregate. 

The following piece of work was embarked upon in order 
to measure the energies of transformation of substances 
showing luminescent properties when bombarded with 
cathode rays, but, of necessity, substances not showing the 
above luminescent effects were in some cases used. 


Previous Investiyations. 


A few results appear in Landolt and Bornstein’s tables, 
hut most of these have been calculated by subtracting the 
heats of formation of the two varieties of substance concerned. 
Von Hevesey * performed experiments to determine the heats 
of transformation of the caustic alkalies KOH, NaOH, RbOH, 
and CsOH. De Forcrand ft investigated thie case of zine 
oxide, but his determination was based on an indirect 
chemical method, again involving heats of formation differ- 
ences, and is in no way similar to the method about to be 
described. 


Lxperimental Details. 


The scheme involved the use of a furnace, the usual type 
being used. The vitreusil tube was about 70 em. long and 
5 cm. in diameter. The tube and helix were enclosed. in 2 

* ZS. Phys. Chem. lxxiii. p. 683 (1910). 
t C. R. exxxiv. p. 1426 (1902). 
Plil. Mag. 8. 6. Vol. 48. No. 285. Sept. 1924. 2 F 
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thick insulating layer of magnesia with an asbestos casing 
round it. The awhile was then placed i in a large iron eylinder 
with terminals to which the strip was connected. A variable 
resistance and a choking coil were used in series with the 
furnace. An ampere meter was inserted in the circuit for 
convenience: the furnace was used in a horizontal position 
in order to eliminate, as far as possible, the disturbing effects 
of air convection currents. 

In order to keep the temperature of the furnace uniform 
along the length of the tube, loose asbestos wool was placed 
in each end of the tube for a distance of about seven inches, 
while a square tin cap containing asbestos lagging was 
firmly clamped on each end of the Furnace, thus completely 
surrounding the tube with asbestos. Ther mocouples of 
Pt-PtRh were used. these being calibrated by taking the 
melting points of standard salts. A potentiometer method 
was used to measure the E.M.F.’s of the thermocouples, the 
fundamental principle of which is the adjusting of the eleetric 
circuit so that no current flows through the thermocouple. 
This is accomplished by balancing the B.M.F. generated in 
the thermocouple by an B.M.F. whose numerical value may 
be varied at will and measured. 

Since the two E.M.F.’s are in opposition, the measure- 
ments may be made to have all the advantages of a null or 
zero method, which is usually desirable in precision work.. 
The principle of the method adopted was one of compering 
the heat radiated by the substance whose energy of trans- 
formation it was required to measure, with ‘the ener ev 
radiated during the same time and under the sume conditions 
by an equal volume of silica. Owing to the difħculty of 
obtaining data regarding the specific heats of substances at 
their transformation points it was desirable that this factor 
should be eliminated. 

A small silica vessel was filled with a known weight of 
silica and fastened securely to a long twin bore rod. 


Theory of the Method. 


Assuming Newton’s law of cooling over the small rango 
required 
heat radiated per sec. at P = K(O— 0), 


where K is a constant. 
ee total heat radiated at P= (K (O—0)dt=mLl, 


where m = mass of salt used, and L = heat of transformation 
per gram. 
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Also from the second vessel and contents, 
heat radiated per sec. = K(0'— 80). 
total heat radiated from second vessel and contents 
=|\K(0'—@)dt={e dd, 


where ¢ = thermal capacity of the second vessel and contents. 
Now over the range required, 0'—@ is a constant which we 
will call ġ : also cis approximately constant for this range. 
-__ ¢(8,—82) 
K = ——, 
pT 


where T = total time of transformation. 


a 
” 


mg = 0—8.: 
ma i {@- 0) dt. 


Integrating this we vet 


 «(6,—8,) 2—0 
nee gr [eros : D a 
f dt 7 
= ATRN 


c(0; — ô: 0+0 
mL= ( P 2) | @- 5) á ’ 
from which L, the heat of transformation, can be obtained. 
These points are brought out in the curves in fig. 1. 
Fig. 1. 
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Previously it was customary to limit oneself to an estima- 
tion of the transformation point only of a salt, since the 


2 F2 
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transformation of a substance from one polymorphic state 
into another was considered to be a comparatively rarely 
appearing phenomenon. | 
By making use of a cooling curve an estimate of the 
transformation heats of various salts can be obtained. At the 
transformation point, the temperature remains for a time 
constant during the evolution of heat. Hence the trans- 
formation proceeds at a rate governed exclusively by the rate 
of flow of heat. If this were not the case the temperature 
would not remain constant for an interval, but would fall 
Fig. 2. 
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during the change with a diminished speed. With materials 
having extraordinarily small speeds of transformation, it 
appears impossible to keep the temperature of the mass 
constant and in such a case no horizontal part would occur on 
the cooling curve: merely a decrease in the rate of cooling 
over a certain temperature interval would be observable. In 
such cases the method of using cooling curves for fixing 
transformation points fails. 

The theory just given assumes the curves to be ideal, 
although in actual practice the horizontal portion of the 
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curve is never so sharply defined, as one would naturally 
expect. [See figs. 2 and 3.] 

The commencement. of the transformation is usually well 
marked; the temperature then remains constant for a certain 
period, after which the temperature falls, slowly at first, 
increasing to a maximum and finally at approximately the 
same rate as the furnace. The end points are brought out 
with much greater clearness * by a method employed by 
Osmond in his original work on the allotropy of iron. 


Fig. 3. 
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According to this author, the end point of the transforma- 
tion occurs at the point when the temperature difference 
between the salt and the furnace reaches a maximum. It is 
also easy to show that this maximum occurs at the point when 
the perpendicular to the furnace curve is a maximum, or at 
the point where a tangent drawn parallel to the furnace curve 
touches the salt curve. At this point it is assumed that all 
the heat has been evolved. Previous to this point the heat 
given out by the substance causes the rate of cooling ot tne 


* ‘Dictionary of Applied Physics,’ vol. v. p. 438 
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salt to be less than that of the furnace, while after this point, 
when all the heat has been evolved, the temperature of the 
substance falls much more rapidly until, once again, the 
constant difference in temperature is reached. 

At the critical point, the rate of cooling is along the 
tangent at that point. The heat of transformation can then 
be calculated from the formula previously mentioned. 


Results, 


In order to test the method it has been applied to a re- 
determination of the known latent heats of substances at high 
temperatures. The substances chosen were common salt and 
potassium chloride. The results given for these two sub- 
stances by the method described agree with those of Plato *, 
different weights of the substance being taken in both cases. 

The photographic reproduction (fig. 2) of the original ° 
graphs for lithium sulphate shows the type of curves. 

In this case two samples were taken: (1) prepared by 
Messrs. Kahlbaum, Berlin, and (2) a museum specimen 
supplied by the Chemistry Department of the University. 
The following table shows the results for the substances 
experimented upon. 

Melting point Latent heat in kg. cal. 


Eee: in OU, per gram mol. 
Common salt ...........000 800 lL. G22 
2. 114 
Potassium chloride......... T12 1. 632 
2. 620 
Saneas Trans. point Heat of trans. in kg. cal. 
in °C, per gram. mol. 
Potassium sulphate......... og 257 
Potassiuin chromate ...... 664 2-45 
Lead sulphate ............... S66 4-06 
Lithium sulphate (1) ...... 66 O77 
(2) accs 569 6:96 
Sodium molybdate ......... 440) 14-60 
Sodium tungstate ......... 579 vol 


In the case of every substance tried, with the exception of 
sodium molybdate, the heat of transformation could be 
obtained equally well from either a cooling or a heating curve. 
This, in effect, means that for these substances the trans- 
formation is immediately reversible. In the case of sodium 
molybdate, however, a time effect was observed. 

This means that while the transformation could be meas- 
ured from a heating curve, no effect was observed on 


* Plato, ZS. Phys. Chem. 1906. 
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immediately cooling. This indicates that the transformation 
does not reverse immediately, but either after a certain 


- Interval of time or not at all. Experiments were carried out 


in order to investigate this point further. 

The diagram (fig. 3) shows the curve obtained on heating 
sodium molybdate, and, as will be seen, is similar in all 
respects to the cooling curves shown in the case of lithium 
sulphate. A quantity “of sodium molybdate was heated up 
slightly above the transformation temperatures. When it 
had ali transformed it was taken out of the furnace and kept 
at room temperature, approximately 20°C. Readings were 
taken on the substance at intervals of three hours for a period 
of about twenty-four hours. The readings enabled a curve 
to be drawn showing the rate of recovery of the substance to 
its original state after having first been transformed by 
heating. A reproduction of this curve is given in fig. 4. 


Fig. 4. 
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Interpretation of Results obtained with 
Sodium Molybdate. 


1. Exponential method. 
2. Explanation bearing ona formula, due to Steinmetz, for 
the characteristic curve of iron. 


Laponential Method, 


The ordinates of the curve (fig.4) represent the heat of trans- 
formation in kilogram calories | per gram molecule, while the 
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abscisse represent the time in hours. Tt will be observed 
that when T=0 the amount of substance recovered equals 


zero, While when T=æ the substance has totally recovered. - 


The ordinates will be represented by M and the abscisse 
by T in the following part of the paper. 


“. when T=0, M=0; 
and when T=0, M=Mo, 


where Mæ = total heat of transformation. 
Instead of using the actual curve obtained, a curve was 


drawn showing the relation between the amount of substance | 


still to be transformed and the time. 
Thus when T=0, M=0 and Mx—M=Mo ; 
and when T=0, M=Moo and Mæ -Mo =0. 

It was then attempted to resolve this curve into a series 
of exponential terms, the number of terma being limited to 
two or three. 


Two or three exponential terms, however, do not fit such 
a curve with any great degree of accuracy. 


Explanation bearing on Characteristic Curve of Iron, 
During the work on the curve satisfying the conditions 
that when T=0, M=0 and when T=% , M=Mxa, it was 
Ji i 
noticed that on plotting M against T a straight line was 


obtained. | 
This suggests a formula 


a =a +T, 


where a and b are constants. 
The constants can be calculated by the method of least 
squares, giving 
L =0:255 + 0:0596 T. 
M 
T 
a+b? ® 
further constant Mo is needed to make the equation dimen- 


Returning to the equation meter or M= 


sionally correct. Then M=M, ET’ 


Differentiating this with respect to time we get 


dM ale) | 1 
ea (a, ple. & as ak 


where a and M, are constants. 
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Now, eliminating T from the right hand side of the 
equation, 


dM yue E ayb Mo 
di = ' Moa Pena z= a` 
This can be split into 
iM = (M-a)(M-8), 


where a and 8 are constants. . ii 

This is consistent with the view that two monomolecular 
changes are proceeding at the same time. 
T= LT als 
yo at UF also 
fits the characteristic curve in the case of iron. 

The phenomenon of magnetization is known to be a 
breaking up of the molecular aggregates-with a definite 
lagging effect after the force has been removed and appears, 


BD D 
therefore, to be a similar problem. 


It is interesting to note that the equation 


In conclusion, I wish to thank Professor Whiddington for 
suggesting the problem and for his generous and kindly 
advice during the carrying out of the work. 


The Physics Laboratories, 
The University, Leeds. 
10th June, 1924. 


XLV. On an Active Modification of Nitrogen. By M. N. 
SAHA and N. K. Scr, Allahabad University, Allahabad, 
India *. 


A FEW years ago Prof. Strutt (now Lord Rayleigh) 

performed a series of experiments on an active modi- 
fication of nitrogen t, which excited a good deal of interest at 
the time. Nitrogen is well known to be an extremely inert 
gas, but Lord Rayleigh showed that if a condensed spark 
discharge be sent through No-gas, the glow persists in the 
gas flowing out of the region of the discharge, which shows 
considerable chemical and spectral activities. The spectrum 
of the afterglow was investigated by Fowler and Strutt $ 


* Communicated bv the Authors. 

t Strutt, Proc. Roy. Soc. Lond. Ixxxv. p. 219; Ixxxvi. pp. 46, 105, 
262, 529; lxxxvii. pp. 179, 302. 881; Ixxxvili. pp. 110, 539. 

} Fowler and Strutt, Proc. Roy. Soe. Lond. lease. pp. 105-117. 
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and shown to consist of the usual æ, 8, and y groups of 
positive bands, with a fourth group which was observed tor 
the frst time. 

The object of the present paper is to show that almost the 
whole series of observations recorded by Lord Rayleigh can 
be explained on the basis of Klein and Rosseland s theory * 
of inelastic collision of the second type, which has been 
Further developed by Franck + and his students. For 
convenience of discussion we begin with a short account of 
this theory. 

The experiments on ionization paan and origin of 
spectra, which were first carried out by Franck, are now 
matters of common knowledge. They deal with the inter- 
change of energy between freelv moving electrons and atoms. 
A stream of electrons moving with a definite velocity is 
projected into a mass of gaseous atoms. When an electron 
happens to pass close to an atom, then, provided the energy 
of the free electron exceeds a certain limit given by the 
quantum condition eV = hv, the whole of its energy may be 
transferred to the valency electrons Iving at ‘the outer 
periphery of the atom. The valency electron is thereby 
lifted to higher quantum orbits. These states are not stable, 
and in a short time it reverts to its original position, the 
excess of energy being set free as monochromatic radiation. 
Thus the atonis abstract eneryy from the free electrons, and 
convert it to energy of its own monochromatic radiation. 
This process is indicated by kicks in the current-potential 
curves, as well as by the emission of the characteristic 
spectrum of the element. When the energy of the bom- 
barding electron is sufficiently large, it may tear off the 

valeney electron from the parent atom. This stage is known 
as ionization and indicated by an abrupt rise of “the cur rent 
in the current-potential curve. 

Hitherto, attention of all workers has been confined to 
only one side of the problem, 7. e., communication of energy 
by the free electron to the atom. But Klein and Rosseland 
showed that the reverse process (viz., communication of 
energy by the excited atom to the free electron) actually 
takes place in nature on a very large scale, and accounts for 
a large number of experimental results recorded in previous 
years. For example, suppose we have a mass of mercury 
atoms, some of which has been activated either by absorption 

* Klein and Rosseland, Zs. f. Physik, iv. p. 46. 

t+ Franck, Zs, f. Physik, ix. p. 259: xi. p. 155. Cario, Zs. f. Physik, 
x. p. 105 and p. 166. Compton, Journal of the Optical Society of 
America, 1923. 
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of the light AX=2536 (1S-2p,) or by an electric discharge 
from the normal (1N) stage to the next stage 2p If, now, 
an electron passes oven to this mercury atom (2p. stage), 
What will take place? According to older conceptions, we 
could think of no other process than that the electron would 
communicate its energy to the mercury atom, and excite it 
to still higher quantum states or to ionization. But Klein 
and Rosseland pointed out that the reverse process may also 
take place, viz., the mercury atom mny transfer its extra 
amount of energy corresponding to A= 2536 to the electron. 
The electron thus receives an increment in its velocity, but 
the transfer is © radialionless,” i.e. the electron chokes the 
emission of the light A=2536, which would have otherwise 
certainly taken place. The chance of this “ radiationless 
transfer? depends upon circumstances which are vet to be 
worked out, but there seems to be no doubt that it is a very 
general phenomenon *. 

These considerations were further extended by Franck 
and his students, who showed that the excited atoms may 
communicate their energy not only to the electron, but alsg to 
such atoms or molecules as may come in contact with them. 
These atoms or molecules will therefore receive either some 
increment in their kinetic energy or, if the energy imparted 
be suftciently large, they may be excited to their spectral 
emission, ionization or dissociation in the case of molecules. 

These ideas, therefore, open up a very promising field of 
investization, and Franck has already pointed out, and 
confirmed several interesting deductions. For example, a 
stream of mercury gas was “excited by X= 2536, and these 
activated Hg atoms were allowed to act upon the H,-gas. 
It was proved that the H,-gas was thereby dissociated into 
atoms. The explanation is that when a mercury atom 
absorbs the light A=2536, it is loaded to an energy-content 
of 4:9 volts. On coming into contact with the H.-gas it 


* It may be noted here that Klein and Rosseland were Jed to this 
conception from Einstein's idea of Negative Hinstrahlung “ or negative 
absorption. A Hertzian oscillator when placed in a field of radiation 
may either take up the energy from the tield, or give up its own ener zy 
to the field, according as the. phase difference between the vibration “ot 
the resonator and the incident radiant waves is less or greater than 90°, 
The former case is positive absorption, energy being taken up by the 
resonator from the field. The latter case is negative absorption, energy 
being given to the field, Just as in alternate current instruments, if the 
phase difference between the current and potential is >90°, the w ork 
done by the instrument Ef coso becomes negative, te, work has to be 
done on the instrument. 
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delivers this enerzy to the molecule of Hy, which is thereby 
broken up into atoms, as the heat of dissociation corresponds 


to about 3°8 volts (80000-90000 cal.). 


Transference of energy to atoms. 


Hg atoms activated by A=2536 were allowed to act upon 

rapours of thaliium and silver. Only such lines of these 
vapours were excited for which the energy required is less 
than 4°9 volts. 


Choking Effect of Inert Gases on Luminous Mercury 
Vapour. 


Wood * carried out years agoa number of very interesting 
experiments on the luminescence of mercury vapour excited 
by an electric discharge. He found that if inert gases like 
No, Hes, A were added to the luminous Hg-vapour, the 
luminosity was quenched, the decrease in luminosity being 
roughly proportional to the amount of gas added. The 
explanation according to Franck is as follows :—When an 
activated Hg atom comes into collision with an atom of A 
or He, then in some cases energy is communicated to the 
latter. This results simply in an increase of the kinetic 
energy of the A or the He atom, as the amount of energy 
transformed (4°9 volts) is quite insufficient to lift the vibrating 
electron of A or He to the higher orbit. The net result is, 
therefore, the quenching of the line X=2536 Å.U. or other 
lines of the Hg spectrum. 

A i ; | 

The phenomenon is therefore quite general. If to a mass 
of luminous gas another gas is added of which the radiation 
potential is higher than that of the luminous gas, the Jumi- 
nosity is choked. 

. To those who have followed the work of Lord Ravleigh 
on active nitrogen, the foregoing discussion «ould seem to 
hold out promises of a very satisfactory explanation. But 
all is not plane sailing as the following discussion will show. 
We begin with a concise statement of our explanation. 

When a moderately condensed discharge is sent through 
N.-vapour it is converted into an excited state, falling just 
short of dissociation into its constituent atoms. The amount 
of energy to which the molecule is loaded lies between 8°2 
and 8-5 ‘volts. The average life of such an excited atom is 
of the order of 107° second. When the excited nitrogen 


* Wood, Phys. Zs. xiii. p. 853 (1912). 
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molecule falls back to the original state, it emits a band- 
spectrum lving between A= 1600 and N= 1200%, 

This band may be called the primary band, and the usual 
hands lying in the visible region (the positive bands) stand 
to this in the same relation as the subordinate series of an 
element stand to the lines of the principal series. 

The arguments in favour of this view are as follows :— 
The spectram of active nitrogen was investigated by Fowler 
and Strutt f}, and found to consist of the @ and 8 groups of 
positive hands, which ace ording to the canal-rav method 
of Wien f are due to the N, molecule, None of the lines of 
tne familiar line-spectrum (attributed by Fowler to N+) were 
observed. (Lt is still a moot point whether the lines due to 
N atom, recorded by Stark and Hartdke $, were present, as 
the aore: mentioned investigations did not extend up te this 
region.) None of the negative bands, which according to 
Wien are due to N}, were present. 

The evidence is thus fairly conclusive that N.-gas in the 
afterglow region simply consists of excited N; molecules. 
The ‘experiments of Lord Rayleigh || to detect whether 
charged particles were present in the afterglow were 
entirely negative. ; 

It is also clear that the afterglow bands cannot be the 
primary bands, for unexcited N; gas is completely trans- 
parent to this region. It has got an absorption band lying 
bet ween A=1600 A.U. and A=1200 A.U. That the primary 
hand lies in this region is also proved by the experiments of 
Brandt J, who, using the bombarding electron method of 
Franck, found an abrupt rise of currentin the neighbourhood 
of 82 volts. Several kicks were observed in the current- 
potential curve between 8 and 9 volts, and these were shown by 
Brandt to beof the nature of band-emission. The primary emis- 
sion bands therefore lie between X=1600 and A=1200A.U 3 
and are present in the afterglow region. But the glass of 
the quartz vessels in which these experiments are carried 
out completely masks them. 

The visible bands which are actually observed are simply 
secondary. Their final orbit is also unstable, just as the 
final orbits corresponding to the Balmer-lines of Hare the 


Lyman, ‘The Spectroscopy of the Ultra-Violet, p. 63, 
Proc. Koy. Soe, Lond. Ixxxvi. pp. 105-117. 

Wien, Ann. d. Physik, xix. 

Stark and Hardtke, Arn. d. Physik, Ivi. p. 503, 
Strutt, Proe. Rov. Soe. Lond. Ixxxviil. p. 1883. 
Brandt, Zs. f. Physik, viii. p. 32. 
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diquantie unstable orbits. These bands will therefore be 
emitted only when these orbits have a certain amount of 
stability. 

According to this view, active nitrogen simply consists of 
the excited nitrogen molecule loaded to the energy of about 
8°5 volts (corresponding to about 1:9 x 10° calories). Its 
great activity is due to the ease with which the particle can 
part with this amount’of energy. When foreign atoms or 
molecules are not present or present only in small amounts, 
the excited molecule reverts to the normal state after emission 
of the primary and the secondary (the usual positive) bands, 
The average lite of the excited atom when it suffers no 
collision is about 107% see. *, but this mav be lengthened 
when the number of collisions 1s large. This point will be 
discussed later on. 

When foreign substances are present, the energy is mostly 
communicated in a radiationless transfer. The fore lon 
substance is thereby stimulated either to luminescence or to 
chemical activitv. The following few selected examples will 
bring out the point clearly. 


(1) Active nitrogen, when passed over sodium, causes not 
only the Di and the D, lines, but also ie subordinate 
series lines to flash out. 


The amount of energy required for the excitation of the 
vellow lines is only 2-1 Ols so that the enerev delivered by 
active nitrogen Is ‘suficient, mol only for exciting its entire 
line-xpectrum, but may probably also suffice to ionize it, as 
well as the other alkali elements. Lord Rayleigh found that. 
the maximum emission is at the second line of the principal 
series 3303. This is probably due to the fact that the 
energy transferred is very large compared with the excitation 
potential of Na. 


* Wien’s method of determining the charge on luminous atoms may 
be noted here. He allowed a stream of luminous gas to tlow out of a 
canal-ray tube into a space where a vacuum of the order of 10-% to 
10-4 mm, is continuously maintained by a number of diffusion pumps. 
ln this space. the gas ie allowed to pass between two parallel plates 
which are maintained at a small distance apart at a constant difference 
of potential. The spectrum of the luminous slit-like region is photo- 
graphed. Particles which are uncharged show straight spectral lines, 
while lines due to charged particles are bent one way or the other. The 
vacuum in the space is so high that no collision takes place amongst the 
particles. In this way Wien proved that the 3 groups of positive bands 
are due to the uncharged N, molecules, whereas the bands in the 


. -+ 
negative glow are due to Ng molecules. 
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(2) Action on mercury. 

Active nitroven, passed over Hg-vapour, excites the 
fundamental line A=2536 (18-2p,) and lines belonging to 
the triplet group of the first subordinate and second subordi- 
nate series. The 2P-3D line (A=5790) and 2P-3d, line 
(X=5769) are not excited, hence probably an upper limit to 
the energy transferred is ‘obtained by assuming that it just 
fails to excite the 3D level in the Hg-atom. This is 9'4 aie 
which is in accordance with our theory. 


(3) Action on’ magnesium. 

Many are-lines are developed, but neither the line 4481 
nor anv other spark-line was excited. The arc-line X=4703 
(1P-4D) was either not excited at all or excited very feebly. 

The ionization potential of magnesium is 7°65 volts, and 
thus active nitrogen would just suffice to ionize magnesium. 
Active nitrogen passed over Ca, Ba, or Sr, would excite, 
besides their are spectrum, also the spark spectrum. 


(4) Hydrogen and the inert gases have no other influence on 
active nitrogen except a mere dilution of the glow. 
This is in ieoomlance with Hie fact that the minimum 
excitation potential of these gases is much higher than 
the maximum energy which can be transferred “by: active 
energy. 


On the other hand, when helium is activated by an electric 
discharge, it is capable of storing a large amount of energy 
(¢= 20" 4 volts) and hence would be found to be an extremely 
active substance. This view is supported by an interesting 
observation of Lord Rayleigh * in a recent paper, who ens 
that activated helium on coming into contact with Na-gas 
(unexcited) excites the afterglow. I the present view is 
correct, it would excite not only the positive bands but also 
the line-spectrum due to N. This point ought to be further 
investigated. 

We now come to the most formidable difficulty confronting 
the above explanation, viz., chemically pure nitrogen shows 
no afterglow at all. This matter forms the subject matter 
of a very interesting paper by Lord Rayleigh in vol. xci. of 
the P. R. S. London. Following experiments by Tiede and 
Domeke, who found that chemically pure nitrogen, prepared 
by heating barium and potassium azide, and e: arefully freed 
from all impurities, shows no afterglow it all, Lord Rayleigh 
showed that nitrogen purified by prolonged standing over 


* Lord Rayleigh, Proc. Roy. Soc. Lond. vol. cii. p. 454. 
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the liquid allov of Na and K gave an afterglow, which was 
however very faint. On introducing small impurities of 
oxygen, or almost any easily excitable gas (1 in 1000 parts), 
thə glow was restored to full brillaney. This observation 
has alse been confirmed by recent experiments of Pirani * 
who claims for his nitrogen a purity of 5x 107° per cent. 
Pirani finds that pertectly pure N shows no luminescence 
at all, though admixture of electronegative gases like Og, 
H,O, I, in concentration of 1°5 x 1073 give a maximum after- 
luminescence. Large admixtures, say from 6 to 8x 1073, 
choke the luminescence. In all these experiments, the 
authors seemed to have looked only for the after-luminescence 
of the chemically pure gas as a test of activity. They did 
not evidently apply the chemical tests. This point is of 
some importance, because the afterglow is simply the sign 
of the return of the molecule from the higher quantum states 
to one of the intermediate unstable states; it does not indicate 
the reversion to the normal state. Hence, if under certain 
conditions the intermediate orbits (2. e. final orbits of the 
afterglow band) be not stable, these will not be emitted at 
all, though the gas will exhibit all the chemical and spectral 
activity recorded by Lord Rayleigh. 

It seems to be a general phenomenon that the activated 
atom, when left to itself, has always a tendency to fall to the 
lowest quantum state, without stopping at the intermediate 
stages. Hence only the primary bands would be emitted. 
This is confirmed by an interesting investigation of Wood f, 
who finds that in his discharge-tubes, Baliner lines of H (for 
which the final orbit isan unstable orbit) are always rendered 
very brilliant if H O vapour is present as an impurity. 
The subject is, however, well worth further investigation. 

Our explanation of the absence of afterglow | in active 
nitrogen, if true, would mean that nitrogen may be loaded 
to an energy of about 8-5 volts without being luminous, and 
therefore will still possess all other properties s associated with 
active nitrogen. 


* Pirani, ‘Chemical Abstracts,’ 1923, ii. p. 157. 
t Wood, Phil. Mag. xli. p. 729. 


XLVI. Faraday’s “ Magnetic Lines” as Quanta.—Poart II. 
By Prof. H. Stanugy ALLEN, M.A., D.Sc. * 


INTRODUCTION. 


ART I. of the paper bearing the above title was 
published in the Philosophical Magazine for October 
1921. At the Edinburgh meeting of the British Association 
in that year, I gave an account of the principal results of 
the paper and exhibited the mechanical model to be described 
in the present communication. At the same mecting 
Prof. E. T. Whittaker discussed electromagnetic tubes of 
force in four dimensions, pointing ont that the ordinary 
electrostatic and magnetic tubes were dependent on the 
relative state of rest or motion of the observer. These 
results, which were subsequently developed in an important 
paper read before the Royal Society of Edinburgh f, led me 
to withold trom publication the material already prepared 
for Part II. of my own paper. It appeared to me, as J 
suggested at the timef, that it might be necessary to 
revard the four-dimensional tubes, or “ calamoids,” of Prof. 
Whittaker as the true units required by the quantum theory. 
This view was strengthened in conversation and corre- 
spondence with Prof. Whittaker. Further consideration, 
however, has inclined me to believe that, even though there 
may be advantages in regarding calamoids as Quanta, there 
is still something to be learnt from the more familiar 
magnetic tubes in three dimensions. Two factors have 
influenced me in coming to this conclusion. In the first 
place, Prof. Whitehead, whose authority on the philosophical 
aspects of relativity is undoubted, lias stated recently § :— 
‘The aim of the Einstein theory is to derive physical laws 
of such a general character as te be independent of the 
peculiarities imposed on measurements by the particular 
circumstances in which they are made. But this is an 
arbitrary demand : it may well be that those peculiarities 
are expressions of the essential realities underlying the 
phenomena.” In the second place, Leigh Page || in an 
interesting paper has distinguished between “intrinsic 
magnetic fields,’ which cannot be annihilated by the 


* Communicated by the Author. 

t Proc. Roy. Soc. Edin. xli. p. 1 (1921). 

t ‘Nature,’ eviii. p. 841 (1921). 

§ Proc. Phys. Soc. Lond. xxxvi. p. 193 (1924). 
Il Phys. Rev. xxii, p. 158 (1923). 
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Lorentz transformation, and fields which depend on the 
observer’s state of rest or motion. | 

In his Report on “The Quantum Theory” (1923) * 
Prof. E. P. Adams has devoted a chapter to a discussion of 
the possibility of a magnetic interpretation of the theory. 
This contains a useful summary of the work done‘and of 
the present position of the problem. 

It was shown in Part I. that when a charge e is moving 
in an orbit of any shape whatever with high frequency v, 
there is, associated with each canonical ccordinate a 
magnetic flux of an integral number of quantum tubes, the 
unit tube being defined by the ratio A/e, where A is Planck’s 
constant. There is a magnetic flux through the orbit which 
may be considered as constituted bya definite whole number 
of discrete magnetic tubes defined as above. It is of interest 
to see whether the ideas suggested by the simple cases 
already dealt with can be applied to more complex dis- 
tributions. This question is discussed in the first half of the 
present paper. 

In § 1 and §2 I reproduce the work on quantum mag- 
netic tubes for two current circuits, substantially as it was 
written in 1921, although I recognize that the method of 
applying the quantum conditions i is open to serious criticism. 
The results obtained are, however, justitied by the more 
rixorous treatment given in § 3, for Shieh I am indebted to 
Prof. C. G. Darwin. The extension to any number of 
current circuits is discussed in the following section. The 
second half of the paper is concerned with a somewhat 
speculative attempt to apply the results obtained to Bohr’s 
theory of spectral series. 


1. QUANTUM TUBES FOR TWO CURRENT CIRCUITS. 


We consider as a typical case of a more complex distri- 
bution two current circuits, which may be thought of 
representing either two magnetons or two electron orbits. 
The electrokinetic energy is given by the well-known 
expression s 

Li +i Lai? + Mitin ©... (L1) 
where a = current in the first circuit, 
io = current in the second circuit, 
L,=self-inductance of the first circuit, 
L,.=self-inductance of the second circuit. 
M= mutual inductance of the two circuits. 


* Bulletin of the National Research Council, No. 39, Washington. 
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This may be re-written in the form 
$ (Tay — Mya) iy? + $(Lig— Mig) ig? +4Mio(i, ti), (1.2) 


to which it is proposed to apply the quantum conditions. 
The quantum theory requires that, when the kinetic 
enerzy of a system is expressed in the form 


PAPHIA... 
=T, +T; +... è soa s o% (1.3) 


(915 92,- .. being Hamiltonian positional coordinates), the 
discontinuous energy exchanges always occur in such a way 
that the steady motions satisfy the equations 


2T, dt=nyh, 
2 fT; dt = noh, (11, Ng)... Integers), . (1.4) 


the integration in each case being extended over the corre- 
sponding period. | 

Tt must be observed that the expression (1.2) for the 
electrokinetic energy differs from (1.3) in the fact that 
the third term contains the square of i +i», a quantity which 
depends on the variables 72, and 7 involved in the first two 
terms. Consequently, we are not strictly entitled to use the 
quantum conditions (1.4). i 

These conditions were first stated by W. Wilson *, and are 
equivalent to those used by Sommerfeld t in discussing the 
fine structure of spectral lines. 

With the above reservation the quantum conditions in the 
present case may be written 


J (Ly — Miji dt> nyh 
(da Mioi dt =n,h (ni, Noy Myo integers) . (1.5) 

fMi + #)?dé = noh 
Now, defining magnetic tubes in the way customary in 
electromagnetic theory, Ly is the number of magnetic 
tubes passing through circuit 1 due to its own current, and 


Mx, is the number of tubes passing through circnit 2 due 
to the current in circuit 1. The difference between these 


* W. Wilson, Phil. Mag. xxix. p. 795 (1915); xxxi. p. 156 (1916). 
t Sommerfeld, Ann. d. Physik, li. p. 194 (1916). 
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gives the number of tubes that are linked only with 
circuit 1 (see fig. 1). 


Magnetic tubes associated with two current circuits. 


The two current circuits I. and IJ. are shown in black. In this case 


N,, the number of tubes linked only with circuit I. is 2, 
N,, the number of tubes linked only with circuit IH. is 3, 
Ni, the number of tubes linked with both circuits is 2, 
N),, the total number of tubes linked with circuit I. is 4, 
a, the total number of tubes linked with circuit IT. is 5, 
whilst the total number of tubes in the diagram is 7. 


Thus Lyi; — Miz =N, ,=number of tubes linked 
only with circuit 1. . . (1.6) 

Again Lgig—M,t2= N.=number of tubes linked 
only with circuit 2. . . (1.7) 

And = Myo(ty +t.) = N,.=number of tubes linked 
with both circuits . . . (1.8) 

It may be remarked that the total number of tubes is 

Lyt, + Leta = Ni, + Not Ny . . . (1.9) 
Also the total number of tubes linked with circuit 1 is 
Lyi, + Mizto= N, and the total number of tubes linked with 


circuit 2 is Mizi + Loia = Va, results ‘which will be required 
later. 


With this notation the quantum conditions become 
N, fi, dt=n;h 
Noligdt=ngh Pp... + (1.10) 
Naf (ii +t) dlt= noh 
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Now, fi dt integrated over a complete period represents 
the total quantity of electricity passing round the circuit, 
and, according to the electron theory, this must be an integral 
number of times the electron charge, or =ke, where kis 
an integer. 

In this way we obtain the results 


k Ne = nih 
hk Noe =noh ’ e . . . (1.11) 
kioN ie = Nigh 


where ki, ka, kig are integers. 

The only difficulty which presents itself here is with 
regard to the limits to be assigned to the integration in 
\ (1) +72,) dt. This question may be elucidated by means of a 
mechanical analogy to be considered in the following 
section. 

The quantum conditions may be written 


Ng (h 
Ne =,” (5) p ag a oe 


The simplest interpretation of these results is to assume the 
existence of discrete quantum tubes of magnetic induction 
determined by the ratio A/e. In Bohr’s later theory of 
atomic structure the several electrons of the complex atom, 
instead of forming rings as in the earlier model, are supposed 
to be moving each in its own independent orbit. Thus, in 
general, in an atomic or molecular system, 4), ko, and fy, will 
be unity. Even were this not so in a particular case, the 
value of n might be supposed an integral multiple of the 
corresponding & *. 


2. A MECHANICAL MODEL FOR TWO CURRENT CIRCUITS. 


In a letter dated Christmas 1876, Clerk Maxwell t wrote: 
«I have been making a mechanical model of an induction 


* The possibility of the existence of “half-quanta,” which have been 
assumed by several investigators within recent years, may be hound up 
with the occurrence of the fractions 7/k. 

t Campbell and Garnett, ‘ Life of James Clerk Maxwell, pp. 396-551 
(1882). 
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coil, in which the primary and secondary currents are 
represented by the motion of wheels, and in which I can 
symbolize all the effects of putting in more or less of the 
iron core, or more or less resistance and Leyden jars in 
either circuit.” | 

This model, of which a copy is preserved in the Cavendish 
Laboratory, Cambridge, and another in the George III. 
Museum of King’s College, London, is described and illus- 
trated in Maxwell’s biography and in Webster’s ‘ Electricity 
and Magnetism’ (p. 140) *. The essential part of the 
mechanism is a differential train of wheels, such as is often 
employed as a dynamometer and is now familiar in connexion 
with a motor car. The primary and secondary circuits are 
represented by two circular disks mounted so as to turn 
independently about horizontal axes in the same straight 
line. On the shaft of each disk is mounted a bevel wheel, 
A and B in fig. 2, and these gear into a third bevel wheel D, 
which turns loosely on a shaft at right angles to the former 
pair. This shaft itself, which carries a system composed of 
four projecting arms of adjustable moment. of inertia, can 
rotate about the same horizontal line as the two disks. 
A and B can turn independently of each other, except in so 
far as they are connected through D. Thus the two disks 
are in mechanical connexion exactly as the driving wheels 
of a motor car are connected through the differential. 
gearing. 

The resemblance between the mechanical and the electrical 
systems is best seen by writing down expressions for the 
kinetic energy. Let I}, I, be the moments of inertia for the 
disks, I}, the moment of inertia for the central system. 
Let w, w @,, be the corresponding angular yelocities. 
The kinetic energy of the mechanical system is 


Low? + lw? +p. . 2 a a (2.1) 


In the actual model the bevel wheels are all alike, and 
the angular velocity of the central part is the mean of the 
angular velocities of the disks, or w= }(wı +w). In this 
case the kinetic energy can be written in the form 


Š | ive 
Llw? + tlw + + a (@, + w). . e . (2.2) 


* The same mechanical analogy has been applied to coupled oscillating 
circuits by Pomey, Rev. Gén. TEL i. p. 83, Jan. 1917; p. 163, Feb. 
1917. 
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Comparing this with the expression, : 
4 (Ly — Myg) 2)? + 3 (Lig — Miji + $Mig(t, +i), (1.2) 

for the electrokinetic energy of two current circuits, we see 


that the currents are represented in the model by angular 
velocities, the inductances by moments of inertia. 


Fig. 2. 


With the object of producing a closer correspondence 
between the electrical and the mechanical systems, I have 
devised a modification of Maxwell’s mechanism. In this 
modified apparatus there are three shafts A, B, and F, so 
connected that the angular velocity of the third shaft F is 
the algebraic sum of the angular velocities of the independent 
side shafts A and B, giving : 


wj =W + Og. . k z : s ° (2.3) 
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The shaft which carries the bevel wheels DD is attached 
to the gear-case, and these all rotate with angular velocity 
$(o,+,). To effect the desired result it is only necessary 
to make the gear-case drive the shaft F at double its own 
speed. This may be done by a belt or chain drive, or by 
means of pinion wheels as in the model shown in fig. 3. 


Fig. 3. 


The kinetic energy of the modified mechanism * is given 
by 
thw? + $102? + $1 0019" 
= tlw? + tw? + tI (w + w2) a . . (2.4) 


This expression is exactly analogous to 


4 (Li, — Mi) + 4 (Leg — Mis) to? + $Mia(t +i)’, $ (1.2) 


which represents the electrokinetic energy of two current 
circuits. The currents are still represented in the mechanical 
system by angular velocities, the inductances by moments 
of inertia, but in this model the mutual inductance corre- 
sponds directly to the moment of inertia of the third shaft. 
The angular momenta of the three parts of the mechanism 
correspond to the number of magnetic tubes linked with the 
primary circuit, the secondary circuit, and the two circuits, 
respectively. The resemblance between the mechanical 
model and the current circuits in this latter respect is of 
special interest, seeing that according to Nicholson’s quantum 
hypothesis angular momentum can be expressed as an 
integral number of times the unit h/27, whilst according to 
the present suggestion the magnetic tubes are multiples of a 
discrete quantum tube defined by h/e. 


* The amount of inertia of the gear-case is supposed negligibly small 
in comparison with that of a shaft. 
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Returning now to the quantum conditions in (1.10), 
let us suppose that in finding the value of the integral 
fiti) dt in the steady state, the integration is extended 
over the complete period, 1/»,., corresponding to the time 
of revolution of the third shaft of the modified mechanism 
with angular velocity w,=@,+@,. Then v=v; +v, and 


the value of the integral is 
ty + te = kni + kava, 
Vi9 V + Va ' 


(2.5) 


‘Provided k= k= kz, this would give as the value of the 
integral, kæ, leading to the result kyNje=nyli, already 


suggested in (1.11). 


3. ProF. Darwin’s TREATMENT FOR TWO CURREN 
CIRCUITS. 7 
The method of applying the quantum conditions employed | 
in §1 is unsatisfactory, because the system is one of two 
degrees of freedom, and so, according to accepted principles, 
cannot have more than two quantum numbers. I am 
indebted to Prof. C. G. Darwin for the following treatment, 
but have made slight alterations in his notation to suit the 
present case. 
To quantize W = hai? t fig tby, . . . - (8.1) 


where the cycles for w and y are from 0 to 1. 
rue ae co oe ee BD 
Py = fat by. 
rp OP AIP Py + apy’ 
Then W =1 ab—f? oe wt. SG (3.3) 
The motion is therefore 


7 
Ps -W =(), etc., an etca, (3.4) 


dt - Ow Op. 


or p= constant. . 2. 0. . 6 . (3.5) 


Hence fr de= pz, as the x cycle is 0 to 1. 


The quantization is thus 


pr=Th, pPy=T2h (where 7, Ta are integers), (3.6) 


72 — fr 7. 2 
and wepe lui tam tan), ; (3.7) 
bat 
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Applying this method to the two current circuits, for 
which the electrokinetic energy is 


W =} Lii? + Mizia +} Loig? 
and the value of @di over a complete period is xe (where « 


is an integer), we find 
e(L,t, + Mizi) = T 


. . (38 
Kæ(Misii + Lai) = Th 1 ee) 


It has already been pointed out that Lit, + Myst, or Ñ, is 
the totul number of magnetic tubes linked with the first 
circuit, and Mot, + Lot, or Nois the total number of magnetic 
tubes linked with the second circuit. Thus the quantum 
conditions reduce to 
N= r) | 


K,\e/ | 


van ") 
7 ke (e J 

As in the previous work the simplest interpretation which 
can be given to these results is obtained by assuming the 
existence of discrete quantum tubes of magnetic induction, 
the unit tube being detined by the value of A/e. 

Reviewing the work of §1 in the light of this more rigid 
treatment, it may be argued that the methods there employed 
are justified by the results obtained. The explanation of all 
the difficulties is to be found in the simple fact, illustrated 
in fig. 1, that the various magnetic tubes associated with 
two current circuits may be grouped together in several 
different ways. The relations between the different quantum 
numbers revealed by this discussion are suggestive in con- 
nexion with results derived from investigations on the 
complex structure of multiplets, especially as regards the 
Zeeman terms in strong and weak magnetic fields. Reference 
may be made to the work on this subject published in the past 
three years, principally by Landé, Pauli, and Sommerfeld. 


(3.9) 


4. EXTENSION TO ANY NUMBER OF CURRENT CIRCUITS. 


In the case of a heavy atom Bohr’s later theory postulates 
the existence of a large number of independent electron 
orbits. The work of Ellis and others suggests that quantum 
relations hold even within the nucleus, which may be 
composed of protons and nevative electrons in orbital motion. 
On this ‘view an atomic and also a molecular system is an 
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extremely complex system of orbits, in which positively or 
negatively electrified particles are circulating at high speed, 
thus virtually constituting a system of current circuits. 
There is no great difficulty i in extending the results for 
two current circuits, obtained in 1921 and giv en above, to 
the general case of any number of such circuits. For the 
electrokinetic energy of any system of currents is equal to 
one-half the sum of the strengths of each current multiplied 
by the total flux of magnetic force through its own circuit 
in the positive direction. Following out the same line of 
argument as before, it would seem that we are led again to 
the conception of quantum tubes of magnetic induction of 
strengi Aje, and possessing electrokinetic energy of amount 
tiv, where vis a frequency characteristic of the particular 
tube considered. i 
Instead, however, of writing down the equations for the 
general case and proceeding as in the previous section, it 
will be more instructive to consider a single Faraday tube 
of magnetic induction linked with n current circuits, 


ty, le, eee Lae 
The energy associated with such a tube can be expressed 


as 
? 2 
|E Ads se a & « A 


integrated over the length oť the tube, where A is the 
area of the cross-section oť the tube and ds is an element of 
its length. But HA is constant along the whole length, so 


that the expression becomes © Has. The line integral 


of magnetic force along the ian of the tube is 
An(iytigt+. ..tin)s 
so that the energy is given by 
=ġuHA (iti... tin) ©. . . (4.2) 


We now assume that the quantum condition may be 
expressed in the form 


2\T dt=nh (n integral), 
or pHA\ (bat... ti, dtank, . . (4.3) 
the integration for each current extending over the corre- 
sponding period *. 


* It is hardly necessary to point out that this way of stating the 
quantum conditious is somewhat arbitrary, but so is any statement of 
these conditions, which must be regarded rather as a set of rules 
Justified by the results obtained than as a consistent and unique theory, 
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This gives 
HHA (kitki... +kije=nh.. . . (4-4) 


Here, again, the simplest interpretation is to assume 


n=kit kit. . -+ kn 
so that the unit tube is defined by taking 
BHA =hħfje. . 2. 2. 2. (4.5) 


The electrokinetic energy of the unit quantum tube in 
question is given by 


liige oa l 
bo (ititi) 


=} kmi t kot. o tha), . - . (4.6) 
since we may write 
iy = hyevy, tg=heeve, o o a in=hneVn- 
Proper attention must, of course, be paid to the sign of each 
term. l 
Thus when k =k;= .. . = ka= 1, the electrokinetic energy 
of the unit tube 
=th+yyt...tyn). . . « (4.7) 


The importance of this mode of expression lies in the fact 
that frequency here plays the part of an additive quantity in 
formulating the energy of a system. This is a characteristic 
feature of Bohr’s theory of spectral series, and in the next 
Section an attempt will be made to apply the result to the 
interpretation of Bohr’s theory. 


5. APPLICATION TO THE THEORY OF SPECTRAL SERIES. 


Sir William Bragg in the Kelvin Lecture * delivered 
before the Institution of Electrical Engineers on January 13, 
1921, said: “The frequencies of the lines in a spectrum 
often display curious and exact numerical relations, in the 
form generally involving differences of frequencies of 
similar lines or groups of lines... . 

“Now, there is nothing in our older conception of the 
origin of radiation within the atom to give us a clue as to 
why differences of frequencies should come into these 
empirical, though most useful, formule. We have pictured 
to ourselves vibrating systems, mechanical or electric, and 
waves arising therefrom. But what connexion between 
masses or electricities gives us in any simple way equations 


* ‘Nature,’ excvii. pp. 82-109 (1921). 
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involving the addition or subtraction of frequencies? We 
are in a blind alley. 

Even in Bohr’s theor y of spectral series the same difficulty 
is felt. But in his theory the bold step is taken of adopting 
as a basic principle in dealing with the emisson of radiation 
a relation between amounts of energy involving a linear 
relation between frequencies. 

Bohr’s theory of the origin of spectra is based on two 
fundamental assumptions : :— 

(1) An atomic system with an electron moving in a 
stationary orbit is associated with a definite amount of energy 
which can be calculated by emploving the quantum principles 
in connexion with the laws ot ordinary y dynamics. 

(2) When the atom passes from one stationary state to 
another, or the electron changes from one stationary orbit 
to another, there is an emission of monochromatic radiation 
of frequency v, determined by the relation 

Ivyp= WW, | 5D 
where W corresponds to the initial, W’ to the final state of 
the svstem. 

“ Needless to say the founder of the new theory and his 
followers do not attempt to describe the mechanism of such 
an extraordinary performance, one, that is, that enables the 
atomic system to hit precisely upon the frequeney v, required 
by the assumption ” *, 

The kinematical significance of Bolr’s equation may be 


realized by expressing W in the form juhv. The frequency 
of the radiation emitted is then given by 


hvp= n hv'— }nhv.. 2 . . . (52) 


My object is to show that this relation can be interpreted 
by taking the frequency of the emitted radiation as identical 
with a definite frequency associated with a quantum tube or 
tubes of magnetic induction, such frequency being one 
characteristic feature of the system, both in its initial and 
in its final state. 

‘In Part I. of this paper it has been shown that the integer 
nin the expression W=4nhy may be interpreted as the total 
number of quantam tubes linked with the orbit of the 
electron, whether the orbit be a circle or an ellipse. Con- 
sequently, when, in Bohr’s theory, a change takes place from 
one stationary siate to another and » ch: anges ton’, there is 
an integral change in the total number of tubes linked with 


* Silberstein, ‘ Report on the Quantum Theory of Spectra, p. 6 
(1920). 
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the orbit. When radiation is emitted there is a diminution 
in the number of these tubes equal to n—n’. But it is 
assumed in the theory that, whatever may be the value of 
n—w, only one quantum of radiation is emitted. On the 
view now suggested it is natural to suppose that the radiated 
energy is the ¢ energy associated with a single quantum tube, 

the emission of radiation being a process consisting in, or 
consequent upon, the liberation of one quantum tube from 
the atomic system. It is, however, only when the electron 
passes between neighbouring orbits that the diminution in 
the number of tubes, n—n', is equal to unity. In general, 
the decrease in the number of tubes linked with the orbit is 
more than sufficient to account for the single tube we have 
supposed separated from the svstem. If, then, we revard 
magnetic tubes as entities which can change in form, but 
cannot be created or destroyed * (so long, at least, as ‘they 
are associated with an atomic system), we are forced to the 
conclusion that there must be some part of the system which 
can serve as a receptacle for the surplus tubes. Such a 

receptacle may be described as a “magneton,” using that 
term in the wide sense I have advocated elsewhere t to. 
denote that structure within the atom which may be 
revarded as the origin of the quantum magnetic tubes. We 
may employ the term without limiting ourselves to any 
precise model of the mechanism involv ed. It will cover the 
particular structure suggested by the term “ring electron,’ 

the more general case ‘of the magneton of MeLaren, or the 
“magnetic wheel” of B. T. Whittaker. 

Consider the case of an atom consisting of a positive core 
and a negative electron. Ther® are two possibilities pre- 
senting themselves. The core of the atom may he a 
magneton, as I have suggested in a pa voni paper on 
“An Atomie Model with a Magnetic Core”? +t, or the 
negative electron mav be a magneton J. 

Without entering into a discussion of these alternatives, 
it will be sufficient for our present purpose to assume that 
the magneton is closely associated with an integral number 


* For an interesting discussion of the process of magnetization 
razarded as the opening out of molecular magnetic loops which are 
already in existence, and of the characteristics of ‘stich magnetic tubes of 
force, see Sir Oliver Lodge's lecture on “ Magnetism and the Ether” 
(Journal of the Rontgen Society, xviii, July 1922). 

t H.S. Allen, Proc, Rov. Soc. Edin. xlii. p. 913 (192: 2). 

t HS. Allen, Phil. Mag. xxix. p. 714 (1915), See a'so a paper by 
Th. Wereide, Ann. d. Physik, xlix. p. 966 (1916), 

§ The Case for a Ring Electron,’ Physical Society of London, 
Proceedings, xxxi. p. £9 (1919). 
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of quantum tubes of frequency v,e Asin Bohr’s theory the 
electron is supposed to describe an orbit about the nucleus, 
the size of the orbit and the frequency being determined 
by the usual quantum relations. For simplicity we sball 
consider the case of a massive nucleus, which may be 
regarded as at rest. 

Let n denote the number of quantum tubes linked with 
the orbit and also passing through the magneton, and n, the 
number of quantum tubes associated with the magneton 
which are not linked with the orbit. 

Then, in accordance with the principles discussed in the 
earlier portion of this paper, the electrokinetic energy of 
the system in its initial state is given by 


T=hn,hv,+4uh(vty,).. 2 6. (5.3) 


Denoting the corresponding quantities in the final state by 
aecented letters, we have, similarly, 


T’=}n,/hv, +hn'h(v +p). 2 2, i (5.4) 


To proceed further we have to make some specific assumptions 
with regard to the freqnencies. In the first place, we assume 
that the frequency v, remains unchanged in passing from 
the initial to the final state, and we identify this frequency 
with that of the emitted radiation. 

In systems which emit hydrogen-like spectra the kinetic 
energy is numerically the same as Bohr’s W. In his theory 
the kinetic energy in the new orbit is greater than that in 
the old, but the amount of potential energy set free is exactlv 
twice the change in the kinetic energy. Consequently, an 
amount of energy is available for radiation which is equal to 
the change in the kinetic energy. This is 

T’—T=3[(n,/ +n) —(n, + n)] hv, + 4n'hv! —ẹnhv. (5.5) 
We now assume that in the change from one state to the 
other one quantum tube has been liberated from the 
magneton, and put 
thy, =TT—To. ww]. (5.6) 
Hence 
thy, =4[(n, +n')—(n, +n) Jhv, + $n’hv'—4rhv. (5.7) 


But if a single quantum tube is liberated, the total number 
of bound tubes in the initial state is one greater than the 
total number in the final state, ¢. e., 


netn=n,¢nr4+1]l...~.~;. (5.8) 
Thus the above equation reduces to 
hv, = tn'hy'—trhvy, ©. . . . (5.9) 
which is identical with that employed by Bohr. 
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It should be observed that in this theory the electron may 
be regarded as forming one member of a coupled system, 
and with each “ bound ” electron at least two frequencies are 
associated. The first of these, v,, has been assumed the same 
in the initial and final state of the system, and identical with 
the frequency of the emitted radiation. The second fre- 
quency, v, is that on which the “ binding” of the electron 
to the rest of the atom depends. Thus the frequency 
V, corresponds to that met with in the classical electro- 
magnetic theory of absorption and dispersion, whilst the 
frequency v is identical with that found in the theory of 
Bohr and Sommerfeld. Whilst in one sense it is not possible 
to “reconcile” the quantum theory with orthodox dynamics, 
the suggestions now put forward serve to indicate the 
possibility of a connexion between the two points of view, 
and even to show the general nature of the relationship. 

It may be objected that the foregoing presentation implies 
that as the frequency of the monochromatic radiation is 
identified with the frequency of the magneton, that fre- 
queney is predetermined and tbere must be as many’ 
different atoms as there are lines in a spectral series. This 
objection carried more weight with me in 1921 than it does 
at the present time, because Prof. Whittaker a shown 
clearly by means of his quantum mechanism (1922) how 
frequency may be varied in an atomic cote whilst the 
number of magnetic tubes remains constant. In the present 
case, we may suppose that the frequency of the magneton 
itself may assume any value, but the catastrophic emission 
of radiation will occur when, and only when, the frequency 
assumes the particular value required by Bohr’s equation. 


6. SUMMARY AND CONCLUSION, 


In earlier papers the hypothesis, first suggested by 
A. L. Bernoulli*, of the existence of discrete tubes of 
magnetic induction determined by the ratio of Planck’s 
constant ht to the charge e of an electron, has been applied 
to the case of an electron moving in a circular or an elliptic 
orbit. In this paper more complex distributions are con- 
sidered. Two magnetons or two electron orbits may be 
represented by two current circuits carrying currents 
i and i. The quantum conditions applied to this case are 
most simply interpreted by the same hy pothesis of the 


* Bernoulli, Archives des Sciences, xlii., p. 24 (1916). 
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atomicity of magnetic tubes. The electrokinetic energy of 
a quantum tube is given by i 3Hds. When the tube is 


linked with two current circuits, $Hds=4r(i +i), as- 
suming the tube passes through each circuit in the positive 
direction. Thus the electrokinetic energy associated with 


| E | eee Skin ; 
the tube is 2, (i +i. When each circuit is equivalent to 


a single electron revolving in an orbit with assigned 
frequency (v; or v2), this reduces to 4A(v, +v:), or we may 
write it 4hv, where v is a frequency characteristic of the 
tube under consideration. It is tempting to suppose that 
the frequency v appropriate to a particular tube corresponds 
to the frequency of a state of spin or vorticity associated 
with that tube. But the question as to whether such 
vorticity represents the actual physical state of the tube 
need not at present be discussed. 

Incidentally, a mechanical model is described, which gives 
a very close representation of the electrical system of two 
current circuits. 

The quantum relations are applied to the general case of 
any number of current circuits, and it is shown that there 
is no difficulty in generalising the previous results. It is 
pointed out that in this mode of formnlating the energy of a 
svstem, frequency plays the part of an additive quantity. 
As this is a characteristic feature of Bohr’s theory of 
spectral series, an attempt Is made to apply the result to the 
interpretation of Behr’s theory. It is shown that Bohr’s 
frequency relation 


hv, = ġn'hv'— ġnhv 


can be interpreted by taking the frequency v, of the emitted 
radiation as identical with that of a quantum tube or tubes, 
such frequency being characteristic of the system both in its 
initial and in its final state. Although the suggestions put 
forward do not abolish the conflict between the quantum 
theory and classical dynamics, they may serve to show more 
clearly the points of contact between the two theories. It 
may at least be said that a further step has been taken in 
the magnetic interpretation of the quantum. 


University of St. Andrews, 
June 7, 1924. 
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XLVII. (ras Ion Mobilities and their Independence of the 
Nature of the Ion. By LEONARD B. Lors * 


INCE 1916 the writer (1) has at various times attempted 
by means of crucial experiments to distinguish between 
the so-called classical theory of the “ cluster ion ” in gaseous 
ionization phenomena and the “small ion” theory of Suther- 
land (2) and Wellisch (3). In all cases these supposed 
crucial experiments g gave results that were, while suggestive 
of a small ion interpretation, never decisively in favour of 
either theory. In 1917 (4) the writer summarized the field 
as a whole, and showed that as regards most of the ion 
phenomena the explanations on either theory were equally 
good. A knowledge of the nature of the ion is of value as 
it may throw considerable light on the law of forces acting 
between molecules and charges, and as it may have some 
bearing on the interpretation of ionization phenomena In 
solutions. 

In a recent (5), but futile, attempt to detach between 
the two theories based on measuring the mobilities of ions in 
mixtures of dry ammonia gas and air, the writer found that 
the mobilities of the ions varied inversely as the square root 
of the product of the molecular weight of the gas into the 
dielectric constant of the gas diminished by unity. Such a 
variation of mobility with the dielectric constant of the gas 
does not agree with Wellisch’s (3) equation for the mobility 
of a small i ion, in which the mobility varies inversely as the 
first power of a term of the form (1+4 (D—1)), where 6 is 
a constant. By introducing a term for the shortening of the 
mean free path assuming a cluster ion (whose size could be 
estimated according to a lieder y of Langevin (7) based on an 
inverse fifth power “law of force) into the mobility equation 
of Langevin (6) for a cluster ion in a somewhat questionable 
way, tie writer obtained an equation in which the mobility 

raried approximately inversely as the square root of the 
dielectric constant diminished by unity. 

Recently Sir J.J. Thomson (3) has published a theoretical 
treatment of the question of the change of the mean free 
path of an ion in virtue of the forces it exerts on neutral 
molecules. This treatment is quite rigorous and is based on 
the assumption of an inverse fifth power law of force (that 
is, such a law of force asa charged body would exert ona 
| neler al dielectric body of a dielectric constant D). Thomson 
also shows how the resulting equation must be modified in 


* Communicated by the Author. 
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case an inverse cube law of force had been assumed (that is, 
in case one assumed that the attraction of the ion was 
that of a charged body on a molecular dipole). It can be 
shown that if this shortening of the mean free path computed 
by Thomson on an inverse fifth power law be introduced into 
the Langevin (6) equation for ionic mobilities, and if the 
shortening be ascribed to the force of attraction of an ionic 
charge on a gas molecule whose dielectric constant in bulk is 
D, the mobility will vary inversely as the square root of the 
produet of the mass of the gas molecules into the dielectric 
constant diminished by unity, as found by experiment. 

On introducing the factor for shortening the mean free 
path of an ion due to the charge, mentioned abov e, into the 
Langevin (6, 9) mobility equation which in its method of 
derivation is consistent with the Thomson theory, certain very 
interesting transformations of the equation for the mobility 
of the ions occur. The transformations are such that they not 
only practically completely eliminate any factor involving a 
specific hypothesis of the nature of the ion from the equation, 
thus making it impossible, from mobility measurements to decide 
upon the nature of the ions: but furthermore, the resulting 
equation so completely predicts qualitatively, and even quan- 
titatively, most of the characteristic phenomena exhibited pv 
ions that it merits a fuller discussion. It will be the purpose 
of this paper to set forth briefly the various phenomena to be 
explained by any theory of ionice mobility and the manner 
in which this theory explains them. 

For a charged particle of mass m moving in a gas whose 
moleeules have amass M, with a relative velocity Vi d.d. 
Thomson (X) finds that the mean free path of the charged 
particle is to that of the uncharged molecule as 


rN oe 1 

` 9-2 Oo 2k à 
A Mm A 
M +n 


Here Æ% is the force constant of the attraction between the 
ion and the molecule. At present itis hard to be sure of 
the exact value of this foree constant. But one might 
assume, as Langevin (7) has done, that the molecules act 
like dielectric bodies such that in the field produced by an 
ion they are acted on by a force 


re (D—=1)e 
a 
- 0 


Here D is the dielectric constant of the gas in bulk: x, is 


ee ee 
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the number of molecules per c.c. under the conditions per- 
taining to the measurement of D; e is the electron; and r is 
the distance of the centre of the ion from that of the 
1 l 
molecule. Thus & becomes Oe In the equation of 


2a No 


Thomson, the quantity æ is the sum of the radii of the ion 
and the molecule and corresponds to the average distance of 
approach on impact. V is the relative velocity of approach 


of the ion and molecule, and the quantity cae mM pau is for 


the present purposes none other than twice the kinetic 
energy of agitation of the gas molecules at the temperature 
of the gas, ‘from the definition of this quantity us used by 
Thumson. It may consequently be replaced by Me? in the 
equation. Thus one can write: 


i A 

z2 J 20-1) 

2 ae ‘Mc? T 

where c is the square root of the average square speed. 
Langevin (6, 9) deduced an equation for the mobility of a 

complex cluster ion of mass m among gas molecules ot 

mass M on the basis of the kinetic theory of gases assuming 


no forces to act between the ions and the neutral molecules: 
This equation takes the form : 


„eN VO 
K ='815 Mc Cm 


Here A’ is the mean free path of the ion cluster. Since, 
as J. J. Thomson points out, his factor for the reduction of 
the mean free path of an ion due to its attractive forces is 
independent of an assumption of a cluster theory or not, one 
can introduce * the Thomson factor for the shortening of 
the mean free path into Langevin’s equation f. 


* This is subject to one restriction, however, and that is, that the 
Thomson factor, because of its derivation, cannot be used w herë it is less 
than unity. 

t This may seem a questionable procedure, but short of a very com- 
plicated and tedious analysis and re-derivation of Lanpevin's equation 
introducing attractive forces into it, the matter cannot be treated 
rigorously. As the results seem to justify this procedure the fault com- 
mitted is not as serious as it would be on a strictly theoretical basis, 
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PY l 
eN h 


K = 815 Eai fod 


” Lamot Me? 
If now, the value for à from the kinetic theory of gases, to 


wit, X= be placed in the combined equations, the 


1 = ” 
m y 2na? 


- equation reduces to the form : 


o 

I5 V ë m 

22 V2 m nM3(D—1)*ng! 

This can be still further simplified by replacing n the 
number of molecules per c.e. of the gas in which the ions are 
moving by np (p/760), where p is the pressure in mm. of 
mercury, by replacing M by Mow where p is the mass of an 
atom of hydrogen, and Mo is the molecular weight, and by 
writing that m=6M, so that the final form of the equation 


1S: 
ore M+m 
ELVA T 
m 


K = z , 
` 7 : f ?) 
22y 27 (unè) M (D1)? ni 
or better : 
J 3 +h 
: AV p” 
K = , 


ASA EE 
r60 VPD — 1) Mo 


where A is a constant depending on the Avogadro number, 
the mass of an atom of hydrogen, and a numerical coethcient. 

This striking transformation of the ion mobility equation 
is now capable of verification on the basis of its ability to 
predict the properties of the gas ions. This will be done in 
what follows. 


I. Mobility and the Size and Mass of the Ton, 


It is seen at once that the equation for the mobility of the 
ion is independent of both the size and the mass of the ion 


i eee ee eee 
except for the small factor A This varies in value 
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from 1°42 for a single small ion (6=1) to unity fora very 
large cluster for w hich b is great compared with unity. 

1. It bad long ago been shown by Franck (10) that the 
mobility of radioactive recoil atoms in hydrogen was about 
the same as that of normal ions in hydrogen, although their 
mass was considerably above that of the hydrogen molecules. 
Likewise Wellisch (11) had shown that the mobility of 
methyl iodide ions in hydrogen was the same as that of 
hydrogen ions in hydrogen in spite of their difference in 
mass. In neither of these experiments was the precision 
very high, and it is very doubtful whether the effect of the 
factor b in the equation above could have been detected in 
these experiments. Thus, their results are predicted by the 
new theory, a feat that no theory heretofore has succeeded 
in doing without further assumptions. 

2. The values of the mobility of gas ions seems to be com- 
pletely independent of any factor related to the diameter of 
the ions or the vas molecules. The writer had for a long 
time wondered at the failure to obtain any correlation of 
mobility with molecular or ionic diameters, although this 
factor appears in all mobility equations, and although it 
varies very widely from gas to gas. The new theory ‘leads 
one to expect this independence. 

3. The equation also shows that from the ionic mobilities 
alone, except for the small variation due to b, tt should be 
impossible to determine the nature of the ion from any mobility 
experiments. It is for this reason that the previous attempts 
to distinguish between the cluster and small ion theories 
on the basis of crucial experiments on the part of the writer 
-and other workers have always yielded indecisive results. 
Thus, the writer (1) and Professor Yen (12) attempted to 
distinguish between the theories by measuring mobilities in 
very hgh electric fields, where owing to their high kinetic 
energies the cluster ions should have broken up. The 
experiments showed no change in mobility, while on a cluster 
theory the mobility should have increased about fourfold, 
and on a small ion theory it should have decreased hy a 
factor of about Or4. 

4. The small change of mobility for a change in mass of 
the cluster represented bv the factor containing b should, 
however, on careful measurement, become manifest every 
time the ion permanently changes its size. It is perhaps 
on the basis of such a change “that the reduction of the 
mobility of the positive ions in nitrogen, hydrogen, and air, 
with ave, discovered by Erikson (13) and confirmed by 
Wallin (14), as well as the difference in mobility of + 
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and — ions, may be explained. If one assumes that the 
negative ion is a single charged molecule carrying an extra 
electron and on formation the positive ion is likewise a 
molecule that has lost an electron, but that with age the 
positive ton adds a cluster of five molecules around it, then 
its initial mobility which equals the negative will, when it 
has added its five molecules, be reduced from 1:8 em./sec., 
which it has as a new ion, to 1'4 cm./sec. This corresponds 


to a change in the value of Moe from 1:42 to 1:09, 


which takes place for a change in b of from 1 to 5. 

If the mass of the ion became very small, as for example 
in the case of an electron in a gas, the present theory would 
hardly be applicable. For in that case the electron picks up 
energy from the field, making the factor of J. J. Thomson 
approach unity, so that the shortening of the mean free path 
ceases to count and the equations of K. T. Compton (15) 
may be applied. 


Il. The Mobilities of the Ions and Pressure. 


The mobility of positive ions has been shown to vary 
inversely with pressure for pressures ranging from a few 
tenths of a millimetre to close to 100 atmospheres (16, 17). 
The same holds true for the negative ions at higher pressures ; 
and, as shown by Wellisch (18) and confirmed by Loeb (19), 
for the lower pressures, provided the electrons are given time 
to attach to molecules to form tons before they enter the 
measuring field, Otherwise ionic mobilities are not measured, 
the mobilities obtained corresponding to carriers part ion 
and part electron of very widely different mobilities (28, 29). 
At the higher pressure ranges, above 66.atmospheres, the 
mobilities decrease a little less rapidly than the inverse 
pressure law would demand according to McLennan (17). 
The significance of this effect is completely obscure at present, 
and it is too small an effect in any case to merit a longer 
discussion at this point. Asis seen, the general behaviour 
is predicted by the equation through the factor p/760 in the 
denominator. 


III. Zhe Mobility and the Mass of the Gas Molecules 
in which the Ion moves. 

Long ago, Kaufmann (20) stated that for the more “ per- 
manent gases,” the mobility varied inversely as the square 
root of the molecular weight of the gas in which the ion 
moved, This rule, known as Kaufmann’s rule, was extended 
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by Loeb (4) to the case of all gases and vapours provided a 
correction factor involving the dielectric constant of the gas 
was applied. It had been predicted by the older ionic 
mobility equations, such as the Langevin equation, since the 
factor ¢ of that equation varies as the square root of M. In 
order to make the equation hold, however, it became neces- 


sary to assume that K was independent of all factors other | 


than mass and dielectric constant, as one went from gas to 
yas. This seemed absurd in view of the fact that the 
equations also contained the factor A. As is seen, the 
present theory predicts that outside of a variation with D 
and p, the mobility should only vary inversely as the square 
root of M. 


a 


IV. The Mobility and Temperature. 


All previous theories of ionic mobilities had predicted 
that as the mobility varied inversely as e it should vary in- 
versely as the absolute temperature of the gas. Although 
the results of different mobility measurements do not com- 
pletely agree as to the exact amount of variation of mobility 
with temperature, all the observers agree in finding very 
little change with temperature. Sutherland (21), in analogy 
with his treatment of the disagreement of the observed and 
predicted variation of gaseous viscosity with the temperature, 
derived an equation giving the change in ionic mobility with 
temperature. ‘The theory fitted the observed results of 
Phillips (22) quite well. Erikson (23), in some verv careful 
work at constant density, found that the mobility was 
independent of temperature down to nearly liquid air tem- 
peratures, where the mobility showed a decrease of about 
10 per cent. The present theory leads one to expect that K 
will be independent of temperature. This agrees better with 
the experimental facts than anv other theory. At the lowest 
temperatures the mobilities and their variations need further 
study and measurement. 

The same reasoning would explain why it was that the 
writer (1) and Professor Yen (12) failed to find the expected 
decrease in mobility of the ions in high electrical fields, 
which, as was stated above, should have been a reduction by 
a factor of O'-4. A decrease of this sort was expected 
because owing to the high fields the average velocity of the 
ion was about 2°5 times the velocity of thermal agitation of 
the gas molecules, In such a case, with the combined 


- 


Thomson and Langevin equations, the factors c become the 


aiana S ee ee a ee ee eee ee ee m 


Gas Ion Mobilities. . 453 


velocities of the ions and cancel out as they do in the case of 
ions in temperature equilibrium with the gas. Thus the new 
equation applies to this case and we see why the experiment 
yielded an indecisive result. 


V. Mobilities and the Dielectric Constant of the Gas. 


It had been pointed out in 1917 (4) that the ionic mobilities 
varied from gas to gas invetsely as a product of the fourth 
root of the dielectric constant of the gas diminished by unity, 
multiplied by the square root of the molecular we ight. This 
relationship, independent of any theoretical foundation, 
seemed to hold fairly well even with the large variations of 
the sources from which the data came. Recently the 
writer (5) has shown that for a set of measurements made 
under identical conditions in mixtures of, N H, gas and air 
the mobility varied much more closely according to the 
Inverse square root of the average dielectric constant of 
the mixture diminished by unity. "The suggested combined 
equations of Thomson and Langevin lead to a variation in 
agreement with the later measurements. This variation is 
distinctly different from the variation with the inverse fourth 
root of D—1, and would cause a poorer agreement in a table 
such as reproduced in the earlier (4) paper than there was 
found originally. It must be pointed out that the table there 
given is based on the very diverse results of mobility measure- 
ments by different observers using different methods. Thus, 
the values are not consistent and it is not surprising that the 
agreement is not good. For exainple, the value for K inair 
was formerly taken as 1°4 relative to the value “74 for N H}. 
The recent measurements made under identical conditions in 
both cases give the relative values of K as 1'6 for air against 

52 for N H.. This result is much more consistent with the 
Lan gevin-Thomson theory than with the empirical rule 
previously laid down. Before one can accept the new theory 
as established in this regard, one must, however, be able to 
extend the ammonia-air measurements to a number of other 
gases. 

In gases which havea markedly polar nature, i. e. those that 
have permanent electrical moments of their own, such as 
HCl, the force acting should be the inverse third power law. 
Such a law, according to J. J. Thomson, should have the 
force factor k (i.e. D-1) acting in the denominator in 
the first power. It would be of considerable importance to 
test this out experimentally, and such experiments are now 
being undertaken. 
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VI. Electron Attachment and the Theory. 


The writer (24) has shown that in its broad aspects the 
theory of negative ion formation proposed by J. J. Thomson 
(24) is able to predict the observed phenomena of attachment 
of electrons to molecules of gases quite successfully. This 
theory assumes that the electron does not attach to the 
molecule on its first impact, but that it does so in general 
after n impacts with molecules, where n is a constant 
depending on the chemical nature of the gas only. This idea 
is elaborated further by J.J. Thomson (25) in the recent 
paper in which the theory of the change of the mean free 
path for charged molecules is discussed. He shows that it 
follows naturally from the considerations such as lie at the 
basis of the theory proposed, and that the predicted value 
of n for air is of the same order of magnitude as the observ ed. 
This theory would make it appear that the electrons did not 
attach unless their energy were low and would lead one to 
expect a variation with the nature of the molecules as is 
observed. It might be pointed out that Bailey (26) recently 
also suggested that the attachment was limited to electrons 
of low velocity. 

It seems to the writer, however, that the type of theory as 
applied by J. J. Thomson to the treatment of the combina- 
tion of electrons and molecules would be less likely to hold 
on the modern theory of atomic structure, than it would for 
the junction of ions and molecules. It seems likely that on 
the Bohr theory the electron would not attach to a molecule 
to make a negative ion unless it struck the molecule inf such 
a manner and under energy conditions such that it could 
assume a stable orbit about the molecule consistent with the 
rest of the molecule’s electronic system. It is significant 
that the molecular types noted for the stability of their 
electronic system (e. y., as suggested by G. N. Lewis, 27) are 
those that apparently never attach an electron atall. It is 
further very certain from measurements that the electron 
once attached does not leave the molecule again. This 
points toa very stable union. It also seems possible from 
the experiments of Erikson (13) and Wahlin (14) that the 
positive ions consist of very stable aggregates of molecules, 
about a molecule rendered unstable by itself through the loss 
of an electron. In any case, the proposed theory is in no 
way inconsistent with the attachment results, while the 
possibility of the formation of more stable aggregates must. 
be considered. 
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VII. Jons and Condensation. 


As was pointed out in 1917 (4), the condensation of super- 
saturated vapours on ions is In no way essentially connected 
with any theory of ionic behaviour. All that is needed is 
that an unstable droplet that would evaporate under given 
conditions of supersaturation should pick up an ion, as do 
Millikan’s oil drops, in order to grow to a visible size as 
indicated by the theory of J. J. Thomson (30). 


Evaluations of Gas Jon Molilities from the New Theory. 

Numerically, the mobilities of the ions may be computed 
for any gas from the equation deduced, by taking the values 
of Mọ and D from tables, evaluating the constant A, and 
assuming a value of b. If the resulting quantity be divided 
by 300, the mobility is given in em./sec. per volt./em. 
A table of values computed for a number of gases follows, 
assuming b=1. It must be noted that the observed values 
are some of them very old values, and that they represent 
measurements made in diverse manners. The values of K in 
the vapours of the less volatile substances are most likely to 
bein error since here the technique of measurement is not 


so simple. 
K computed. K observed. 


Gag, Mo. D-1 (D—1) M, -10x107 
V(D—1)My 

|| renee 2 273x107 234x107? 443 602 

He aaeain. 4 O74x107* 172x107? 6-02 5:09 

i EN 40 © r0x1074 6833x107? 164 1:37 

Air aoaaa. 28 $9xl0-4 191x107? O70  135-16* 

NH, dade 17 770x10-4 362x107“ 0:29 0-74 --"52* 

CO, cates’ 44 96x1074 206x107? 0-51 0-81 

ODs 28 69x1074 = 140x107? O74 1:10 

SO etek 6t 905x10-4 762x107? 0:14 Ot 

NO coxa. 44 107x107 218x107? 0-48 0-82 
C,H,OH ...46 940x107* 660x107? 016 O34 
COl renni 154 420x10-4 805x107? 0.13 0:30 
CANCE ccs: 655 1550x1074 1010x107? 0-10 0:33 
C,H,,0 ...... 740 742x10-4 742x107? O14 O24 


* These values recently measured under the same conditions by writer. 
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It can be seen that the mobilities computed are of the right 
order of magnitude and do not differ widely froni the 
observed values in some cases. In the vapours of high 
dielectric constant the deviation between observed and com- 
puted values is the greatest. Notwithstanding these 
deviations, the evaluation of the ionic mobility from such 
apparently unexpected quantities, which are independent of 
mean free path and charge, and which fit the experimental 
values better than any other ion theory, must impress one 
with the plausibility of the theory underlying it. 


VIII. Conclusions. 


From the foregoing, one may safely conclude that the 
combined Thomson- Langevin equations as presented furnish 
us with a theory of ionic behaviour that predicts better than 
any single theory heretofore proposed the behaviour of the 
gas ions s under various conditions. Itis further seen that the 

1+b 
theory shows that except for the effect of the factor 
there is no quantity in the mobility equation which permits 
one to decide on the nature of the ion. Thus, except for 
this feature, ail attempts to distinguish between a cluster and 
a small ion theory on the basis of mobility measurements are 
futile. 

While the theory is applicable to either type of ion theory, 
as J.J. Thomson points out, the assumption of an inverse 
fifth power law leads to the use of the term 


9-9 "A yak DS 3 
pa ae of Mm $ 
BG M+m 


for the shortening of the mean free path which must be 
less than unity in ouder that the mean free path begin to be 
decreased. This means that when 
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becomes greater than unity the value of the potential energy 
, kN. 

of the molecule at a distance ø from the ion (iai) is greater 

than the kinetic energy of agitation of the molecules and 
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a cluster formation. Thus, as J. J. Thomson shows later in 
his paper, the ion on the average forms a cluster and dis- 
sociates it again all along its ‘paths. This formation and 
dissociation forms a labile cluster which one is unconscious 
of as far as the mobility measurements are concerned. Thus, 
the mobility of the ion is not just that of a single charged 
molecule, but varies from it by the quantity depending on 
the valne of b. The variation is small. Since, owing to the 
statistical nature of the cluster formation, some ions have 
more than their share of clustering during a measurement 
while others bave less, the factor -- - should cause a 


b 


slight variation of K about the mean value of K for the ions. 
This would produce asymptotic portions to the curves 
obtained in determining lonic mobilities in experimental 
measurement. Such asymptotic feet have always been 
observed, but since such feet could also be caused by instru- 
mental irregularities it becomes impossible to test the theory 
on this basis. To explain the Erikson-Wahlin (13) (14) 
effect, it becomes further essential to this theory to assume 
that under some circumstances the clustering may take a 
more permanent form than suggested by Thomson. That 
this should occur for a molecule that is rendered unstable 
through the loss of an electron would not be surprising. 
Thus the theory of Thomson, when combined with the 
theory of Langevin, clears up much that is obscure in the 
behaviour of gas ions, puts an end to the futile cluster-small 
ion theory controversy, tells what law of force is exerted by 
the ion on the majority of gas molecules, and yields an 


adequate theoretical background to guide the future workers 
in the field. 


Physical Laboratory, University of California, 
Berkeley, California. 


May 18, 1924. 
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XLVII. On the scape of Heat from the Farts Crust. 
By J. R. COTTER, J.A. * 


T> two recently-published papers (Phil. Mag. Ser. 6, 
vol. xlv. No. 270, June 1923, and vol. xlvi. No 271, 
July 1923) Prof. Joly has given an account of his theory 
of the causes which produce the great geological revolutions. 
The present paper is an attempt to determine mathem: atically 
the temperature changes which occur in the sub-oceanic 
parts of the earth’s crust after the close of a revolution. 
The preliminary sketch of the processes which are assumed 
to take place is based partly on the papers above referred to, 
and partly on an explanation of the theory verbally commu- 
nicated by Prof. Joly, who has also supplied me with all the 
numerical data which are here made use of. 

According to Prof. Jolv’s theory, that portion of the 


earth’s crust immediately beneath the ocenn-fluor consists of 


basalt, in whicha continual generation of heat takes place, 
owing to the presence of radioactive materials. Prof. Joly 
concludes on experimental grounds that the heavier ultra- 
basie materials which probably underlie this stratum of basalt 
are much less radioactive. For the purpose of simplifving 
the investigation, I shall assume that no transmission of heat 


* Communicated by the Author. 
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occurs through that horizon which may be regarded as the 
lower boundary of the basalt. The modifications which 
would have to be made in the theory when the radioactivity 
of the underlying rock is taken into, account need not here 
be considered. The temperature of the upper surface of the 
basalt will be taken to be 0°C., which is approximately the 
temperature of the ocean-floor. 

Let us suppose that at some stage in the history of the 
earth's crust the basalt is solid throughout. As we descend 
from the upper surface, the temperature will rise until at a 
certain depth the melting-point of basalt is reached. If we 
denote the melting-point by 4, then we may call this horizon 
the 6, geotherm. Below this level the rock is supposed to 
be everywhere at its melting-point. The temperature will 
not be quite uniform, but will increase slowly with depth, 
since the melting-point of basalt rises with increasing 
pressure. A long period of quiescence will ensue, during 
which the radioactive heat generated, above the 0) yeotherm 
will escape by conduction through the ocean-floor, while 
below this geotherm the heat venerated will become latent 
owing to liquefaction of the rock, the temperature remaining 
steady : all the time. It seems probable that the material in 
this lower portion would preserve its rigidity till an advanced 
stage of liquefaction has been reached, being in a condition 
somewhat resembling that of a sponge filled with water. 
A period of activity would now set in, starting with the 
breakdown of the weakened material owing to the disruptive 
action of tidal forces. Circulation might “begin slowly, but 
would rapidly increase, because the “descending portions 
would tend to solidify owing to increase of pressure, so 
that the increase of density due to solidification would 
accelerate the rate of descent ; while the ascending portions 
would become more fully liquefied and would rise faster. 
As soon as circulation became general, a precipitate of solid 
material would begin to be formed at the bottom of the 
liquid mass; while at the same time the rest of the medium, 
up to the @ geotherm, would become quite fluid, its 
temperature being nearly uniform and equal to the temper a- 
ture of the solid- deposit—that is, the temperature of the 
melting-point of basalt ata pressure equal to that of the fluid 
at its lowest level. Thus the upper part of the fluid would 
he above the melting-point appropriate to its pressure, and 
it would begin to melt. away and erode the solid rock above it— 
that is, it w vould push the 0, geotherm upward. This process 
would be comparatively rapid at first, but would fall off 
owing to two causes: first, because as the fluid became 
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shallower owing to the deposit of solid, its temperature would 
fall, and secondly, because the loss of heat by conduction 
through the ocean-floor would become accelerated as the 
geotherms rose. Prof. Joly thinks that the 0) geotherm 
would rise to within a very few miles of the surface. It would, 
however, finally become stationary and then descend. At 
this stage the escape of heat would be very rapid, and the 
rate of solidification at the bottom would also be rapid. 
There seems little reason to doubt that the whole would 
eventually become solid again, and cooling would go on till 
it recovered its initial condition and initial distribution of 
temperature. The whole series of changes would form a 
cycle, which would be repeated. 

It would not be easy to determine the rate at which the 
J, geotherm would rise, but an approximate estimation of 
the rate at which it would fall can be made, and this is the 
object of the present paper. 

In the first place, it is necessary to observe that there is a 
maximum depth, below which this isotherm cannot fall. 
This depth, which will be denoted by the letter /, is such 
that it is just possible for all the heat generated by radio- 
active agency to pass upward by conduction when no access 
of heat takes place from below. This depth, as calculated 
below, is about 30°6 miles. Neglecting, for the sake of 
simplicity, the variation of the melting-point of basalt with 
pressure, we may take this melting-point 6, to be a constant 
and equal to 1150°C. This assumption implies that no 
conduction of heat takes place below the @) geotherm. If 
we represent distance measured vertically downward from 
the ocean-floor by «x, then we may confine our attention to 
the stratum between the two horizontal planes c=Oand z=}, 
the former being kept at zero temperature, and the latter 
being regarded as a boundary impervious to heat. Since we 
do not know the initial position of the 0) geotherm, it will 
he convenient to assume that it starts from the ocean-floor. 
It will be seen that this assumption can make little difference 
in the time estimate, as the initial cooling would be very 
rapid. 

We have now a perfectly definite mathematical problem 
to solve. Given a uniformly radioactive medium bounded 
by the parallel planes «=0 and v=J, it is required to find 
the distribution of temperature at any time £, the upper 
surface being maintained at zero temperature and the lower 
being Impervious to heat, the whole being initially solid and 
at the temperature of the ‘melting-point. “We must know the 
radioactivity, conductivity, specific heat, and density. 
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For our purpose, the only difference between sensible heat 
and latent heat is that the latter is not conducted. It will 
therefore make no difference in the solution of the problem 
_ if we suppose that the substance does not melt, and that its 
temperature may rise above ĝo, provided that we also make 
the assumption that the conductivity is zero everywhere below 
the @) geotherm. Even in this form, the mathematical 
difficulties of the problem are so formidable that it does not 
seem possible to solve it. This is due to the fact that the 
plane which separates the upper conducting portion from 
the lower non-conducting part is a moving plane, the rate of 
movement of which has to be determined by the solution 
of the equations. -In these circumstances I have been 
compelled to make the further assumption that the conduc- 
tivity is uniform throughout. Some remarks will be made 
later on the nature of the error introduced by this assumption. 

The simplified problem may now be stated as follows :— 
Given a medium whose radioactivity is such that the tempera- 
ture in insulated material would rise a degrees per second, 
and whose diffusivity (Maxwell’s thermometric conductivity) 
is æ, required to determine the temperature distribution at 
any time ¢, if the initial temperature is 0, throughout, and if 
the medium is contained within two fixed parallel planes 
vx=0 and c=l, of which the former is maintained at zero 
temperature, while the latter is impervious to heat. 

The differential equation of conduction for a non-radio- 
active medium would be 


If the medium is radioactive, the rate of rise of tempera- 
ture 90/0¢ is increased by an amount a, so that the equation 
becomes 


This equation reduces at once to the preceding form if wo 
put O=v+at. The solution of this is well known. As 
written below, it is merely a special case of a more general 
solution which I have taken from H. S. Carslaw’s ‘ Fourier’s 
Series and Integrals,’ § 103 (1st ed. 1906). The required 
solution is 


¢ H?nt 
ar(2l—-x2) 42,1 Jalb - 0. NTE 
ae +- (b .. pe ** sin- 2 
a wv? wrr 2/? (2) 


where 0 is the temperature at the plane v and at time t. 
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Y here signifies the sum of an infinite series in which the 
values of n in successive terms are the odd integers 1. 
3, 5, ete. It is easy to verify that this solution satisfies all 
the required conditions. 

If lis the maximum depth to which the 0) geotherm can 
possibly descend, then 0=0, when «=/, and ¢ is infinite. 
Substituting these values, we get 

al? 


l= De ` . ° . . ° ° . (3) 


and if we use this equation to eliminate « from (2), it 
becomes 


0 zx x 42,1 8 i ee 

—_- «= 9 — — 39o 1 meen, 

ĝo i( i) T a n (1 a j e dk (4) 
The following are the data adopted by Prof. Joly :— 


Melting-point of basalt = 1150° C. 

Heat developed per sec. per gram = 12°64 » 107" eal. 
Density of basalt = 3:0, sp. heat = 0'267. 
Conductivity of basalt = 0'004. 


From these figures we get «=0-005 sq. em. per sec., and 
a=47°3 x 1071 degree C. per sec. 

Substituting in (3), we get 2=30°6 miles. 

If, as will be convenient, we take one million years as 
our unit of time, then a=14°9 ('. per million years. Using 
these values, the following figures for 0 have been calculated 
from (4) :— 


Tem perature @ for. different Times and Distances. 


Time Distance in miles from surface. 
(millions m —— —_—__ -—-*- — +--+" 
of years). 5l 10:2 153 20:4 255 30-6 
a oO C © © C 

ET 999 2 1160:9 11648 1164°9 1164:°9 1164°0 

5 Te 611:6 999-9 1166-5 12143 1223°3 12244 
TO oerien 492-0 &64°8 1i0V0-3 12225 12733 1286-2 
LO, Girres 447 799:5 1052 4 1210:5 12927 13176 
I oreesa 421:2 rii 1022-4 1196:5 12950 1326°5 
DD akora 408°] 743:9 10025) 11832 1289-0 13238 
OU: iaer 400-0 7306 988-0 11708 19796 13157 


Since the rise of temperature in insulated material is 14°°9 
in a million years, it will be seen that the last 15 miles lose 
no heat in the first million years. Actually, the calculation 
shows a very slight fall, affecting the second decimal place 
only. 
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I have traced the curves of temperature distribution for 
t = 1, 5, 10, 20, and 30 million years. The diagram would 
be confusing if more curves were included. 


—_—_} 


Miles 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 


The position of the 1150° geotherm was derived from the 
curves and then calculated independently. The following 
results were obtained :— 


Depth of the 1150° Geotherm at different Times. 


Time . 5 l 
(millions of years). l: 5. 10. 15. 23. 25. 30. 
Depth (miles) ...... 8°6 14°5 17-0 18:1 18:8 19:3 196 


The error introducea by omitting to treat. the portion of 
the medium above 1150° as non-conducting does not become 
appreciable until a considerable thickness has been cooled 
below that temperature. This is evident from the flatness of 


the curves £ = 1 and t = 5 at their upper parts. It is clear 


212 
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that actually the heat generated in the lower regions would 
be held back, instead of being partly conducted away, so 
that the geotherms would advance somewhat farther than is 
indicated by the above calculations. We may conclude that 
in 30 million years the 1150° isotherm would descend toa 
depth of at least 20 miles. Again, if in equation (2) we put 
| = 26-2 miles instead of 30-6, we find that in 30 million years 
the 1150° geotherm would just reach to 26°2 miles. Here 
no heat is held back, and as the escape of heat is facilitated 
by conferring on any part of the medium a greater conduc- 
tivity than it actually possesses, this result constitutes a 
major limit to the distance. Thus in 30 million years the 
1150° geotherm attains a depth which is greater than 19-6 
miles and less than 26°2 miles. 


XLIX. On the Discontinuous Flow of Liquid past a Wedge 
of Small Angle. By W. B. Morton, M.A., Queen's 
University, Belfast *. 


Introduction and Summary. 


HIS paper is in continuation of one published in the 
Philosophical Magazine of May 1921f, in which was 
treated the flow of liquid past a wedge of any angle. It was 
suggested to me by Mr. T. ©. Tobin that it would be of interest 
to examine specially the case in which the angle of the wedge 
and the angle at which its face is met by the stream are both 
small, since this may be regarded as a rough approximation 
to what happens in the case of a screw-propeller. It seemed 
possible that the rather intractable analysis of the former 
paper might be capable of simplification by way of an 
approximate solution when the angles are small. I have not 
made much progress in this direction with motion of the 
most general type, when the backward part of the stream- 
line along the front face, passing the angle of the wedge, 
bends round and is caught by the back face, enclosing a 
pocket of dead water (see fig. 2 of the former paper). In 
the two limiting cases, however, designated by the names of 
Kirchhoff and Bobyleff, I have found some simplified results 
of a rather interesting kind. In the former the stream-line 
from the apex just grazes the edge of the back plane and in 
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the latter it runs along its entire length, the stream dividing 
at the apex. When the angle of the wedge is small and the 
direction of the stream lies within it, the determining factor 
is found to be the ratio in which the wedge-angle is divided 
by the stream-direction. The actual magnitudes of the 
angles do not enter into the formule. 

The following details are discussed :— 


(1) The ratio of the breadths in the two limiting cases. 
Incidentally it is shown that the free stream-line 
round the upstream edge of a single plane approaches 
a definite form of curve as the angle of attack is 
decreased, while, of course, the scale of the curve 
decreases to zero. 

(2) The ratio of the thrusts, in the Bobyleff case ; also, 
the loss of thrust brought about by the flow of the 
liquid along the rear plane when this extends so far 
as to bring the point of division of the stream to the 
corner. 

(3) The manner in which the velocity of the liquid varies 
along the planes from zero, where the stream divides, 
to the full value at the edge where the free stream- 
line begins. 


1. The Ratio of the Breadths. 


It will be convenient to begin with a summary of the 
analysis of the case where an infinite stream divides at the 
apex of a wedge and flows along its faces. Bobyletf solved 
this for an equal-sided wedge and symmetrical impact. 
When the direction of the stream makes unequal angles with 
the faces their breadths must have a definite ratio, the 
broader plane being that which is met at the smaller angle. 
By flattening out the wedge we can get the case of a single 
lamina. 

Let the angle of the wedge be y=a/n, and let æ and 8 be 
the parts into which it is divided by the direction of the 
stream. The configuration in the planes of 


s=utly, 
w= pti, 

d: 
2=log(—Q jy) 


=log” +16, 
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and the corresponding values of the auxiliary real variable v, 
are shown on fig. 1. Then 


dO /du=A(u?—1)~!, 
dw/du= B(u—a)-*. 


It is easily found that A=1/n, and so 


Q= Hog fut (0# 1}}. 


Fig. 1. 


a 
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Along the free stream-line, u= cos x0 and in particular, for 
the point ut infinitv, a=cos na. 
1 
dz/du=— Blut (wW—1)4}27Q(u—a)3. 
For points on the faces of the wedge, where | «| >1, we obtain 
compact formule by introducing a new angular variable x 
connected with w by the equation 
u=(1+acos ny)/(a+ cos ny). 


At the points C, B the values of y are Band zero. The length 
of the face CB is found to be equal to 


Ba (F. E i I~ a. 
GA sin  gn(B+x).sin “4u(B—y) .sinny dy. 
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Now suppose x to become large. The angles na,n8 remain 
finite, being amy, Bry. The expression for the length CB 
reduces to ”B/8Q sint na. CD is got by putting @ for a. 


CB, CD may be called the a-side and the A-side of the wedge. 
We have found that 


LAT 
A-side/a-side =sin'}na/sint}ng =tan! - 3° 
Y 


This is the “ Bobyleff ratio.” 


It is interesting to compare with the formula just obtained 
certain numerical results which have been worked out for me 
by Miss F. M. Chambers, M.Sc., using the exact formulze 
and evaluating the integrals by planimeter. The values of y 


can scarcely be regarded as “small,” but the results are in- 
satisfactory agreement. 


y a. Ratio by Planimeter, By Formula. 
15° 5° 9 9 

18 5 206 2164 

20 5 30°7 33°97 
224 5 52 56:98 


To find the other limiting ratio we must consider the free 
streain-line from the upstrea im edge of a single plane and find 


where it is met by a second plane, set off in the dead water 
at angle y with the first. 


Making n=l in the above analysis and putting u= cos 0 
we easily “find for the coordinates of a point on the stream- 
line referred to the upstream edge (@=7) 


MHT (* sin 6 cos 0 dô 
~ Ja (cos æ — cos 0)” ? 
= (®© sin? @dé 
_ „ (cos 2—cos 6)” 
where « is written for the length B/Q. 
As a->0 the integrated values approach 
x= le cot? 40(cot?4é—2), 
y =$c cot’ 10. 
So that the equation to the limiting form for small angles of 
attack may be written 
8e/e=11 — (3y; y — 1. 
The curve turns to the right at 0=}r, v= —4c¢, y= Fe, and 


crosses the y-axis again at 0= cos™! }, y=2 v 2¢/3. Close to 
the edge it approximates toa semi-cubical “parabola. 
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The curve is plotted on fig. 2. For comparison I have 
calculated some points on the exact curve for a=5° Within 
the limits of the diagram the two curves are indistinguishable 
on this scale. The extreme points marked with a cross and 
a circle are the approximate and exact points for 0= 30°. 


Fig. 2. 
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At very distant points, as 0 = 5° is approached, the divergence, 


of course, becomes great, as is seen from the following table 
of coordinates. 


Exact Curves Approximate Curve. 
x. Ye x. y. 

150°...... — 017 "006 — O17 "006 
120 iste — 070 065 — "069 "064 
tee — 126 336 — 126 333 
60 cussing 384 1:760 ‘375 1-732 
30 ...... 22:087 18:295 20:767 17:331 

KO ET 3754-076 841-597 2100°9 497°76 


Although this approximation gives a good idea of the 
form of the stream-line leaving the edge, it obviously cannot 
be used to obtain the intersection with a radius-vector making 
a small angle with the axis of 2, tor at the distant point 
where this meets the stream the angles æ and @ are com- 
parable in magnitude ; we therefore go back to the exact 
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expressions for (wy) which, on integration, are found to be 
iC 24+ cosa 2 cos 0 — cos a 
c~ 2(l1+cosa)? © 2(cos a—cos 8)?’ 
y 1 {ass Se sink(0+a)) 


— 
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—-_ 


eT  —-—i—air — = ee ae 


(cos a — cos 0)? sing(0—a) Í ` 


Making 0, a small and retaining only the terms of the largest 
order, 


= 
c 
y 1 ( 2a0 (0 +a") _ Ani: 
o Faa (Pey Ba. f° 

At the point where the second plane reaches the stream-line 
y=yx. So 


E A A N (cers 


0+a 
= - log ,- - 


a 2a dat Oa 
The breadth of the first plane is e(r sin «+4)/2 sint a, which 


may be put =?2cla*. The required approximate ratio is then 
z/breadth of plane =a‘/(@?—.?)?, Thus assuming a value 


Fig. 3. 
37 | KB K 


E 5 x fý 
for @/a (being >1) we can find the corresponding associated 
values of ajy and of the breadth ratio, which can then be 
plotted together. 
On fig. 3 the curves marked B and K show the Bobyleff 
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and Kirchhoff ratios for different values of a/y. They may 
be compared with the corresponding and similar curves given 
in the previous paper for a right-angled wedge. The curve 
marked K’ shows, over any value of ajy, the reciprocal of the 
K-ratio tor L—a/y or Bly. 

As an illustration of the information contained in this 
diagram suppose a wedge-shaped blade to be met by a stream 
at an angle of 5°. Take the breadth of the front face of the 
blade as unity and suppose a back face making an angle of 
15° with the front one, to be extended to an increasing 
breadth. Then, over the value a/y = 1, three critical breadths 
are indicated, separating four distinct types of motion : 


(1) While the back face lies altogether in the dead-water 
region, the stream divides very near the edge on the front 
face. Calculation for a=5° shows that the distance from 
the edge to the point of division is less than 1/50,000 of the 
breadth of the plane. When the back plane reaches a 
breadth of about ‘05 (on tbe curve K), it interferes with the 
stream-line. 

(2) After this a small pocket of dead water is formed at 
the edge, on the back plane, beyond which the stream-line 
runs along the remaining distance of this plane to its further 
edge. The point of stream-division comes still nearer to the 
edge on the front plane. ‘There is, of course, a loss of thrust. 
When the breadth of the back plane reaches about -1] we 
are on the B-curve. The stream divides at the angle of the 
wedge. In the next part of the work we shall find an 
approximate value for the loss of thrust at this stage. 

(3) The point of division of the stream now comes on the 
back face, and a pocket of dead water is formed on the front 
face at the edge. With further extension of the rear plane 
this pocket spreads until, on the curve K’, for breadth of 
about °45, it covers the whole of the front face. At some 
point in this stage the resultant thrust vanishes and then 
reverses. | 

(4) With further extension we get the original motion 
with the roles of the planes reversed and an incidence on the 
other face at an angle 10°. 


By following a horizontal instead of a vertical line across 


the diagram the effect of changing the angle of incidence 
ean be followed in a similar manner. 

Without claiming for this investigation any direct applica- 
tion to practical conditions, one may, perhaps, infer from it 
that with small angles of attack the nature of the motion and 
the magnitude of the thrust obtained will be sensitive to 
comparatively small changes in the geometrical configuration, 
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As a test of the closeness of the Kirchhoff approximation I 
have calculated the coordinates of the point @=10° on the 
accurate stream-line for a=5°. I tind that the radius vector 

makes an angle of 12° 38) with the plane and that its length 
is 104 of the breadth of the plane. The value of afy is 391 
and the height of the K-curve for this abscissa is about ‘11. 


2. Thrusts on the Planes. 


At a point on the plane CB we have the velocity 


g=Q{ut (w—1))} | 
or, in terms of the angle y already used, 
l 


1 
g=Qsin *}n(8 +y) .sin"4n(B—x). 
The excess pressure 
r=} - 
= 3 
ae —sin "“4tn(8+y).sin” in(8—x) f 
Multiplying by the element of length and integrating along 


the plane, we obtain for the thrust on - 


B in? 
Jen (" f sin 4n(B-+y) „sin a 


sint na 
e 9 


] 1 
—sin "Ln(B+x) sin +a tn(B—xX) l sin nydx. 
When n becomes large the expression for, p approaches the 
value 
2, sin } in(B+x) 
102? j 
a pi K °F sin $n(B—y)’ 


and the approximate value of the thrust is 


Qp (Ph 
aol sin 47 OEA sin $n(B—yx). sin rx 
0 


sin‘ na 
i lov sin an8 +X) 4 
> sin O P 


This can be integrated by parts; the result is 


x 


E sin nB(sin ny—ny cos nf) 
sin dn (B+ ca 
? 
0 


— } (cos ny — cos "Jog. n 
4(cos ny — cos ng)” log on ey) 
omitting the factor 2BQp/n sin‘ nz. 
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The logarithmic term vanishes at both limits, and we obtain 
for the thrust 


BQp(sin nB—nB . COS nB){2n sin? na. 


It follows that thrust on a-side : thrust on A-side 
= (1— Pw cot r): (1-* m cot - žr). 
Yy Y Y 


The graph of this ratio is shown on fig. 4. I add a table 


Fig. 4. 


-8+ Ratio of 
Thrusts 


el i 3 4 5 


giving the values found by planimeter for the four cases 
referred to in the preceding paragraph, along with those 
given by the approximate formula. In the first of these the 
ureas were too small to give an accurate measurement. 


y. a. Ratio by Planimeter, By Formulas 
15° 5° 6'3 5:58 

18 5 129 12°67 

20 5 132 13°64 

224 4) 27-9 22°3 


If now the two faces are taken together, the resultant thrust 
on the wedge, when the angle is small, may be taken as the 
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difference of the thrusts on the two faces. Its magnitude 1s 
BQpy cos na/2 sin? na. | 


Dividing by the breadth of the front face, which is 
B/8Qsintne, we get for the thrust per unit breadth the 
expression 

Q°oy sin bna . cos na’? cos? sna, 
If the back plane were absent the thrust per unit breadth 
would be 1()°p7a@ and so the effect of the back plane, at this 
particular breadth, is to reduce the thrust by the factor 


sin 4na. Cos na/tne. cos? tne 
a 
(nx = -. T). 
Y 


This function is plotted against æ/y on fig. 5. 


p 


Fiz. De 


Ratio of 
Thrusts 


Returning to fig. 3 we see tbat the above work has given 
the decrease in the effective thrust brought about as the 
breadth of the second plane increases from k, when it first 
interferes with the motion of the liquid, to b when the stream- 
line divides at the apex, & b k’ being used forthe ordinates of 
the three curves. The negative thrust for breadth &’ is also 
known ; its ratio to the original thrust on the single plane is 
evidently k'B/æ. With these data it is further possible to 
get a rough estimate of the breadth of the second plane 
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which makes the resultant thrust vanish, if we make the 
assumption that the decrease of thrust is connected by an 
upproximately linear relation with the increase of breadth of 
the second plane. This procedure would be suggested if the 
proportionality between decrease of thrust and increase of 
breadth were found to hold between the critical cases which 
have been discussed. This is exactly the case when the 
direction of the stream bisects the angle of the wedge, for 
then we have 


thrust 1 for breadth &, 
” 0 9 I, 


Readings taken from figs. 3 and 5 show that the relation 
holds approximately for other values of a/y which are not too 
small to permit of accurate readings. It is otherwise evident 
that a graph for this fourth critical value of the breadth, 
lying between B.and K’, is roughly determined by the con- 
ditions of touching the axis at the origin and passing through 
the poiut (0:5, 1). 


3. Variation of Velocity along the Planes. 


Comparatively simple relations between the velocity of the 
liquid and the distunce, measured from the point of zero 
velocity, can be found in certain cases, and from these the 
distribution of thrust over the planes. 

Using the angle x as before and considering the plane CB 
in the general Bobyleff case, we have for the distance of a 
point from the apex 


"Baa ao 
2=A\ sin “in(8+x).sin "tn(B—x) .sinny.dy, 
eX l 
with 
q=sin $n(B + x)/sin ġa(8— x). 


The constant A will be given such a value as will make r=1 
along with q= 1 at the edge where y =0 and the free stream- 
line begins. 

The integral for x can be evaluated in two cases, 


(a) when the wedge flattens out to a plane, — 
(b) when, as in the previous work, z is large. 
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(a). Replacing 8 by (m—a) the expression for æ becomes 
A{2(cos y + cos a) +sin (y+) . sin (2a — x) 
—(m7—a—y) sine}. 


The result of plotting q against x for different angles of 
incidence is shown on fig. 6. 


Fig. 6. 


A curious feature of these curves is seen in the approach 
to a limiting form as the angle a approaches r, i.e. on the 
short upstream side in the case of very oblique incidence. 
The equation to this limiting graph is found by replacing 
x by (m—x) in the above, and expanding in powers of the 
small angles ya. The lowest order which does not vanish is 
the fourth. ‘The result is 


ga(a—y) (Lia? + lTaty + llay? + 3y)/1ia', 
making x=1 when y=0. Along with this 


gy =(a—x)/(a+x). 
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Elimination of y/a gives the algebraic equation 
=l] bg + 49? + 69 + 6)/17(1+4)'. 
(b). By means of the approximations already used we 
obtain 
= (cosny—cos n8)?/(1—cos 28). 
It is now easy to eliminate y and connect «g directly. The 


result is 


Q 
a 


z= 4 4 sint2 / (1—2 eosm +4) | i 
f i y2 y 1 


Fig. 7. 


Se = 


X ‘ 
| E lO 
The graphs are shown on fig. 7 i. They agree closely with 


results obtained by planimeter i in the special cases already 
referred to. 


ne tear 
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L. The Crystal Structures of the Rhombohedral Forms of 
Selenium and Tellurium. By A. J. Bravtey, M.Sc., 
Research Student in Physics, The Physical Laboratories, 
University of Manchester * 


[Plate X.] 


A. SELENIUM. 
1. Introductory. 


CCORDING to Groth t, selenium crystallizes in three 
modifications, of which two belong to the monoclinic 
system, and the third to the rhombohedral system. The last 
form, known as metallic selenium, is isomorphous with the 
naturally occurring crystals of tellurium. It has a specific 
gravity of about 12 t, and crystallizes in small hexagonal 
prisms. There is no record of crystals being obtained 
sufficiently good to give any definite value for the interfacial 
angles and the axial ratio. F. C. Brown § describes the 
production of crystals of metallic selenium of three distinct 
types by distillation at various temperatures and under 
varying partial pressures of selenium vapour. The first 
type were rhombohedral or hexagonal in shape, and agreed 
with Muthmann’s description. Other crystals grew in 
clusters of spines or needles. These acicular erystals were 
quite stiff and tough, in striking contrast with the third 
type, which consisted of flexible sheets, the thickness being 
of the order of 0°01 mm. These lamellar crystals were 
produced when the temperature was low. 


2. Experimental. 


The crystal structure was investigated by the method of 
the powder photograph. The experimental arrangements 
were exactly the same as in the case of arsenic ||. The first 
photographs obtained were from the finely-divided grey 
selenium, the particles of which were too small to show any 
lustre. Not many lines were visible, and these were weak, 
broad, and indistinct. There was very much general 
blackening of the film, which indicates the presence of a 
large proportion of amorphous material. Only approximate 


* Communicated by Prof. W. L. Bragg, F.R.S. 

t Chemische Arystallographie, i. p. 33 (1906), 

t Muthmann, Zeitschr. f. Krystall. xvii. p. 854 (1590). 
§ Phys. Rev. (2) iv. p. R5 (1914). 

| A.J. Bradley Phil. Mag. ee p. 657 (924° 


Phil. Mag. S. 6. Vol, 48. No. 235. Sept. 1924. 2 IN. 
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measurements could be made, but these were sufficient to 
indicate the nature of the space-lattice. By comparing the 
observed spacings with those given by Hull’s * graph for a 
simple triangular lattice, an agreement was found for an 
axial ratio of about 1°14. Density considerations show that 
each point of the lattice represents three atoms of selenium. 
No further progress could be made in the elucidation of 
these films, so an attempt was made to grow some larger 
crystals of selenium, and in this way to obtain a mass of 
material free from amorphous diluents. 

The crude vitreous selenium was placed in a glass cylin- 
drical vessel which was carefully evacuated, and the selenium 
was heated by placing the cylinder vertically with the lower 
end in an electrically-heated jacket. After several days 
crystals appeared in the cooler portion of the vessel. The 
sublimate formed three well-marked zones. First, nearest 
the heated end, was a sharply-defined narrow horizontal 
zone of definitely crystalline material, which u!timately grew 
almost across the tube. Then followed a broad band of 
shiny grey scales covering the walls of the vessel, which 
gradually gave way to a still broader zone consisting of an 
attenuated red film. 

The crystals were of the lamellar type, about a centi- 
metre long and about 0°4 mm. across. In general appearance 
they resembled the crystals described by Brown (loe. cit.). 
No other form of crystal was observed. 

A sample of these lamellar crystals was ground in an 
agate mortar and exposed to A-rays in the usual manner. 
The photograph so obtained was identical with the earlier 
films in respect to the positions of the lines, but the inten- 
sities were not all in the same relative order in the two sets 
of films. The most obvious explanation of this difference 
is to be found in the large size of the crystalline particles 
in the second experiment. In order to test this hypothesis, 
two more exposures were made with more carefully-ground 
specimens of the recrystallized selenium. A comparison of 
the intensities showed that in both cases the lines were in 
almost the same order of intensity as those on the film 
taken with the crude material, though one or two lines 
showed a tendency to deviate towards the order given by 
the coarsely-ground specimen. ‘The orders of intensity are 
given in Table I. They were obtained by the method already 
described in the ease of arsenic (loe. cit.). Column IV. 
refers toa film taken with the crude material ; Column V. 


# A.W. Hull, Phys. Rev. (2) xvii. p. 571 (1921). 
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was obtained from the coarse crystals; and Columns VI. 
and VII. from the more finely-ground specimen. 


TABLE I, 
I. II. III. IV. V. VI. VII. 
Order of Intensity. 
d do pas peter ee A 
„ Obs.) „ Cale.) Reflecting Powder, Merge Small 
x10-“em. X10-*em. Planes. ' crystals. crystals. 
wh 4:96 0001 aa oe oats es 
371 377 1010 3 2 3 4 
2:982 2-999 1011 1 1 1 1 
be 2-480) 0002 A oe ne 
2174 2175 1120 6 6 9 
2-070 2071 1012 } 9 3 2 9 
1-998 1-990 1121 
1891 1'883 2020 gs 16 18 18 
1761 1-762 2021 4 4 4 3 
1:6533 0003 ? a 
63! 10 
ne a 1122; se 
z Buse 1013 
roe 1-409 2022 } i mn T ? 
- 1:430 1:423 1230 8 5 5 5 
1-371 1:370 1281 12 12 14 
1:315 1315 1123 15 13 12 
1:271 1:256 3030 19 19 19 
1-241 2023 
1:241 1:240 (CIE, 
l 1234 1252 p 10 19 
1:220 1:217 3031 
1:177 1176 1014 15 15 15 
1:122 UII9 3032 l4 13 13 
1:087 2240 
1:079 l 1:077 1233 7 7 9 3 
| 1-075 1124 | 
1-061 1:063 2241 
1-043 1-045 1340 20 20 20 
z 1:034 9024 | 
23 | g 11 11 
ne ees 1341 
= 999 2242 ) 5 be >: 
.( ; 5 1 
ii { 995 3053. ” M 
qin O63 1342 ` = : 
963 { 957 1015 ) ER 17 16 16 


It appears from a comparison of the photographs obtained 
with the coarse and finely-divided material, that in the 
former case there is a tendency for planes which make small 
angles with the trigonal axis to give too great a relative 
intensity of reflexion. Thus in Column V., lines belonging 
to planes (1010), (2020), re are all too strong, whereas 

DAN? 
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those corresponding to planes (0003), (1122), (1013), (2022) 
are all too. weak. This is probably due to the lamellar 
nature of the crystals, which favours a definite orientation. 


3. Selection of a possible Structure for Selenium. 


The film whose order of intensity is given in Column VII. 
was the clearest obtained, and hence measurements from 
this film were used to find the lattice dimensions. The 
calculations were similar to those for arsenic (lor. cit.), and 


e d e e . 
Column I. gives the values of - obtained in this way. 
n 


Every line which appeared on the first photographs with the 
crude material is repeated on this film, but in addition 
many lines which were there too faint to show up, now 
appear. - Only those spacings are present which fit on Hull's 
graph for a triangular. lattice of axial ratio c:a=lT14:1. 
Two important lines, however, are still missing. This 
omission affords a valuable clue to the structure, as will be 
seen later.. | 

From Hull’s graph we can also obtain the indices of the 
planes corresponding to each line on the film. Thus the 


spacing “ =1-89 A. corresponds to the plane (2020). The 


spacing of (1010) planes is therefore 3°78 A. This value is 
chosen in preference to that obtained from the first-order 
reflexion on account of the much greater sharpness of the 
lines (2020). The volume of the unit cell, which is a right 
rhombic prism and contains one point of the lattice, is 
403 ip X LL 14=82:0 x 107 c.c., where diow is the spacing of 
planes (1010). Assuming the density of selenium to be 4°8 
anl its atomic weight 79-2, and taking the weight of the 
hydrogen atom as 1°663 x 107% gm. and its atomic weight 
as 1:0U08, the volume occupied by one atom of selenium is 
27°24x10-* c.c. The number of atoms associated with 


SJ 
each point of the lattice is therefore es =3°01. In other 


words, the structure consists of three interpenetrating 
lattices. 


d . . e 
Every value of within a certain range was then 
n j 


caleulated for such a system and for the constants given 
above. These values agreed with the observed values of 
Column I., but were on the whole Ol per cent. too high. 
After correcting for this difference, the calculated values are 
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givenin Column II. From these corrected values we obtain 
the length of the side of the base of a unit cell, a=4°35 A. 
This confirms the results obtained by Miss M. K. Slattery *, 
who found that the structure of seleniuin consisted of a 
simple triangular, lattice of axial ratio 1-14 and length of 
side of base 4°34 A, three atoms being associated with each 
point of the lattice. The corrected density will be 4°82. 

It is interesting to compare these results with the obser- 
vations of F. C. Brownt on the lamellar crystals of 
selenium. Brown considered that these crystals belonged 
to the monoclinic system, axial ratio a: b:c=1°0:0°18 : 6:0 ; 
8=60°. As the ratio c:a is an integer and the angle 
B is 60°, it seems likely that the crystals are really trigonal. 
All the X-ray data fit in with this assumption, and 
measurements of lamellar crystals which I have made point 
to the same conclusion. The crystals appear to be composite, 
consisting of a number of parallel growths. In one case a 
single crystal of measurable dimensions was isolated from a 
lamellar crystal, which possessed clearly-defined trigonal 
symmetry. It gave values for the interfacial angles 
(1011) : (1101), rr=87° 36’, corresponding to an axial ratio 
c:a=1'15. it does not seem likely that there is any 
difference in structure between Brown’s three forms of 
selenium, especially in view of his own observations on 
the identity of the electrical, light electric, and electro- 
mechanical properties of selenium crystals of the three 
forms. | 

It remains to discover.the mutual orientation of the three 
lattices which compose the selenium structure. All the 


Fig. 1. 


A. D F B 
spacings tabulated in Column II. have their counterpart in 
Column I, except (0001) and (0002). The spacing (0001) 
of a single lattice (AB in fig. 1) must therefore be divided 

* Phys. Rev. (2) xxi. p. 378 (1923). 

t Phys. Rev. (2) v. p. 236 (1915). 
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by the planes D and F belonging to the other lattices, so 
that AD=DF=FB;; the first reflexion will correspond to 
AD, the (0003) spacing. 

Further elucidation of the structure depends upon con- 
siderations of symmetry. Assuming the crystals to be 
trigonal, their structure must constitute a Sohneke * point 
system ł. There are only eight such systems possessing 
trigonal symmetry, in which the spacing (0001) is divided 
by three. Hexagonal point systems can be ruled out, as 
they require at least six atoms to each point of the tri- 
angular lattice. Five of these trigonal systems possess 
2—al axes of symmetry, namely:— 


1. Nos. 19 and 20.—Right and Left compound 3-point 


screw systems. 
2. No. 22.—Compound Rhombohedron system. 
3. Nos. 23 and 24.—Right and Left ie 3-point 


screw svstems. 

Systems 19 and 23 are the mirror images of 
sy stems 20 and 24 respectively, the screws being i in 
one case right-handed and in the other left- handed. 


In point systems Nos. 19, 20, 23, and 24 there are in 
general six points grouped in pairs round each point of the 
simple triangular lattice; the pairs are symmetrical about 
the three 2—al axes. In the present case we have only 
three atoms to each lattice point, so that in place of three 
pairs of points, there is : single point on each of the three 
2—al axes. System 2 2 has in general eighteen atoms to 
each lattice point. E we simplify this by reducing the 
number of atoms to three, the structure hecomes a simple 
rhombohedral lattice. Such an arrangement is impossible 
for selenium, as reflexions from many of the wider spacings 
which actually occur could not then be given. 

The conditions for systems 19, 20, 23, 24 are completely 
an en by the observed spacings. 

Fig. 2 gives a projection of systems 19 and 20, and fig. 3 
of systems 2% and 24, the trigonal axes being perpen- 
dicular to the plane of the paper. Differently shaded 
-cireles represent atoms at different levels along the trigonal 
axes. 


* Sohncke, Entwickelung einer Theorie der Aristallstruktur, 1871. 
t If not, the structure would possess operations of the second sort, 
and the atoms would occur in pairs, which is not the case. 
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Each of these systems has an infinite number of parallel 
3—al screw axes, and also an infinite number of non-inter- 
secting 2—al axes, lying in planes perpendicular} to the 
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3—al axes. Figs. 4 and 5 show the positions of the axes in 
systems 19 and 20, and 23 and 24 respectively. The 2—ał 


Fig. 4. 


axes’ are of two kinds—rotatory (indicated by continuous 
lines) and screw (indicated by dotted lines). The arrange- 
ment of the axes in fig. 4 shows that the structure belongs 
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to the general space group * D} or D, and that shown in 
fig. 5 to the space group Dt or D,°. Both are isomorphous 
with the point group D}, so that if selenium possesses either 
of these two types of structure, its symmetry will be trigonal 
holoaxial. : 

In each case there is a variable parameter—the ratio of 
the size of the small triangle ube to that of the large triangle 
ABC (figs. 2 and 3). Upon the value of this parameter 
depends the intensity of reflexion from all planes except 
(0001) for all orders of reflexion. It is therefore possible 
to test the validity of either of these structures by attempting 
io find a value for the variable parameter, which will give 
the observed intensities of reflexion. If such a value does 
not exist, the structure must be of another type. 

‘Of the systems which are without 2—al axes, No. 18 can 
be ruled out immediately for similar reasons to those used 
for No. 22. There remain :— 


Nos. 15 and-16.—Right and left three-point screw systems. 
Fig 6. . 


These systems differ only from the four just considered 
in that the sides of the small triangle abc are now neither 
parallel nor perpendicular to the sides of the large triangle 
ABC. Fig. 6 shows a projection perpendicular to the 
trigonal axes of a possible structure belonging to this 
system. Itisaspace group (C3? or C, and possesses only 
3—al screw axes and no other elements of symmetry. Itis 
isomorphous with the point group C3, so that the crystal 

* Hilton, ‘ Mathematical Crystallography,’ p. 222 (1903). 
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symmetry would be trigonal polar. 
from the ervstal form ean show, there is no reason for 
assigning the crystals to a class with such low svmmetry ; 
the other types of structure therefore seem preterabie. 

It cen readily be shown that a structure based on systems 
19 and 20 will not fit in with the experimental results. The 
observed orders of intensity of retlexion are given in 
Table II., Coitumn III., and are the mean of the values‘in 


As far as evidence 


Tabs_e II. 
L II. ILI. IV. vV. VI. VIL 
Calculated 
Reflecting N haste) Order of Calewated  Interstty 
Pianes.  sin- 9” Iranie Intensity. Eguation Equation 
” B=). B=3-+4. 3. (4). 
lolon 1490 8 3 24-2 93-9 
lvil 1&1 1 1 1 514 49°5 
(one oe ae om es Ses a 
lizw 478 9 12 9 8-21 8100 
1912 Eso } 5 5 eee 1&4 
1121 NIY - = 13-3 14:8 
AAD 35:2 138 18 17 1-48 1°42 
X21] 52-8 4 ri 13:5 130 
U):5 o 5 Q 5 { 2s) 365 
1122 53 L xo TI 
1013 458 oct 3:55 
W2 458 } si ? { 775 738 
1230 41-5 6 5 T 10-05 0-40 
1251 752 13 lt 12 337 RELL 
1123 35-2 12 14 13 2-90 2-82 
BUCK) 15-4 19 2U 22W 02 2 
OUH = ae ae 
2023 313 j | si 38 
1232 62-6 j 10 10 10 ` D4 2-0) 
3051 30 1 3°50 327 
1014 MWA) 15 15 16 2-30 2-15 
3052 25-6 13 13 15 233 2-18 
NH) 11-8 79 ark 
12.3 472 | e 3 8 | 550 518 
1124 256 | l 133 1:26 
2241] 22$ 1-00 94 
1340 2j 20 19 19 31 “30 
224 21-3 1-28 1:25 
1341 426 } ni 8 a { 2-49 2-43 
2242 20-1 = = ‘66 68 
2053 nv] } nf 4 = { vl 01 
1542 BS Lag 11 l4 { hed P 
1015 19-76 "36 ‘90 
Total error ............ 41 10 
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Table I., Columns IV., VI., and VII. If 2 is the ratio offad 
to AB (fe. 2) it can be shown that for planes (4040) the 
phase factor is given by F=5+4 cos 2meh. As the glancing 
angle increases, the observed reflexions for diferent orders 
fall away more quickly than they would normally do, judging 
from other lines on the film; hence 


Fen Eng? Ey Zmes SU. 


For planes (40h) where l is not a multiple of 3, 
F=2—2cos2mrah. After allowing for the difference in 
the number of co-operating planes, a comparison of neigh- 
bouring lines on the film shows :— 


1. (1011) is greater than (1010) ; 2a. >120° 

2: (2021) i is much greater than (2020) ; 2m. lies between 
60° and 120°. 

3. (1014) and (3032) are almost equal ; 2mz=90° or 180°. 
2rzt 80°. 

4, (3030) < (1014) or (3032); 2a lies between 45° and 
80°, or between 160° and 180°. 


Only values of 2mw between O and 180° have been con- 
sidered, as all possible values of F occur within those limits. 
It is clear that no value of z can satisfy these conditions 
even approximately, so systems 19 and 20 can be definitely 
rejected. Only systems 23 and 24 remain. 


3030 ° 


4. Conjirmation of the Structure and Evaluation of the 
Indeterminate Parameter. 


In systems 23 and 24 the atoms are arranged as follows: — 
mn p; m+, nt, p+; mtr, n =v, p +š 
m+l,n,p; m+2e+l, n+, p+ +; metl, n—x, pt+% 
m, n+l,p; m+2entetlp+3; mt+e,n-e+1,pt+3 
where m, n, p are integers and «w is the ratio of the distance 
aC to AC (fig. 3). The axes of reference are two axis at 
120° to each other and at 90° to the third axis. The phase 
factor for planes (Akl) * will therefore be given by :— 
Pyw=3+2{ cos (2h + ch + }l)2m + cos (eh — ek + $l) 
2m + cos(wh+2rk—4l)27} .. (D 
The phase factors for all planes giving observed reflexions ` 


* I.e. (Akil). The index č being dependent on A and & is redundant 
for any calculations. 
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were tabulated for various values of « and plotted graphi- 
cally for reference. Planes (hO/d), where l is not a multiple 
of 3, give two different values for the phase factor, 
depending on the signs of A and l. There are an equal 
number of planes giving each value, so that Fro has been 
defined as the mean value given by equation (1). With this 
definition, values of Fu for 2mæ between O and ~ are the 
same as for 2m between 27 and m, so that only values of 
2arx below 180° need be considered. 

At this stage it is convenient to take into account the 
gradual falling-off in intensity with increase of glancing 
angle. This is due to many independent factors, such as 
the effect of electron distribution within the atom. The 
resultant effect may be expressed in the form 


Ta f (9), 
where I is the total intensity of reflexion at a glancing 
angle @, and f(0) is an unknown function of 0. The 
intensity of reflexion is also proportional to the number of 
faces N corresponding to the form {Akl}. Combining these 
factors with the phase factor, the intensity of reflexion from 
a plane (Akl) is given in arbitrary units by 


I=NF,,, 7 (Oee - 6 1 6 (2) 


As a first approximation only, we assume that 7'(@) =cosec? 0, 
as in the case of arsenic (loe. cit.). In order to minimise 
any error introduced by this assumption, only lines in 
neighbouring portions of the film are compared. 


ae N 
Table II., Column IT. gives the values of an?é for various 
sin 


reflecting planes, and comparing this with Column TII. for 


neighbouring lines, we see that the following conditions 
must hold :— 


L; (1011) is much stronger than (1010) ; 27a > 64°. 
2. (1120) is far less than half (1011) ; 
27a lies between 42° and 108° or above 132°. 
3. (1120) is far greater than twice (2020) ; 
Zara lies between 39° and 148°. l 
4. (2020) is much less than a quarter (2021) ; 
27x lies between 40° and 1409; 
. (1231) is far less than (1230); 
2m < 27° or lmg lies between 55° and 99°. 
6. (1123) is not less than (1231) or much more than 
(1231); 2mx lies between 22° and 26°, or 77° and 107°. 


Oir 


tad 
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7. (1230) is very much stronger than (1123) ; 
Imr lies between 46° and 90°. - 
8. (3030) is less than a quarter (1230) ; 
2m. lies between 25° and 95°, or 149° and 173°. 
AR (3032) is greater than (1014) ; 
Imz < 90° or drz > 152°. 
10. (1340) almost disappears ; 
Imax lies between 24° and 40°, or 73° and 131°. 


Any value of 2 between 76° and 90° will satisfy all those 
conditions, so that systems 23 and 24 are possible structures 
for selenium. 

Calculated values for IT were obtained by substituting in 
equations (1) and (2) the values 27.c=80° and f(@) = cosec? 8. 
Table JI., Column V. gives the corresponding order of 
intensity for comparison with Column IJI. It is clear that 
the observed intensities fall off much more rapidly than 
those calculated from equations (1) and (2) ; this must mean 
that f (8) has some other value than cosec?@. ‘The theoretical 
expression deduced by Darwin * for the powder method 
gives this factor as 


1+ cos? 26 —Bsin2@ 
—e F, 


where B is a constant, and F is an unknown function which 
expresses the effect of electron distribution on the intensity 
of reflexion. In the present case, it is also necessary to 
bring in a factor to allow for the greater diffusion of the 
reflected beam in directions at right angles to the incident 
beam than in other directionsf, so that the expression 
becomes 

1+ cos?26 —B sin? 
gin? cos 0° 


f(@)= Wee! od: 3 a oat 13) 
It is impossible as yet to give any value to the factor F in 
the case of selenium. The only possible method of approach 
is therefore to find an entirely empirical expression for Ft (@) 
which agrees with the observed facts and involves no as- 
sumptions as to the nature of the function F. Equation (3) 
suggests several empirical formule, of which the following 
has been found to work best :— 
pa Basin? 6 


J(0)= sin? @ esa we ae “er ae CB) 


* C. G. Darwin, Phil. Mag. xlii. p. 800, 4 & 10 (May 1922). 
+ Compare J. M. Bijvoet and A. Karssen, AL Akad. N eten. Amsterdam, 
xxv. p. l7 (1922). 
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If we introduce a factor (1+ cos? 20) into the expression, 
the intensity does not fall off sutficiently rapidly for 0 >45°, 
On the other hand, an expression of the form 


e— Basin? é 
S sin? 0 cos 0’ TERE. 
fits the data practically as well as that given by equation 
(4), as is shown beiow. 

Two values of B were substituted in equation (4), and the 
corresponding values of I were calculated from equations (1), 
(2), and (4). Giving B either of the values 2°72 and 3°40, 
the agreement with the observed intensities is vood. It is 
useful, however, to try the effect of varying the value of 2 
within a narrow region in the neighbourhood of 2a7=80°. 
If we do so, we find the best agreement for 27x2=78° 
and B=34. For these values of x and B, Column VI. 
gives the calculated intensities and Column V. the order of 
intensity. If we take the difference between the observed 
and calculated orders for each line in turn, the arithmetic 
sum of these differences is the ‘ Total Error” between the 
observed and calculated orders of intensity. This value is 
given in the bottom line of each column. Column VII. 
gives the actual values of the intensity calculated from 
equation (4), giving B the value +2. It differs very little 
from Column VI., so ihat equations (3) and (4) are almost 
equally applicable. Table IlI. gives the “ Total Error” for 
varying values of w and two different values of B. 


Taruke HI. (Selenium). 


Total Error in Order of Intensity for varying values 
of B and x. 


Parameter (27x). TOO. To, T80, 80°, 8°. 90°, 
B0 ina u Ta pa z 41 aa 
ee ua 20 18 14 14 16 24 
B=3'40...... 20) 12 10 12 20 24 


To sum up, the observed order of intensity of reflexion is 
consistent with a value of the parameter Ime = is, 


B. TELLURIUM. 
5. Heraluation of the Parameter. 


Tellurium only forms one a modification. It 


has a density of 6'235 (Kahlbaum) *, 6°338 (Beljankin) t. 
It is trigonal, being ismorphous oe erie selenium. 


The commonest ons are {100} and {211}. The angle 


* Kahlbaum, Zertschr, f. anorg. Chem. xxìx. p. 299 (1902). 
t Jour. Phy. Chn: Russ. xxviii. p. 670 (1901). 
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between the rhombohedral axes «=86° 47’, which corre- 
sponds with an axial ratio a:c=1:1°'3298 (G. Rose) *. 
Cleavage occurs most readily along (211), and less readily 
along (111). 


Several photographs were taken, using different specimens 
of tellurium, with the results tabulated in Table IV. 


TABLE IV. 
I. II. Ill. IV. V. VI. 
j Order of Intensity. 
n (Obs.) n (Cale.) KE Observed. Calculated. 
x10°* em. X107” cm. ` l —— mnm 
B=0 B=20 
59] 0001 = e 3s 
3845 3-850 1010 16 19 14 
3-220 3224 1011] 1 l] 1 
2657 OOO? ea . er 
2-344 2342 1012 2 2 2 
2-219 0-979 1120 3 5 3 
2-078 2-077 livl 12 16 13 
1-968 1-972 0003 11 13 12 
1-025 2020 a 21 20W 
1:830 1:831 2021 5 ri 5 
—e s)e) 
1-765 yes o. 15 15 i 
1614 1-612 29 7 10 7 
1-478 Ov04 as = 
en L474 1123 
rang 1:453 9] P È 5 
1:410 1:412 2131 9 9 9 
a 1-380 1014 
Baie f 1:378 21123 } s H l 
1308 1:307 2122) 
1:287 1:283 3030 ! Ag : a 
1:255 1:252 3031 14 17 16 
1:230 1124 i 22 21 
1:182 0005 
1177 3032 
1:172 | 1:172 2024 | 4 6 6 
1:170 2133 
1:13} 1:130 1015 16 14 17 
. lil 2240) ae A) 232 
1:092 1:092 2241 18 18 19 
Mies 1:075 3053 
roio { 1-068 3140 } 1 la 9 
1-051 1-050 ` Bll- 
1-042 1125 
1-038 1-040 vogo 3 4 & 
1037 a 
Total Error ......... 42 16 


* Pogg. Ann. d. Phys. lxxvii. p. 146 (1849). 
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Column I. gives the observed spacing, the mean values 
obtained from two films. These fit quite well on Hull's 
graph for a simple triangular lattice of axial ratio 1:33. The 
corresponding (hexagonal) indices are given in Column III. 
Assuming that the atomic weight is 127°5 and the density 
6:3, it follows, as in the case of selenium, that there are 
three atoms associated with each point of the lattice. The 
calculated spacings after allowing for a slight systematic 
divergence are given in Column II. The corresponding 
value of the density is 6:25, and the length of the side of 
the base of a unit cell a=4°445 A. This is in concordance 
_ with the results of Miss M. K. Slattery *, who found that 
the structure of tellurium was based on a triangular lattice 
of axial ratio c : a= 1'33 and a = 4'44 A, three atoms being 
associated with each lattice point. 

On comparing Columns I. and II. it is apparent that a 
a number of lines are entirely missing. This is due to two 
causes: the films were not so clear as those of selenium, so 
that the weakest lines did not show up; but the peculiarities 
= of the structure are also partially responsible. The complete 
disappearance of (0001) and (0002) offers us the same 
choice of structure as in the case of selenium. It is 
interesting that now the (0003) reflexion stands out clearly 
and is not masked by its coincidence with another line 
as with selenium. Similar arguments to those used for 
selenium show that we can reject any other type of 
structure but Sohncke’s point-systems Nos. 19 and 20, and 
23 and 24. 

The observed orders of intensity are shown in Column IV. 
and are the mean from three films. In order to test systems 
19 and 20 we endeavour to find a value for «x, the indeter- 
minate parameter which is reconcilable with the observed 
intensities. It must fulfil the conditions :— 


1. Since (1010) is weak ; 2a.r=180°. 

2. (2020) invisible ; 2me=90°. 

3. (1011) is very strong ; 2772 =180°. 

4. (2021) very strong; 2mæ= 90°. | 

5. (3031) much weaker than (2021) but by no means 
disappears ; 2m =75°—150° fulfils the first con- 
dition but (3031) vanishes for all the region around 
Ime= 120. 


Systems 19 and 20 clearly cannot afford solutions. As 


* Loc. cit. 
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with selenium systems 23 and 24 are the only possible ar- 
rangements. In confirmation of this we can find a possible 
value for x which will fulfil the following conditions :— 


1. (1010) is weak ; 2a lies between 93° and 165°. 

2. (1012) is almost equal to (1120) ; limits are 85°--153°. 

3. (1120) greater than 2 x (1121); limits are 94°— 146°. 

4. (0003) greater than (1121) but less than 2x (1121) ; 
limits are 97°— 104° or 143°—136°. 

5. (0003) greater than (1010) ; limits are 94°—161°. 

6. (0003) greater than 3 x (2020) ; limits are 45°—135°. 

7. (2022) greater than (2131) ; 22a lies below 96°. 

8. (2131) not less than (1014); 2 lies below 70° or 
above 89°. 

9, (2240) less than (2241); limits are 17°—43°, 77°— 103°, 
or 137°— 163”. 

10. (2241) greater than (3033) ; limits are 2mz below 98° 

or above 142°. z 


A value of 272 about 96° or 97° appears quite satisfactory. 
As before, f(@) in equation (2) has been taken to be cosec? @ 
and to minimize the possible error only neighbouring lines 
have been compared. All the experimental evidence, there- 
fore, supports the choice of Nos. 23 and 24 for the structure 
of tellurium as well as selenium. Table IV., Column, V. 
gives the calculated orders of intensity obtained by the aid 
of equations (1) and (2), on the assumption that 27 z= 100°, 
and /(@)=cosec? 0. A better agreement is obtained by the 
use of equation (4). Column VI. gives the order of intensity 
for B=2°0 and 277x=97°. These values give the best 
possible agreement with the observed intensities. The 
“ Total Error” is still greater than in the case of selenium, 
but this is due to the inferiority of the films, in the case of 
tellurium. Table V. shows the “Total Error” for varying 
values of B and «x. 


TABLE V. (Tellurium). 


Total Error in Order of Intensity for varying values 


of B and «x. 

Parameter (24x). 90°. 93°. 95°. 97°. 100°, 105°, 
B=0 _...... Sed wis ra mR 42 oe 
Blb sen 38 26 22 26 26 42 
B=20 ...... 40 34 20 16 34 46 


The value of the variable parameter is therefore 2m. =97°. 


Phil. Mag. S. 6. Vol. 48. No. 285. Sept. 1924. 2 L 
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6. The Structure of Selenium and Tellurium and its 
Relation to the Valency of the Elements. 


The results of the X-ray analysis show that the structure 
of these two elements corresponds with one of Sohncke’s 
point wystems, No. 23 or No. 24, whose projection is given 
in figs. 3 and 5, each fignre referring to either system. No 
distinction has yet been made between the two systems. As 
far as X-ray analysis can be applied they are identical, and 
other methods must be employed to decide which is the 
actual structure. In both cuses the atoms are arranged in 
threefold spirals around the trigonal axes, so that every 
third atom occupies the same position if projected on toa 
plane perpendicular to the trigonal axes. Such a structure 
may be either right-handed or left-handed. The two 
enantiomorphous systems are Nos. 23 and 24 respectively. 
It is possible that crystals of selenium and tellurium exist 
which correspond to each of the two systems. Thev would 
of course be indistinguishable by X-rays, but might be 
recognized by their outward form. 

The structure of selenium is peculiar in that each spiral 
is so isolated from its neighbours. Every atom of selenium 
touches two atoms in the same spiral and four atoms in 
adjacent spirals. In the former case, the contact is much 
closer, the distance from centre to centre of adjacent atoms 
being 2°32 A. „The distance between atoms in different 
spirals is 3°49 A. The difference between these two radii 
of combination is extremely large, and suggests a much 


greater cohesion between atoms in the same spiral than 


between those in different spirals. It is therefore possible 
that the crystals will tend to grow in the direction of the 
trigonal axis more readily than in other directions. Such 
an abnormal development might account for the occurrence 
of acicular crystals as described by Brown. Again, it is 
not unreasonable to suppose that owing to the weaker 
cohesion between neighbouring spirals, these may not always 
grow side by side to form a single perfect crystal; under 
certain conditions we may therefore get parallel growths, 
such as the lamellar crystals of selenium. 

It is interesting to revard the structures of selenium and 
tellurium from a point | of view which brings out their 
relationship, to the structures of other non- metallic elements. 
If the value of the parameter was given by 2m r = 120°, 
selenium would have the structure of a simp!e rhombohedral 
lattice. The unit cell would be a rhombohedron containing 
one atom, the angle between rhombohedron edges being 

92° 49’ in the case of selenium and 86° 47’ in the case 


s a ee = ge ` 
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of tellurium. Thus the three interpenetrating lattices of 
selenium and tellurium fit together to form a = structure 
which is almost simple cubic. In this respect selenium and 
tellurium resemble the elements of Group V. In the case 
of Group IV. the structure at first sight appears to be quite 
different as there is no distortion of the cubic lattice, but 
the only real difference is in the much greater value of the 
displacement from the simple cubic lattice. In general, the 
crystal structure of all elements of Groups IV., V., and VI. 
hitherto elucidated * is a slightly distorted and internally 
displaced simple cubic lattice ; the direction of displacement 
depends only on the valency oF the elements. 

In a simple cubic structure each atom has six equidistant 
neighbours. Since none of the atoms at present under 
consideration can present the same aspect to each of its 
neighbours, an atom of such a structure will be attracted 
unequally in different directions, This results in an internal 
displacement of the structure. The elements of Group VI. 
have two negative valencies, and each atom is in consequence 
drawn towards two of its neighbours. An atom of selenium 
or tellurium may therefore be displaced along any digonal 
axis of the simple cubic lattice. Actually the atoms of one 
crystal are only displaced in one of three directions, each 
perpendicular to the same trigonal axis. and making angles 
of 120° with the other two. Atoms constituting a triangular 
lattice with its trigonal axes perpendicular to the direction 
of displacement are shifted in the same direction. In the 
case of selenium the whole structure suffers a contraction, 
and in the case of tellurium an elongation, parallel to these 
trigonal axes. The trivalent atoms of Group V. are dis- 
placed towards three neighbours by movements along a 
trigonal axis, half the atoms, constituting a face centred 
lattice, being moved in each direction. The whole structure 
is again elongated parallel to this axis. 

In the case of the tetravalent elements of Group IV. the 
displacement follows the same course. It is clearly 
impossible for an atom of a simple cubic structure to be 
shifted towards more than three of its six neighbours 
simultaneously. The displacement therefore proceeds as 
for a trivalent element, but continues beyond the point when 
each atom is co-planar with the three nearest atoms, so that 
it now approaches a fourth atom. Finally, each atom has 
four equidistant neighbours. Graphite does not conform to 
this:type ; each atom has three equidistant neighbours. 


* Lead and white tin are exceptions. 


2L 2 


496 Rhombohedral Forms of Seienium and Tellurium. 


Debye* and Hullt give two different arrangements, and 
which is the correct structure is still uncertain. 

With this exception, in the normal crystalline forms of 
carbon, silicon, germanium, grey tin, arsenic, antimony, 
bismuth, selenium, and tellurium, electron sharing takes 
place until the outer shell of each atom has its full quota of 
electrons. In this way each atom of these elements is in 
close contact with as many neighbours as it has negative 
valencies. These elements are on the whole non-metallic 
in their chemical and physical properties. ‘The excep- 
tional structure of lead and white tin is consistent with 
their predominantly metallic characteristics. The accom- 
panying plate (Pl. X.) shows models of the structures 
of arsenic and selenium. The atoms are represented by 
spheres in contact with each other. In orter to represent 
close contact the spheres are cut away at the points of 
closest approach. 

Summary. 

The structures of metallic selenium and of tellurium were 
determined by the powder method of X-ray crystal analysis ; 
they may be regarded as simple rhombohedral structures 
with interaxial angles of alinost 90°, in which each atom is 
slightly displaced towards two of the six adjacent atoms. 
The resulting structure is a threefold spiral, composed of 
three interpenetrating simple triangular lattices. It there- 
fore allows of two enantiomorphous forms, which are in- 
distinguishable by the methods of.X-ray analysis. 

The crystal structures of elements of Groups IV., V., 
and VI. differfrom group to group in virtue of the difference 
in negative valency, which regulates the direction of dis- 
placement from the simple cubic structure which is the basis 
of the atomic arrangement. Elements in the same group 
differ in the extent of displacement, the heaviest atoms being 
the least shifted. 


The author thanks Professor Bragg for his kind advice 
throughout the progress of this research, and again acknow- 
ledges his indebtedness to Dr. Brentano for his invaluable 
help and advice, especially in the initial stages of the work. 
Part of the apparatus used was purchased from money 
kindly given to the Physical Laboratory by the Government 
(Grant Committee of the Royal Society, and by Messrs. 
Brunner Mond. The author is in receipt of a grant from 
the Board of Scientific and Industrial Research. i 

* Debye, Phys. Zeit. xiii. p. 297 (1917). 
t Hull, Phys. Rev. x. p. t2 (1917). 
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LI. An Ecperimental Study of Grating Errors and “Ghosts.” 
By R. W. Woon, Professor of Experimental Physics, Johns 
Hopkins University * 


[Plate XI.] 


NHE work to be described in the present paper was 
undertaken in the course of a study of the problem of 
making short-focus concave gratings for vacuum spectro- 
graphs. Since assuming charge of the Rowland dividing 
engines in the spring of 1923, I have investigated a number 
of the more or less obscure matters relating to diffraction 
gratings. The cause of the Lyman ghosts has been ascer- 
tained experimentally, and an attachment added to the 
engine which has abolished them completely. An optical 
method of studying the errors, periodic and otherwise, of 
gratings has been developed, which can be applied to any 
grating, either plane or concave. This method, while lacking 
some of the advantages of the method of cross-ruling, first 
suggested by Lord Ray leigh and employed by Rowland, is 
more sensitive than this, and will show the effect of two or 
three slightly misplaced lines, on a grating ruled with 15,000 
lines to the inch. It has made possible the examination of 
the effects of stopping the machine for a few minutes during 
the process of ruling, throwing the thermostat out of action, 
opening the case and oiling the machine, ete. The method 
has, in addition, furnished experimental data which make it 
possible to visualize, so to speak, the manner in which the 
“vhosts” or spurious lines are produced, when a periodic 
error of ruling is present in the grating. The method 
consists of a photographic (or visual) determination of the 
intensity variations across the diffracted wave-front when 
the grating is illuminated with monochromatic light from a 
slit. If we examine the wave-front with a short-focus lens 
used as an eyepiece, at a distance of say 20 to 40 cm. from 
the grating we shall find the luminous field crossed by a 
multitude of vertical black lines arranged more or less in 
periodic groups. A brilliant source of light must be em- 
ployed behind the slit. A quartz-mercury are is best,-and 
no lenses are employed. If a photographic plate is sub- 
stituted for the eyepiece, we obtain a permanent record of 
the bands which can be studied at leisure. These bands can 
be observed on the wave-front almost up to the surface of 
the grating, becoming finer and more numerous as we 
approach the ruled surface. 


* Communicated by the Author. 
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If a concave grating of short focus (say 1 metre radius of 
curvature) is examined in this manner, it will be found that, 
at a distance about half-way from the grating to the focus, 
the light has gathered itself into very bright vertical bars, 
the spaces between being quite black, the distance between 
the bars corresponding to the pitch of the screw of the 
dividing engine, reduced of course by the converging action 
of the crating. On moving the eyepiece back towards the 
focus these bars disappear g wradually, the wave-front becoming 
nearly uniform in brilliancy. Still farther back the bars 
appear again, only to vanish once more as we near the focus. 
These same bars are seen with a plane grating used in con- 
junction with lenses in the usual manner. 

On Pl. XI. figs. 1 to 7 reproductions are given of the 
photographic records obtained with a small concave grating 
of 1 metre radius, ruled with 15,000 lines to the inch. The 
slit was backed by a quartz-merecury arc, and the plates 
exposed at the recorded distances from the grating. A cell 
containing a dilute solution of copper chloride, pl: aced close 
to the slit, cut off all radiations of shorter wave-length. than 
4358 ; the green and yellow lines are inoperative if ordinary 
plates are emploved. 

These photographs will doubtless come as a surprise to the 

ader who is accustomed to think ot the diffracted wave- 
ee as differing in no respect from ordinary wave-fronts of 
uniform amplitude— a condition that would obtain only in the 
case of a perfect grating, free from periodic errors of ruling. 

The grating used in making these photographs had a 
per iodic error somewhat in excess of those usually ruled. 
The reproductions have been enlarged three-fold from the 
original negatives, which were obtained by simply mounting 
a photographic plate in the path of the converging diffracted 
wave-front, at different distances from the grating. At 
25 em. and 60 cm. the bands are most distinct, the region 
between the luminous bars being almost black. At 55 em. 
and 6 em. they have practically disappeared, the illumin- 
ation across the wave-front being nearly uniform. 

These bright bars of light we may consider as formed in 
the following wav. A single periodic error, such as results 
from a slight eccentricity of the large wheel with its 750 
tueth, which turns the screw, gives us a grating in which 
the lines, instead of being equidistant, are arranged thus 


UL 


this pattern repeating itself across the grating at intervals 
equal to the pitch of the screw. Now it is well known that 
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a grating in which the lines are ruled closer and closer 
together a as we pass across its face has focal properties—that 
is, it exercises a converging or diverging action on the 
diffracted rays, according to whether we observe on the right 
or left of the central image. This action was first noticed 
by Cornu, and is fully treated in my ‘ Physical Optics, the 
grating acting in a manner analogous toa zone-plate. Now 
in the present case we have this type of spacing, but reversed 
in direction at regular intervals ; consequently the grating 
is made uv of Alternate linear elements, of which one set 
converges slightly, while the other diverges, the diftracted 
rays from the directions which they would have if the 
grating were perfect. The effect is more marked if the dif- 
fracted wave-tront is already converging, as is the case with 
a concave grating. We can show the first system of bright 
bars by drawing a ray diagram fora grating of this type and 
its disappearance further « on. Its subsequent reappearance 
involves an interference phenomenon, and cannot be shown 
very well by rays. 

We will now take up the relation between these bars of 
light and the “ ghosts” which accompany the spectrum lines 
when a periodic error is present in the grating. The very 
elementary explanation of the production of ghosts which 
I gave in ‘Physical Optics,’ is based on a type of periodic 
error which never occurs in practice, namely an extra line 
introduced at regular intervals. This can be accomplished 
experimentally by superposing a fine and a coarse grating. 
The spectrum lines given by the fine grating are accompanied . 
by lateral spectra due to the coarse grating, forming the 
‘hosts. If we regard the coarse grating in the light of a 
periodie error, it is easy to visualize how the ghosts are pro- 
duced. In practice, however, the error is a gradual change 
in the distance between the lines, and the analytical treat- 
ments are not very helpful in enabling us to form a picture 
of what is actually taking place. Our experiment shows us, 
however, that the wave-front at certain distances trom the 
grating is broken up into vertical bars of light, separated 
by dark intervals of about the same width as that of the 
bright bars—in other words, not very different from an 
ordinary wave-front, aster it has passed through a number of 
parallel slits, in an opaque screen. Following such a wave- 
front. to the focus, we find a central image and lateral spectra. 
The “ ghosts” correspond to these lateral spectra. We thus 
see that the periodic error has impressed upon the wave-front 
a condition similar to that produced by its passage through a 
coarse grating acting by opacity. 
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To test out this theory of the formation of the “ ghosts,” 
I tried intercepting the wave by a slit which could be made 
of such width as to transmit one, two, three, or more of the 
bright bars on the wave-front. We know, from the theory 
of the grating, that there are secondary maxima between 
the principal maxima to the number of n—2, n being the 
number of lines in the grating. This was found to hold 
also in the present instance. If the slit transmitted four of 
the bright bars only, there were two faint maxima between 
the main line and each ghost to its right and left. It was 
found also that, at the second reappearance of the bright 
bars as we move back towards the focus, the number was 
always one less than the number transmitted by the wide slit. 
A somewhat similar effect is observed also when a converging 
wave-front of monochromatic light is passed through three 
or four narrow parallel slits, the phenomenon being related 
to the well-known periodic appearance and disappearance of 
the structure of a wire grating when viewed by transmission 
_ with monochromatic light at increasing distances. This 
treatment of the formation of ghosts enables us to see also 
why the ghosts of the first and third order are strong, while 
the second-order ones are very faint or absent. This 1s, 
at least, the case with all gratings ruled on the Rowland 
engines. From grating theory we know that if the widths 
of the transparent and opaque parts of a grating are equal, 
the spectra of even order are not present, since they lie in the 
directions of the diffraction minima of one of the transparent 
slits when operating alone. The vertical dark and light bars 
on the wave-front are of very nearly the same width; hence 
the ghosts of even order vanish. This point was verified by 
mounting a needle-point in coincidence with the point at 
which the second-order ghost would appear if present. The 
diffracted wave-front was now screened off with the exception 
of a single bright bar, and the needle-point was found to be 
exactly at the centre of one of the first lateral minima 
bordering the central maximum of the fringe system of © 
Fraunhofer’s first class, formed by a single slit. 

As it sometimes happens that the ruling is interrupted by 
failure of the electric power, the method was used for a study 
of the effect of this accident on the ruling. The room in 
which the engine is operated 1s kept at a temperature con- 
stant to within 1° C. month after month, by a small gas-stove 
controlled by a toluene and mercury thermostat. The tem- 
perature within the glass case, in which the engine operates, 
is now kept constant to within 0°:1C. by electric heating, 
controlled also by a thermostat. The air in the room is kept 
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in constant circulation by an electric fan, and the products 
of combustion from the gas-stove are carried out of the room 
by a long stove-pipe, which distributes the heat of the stove 

over a wide area. A test ruling was made on a flat plate, 
and after the machine had been in operation for three hours, 
the motor was stopped for fifteen minutes, and then started 
again. 

Fig. 13 (Pl. XI.) is a photographic record (enlarged 
three times) of the wave-front at a distance of 60 cm. from 
the grating, the black and white bar at the centre resulting 
from a local change in the ruling, due to the stopping of the 
machine. On examining the wave-front (green mercury light) 
with an eyepiece, it was found that this singularity could be 
followed right up to the grating, i.e. with the eyepiece 
practically focussed on the ruled surface. It appeared as a 
very fine vertical black thread running right across the ruling 
parallel to the lines. One would almost take oath that at 
least fifteen or twenty lines were missing altogether. On 
moving the eyepiece back, the line broadened and a faint 
black “ satellite ” split off from it, moving slowly across the 
grating in the direction in which the ruling had continued 
after the stopping of the machine. 

It appeared important to determine, if possible, just aha 
had happened to ths grating at this point. I found that the 
black line could be seen if the grating was examined with a 
short-focus lens in the Jight of ‘the third-order spectrum of 
a lighted window. Its position was indicated on the grating 
bv a minute ink dot, which was then brought into the field 
of a microscope, illuminated with vertical light (green 
mercury line) from a transparent retlector just above the 
objective. To my surprise, instead of finding a narrow strip 
devoid of ruling as I expected, I found nothing peculiar in 
the rnling except that there were two lines somewhat closer 
together than the others. 

By placing a horizontal slit in front of the reflector, 
I succeeded in so controlling the illumination that the ruling 
appeared as very narrow green lines separated ay wide black 
intervals. A photograph obtained with a -inch oil-im- 
mersion objective is reproduced on PI. XT. tig. 12. The 
lines were ruled from right to left, the point at which the 
machine was stopped being indicated bv an arrow. The next 
line raled is a little closer to its right-hand neighbour than 
it should be, after which the grating space is slightly greater 
than the normal for several lines, to make up for the narrow 
interval, the lines coming into their correct position again 
presently. This was shown by measuring the photograph 
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on a dividing engine. To explain this we must suppose 
that on stopping the en gine the carriage moves back a little, 
so that the next advance by the turn of the screw does not 
bring it to its correct position. A possible explanation may 
be that during the fifteen minutes of repose, the oil fiin 
between the screw and the nut was squeezed out, and since 
the nut is pushed forward by the front surface of the threads, 
this would cause the nut to retreat slightly when the oil film 
was removed. On starting the machine, oil is carried 
gradually into the spaces again, driving the nut and carriage 
forward, and giving a slightly increased spacing over that 
caused by the turning of the screw. ‘this explanation is the 
only one that I can think of, and it may be found quite out 
of accord with what is already known about lubrication. 

When we remember that the grating is ruled with 
15,000 lines to the inch, it seems remarkable that the slight 
displacement of halt-a-dozen lines causes a local change of 
illumination that can be seen on the face of the grating, ‘with 
a lens of 1 inch focus used asa hand magnifier. As a matter 
of fact, we probably see the black line not really on the sur- 
face of the grating, but at a little distance in front of it, where 
the effect has spread by diffraction. 

I was interested in seeing whether this local error affected 
the resolving power of a small strip of the grating embracing 
it. A slit I mm. in width limited the wave coming from the 
collimator of a spectroscope. This, however, covered enough 
lines on the grating to resolve the yellow mercury lines; no 
change in the resolution could be detected bet ween the t egion 
containing the local errors and the rest of the surface. This 
shows us, in a different way, that onlv a very few lines are 
out of place, and we may infer from this that stopping the 
machine, for a short time at least, ought not to impair 
the resolving power. Cross rulings, hos ever, show that we 
ought not to begin ruling until alter the machine has been 
running for two or three hours. 

I have examined, by the wave-front method, three very 
fine plane gratings ruled by Dr. Anderson on the same 
aha some En years ago. These gratings are probably 
the best that have ever been ruled ; > one has five inches of 
ruled surface (75,000 lines), the other two seven inches, or 
105.000 lines. They all have very nearly, if not quite, their 
full theoretical resolving power, and the ghosts are very 
faint, due to Dr. Anderson’s skill in so adjusting the 
m: sehne that the periodic error of the screw was practically 
compensated by introducing a slight eccentricity of the 
toothed wheel. A photograph of the wave-front from 
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the five-inch grating is reproduced on Pl. XI. figs. 10-11, 
the upper figure natural size, the lower enlarged a “little over 
three-fold. Here we see a systematic interruption of the 
regularity of ruling which occurs about every twelve turns 
of the screw. The lower fivure shows the region between 
two of these dark bars, and indicates how the wave-front is 
torn to pieces by errors of spacing, even in the case of a very 
perfect grating. Comparison of figs. 11 and 13 would lead 
one to infer that the machine had been stopped twice each 
day during the ruling, but this is hardly likely. It will be 
noticed that the dark bars are not exactly equidistant, as 
they would beif they were due to two periodic errors getting 
in step at regular intervals. | 

We will now take up the question of the “ Lyman ghosts.” 


The Luman Ghost. 


As is well known, periodic errors of ruling produce 
spurious lines or “ghosts? of two types, the so-called 
Rowland ghosts, first described by Quineke, which are 
symmetrically spaced to the right and left of, and close to, 
the strong lines of the spectrum, and another type, first 
observed and studied by Professor Lyman of Harvard Uni- 
versity. These latter are more troublesome, as they are 
distributed at wide intervals, filling up the region between 
the central image and the first- order spectrum, and hence 
mingling with the tines of the spectrum investigated with 

zacuum spectrographs. Three papers appeared in the 
‘Journal of the Optical Society of America’ for 1922 dealing 
with these ghosts, an experimental study by Meggers ‘nd 
Kiess, an analy tical treatment by Runge, and a discussion 
of the sources of periodic errors of raling: engines by 
Anderson. As it appeared from these papers that two 
periodicities, in addition to the normal periodic error (which 
has a period equal to the pitch of the screw), were required 
for their production, and as one of these periodicities showed 
variation from time to time on the same machine, it was first 
necessary to determine their value at the present time. The 
slit of the vacuum spectrograph was illuminated by mono- 
chromatic light obtained from a cadmium spark by a quartz 
spectroscope. The instrument was not exhausted, and the 
concave grating of one metre radius was so adjusted that 
the central image fell just within the edge of the plate. 
Exposures of half an hour were given, or dinary plates being 
employed. 
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On measuring the distances of these lines (which are all 
formed by light of a single wave-length) from the central 
image, it was ; found that the distances from (LI to A, from 
À to G, and from C to E (E very faint) were equal. A, GC, 
and K can thus be considered as first-, second-, and third- 
order spectra produced by the smaller periodicity. This was 
found to correspond to five lines of the grating, as in the 
cases considered in the papers referred to. The distance 
between A and B and between other adjacent lines of the 
groups gave a periodicity equal to 88 lines of the grating. 

If we compare these ghosts with the Rowland ghosts as 
ordinarily found, we observe this difference. The latter are 
very faint and are symmetrical about the strong spectral 
lines of different orders. If, now, we try to picture the 
formation of the Lyman ghosts in the same way, we might 
expect the periodicity of five grating lines to produce strong 
spectral lines of order 1, 2, 3, ete., “accompanied by fainter 
companions (analogous to the Rowland ghosts). due to the 
d3-line periodicity. This is not the case, however, as is seen 
from fig. 1, in which constant distances between lines are 
indicated by brackets. We should have a very similar 
condition if, in a system of spectra of various orders (of 
monochromatic light), we considered that the Rowland ghosts 
to the right of the main lines gradually died out as we 
ascended to higher orders, while those to the lett increased 
in intensity until they surpassed the intensity of the main 
lines, which also die out in their turn. Rowland showed 
that similar effects were obtained with gratings ruled on the 
machine before the errors had been ground out of the screw, 
the ghosts often being stronger than the main lines. 

Having determined the two periodicities responsible for the 
vhosts, a search for their source was made. Anderson had 
suggested that the five-line periodicity was accounted for by 
the circumstance that the driving-belt made two revolutions 
for every 5+ cycles of the machine, a distortion of the 
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whole machine resulting from the passage of thicker portions 
of the belt over the pulleys. 

To study this matter in detail, a white mark was made on 
the large driving-pulley of the machine and another white 
mark on the belt, the two marks being in coincidence. The 
engine was then started. After one revolution of the belt, 
the pulley had made 2°5 revolutions, and the mark on the 
belt met the pulley on the side opposite to the white mark. 
After another revolution of the belt, the two marks came 
nearly, but not quite into coincidence. With each further 
double revolution of the belt, the marks drifted further 
apart, coming into coincidence again after 87 revolutions of 
the pulley. Since one line is ruled for every revolution 
of this pulley, we see at once that both periodicities are 
accounted for: the five-line one corresponds to the circum- 
stance that a given point (say a thicker portion) of the belt 
is somewhere on a specified semicircumference of the pulley 
once in every 5+ revolutions ; the 87-line one to the circum- 
stance that the given point of the belt engages the same spot 
on the pulley once in every 87 revolutions. It follows from 
this that a coincidence of a thick spot on the belt with the 
very small motor pulley at the moment when the screw is 
advancing the carriage, will also occur once in every 87 
cycles of the machine. The five-line periodicity suggests a 
slight eccentricity of the Jarge driving-pulley. 
` Ina paper on the vacuum spectrograph (Phil. Mag., Nov. 
1923) I stated that the Lyman ghostsappeared to be developed 
with greater intensity with ultra-violet light of very short 
wave-length, since they were obtained with a five-minute 
exposure with the spark, while the mercury arc, screened 
with a filter of nickel glass (transparent to 3663), gave no 
trace of them, even with an exposure of half an hour. Their 
failure to appear in the latter case, I have since found was 
due to the fact that with the arc the wide cone of light 
entering the slit was in part diffused back to the plate by the 
inner wall of the spectrograph, fogging the plate, and pre- 
vented the faint ghosts from registering. By diaphragming 
the quartz-mercury arc so that the cone barely filled the 
grating, a profusion of ghostsappeared. The region between 
wave-lengths 700 and 1500 Angstréms is reproduced on 
Pl. XI. fig. 144. In coincidence with this spectrogram is 
another (c) made with the filter of nickel glass, which trans- 
mits only the mercury triplet 3650-3654-3663. 

These are four-fold enlargements of the original negatives. 
The central image lies to the left, at a distance about equal 
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to the length of the spectrum reproduced. The approxi- 
mate wave-lengths of real lines of the ñrst-order spectrum, 
occupying the “positions of the mercury triplet ghosts, are 
730 A.U. and 1460 A.U. Time of exposure to quartz Hg 
arc, ¢ hour. It was found that if a longer driving-belt was 
nsed, the slack being taken up by an idle pulley, the ghosts 
appeared in totally different positions, the spectrum of the 
ghosts of the total radiation of the mercury are bearing no 
resemblance to the one reproduced. 'as was to be expected. 

The method of driving the machine was now modified in 
the following way:—A pulley of the same size as the driving- 
pulley of the engine was mounted close to the latter on a 
separate support, the two being attached or ‘coupled ” by 
means of six very thin rubber hands, attuched to projecting 
studs on the two pulleys. This is essentially the same 
method whieh I devised for driving a 20-inch mercury 
reflecting telescope (Astrophys. Journ., March 1909). 

A erating ruled under these conditions was exposed for 
two hours in the spectrograph, the photograph showing only 
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avery faint continuous band with no trace of the ghosts, 
Another grating, ruled under similar conditions, which 
showed traces of diffused light between the central image 
and the first-order spectrum ‘when examined with the eye in 
sunlight, gave, with an exposure of one half hour in the 
ce to the quartz Hg are, a band made up of some 
1500 very fine faint lines, so “close together that it is very 
doubtful if any trace of them will appear in the reproduction 
(PI. XI. fig. 14a). This grating is of the type usually 
described as “scratchy,” from the circumstance that the 
diffused light comes from narrow linear areas distributed in 
a quite irregular manner. I have not as vet determined 
positively the cause of this phenomenon, which is usually 
attributed to a breaking-down of the ruling edge of the 
diamond. 

Photographs were made of the wave-fronts from two 
l-metre concave gratings—one ruled with the elastic 
drive, and the other before the attachment had been applied. 
These are reproduced on PI. AT. figs. 8 and 9, the former 
inade with the grating free from Lyman ghosts. The latter 
shows apparently the combined effect of ‘the engine periodi- 
city and the ones introduced by the belt. 
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Metallized Glass Concave Gratings. 


The continuous use of a concave grating in a vacuum 
spectrograph has been fonnd by Millikan and others to 
result in a deterioration of the surface caused by products of 
the electric discharge. 

Millikan has stated that it was necessary to rule a new 
grating every few days for work in the region of the 
extremely short waves. 

To overcome this difficulty, I propose to rule concave 
gratings on glass, etch them by the method which I described 
in the Phil. ‘Mag. for Dec. 1906, and then deposit a metallic 
film on them. The difficulty in ruling glass gratings is 
due to the breaking-down of the diamond edge. I the 
pressure is very light, this does not happen, bnt no trace of 
the grating can be seen, or at most a spectrum so faint as to be 
almost invisible. Etching with very dilute hydrofluoric acid 
fora minute or less gives us a grating vielding spectra of great 
brilliancy. I have ‘already etched a i d-metre concave grating 
ruled on glass which looks very promising. This grating, 
when coated with a suitable metallic film by cathode dis- 
charge, should prove equal or superior to the ones ruled on 
specnlum metal. When tarnished, they can be cleaned with 
acid, and given a fresh tilm of metal. Experiments along 
these lines will be taken up in the autumn. 


Target Pattern. 


Short-focus concave gratings, when examined by reflected 
light, especially in the higher orders of spectra, exhibit a 
circular target pattern similar to fig. 2. 


. Fig. 2. 


If monochromatic light is emploved the rings are alter- 
nately bright and dark, while white lieht gives coloured rings, 
the even rings being red, the odds ones green, for example, 
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These rings are interesting as showing how the intensity 
distribution among the various orders varies with the part 
of the diamond edge used for the ruling. The ruling is done 
with one of the natural curved edges peculiar to the diamond, 
the edge being set parallel to the direction of the ruling. The 
diamond is mounted at the end of a horizontal lever ; conse- 
quently the point on the curved edge which comes in contact 
with the speculum plate varies with the distance through 
which the diamond drops before meeting the surface. With 
a plane grating, sloping uphill slightly in the direction in 
which the diamond moves when ruling a line, the diamond 
will be raised by degrees as it draws its line, and the point of 
contact will travel a trifle along the edge. A grating ruled 
under such conditions will have, say, the third order bright 
along one edge, and the fourth order bright along the other, 
due to the fact that different points on the curved edge of 
the diamond rule grooves of different form. In the case 
of a concave grating the diamond falls and rises as each line 
is drawn ; consequently the form of the groove varies along 
each line in the same manner. The locus of areas on the 
grating at which the ruling has been done with the same 
point on the curved edge of tne diamond, is obviously a 
system of concentric circles. If the grating is not mounted . 
level in the machine, with the centre of curvature at the 
middle point of the ruling, we have arches of colour instead 
of circles on the grating. 

The concave gratings ruled on Lord Blythwood’s machine 
at the National Physical Laboratory, at least the few which 
I have seen, show these patterns in a very irregular form, 
portions of hyperbole etc. which I cannot explain. Their 
cause is doubtless obvious to anyone familiar with the 
mechanism by which the diamond is lowered in this engine. 
The existence of this target pattern must be considered in 
connexion with the resolving power, since certain areas of 
the grating are inoperative, at least when working with 
higher orders than the first. The pattern figured is for a 
grating of 1 metre radius with 33 inches of ruled surface, 
viewed in the fourth-order spectrum. In the first order the 
central circle covers about three-quarters of the grating. 
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LIT. On the Origin and Nature of the Long-range Particles 
observed with sources of Radium C. By Sir E. RUTHERFORD, 
F.R.S., Cavendish Professor of Eaperimental Physics, 
and J. ’ CHADWICK, Ph.D., Fellow of Gonville and Caius 
College, Cambridge *. 


§ 1. Po- the last few years much attention has been - 

directed to an examination of the long-range par- 
ticles which appear when a strong source of a-rays bombards 
different materials. In this way, definite proof has been 
obtained that the nuclei of a number of elements are disin- 
tegrated by the bombardment of «-particles with the emission 
of swift hydrogen nuclei. 

In the early “experiments which led to the discovery of the 
artificial disintegration of nitrogen, Rutherford f observed by 
the scintillation method that the passage of a-particles from 
radium C through nitrogen and oxygen gave rise to some 
switt particles “which had an equivalent range in air of 
about 9 cm., compared with that of 7 cm. for the colliding 
a-particles. Just beyond the range of the a«-particles from 
radium C, the scintillations due to these particles are in 
general brighter than those due to H nuclei and more 
resemble those of a-particles. 

It may prove of some interest to give a brief account of 
the somewhat chequered history of subsequent attempts to 
fix the nature and origin of these long-range particles of 
9 cem. range. It was natural at first to suppose that these 
scintillations were due to à new group of a-particles arising 
from the source itself; but by examining the alteration of 
the range of the particles by the addition of thin sheets 
of aluminium and gold close to the source, it was con- 
cluded—erroneously as we shall see later—that the particles 
did not arise from the source but from the volume of the 
vas. If this were the case, the scintillations might be due 
to atoms of nitrogen and oxygen set in rapid motion by 
close collisions with the a-particles, for the number and 
range of the particles were of about the magnitude to 
be anticipated on this point of view. To settle this point, 
experiments were made to measure the deflexion of the 
particles in a magnetic field. The mass of the particles 
could only be estimated by comparing their deflexion in a 


* Communicated by the Authors, 
t Phil. Mag. xxxvii. p. 537 (1919). 


Phil. Mag. 8. 6. Vol. 48. No. 285. Sept. 1924. 2M 


510 Sir E. Rutherford and Dr. J. Chadwick on the 


magnetic field with that of other known particles which were 
similarly produced throughout the volume of the gas. For 
this purpose, the deflexion in a magnetic field of the particles 
of 9 cm. range was compared with that of H nuclei set in 
motion by the passage of a-particles through a gas containing 
hydrogen. The experiments were difficult, as the number of 
particles under the experimental conditions was too small 
to vive a sharply marked pencil of rays, but it was found 
that the particles, although less deflected than the H nuclei, 
were more deflected than was to be anticipated if they con- 
sisted of nitrogen or oxygen atoms carrying a single charge. 
It was estimated that the particles were probably atoms of 
mass about 3 carrying a double charge. 

Some time later, measurements were made to determine 
the mass of the particles of range 11°5 cm. emitted by 
thorium C, whichare given outin relatively greater numbers 
than the 9°3 em. particles from radium C *. Their deflexion 
in a magnetic field indicated that they were a-rays of mass 4 
This result raised the serious doubt whether the 9°3 cm. 
particles were not after all a-rays of mass 4. This doubt 
was increased on finding that the relative number of these 
particles was independent of the nature of the gas surrounding 
the source of radium C; for example, within the experimental 
error the number was ‘found to be the same in air, nitrogen, 
oxygen, carbon dioxide, sulphur dioxide, and chlorine, and 
the ranges in these gases were equiv alent to that in air when 
due allowance was made for the stopping powers of the 
various gases. 

Experiments were then made to find if definite proof 
could be obtained whether the partieles were emitted by the 
source or whether they arose in the gas surrounding it. For 
this purpose the ranges of the particles were measured in 
air after passing through absorbing sheets of aluminium, 
silver, and gold of known stopping powers. It was found, 
however, that the imperfections of these foils due to holes, 
even when a lar ge number of thin sheets were placed one 
behind the other, were too great to permit any definite 
conclusions to be drawn, and the experiments were abandoned. 

Finally, however, by the use of a shadow method—described 
later in this paper—definite proof was obtained that the 
particles observed in oxygen had their origin in the source 
and not in the gas. The Conclusions re sachd at this stage 
were briefly mentioned in an address ¢ before the Chemical 
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Society, republished in ‘ Nature,’ and are shown in the 
following quotation :— 

“The next question which arises is whether any other 
particles besides that of hydrogen can be released by @-ray 
bombardment. Some time ago, I found that when radium () 
was used as a source a small number of bright scintillations 
was observed, which had a maximum range in air of about 
9 cem. It was natural at first to suppose that these were due 
to a new type of a-rays from the radioactive source. The 
effect, however, of aluminium screens in reducing the range 
of these particles led me at first to believe that they were 
generated in the volume of the gases used, namely, nitrogen 
and oxygen. By comparing the bending of these rays ina 
magnetic field with those of H particles from hydrogen, I 
concluded that they must be atoms of mass about 3 carrying 
two positive charges. Later experiments have brought home 
to me the untrustworthiness of this method of fixing the 
source of the radiation on account of the marked variation 
in thickness of films of metal foil. Using a more direct and 
simpler method, I have recently convinced myself that, at 
any rate in the case of oxygen, the particles have their 
origin in the radioactive source and not in the volume of the 
surrounding gas. Under such conditions, the comparative 
method of estimating the mass of the particles i is no longer 
trustworthy. While a large amount of experiment will “be 
required to fix definitely ‘the nature of the radiation, the 
general evidence indicates that it consists of particles of 
mass 4, which are projected from the source and represent a 
new mode of transformation of radium C.’ 

At the time, attention was directed to experiments on the 
artificial disinte; gration of elements by a@-rays, and further 
investigation of the nature of the long-range particles was 
postponed to a more convenient season. 

During the past year Bates and Rogers *, in this laboratory, 
have made a detailed search for the presence of long-range 
particles from radium C, thorium C, actinium C, and polonium, 
In addition to the par eles of 9:3 em. range under discussion, 
they found evidence in radium C of other. eroups of particles 
of the a-ray type, smaller in number and of ranges 11:2 and 
13:3 cm. Similarly, groups of particles were observed from 
the other sources examined. | 

In view of the fact that the numbers of particles in these 
groups are of the same order as those to be expected if 
artificial disintegration were produced in the matter in the 


* Bates and Rogers, Proe. Roy. Soc. A, 105, p. 97 (192 4). 
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path of the a-rays, it has become a problem of immediate 
importance to settle definitely the origin and nature of these 
particles. We give in the present paper an account of a 
number of experiments which deal with this question. Our 
attention has been confined to the groups of long-range 
particles from radium C, since the active sources used in 
experiments on artificial disintegration usually consist of this 
material. We have examined carefully the number and 
range of the particles that appear when the a-ravs of 
radium C pass through different materials, viz., helium, 
oxygen, carbon dioxide, xenon, silica, and mica. We have 
examined also whether the observations are influenced by 
the .mode of preparation of the source, and whether the 
particles appear in a vacuum. We have also devised expe- 
riments to fix the origin of the particles, and to deter- 
mine accurately the mass and velocity of the particles by 
measuring their deflexion in a magnetic field. 

As a result of these experiments, we have obtained con- 
vincing evidence that the loug-range particles from radium C 
of 9°3 and 11:2 cm. range are a-particles of mass 4 which 
have their origin in the source itself, and not in the 
surrounding matter. These particles, which appear whatever 
the material used to absorb the main beam of e-rays, are to 
be regarded as two groups of swift a-rays which are ejected 
from the product radium C, and probably represent new 
types of disintegration of that element. 


§ 2. Examination of the Particles in different Gases. 


The earlier observations of one of us have shown that 
the particles of range 9°3 cm. are present when the a-rays 
of radium © pass through nitrogen, oxygen, carbon dioxide, 
sulphur dioxide, chlorine, and boron trifluoride. We have 
extended these observations by comparing the number of 
particles obtained when the a-rays were absorbed in helium 
with those obtained in oxygen, and examined the variation 
of the number of particles with increasing absorption in 
xenon, carbon dioxide, and some solids. 

The comparison of the particles obtained in helium and in 
oxygen was carried out with the apparatus shown in fig. 1. 
It consisted of a long glass tube divided into two com- 
partments by means of a tap of wide bore. The zine-sulphide 
screen Z was fixed to the glass plate closing the end of the 
tube. It was protected from light emitted by the source or 
any material bombarded by the a-t ‘ays by a very thin foil of 
aluminium. The source, S, of radium B+ C was introduced 
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on the other side of the tap by means of a ground-glass joint. 
The parts of the tube close to the source were lined with 
brass in order to avoid the production of H particles from 
the materials of the glass. The distance between the source 
and screen was 35 cm. The apparatus was placed between 
the poles of a magnet to deflect the B-rays from the screen. 
After placing the source in position and evacuating the 
apparatus, purified helium was admitted to such a pressure 
(about 80 cm. of mercury) that the @- particles of 7 em. range 
in air were completely absorbed. It was found that scin- 
tillations still appeared on the screen to the number of 
1:2 per minute per ing. activity of the source. When the 


Fig. 1, 


pressure of helium was increased to correspond to a range in 
air of 9:5 cm. most of these scintillations disappeared, the 
remainder amounting to about 0°2 per minute per mg. 

By turning the tap in front of the source, the natural 
effect of the screen could be counted at any time during the 
experiment, and the presence of contamination immediately 
detected. This radioactive contamination, due sometimes to 
traces of emanation but more often to volatilization or 
removal of active deposit, is asource of great tronble in 
experiments of this kind, where the particles to be observed 
are an exceedingly small fraction of the number in the main 
group of e-particles. It is our general experience that when 
contamination occurs the experiments must be abandoned. 

The helium was then pumped out and dry oxygen intro- 
duced to the appropriate pressure, and the long-range particles 
were again counted. The number observed was 1:0 per minute 
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per mg., decreasing to about 0°2 per minute per mg. when the 
pressure was raised to correspond toa range in air of 9°5 cm. 

Within the accuracy of experiment, then, the number of 
long-range particles ıs the same in helium as in oxygen. 
The area of the screen observed in these experiments was 
approximately 40 sq. mm. and its efficiency about 70 per cent. 
The total number of long-range particles emitted by 1 mg. 
of radium C is therefore about 1100 per second. About 
one fifth to one sixth of these have ranges greater than 9°5 cm. 
of air. 

Owing to the great stopping power of xenon for a-particles, 
the experiments with this gas could be performed with a small 
distance between the source and screen, and the examination 


of the particles could be carried out with greater detail. The 
apparatus, shown in fig. 2, consisted of a brass tube 15 mm. 
in diameter, closed at one end by a glass plate carrying the 
ZnS screen, and having at the other end a brass slide which 
could be lowered in front of the source S by means of a 
winch. The distance between the source and screen was 
ő em. After introduction of the source, the apparatus 
was exhausted and then filled with xenon to a pressure of 
about 50 cm. of mercury. This was sufficient to absorb 
completely the a-rays of 7 cm. range. The number of 
scintillations observed on the screen was then counted at 
various increased pressures of xenon up to atmospheric 
pressure. For the highest absorptions a mica sheet was 
placed in front of the screen. In such cases it was arranged 
that the main e-particles were completely absorbed in xenon 
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and did not hit the mica, thus avoiding the production of 
extraneous H particles. 

The occurrence of contamination could be at once detected 
by lowering the brass slide to cover the source. Some of 
the earlier experiments in xenon were completely vitiated by 
the presence of minute traces of radium emanation. As 
there is no satisfactory method of separating the emanation 
from xenon, the experiments had to be postponed until the 
emanation had decayed to a negligible amount. 

The results of these experiments are shown if the curve 
of fig. 3, which gives the number of particles per minute 


‘Long Range Particles in Xenon | 
Distance of Source from Screen = $-5 cms. 


Numler of particles per milligram per minute., 


7 8 3 10 ih) 2 13 
Equivatent Range in Air. 


per ing. activity of the source at different absorptions, given 
in equivalent cm. of air. The curve shows clearly the 
existence of particles of two ranges, one just over 9 em., the 
otherabout Llem. The number of particles of range greater 
than 11 em. is very small, and there is no evidence of the 
group of 13°3 cm. range found by Bates and Rogers. | 

The area of the ZnS screen was 50 sq. mm., its ethciency 
about 70 per cent., and the distance from the source to the 
screen was 5°5 cm. We find therefore in xenon that 
l mg. of radium © emits about 1200 long-range particles 
per second, 1050 of a range of 9°3 em. and 190 of a range 
of 11 cm. 

A series of experiments was now carried out with the 
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source of a-rayssurrounded by carbon dioxide. The arrange- 
ment will be clear from the diagram of fig. 4. The source 
was placed in a brass box, the face of which was provided 
with a hole covered with a sheet of mica of 1°9 cm. stopping 
power. Sheets of mica of known air equivalent could be 
introduced in the path of the long-range particles just in 
front of the ZnS screen. The distance of the source from 
the screen could be varied at will and measured on a scale 
outside the box. A slow stream of carbon dioxide was passed 
through the box during the experiments. 

We again observed the particles of 9°3 range and in the 
same numbers as in previous experiments, but the main 
point of this experiment was to determine the number of 
ll cm. particles and to search closely for the presence of 
others of longer range. For this purpose, the source was 
fixed at a distance of 4'6 cm. from the mica sheet covering 


Fig. 4. 


i | |! 


the hole in the face of the box, so that the main a-particles, of 
range 4°55 cm. in carbon dioxide, were completely .absorbed 
in the gas. 

The results of two typical experiments are shown in the 
curves of fig. 5. It will be seen that the number of 11 em. 
particles is the same in both, the only difference being in the 
number of particles of lonver range. There is no evidence 
whatever of a group of particles of range 13cm. From 
these experiments we find that 1 my. ef radium C emits per 
second 180 particles of range 11:2 cm., in good agreement 
with the number found in xenon. 

These particles were also examined when dry air was passed 
through the apparatus, the distance of the source being in- 
creased to 713 em. The number of particles observed agreed 
with our previous results, but the observations were more 
difficult on account of the comparatively large number of 
particles which were present with ranges greater than 11 em. 


é 
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These were, of course, H particles due to the disintegration 
of nitrogen. 

Further experiments were made in which the source of 
a-rays was covered with a thin sheet of solid material of an 
air equivalent of a few centimetres, the remainder of the 
range of the a-rays being absorbed in oxygen. 

Using a thin sheet of silica of 2°3 cm. as absorbing material, 
we found that both the 9:3 and 11:2 cm. particles were present 
and in exactly the same numbers as in previous experiments. 
Very few particles were observed at greater ranges. 

With a sheet of mica of 3°8 cm. stopping power, we observed | 
the 9:3 cm. particles in their usual number. It was difficult 


Fig. 5. 


Long Range Particles in! Co} 


x Pt. Source covered with Nichel 
O Pt Source Bare 


Number of particles per milligram per minute. 


to measure accurately the number of 11 cm. particles against 
the background of H particles liberated from the mica by 
bombardment of the a-particles. These amounted to about 
30 per cent. of the total number of. particles of range greater 
than 7 cm. 

Observations taken with a piece of copper foil over the 
source showed the great danger of using metal foils in work 
of this kind. The piece of foil was selected carefully and 
was used-with a source of small area (3 mm. diameter) in 
order to minimise the risk of imperfections. In spite of 
these precautions it was found that the foil varied greatly in 
thickness. It was difficult, owing to the imperfections of 
the foil, to fix the end of the range of the a-rays with any 
accuracy, but it was evident that some parts of the foil had 
a stopping power of only 2°5 cm. of air, while the average 
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stopping power, deduced from its weight, was 3°3cm. The 
result of these marked variations in thickness was to render 
the break between the main group of a-rays and the long- 
range particles far less obvious. With a uniform foil or in 
a vus,as in the experiments recorded above, the end of the 
range of the e-rays was extraordinarily definite and the 
presence of the long-range particles was brought out with 
great distinctness, while in this experiment with a copper 
toil there was merely a gradual diminution inthe number of 
particles over a wide range of absorption. The failure of 


Fr. Dagmar Pettersson * to detect the long-range particles. 


must be explained by such an effect of the imperfections of 
the foils used for absorbing the main a-r ys. 

The experiments described i in this section show that when 
the a-rays are absorbed in helium, oxygen, xenon, carbon 
dioxide, silica, and mica, the long-range particles are always 
present. They consist of two groups, of equivalent ranges 
3cm. and 112cm. The number of the 93cm. particles 
emitted per second by a source of 1. mg. radium C is about 
1050, the number of the 11:2 cm. particles about 180. 

We conclude from these results that the number and 
range, in equivalent cm. of air, of these long-range particles 
are “independent of the material in which the a-rays are 


absorbed. 


$3. Efect of diferent Methods of Preparation 
of the Source. 


The next point investigated was the influence of the 
method of preparing the source of radium active deposit on 
the number and range of the particles. 

In the first place, observations with a source of pure 
radium C showed that it was this product, and not radium B, 
which pave rise to the long-range particles. On account of 
the greater ease in working, all other experiments were 
carried out with sources of radium B+C. 

Usually the source of radium B+C was prepared by 
exposing a metal disk for about two hours to impure 
emanation. [It was possible, though highly improbable, 
that the particles might be due to the disintegration of the 
metal or pases adsorbed in the metal. In most of the 
experiments described in the previous section the source 
was a platinum disk, which was heated to a high temperature 
in a vacuum furnace before exposure. Occasionally, brass 
and copper disks were used. The only differente noted was 


* Dagmar Pettersson, ‘Nature,’ p. 641, May 3, 1924. 
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in the number of particles of range greater than 11cm., 
which was less for the platinum source than for the others. 

Sometimes, in order to minimise the risk of contamination, 
a thin film of copper or nickel was deposited electrolytically 
on the source. ‘This had no effect on the number or equiva- 
lent range of particles. 

Spécial sources were then prepared in the following ways. 
In the first method, a platinum foil was taken to a high 
temperature in vacuo for some hours and then exposed to 
purified emanation. In the second method, a piece of 
platinum foil similarly heated was suspended in a vacuum 
above a layer of emanation condensed by means of liquid air 
on the end of a glass tube. The active deposit was obtained 
on the platinum by recoil. This method is similar to that 
devised by Pettersson * for obtaining active sources. 

In all these experiments the 9:3 cm. and the 11°2 em. 
particles were always present and in the usual numbers, the 
only variation being in the number of particles observed at 
greater ranges (cf. the curves of fig. 5). The number of 
these was very small with a clean platinum source, particu- 
larly with sources prepared by the two later methods. They 
are probably due to traces of moisture in the material used 
to absorb the a-rays, or to moisture or possibly nitrogen 
adsorbed on the surface of the source. 

We find, then, that the numbers and ranges of the lony- 
range particles are independent of the method of preparation 
of the active deposit or of the material on which it is 
obtained. 


$ 4. Zhe Origin of the Particles. 


We shall now describe an experiment which shows that 
the long-range particles come from the source. l 

The apparatus is shown in fig. 6. The source, a platinum 
wire of'25 mm. diameter, was carried in slots at A, and a 
graphite edge was placed lem. distant at B. The zinc- 
sulphide sereen, Z, was 5cm. distant from the source. 
Carbon dioxide was circulated slowly through the apparatus. 
When the pressure of the gas was reduced suticiently te 
allow the main a-rays to reach the screen, a shi gip shadow 
of the graphite edge was formed. The position of the 
microscope was adjusted so that a cross-wire in the eyepiece 
coincided with this edge. The pressure of the gas was then 
restored to atmospheric, and the scintillations due to the 
long-range particles were observed. It was found that no 


* Pettersson, Wien. Ber. 132. p. 65 (1928). 
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scintillations, except those due to the natural effect of the 
screen, occurred above the cross-wire, that is, below the 


edge of the shadow. This admits of two explanations. 


Fig. 6. 
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Either the long-range particles are emitted from the source, 
or, if they arise in the gas, their direction of emission cannot 
make an angle of more than a few degrees with the direction 
of the impinging a-particle. This is made clear by the dia- 
gram of fig. 7,in which P is the shadow of the edge B given 


Fig. 7. 


by a beam of a-particles from the source S. If the long-range 
particles were produced in the gas and if their direction of 
emission made even a small angle with the direction, say ST, 


Long-range Particles from Radium C. 521 


of the colliding «-particle, then scintillations would be 
observed on. the screen below P, for example at Q. 

Taken in conjunction with other evidence, this experi- 
ment provides a simple and direct proof that the long- 


range particles are emitted by the radioactive matter of the 
source. 


§5. The Magnetic Dejlexion of the Particles. 


In some unpublished experiments Bates and Rogers, by a 
method similar to that used by one of us for the same 
purpose, compared the magnetic deflexion of the 9°3 and 
11-2 em. particles with that shown under the same conditions 
by the @rays of thorium C of 86em. range. Within the 
limits of error of the experiment, the results obtained were 
consistent with the view that both sets of particles were 
a-particles. 

We have measured the magnetic deflexion of the 9'3 cm. 
particles by two methods. 

In the first method, we used the arrangement described in 
the previous section, in which the particles pass through an 
atmosphere of carbon dioxide and throw a shadow of a 
graphite edge on the zinc-sulphide screen. If a strong 
magnetic field be applied at right angles tothe path of the 
rays and to the plane of the diagram of fig. 6, the particles 
will be deflected and the shadow of the graphite edge will 
move downwards, say. On reversing the direction of the 
field, the shadow will move upwards. The distance between 
the two positions of the shadow gives a measure of the 
value of mv/e for the particles. 

The apparatus was calibrated by observing the deflexion 
of the shadow cast by the «-particles of range 8 bem. 
emitted froma strong source of thorium B+C. The number 
of scintillations was so great as to give a definite edge to 
the beam, and the cross-wire of the microscope could be 
adjusted on the edge with great accuracy. With a 
current of 6 amps. through the magnet coils the distance 
between the two positions of the edge was *173 inch or 
4°39 mm. 

The number of the 9°3 cm. particles was not sufficient to 
show at once the sharp edge of the shadow. For these 
particles, the microscope was set with the cross-wire close to 
the edge of the beam, aud the number of particles appearing 
above “the cross-wire was counted as the microscope was 
moved by successive small steps into the beam of particles, 
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The result of one experiment is shown in fig. 8. The 
ordinates give the numbers of particles counted above the 
croxs-wire per mg. activity of the source for the different 
positions of the microscope given by the abscisse. The point 
of intersection of the curve with the base-line gives the 
position of the edge of the shadow, and it is seen “that this 
ean be fixed with surprising accuracy. 

A little consideration will show that the edge of the upper 
shadow is formed by the less deflected particles, the edge of 
the lower shadow by the more deflected particles. Thus ‘only 
the readings of the upper edge are affected by the presence 
of the 112cm. particles. This effect is not serious on 
account of the relatively small number of these particles. 


Fig. & 
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The distance between the two positions of the edge found 
from the above experiment was ‘165 inch. In a second 
experiment, we found a value of ‘166in., a rather better 
agreement than one would expect from the nature of the 
experiment. l 

Comparing this with the deflexion found for the a-particles 
of thorium CU, and allowing for the difference in range, we 
see that the long-range particles have very closely the same 
value of mvfe as a-p: articles of the same range, 
fe A further check can be obtained by measuring the 
magnetic field and calculating the deflexion which aout 
be Shown by au a-ray of range %3 em. under the experi- 
mental conditions, i.e., taking into account the change of 
velocity along the path through the gas. In this wav we 
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find a deflexion of 4°23 mm., compared with the deflexion 
of 4:20 mm. observed for the long-range particles. 

We conclude, therefore, that the long-1 range particles of 
9:3 cm. range are a-particles. 

The second arrangement for measuring the magnetic 
deflexion of the long-range particles is shown in fig. 9. It 
consists of a wire source of ‘25 mm. diameter and a slit of 
"5mm. width contained in a narrow brass box. The box was 
evacuated during the experiments, The end of the box was 
closed by a brass plate containing a rectangular aperture 
lem.x1l'5em., over which a mica sheet oË 72cm. air 


Vig. 9. 


equivalent was fixed. The ZnS screen was outside the box, 
and was fixed to the microscope, so that the same part of 
the screen was always observed. ‘The distance from the 
source to the slit was 5cm. and to the scteen 10cm. Under 
these conditions the width of the band of scintillations 
observed on the screen was 1°25mm. The position of this 
band was observed when no magnetic field was applied and 
then with a field of about 12000 gauss, due to a current of | 
6 amps. through the magnet coils. A diaphragm of rect- 
angular aperture and a central cross-wire were placed i in the 
eyepiece of the microscope, giving a field of view 8mm. in 
length and 1°54 mm. in width. 

First, the deflexion of the a-rays of 8-6 em. range emitted 
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by thorium C was examined, using a source of 1 mg. of thorium 


B+C. This gave a band of scintillations with sharp edges 
on which the cross-wire could be easily adjusted. With the 
magnetic field due to a current of 6 amps. the band was 
deflected through a distance of -261in. or 6'63 mm. This 
experiment also enabled us to fix accurately the centre of 
the undeflected band. 

The source of radium B+C was then placed in position 
and scintillations were counted as the microscope was moved 
over the deflected band of long-range particles. The‘main 
a-rays ot 7 cm. range were cut out by the mica. The position 
of the undetlected band was measured in a similar way. 

The result of the experiment is shown in fig. 10. The 


Fig. 10. 
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maximum of the deflected band is displaced by a distance of 
"259 in. from the centre of the undeflected band. The 
deflexion calculated on the assumption that the 9'3 cm. 
particles are a-particles is *254in., about 2 per cent. less. 
Under the circumstances this is a very fair agreement, for 
we must remember that besides the 9'3 em. particles there 

are also present the group of 11°2 em. particles, and some 
H particles produced in the mica sheet by the 7 cm. a-rays. 
In other experiments we have found that the number of 
these H particles is about 30 per cent. of the number of 
9°3 particles. The magnetic field used was not sufficiently 
strong to separate completely the bands of scintillations due 
to the 3em., the 11:2 cm.. and these H. particles, which 
latter will be produced where the 7 cm. particles strike the 
mica. Itis clear, however, that the etfeet of these extraneous 
particles is to shift the maximum of the band towards the 


a ee Undeflected Band 
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side of greater deflexion, and a detailed calculation of the 
variation in number of the scintillations which should be 
observed at different parts of the band gives a result which 
agrees closely with experiment. 

A further point is brought out in this experiment. If the 
93cm. particles were not emitted by the source but due to 
bombardment of atoms in the path of the a-rays, then the 
deflected band should be found where the 7 cm. particles 
strike the mica, that is, its centre should be at ‘747 on our 
scale (cf. fig. 10). As this is not the case, we have a 
further proof that these particles are emitted by the source. 

We may also compare the number of particles observed in 
this experiment, i e. when all gases surrounding the source 
ure removed, with the number we should expect from 
experiments in gases. Taking into account the fact that only 
one side of the wire source is effective and that of the total 
length of 9°5 mm., 2°5 mm. were shielded by the stots in which 
the wire is held, we find that the numbers correspond closely. 

We conclude from these measurements of the magnetic 
deflexion of the 9°3 cm. particles that they are a-particles 
emitted from the source and that their number is the same 
when the source is ina vacuum as when surrounded by a gas. 


§ 6. Summary. 


In the series of experiments described in this paper we 
have obtained definite evidence about the nature and origin 
of the long-range particles which appear from a source of 
radium C. This evidence may be summarized as follows :— 


(1) The particles of 9*3 cm. range appear in equal amount in 
helium, oxygen, carbon dioxide, and xenon. 


The same is true for the particles of 11:2 cm. range, 
though on account of the small number of these the evidence 
is not so definite. 

The experiments with helium appear to us to give conclu- 
sive evidence against the hypothesis that the particles arise 
from disintegration of the gas through which the e-particles 
pass. Whatever opinions may be held as to the stability of 
atomic nuclei, no one will lightly suppose that a helium 
nucleus is of no more than average stability. 

We have found no evidence of the particles of 13:3 cm. 
range claimed by Bates and Rogers. The number of 11:2 cm. 
particles is also much less than they state. These dis- 
crepancies are probably due to the use in their experiments 
of absorbing foils of mica. This gives rise to comparatively 
large numbers of H particles and renders the detailed 
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investigation of the particles of greater range than the 
93 cm. rays much more difficult. 


(2) Both sets of particles were observed, and in the same 
numbers as before, whenshects of silica and mica were 
placed immediately over the source. 

Experiments with an absorbing foil of copper have 


shown the great danger of using metal foils in work of 
this kind. 


(3) The particles appear in the same number and with the 
same range in whatever way the source is prepared. 


(4) By a shadew method, we have shown that the particles 
come from the source, or, if produced in the gas, 
travel in the direction of the impinging a-particle. 


(5) The deflexion of the particles in a magnetic field corre- 
sponds within a small experimental error with that to 
be expected if they are «-particles emitted by the 
radioactive source. 

(6) The magnetic deflexion in a vacuum shows definitely 
that the particles of 9°3cm. range are emitted by the 
source. The number of the 11:2 cm. particles is too 
small for the application of this test. 


(7) The particles of 9'3 cm. range appear in the usual 
number when the space surrounding the source is 
evacuated. 


From this evidence there appears to us only one possible 
conclusion, namely, that the long-range particles are 
a-particles arising from the disintegration of radium C. In 
the case of the 9°3 cm. particles the evidence is over- 
whelming. Or account of the small number of the particles 
of 11:2 cm. range the experiments cannot be carried out in 
such detail and the results are less conclusive, but there is no 
reason to doubt that they are of the same nature. Thesetwo 
groups of a-particles probably represent new types of disin- 
tegration of radium ©, but any speculation about the 
mechanism which gives rise to them would be out of place 
in this paper, in which we have tried to confine ourselves to 
the narration of the bare experimental facts. 


Our thanks are due to Mr. Hirst and Mr. Osgood for their 
assistance in counting, and to Mr. G. R. Crowe for his help 
in preparing the sources and arranging the experiments. 


Cavendish Laboratory, 
July, 1924. 
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LUTI. On the Output of Radiation from the Quartz Mercury 
Are during the Period after first striking. By B. D. H. 
WATTERS, B.Sc., Physics Dept., Middlesex Hospital *. 


URING a series of observations on the time taken by a 
mercury arc to reach a steady state, certain variations 
of output were noticed during the first few minutes. 

The rate of consumption of electrical energy by the lamp 
at any moment was measured by an ammeter placed in the 
circuit and a voltmeter across the lamp terminals, the current 
being drawn from a bank of accumulators to ensure steady 
supply conditions, The are was then struck and readings of 
the instruments taken after 15 secs. and then at intervals of 
30 secs. The output of light was measured by the tint 
obtained on a strip of gelatino-chloride printing paper 
(P.O.P.) exposed to the full radiation from the lamp behind 
an aperture. At the end of 30 secs. the strip was moved on 
sharply, any error introduced in the actual movement being 
much less than could be detected by the method of tint 
matching. In this way a series of tints was obtained, the 
depth of colour being a measure of the output during con- 
secutive periods of 30 secs. It will be noticed that the 
reading of voltmeter and ammeter occurs at the mid point of 
each photographic exposure. 

To obtain a relative figure expressing the depth of the 
tint the lamp was allowed to attain a steady state. When 
both instruments registered constant readings and the sensi- 
tive paper a constant tint, a series of standard tints was 
prepared on a piece of the same papér by exposing it for 
times ranging from 5 to 40 secs. 

Each tint of an experimental series was then matched 
against the standard series and thus given a relative value. 
By this method the tints are expressed as a percentage of 
the tint corresponding to the final output, i. e. when the lamp 
has reached a steady state. An alternative method making 
use of a series of permanent standard tints made in water 
colours was tried, but the difficulty of colour matching and 
the additional error thus introduced confirmed the use of the 
simpler method described above. This method it will be 
noticed has also the advantage that any error due to variation 
in sensitivity and colour of one batch of printing paper from 
another is eliminated by using the same sheet for both ex- 
posures. The matching was done by the light of a 4-volt 
electric lamp kept at a constant distance. 


è Communicated by Prof. Sidney Russ, D.Sc. 
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It was found that, whatever the experimental conditions of 
voltage and series resistance, the first tint was always deeper 
than those immediately following. This preliminary burst 
of light was followed by a fall to a minimum, afd then a 
slow and rather jerky rise to a steady output which was 
attained in 10 to 15 minutes. The first effect is especially 
marked when the lamp is run at a low power consumption 
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(see Graph II.). In one experiment (see Table I.), when the 
lamp was running at its lowest possible voltage, the output 
recorded by the sensitive paper during the first half-minute 
fell to a quarter of that value in the period following next 
but one. It will also be noticed from the table that the lamp 
did not regain the original intensity, the initial tint being 
about 40 per cent. deeper than the final steady output. The 
fluctuations in voltage, current, and tint output are shown 
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in Graph I., and it will be noticed that during the period of 
the rapid change i in the intensity of the radiation, the readings 
of both instruments are virtually steady. On the other hand, 
the irregular rise in voltage and corresponding fall in current 
are rou ghly reflected in t the output curve. 

All these observations were made with the whole light 
from the arc. In order to discover whether the effect was 
confined to any particular part of the discharge, an apparatus 
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was constructed, a sketch of which is shown in fig. 1. This 
apparatus consisted essentially of 11 lengths of brass tubing, 
each 7:5 cm. long and 1 cm. diameter, placed side by side in 
a frame and fixed in the front of a light-tight box. Inside 
the box was a simple mechanism by which a wide strip of 
sensitive paper was wound off one small roller on to another 
in such a way that it was siretched across the farther ends of 
the tubes. In order to minimise reflexions the inside surfaces 
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of the tubes were given a mat black coating of lamp-black 
and turpentine. The apparatus was adjusted close up against 
the lamp, so that each tube received the light from a small 
section of the tube only. When this strip was exposed for 
consecutive 30-second intervals after striking the arc, the 


result shown in fig. 2 was obtained. The bottom line of 
tints is the first exposure. The first tube on the right was 
bearing on the positive electrode, the large spherical bulb 
which remains about half full of mercury. Owing to the 
low voltage at which the lamp was run, the discharge does 
not fill the bulb, which is, therefore, not very brilliant. The 
negative electrode is covered by the tube on the extreme 
left and the main body of the lamp by the nine central tubes. 
The print shown is typical of a number obtained in this way, 
and shows clearly that the initial brilliance is confined to the 
centre portion of the tube, there being no trace of it at either 
electrode. 

A spectroscopic examination of the radiation was then 
made, using a Hilger quartz spectroscope and panchromatic 
plates. The same exposure period of half-a-minute was 
employed, the light being taken from the centre of the lam 
only, making use of the apparatus described above. On fuk 
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plate the spectrum of the steady radiation was also included 
for purposes of comparison. 


Fig. 2. 
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A typical result is down in fig. 3. The first spectrum is 
the lowest on the plate, and it will be seen that it is very 
much simpler than the top one which is the spectrum of the 
steady state. A number of the lesser lines do not appear at 
all until after a minute or more has elapsed. Some lines 
show, on the other band, a marked maximum at the start, 
followed by a sharp drop, and then a steady increase. The 
less intense lines of this type fade away entirely and reappear 
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again. The most marked example is the line of wave-length 
(A 2536), which is marked A in the print. There can be 
little doubt that it is this line which is responsible for the 
effect under observation. It is interesting to note that in 
some earlier experiments this line was found to have by far 
the greatest photoelectric effect of all the lines of the 
mercury spectrum*. The initial brilliance was somewhat 
exaggerated by the selectivity of the paper. lt was found 
that this paper was sensitive throughout the whole range of 
the ultra-violet covered by the quartz spectrometer. 

A print was made in the spectroscope directly on the paper 
by an exposure of over four hours, which showed that the 
yellow und green lines had little or. no-.effect, whilst all 
the main lines in the ultra-violet were strongly marked. The 
selectivity of the printing paper thus accentuates any fluctua- 
tion in the ultra-violet region. 

An attempt was made to record the fluctuations during 
periods of about 1 sec. A revolving shutter with a sector of 
180° was used, but beyond confirming the fact that the 
intensity of A 2536 starts at a maximum value at the instant 
of striking the arc, nothing very conclusive could be 
obtained. 

To measure any minor variation in intensity apparatus of 
precision would have been a necessity. 

In order to summarise the evidence of the spectroscopic 
experiments, the lines may be divided into three groups. 
First, the lines which show a small but gradual increase of 
intensity as the lamp runs steady. Secondly, the lines which 
show an initial maximum followed by a drop and a steady 
rise. Thirdly, those which do not appear at all until an 
interval after the arc is struck. One minor line cannot be 
placed under any of these categories. This line (A 2848), 
marked B in fig. 3, appears only in the Starting Spectrum 
for the first 30 secs., and cannot be detected in any of the 
subsequent exposures. 

With the object of discovering whether this phenomenon 
was peculiar to the mercury arc, similar experiments were 
made with a number of metallic arcs in air. Owing, 
however, to the unsteady running, during the essential early 
stages, nothing very conclusive was obtained except that in 
the case of the iron-arc an undoubted starting maximum 
was obtained for every condition of voltage and current 
employed. 


œ Clark and Watters, Jour. Ront. Soc. xvii. July 1922. 
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TABLE [, 


Energy Consumption and Radiation output of a mercury 
lamp. Low mains voltage 119 volts. 


Time. Volts. Amps. Watts Tint % 
Ls saved 0.15 22 32 10 133 
D eiss 0.45 22 32 70 73 
caus 1.15 23 3°15 70 33 
te gauge 1.45 24 3:1 74 50 
ET 2.15 28 2:95 x2 60 
O is 2.45 32 29 93 66 
1 canes 3.15 35 2°75 915 64 
EE 3.45 35 275 96 70 
De sapsans 4.15 35 2°75 95 70 
LOL ecu 4.45 38 2°7 103 15 
LD, E 5.15 41 2°6 107 80 
12 5.45 43 2°55 109 87 
1b: ae 6.15 44 2°45 108 90 
14 un 6.45 45 2:45 110 90 
IO: gi 7.15 45 2'5 112 90 
16 ui 7.45 46 2°45 110 100 
a hans 8.15 47 > 24 110 100 
18: sveene 8.45 47 24 110 100 
1D. aac 9.15 47 2-4 110 100 
ZO sevens 9.45 47 24 110 100 
30... 15.15 48 2:3 110 100 
Tase II. 


Showing variation of output after striking the arc 
under different voltages. 
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Low Power. Medium Power. High Power. 
Time. (Mains 119.) (Mains 149.) (Mains 160.) 
0.15 133 100 45 
0.45 73 40 25 
1.15 33 40 40 
1.45 50 46 45 
2.15 60 7 45 
2.45 66 50 47 
3.15 66 60 50 
3.45 70 75 60 
4.15 70 75 70 
4.45 T5 7 75 
5.15 80 75 75 
5.45 8&7 80 TƏ 
6.15 90 80 75 
6.45 90 80 85 
7.15 90 90 90 
7.45 100 100 100 
8.15 100 100 100 
8.45 100 100 100 


Note that the tints are all expressed as percentages of the 
final steady condition for that experiment. With the higher 
mains voltage, the final output is greater and the tint there- 
fore deeper than the corresponding tint obtained with a 
lower voltage. The final tints are in the ratio approximately 
35:05 : 100. 
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LIV. An Electrical Method for Tracing Stream Lines in 
the Two-/nmensional Motion of a Perfect Fluid. By E. 
F. Retr, A.R.C. Sc., of the Aerodynamics Department, 
National Physical Laboratory *. 


T has long been known that the equations giving (for two- 
dimensional systems) the stream lines in a non-viscous 
fluid and the equipotential lines in an electric field are 
identical. In both problems the equation 
V’y = 0 
must be solved subject to the condition that has a constant 
value over every boundary, the actual values of 4 at the dif- 
ferent boundaries depending upon the nature of the problem. 
The two-dimensional flow of a perfect fluid passing an obstacle 
such as an uerofoil can, therefore, be conveniently mapped if 
a suitable method can be found for tracing the system of 
equipotential lines due to a metal aerofoil placed in an 
electrostatic field. This field may be produced between 
two parallel metal plates, and the solution obtained is then 
equivalent to that of fluid flow past the obstacle and between 
parallel walls. The solution is practically unaffected when 
the dielectric between the plates is replaced by a substance 
of very low conductivity. 

The apparatus described below was designed and con- 
structed for use in the Aerodynamics Department of the 
National Physical Laboratory, in order that stream lines 
round an obstacle might be rapidly and accurately plotted 
in this way. A photograph of the apparatus is given in 
fig. 1. It consists of a concrete tank, 5 ft. long, 2 ft. 6 in. 
wide and 1 ft. 3 in. deep, filled with ordinary tap-water 
and coated inside with bitumastic enamel to prevent absorp- 
tion of the water by the concrete. On the two longer sides 
are mounted thin sheets of aluminium, and the metal model 
of the obstacle to be studied stands in the centre of the tank. 

The use of a steady potential difference between the two 
side plates leads to electrolytic troubles, and was abandoned 
in favour of an alternating potential difference of audible 
frequency, a telephone being used as an indicator. The 
resistance of the water between the plates is of the order of 
100 ohms. 

To determine the equipotential lines two exploring elec- 
trodes are used, consisting of fine platinum wires sealed into 
the ends of capillary tubes and projecting about 1/10 in. 
from the ends. One of these electrodes is fixed at any 


* Communicated by Mr. R. V. Southwell. 
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convenient point in the tank, while the other is carried on a 
pantograph of the drafting-machine type. This pantograph 
also carries a steel point, which copies exactly the motion of 
the exploring electrode over a drawing-board placed beside 
the tank. 

The alternating potential difference is obtained from an 
oscillatory valve circuit in which the secondary and primary 
windings of an ordinary low-frequency inter-valve trans- 
former are used in the plate and grid circuits respectively. 


Fig. 1. 


This circuit was found to oscillate at about 200 per sec 
frequency without the introduction of any capacity across 
the winding in the plate circuit, and gives a very constant 
and pure tone. The two exploring electrodes are connected 
to a three-valve low-frequency amplifier. A diagrammatic 
sketch of the apparatus, showing the electrical circuits, is 
given in fig. 2. The observer listens in the headphones con- 
nected to the output side of the amplifier, and adjusts the 
movable electrode until no sound is heard. The two elec- 
trodes are now at the same potential, and a mark is made by 
depressing the steel point on the pantograph so that it makes 
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a pin-prick in a sheet of paper fixed to the drawing 
The process is repeated until sufficient points have been 
obtained to define the equipotential line passing through 
the fixed electrode. This electrode is then moved to a new 
position and another line drawn in the same way, and so on 
until the whole field is mapped. The process is very rapid 
in practice, and under good conditions the position of the 
movable electrode is determinable within about 1/100 in. 

If it is desired to know the spacing between the equi- 
potentials expressed as a Fraction of the potential difference 
between the plates, a fine potentiometer wire is connected 


between the plates and points on this wire are employed to 
give reference potentials instead of the fixed electrode. 

Used in the above way the apparatus will draw the stream 
lines of an inviscid fluid without circulation, because, since 
the model is insulated, the total electric flow across its 
boundary must be zero. ‘The case in which circulation is 
present may be obtained by connecting the model to a point 
on the potentiometer wire, so that it is at a potential 
different from that which it would assume if insulated. In 
practice this method has not been used, on account of the 
difficulty of measuring the potential of the model, or the 
current flowing into it, in order to define the amount of 
circulation. Instead, the stream lines due to circulation 
alone are mapped by connecting both the side plates to one 
side of the alternating supply and the model to the other side. 
the potentiometer wire being used as before to supply the 
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reference potentials. The flow due to circulation of any 
desired magnitude can then be added graphically to that for 
non-circulatory flow. 

Two illustrations of the results obtained with the above 
apparatus are appended, and problems were chosen for this 
purpose in which a direct comparison with theory was 
possible. The first of these (fig.3) gives the stream lines for 
non-circulatory flow past a flat plate inclined at 45° to the 
direction of flow. The full lines were obtained by the 
electrical method, whilst the dotted lines were obtained from 
the hydro-dynamical equations. No attempt was made to 
measure the values of ẹ for the various stream lines, and the 
comparison is accordingly to be made on the basis of the 


Fig. 5. 


AN ELECTRICAL MET IN TREAM LINES 


conformity of the two sets of stream lines. It will be noted 
that the two sets of lines agree remarkably well, even near 
the sharp edges of the plate, where the curvature is greatest. 

The second illustration was obtained from measurements 
of the stream lines due to circulation only round the same 
flat plate. In this case the potentiometer wire was used as 
a reference, and it is possible to compare the actual values 
of y. This is done in fig. 4, which relates to the distribu- 
tion of Y along an axis bisecting the width of the plate at 
right angles. In an infinite fluid the stream lines for the 
flat plate are confocal ellipses with foci at the edges of 
the plate*, and the dotted curve gives the values of 
along the above line (/.e., along the minor axes of the 
ellipses) for various values of b/c, b being the distance from 


* Lamb, ‘ Hydrodynamics’ (3rd edition), § 66. 
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the flat plate and 2c the width of the plate. It was realized 
that the effect of the walls of the tank would not be negli- 
gible, excepting in the region very near the plate, and its 
effect upon the values of y along the chosen line was calcu- 
lated by the method of images. This gave the full curve of 
figure 4. The points on the same diagram were obtained by 
direct measurement from the stream lines traced by the elec- 
trical method, the arbitrary scale of y (as given by the 
potentiometer wire) being so chosen as to make tlie potential 
at the side plates correspond with the calculated value of y 
(allowing for wall interference) at this distance from the 
plate. It will be seen that the agreement is very good 
indeed. It was noticed that although the presence of the 
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walls modifies considerably the values of y far from the plate, 
yet the stream lines, when plotted from the electrical deter- 
mination, would be judged to be coincident with the svstem 
of ellipses given by theory for an infinite fluid. In other 
words, the change of shape of a given stream line which is 
produced by the introduction of the wall interference is not 
striking to the eye, although the actual value of yf at a given 
point has been considerably altered. This fact serves to 
explain the agreement in the shape of the outer stream lines 
of fig. 3, where the comparison is with theoretical lines for 
an infinite fluid. | 

The apparatus is thus demonstrated to be sufficiently 
accurate for practical purposes, and it provides a verv con- 
venient and rapid method of solution of the stream-line 
problem in two-dimensional cases which can be conveniently 
represented in the electrical analogue. 


mere 
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LV. Note on the Stability of Laminar Shearing Motion in 
a Viscous Incompressible Fluid. By R. V. SouraweE Lt, 
M.A., Superintendent of the Aerodynamics Department, 
National Physical Laboratory *. 


1. TN collaboration with Miss S. W. Skan t, I have recently 

investigated the effects of apphed shearing forces 
upon the free transverse vibrations of a flat elastic strip. 
Fig. 1 shows the nature of the problem and the notation 
which was employed. To avoid unnecessary complication 
arising out of end effects, the length of the strip was taken 
as infinite and the transverse displacement assumed to be 
simply harmonic in 2: under these conditions no restriction 
is imposed upon the wave-length of the displacement in a 
direction parallel to the edges, and the results were accord- 
ingly presented in diagrams which related the natural 
frequency of vibration with this wave-length and with the 
intensity of the applied shearing forces. 


Fig. 1. 


Two types of edge constraint were considered, namely, 
“simple support” and “clamping.” The first type prevents 
displacement of the middle-surface at the edges, which are 
otherwise free ; the second also prevents change of slope at 
the edges. The diagram corresponding to the second con- 
ditions is reproduced as fig. 2 of the present note: abscisse 
are values of the ratio l/b, where / is the wave-length of the 
displacement and b the half-breadth of the strip ; ordinates 
are values of 1?S8/D (denoted by the symbol A), where S is 
the intensity of the applied shearing forces per unit length 
of edge, and D is the *“ flexural rigidity ” of the strip f ; and 

* Paper read at the International Congress for Applied Mechanics, 
Delft, 1924. Communicated by the Author. 

t Roy. Soc. Proc. A, ev. pp. 582-607 (1924). 

t D=2E/'/3(1 — o°), where 4 is the half-thickness of the strip, E is 
Young’s modulus, and ø is Poisson’s ratio. Cf. §2 of the paper cited. 
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the curves shown are contours drawn for constant values of 
the quantity 87?phb‘n?/D, where n is the frequency of the 
transverse vibrations, p the density and A the half-thickness 
of the strip. Thus all the quantities which occur in fig. 2 
are non-dimensional, and any consistent system of units may 
be employed. 

It is evident from this diagram that an increase in the 
intensity of shear, for any definite value of the wave-length, 


Fig. 2. 
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l 
Values of + 
will be accompanied by a decrease in the value of n?. At 
some particular value of S (corresponding to the contour 
numbered 0) the period of vibration becomes infinite and the 
distorted form can be maintained indefinitely, the elastic 
stability of the system being then neutral; whilst if S be 
increased beyond this value, n? becomes negative, and the 
vibrations are characterized by an imaginary period,—i. e., 
the system becomes elastically unstable, and the transverse 
displacements increase (or decrease) exponentially in respect 
of time. 


Phil. Mag. S. 6. Vol. 48. No. 285. Sept. 1924. 20 
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again. The most marked example is the line of wave-length 
(A 2536), which is marked A in the print. There can be 
little doubt that it is this line which is responsible for the 
effect under observation. It is interesting to note that in 
some earlier experiments this line was found to have by far 
the greatest photoelectric effect of all the lines of the 
mercury spectrum*. The initial brilliance was somewhat 
exaggerated by the selectivity of the paper. lt was found 
that this paper was sensitive throughout the whole range of 
the ultra-violet covered by the quartz spectrometer. 

A print was made in the spectroscope directly on the paper 
by an exposure of over four hours, which showed that the 
yellow and green lines had little or. no.effect, whilst all 
the main lines in the ultra-violet were strongly marked. The 
selectivity of the printing paper thus accentuates any fluctua- 
tien in the ultra-violet region. 

An attempt was made to record the fluctuations during 
periods of about 1 sec. A revolving shutter with a sector of 
180° was used, but beyond confirming the fact that the 
intensity of A 2536 starts at a maximum value at the instant 
of striking the arc, nothing very conclusive could be 
obtained. 

To measure any minor variation in intensity apparatus of 
precision would have been a necessity. 

In order to summarise the evidence of the spectroscopic 
experiments, the lines may be divided into three groups. 
First, the lines which show a small but gradual increase of 
intensity as the lamp runs steady. Secondly, the lines which 
show an initial maximum followed by a drop and a steady 
rise. Thirdly, those which do not appear at all until an 
interval after the arc is struck. One minor line cannot be 
placed under any of these categories. This line (A 2848), 
marked B in fig. 3, appears only in the Starting Spectrum 
for the first 30 secs., and cannot be detected in any of the 
subsequent exposures. 

With the object of discovering whether this phenomenon 
was peculiar to the mercury arc, similar experiments were 
made with a number of metallic arcs in air. Owing, 
however, to the unsteady running, during the essential early 
stages, nothing very conclusive was obtained except that in 
the case of the iron-are an undoubted starting maximum 
was obtained for every condition of voltage and current 
employed. 


œ Clark and Watters, Jour. Rönt. Soc. xvii. July 1922. 


Section A B. 


542 Mr. R. V. Southwell on the Stability of Laminar 


It is more natural to treat S or n as thespecified quantity, 
since in reality, as was remarked above, no restriction 18 
imposed upon the value of the wave-length. The diagram 
shows that in the absence of applied shear (A=0) the 
gravest frequency of vibration corresponds to a displace- 
ment of two-dimensional type (J=00), but that when N has 
a finite value the gravest frequency corresponds to a dis- 
placement having a finite wave-length ; conversely, among 
vibrations having a specified frequency there is some one 
tvpe, characterized by a finite wave-length, which requires 
a smaller shear than any other for its maintenance. 

From a practical point of view, the most important con- 
ditions are those of neutral] elastic stability, corresponding to 
the contour numbered 0 in fig. 2. Our calculations showed 
that the smallest shear required to produce these conditions, 
in a strip of which the edges are clamped, is given by 

2 

ae 22°18, approximately,. . (1) 
and that the corresponding displacement has a wave-length 
about 1°6 times the breadth of the strip*. It was thought 
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worth while to investigate the nature of the dispiace- 
ment in some detail, since experimental results could easily 
be obtained for comparison t, and a series of contours 
of constant displacement was accordingly plotted ina dia- 
gram which is reproduced as fig. 3 of the present note. The 
numbers attached to the contours havea relative significance 

* Cf. Table II. of the paper cited. | 

+ A specimen strip, from a series tested in the Engineering Department 


of the National Physical Laboratory, was lent by Mr. H. Gough for 
reproduction (as part of fig. 1) in the paper cited. 
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only, the absolute magnitude of the displacement being 
indeterminate. 


2. There is no direct connexion, either physical or mathe- 
matical, between the problem of clastic stability here treated 
and that of the stability of laminar shearing motion in a 

viscous fluid; but it is the purpose of the present note tu 
show that results of the type given in equation (1) above 
have an application to the hy drodynamic problem. From 
(1), for example, we can at once deduce a result which has 
been previously obtained by W. M. Orr *, whose formulation 
of the hydrodynamic problem has been accepted by 
Rayleigh ł and H. Lamb f, and will be followed here. 


3. The equation which governs the vorticity of a viscous 
fluid moving in two dimensions is 


g i TETN vE 2. we (2) 


where v is the kinematic viscosity and V? = 0? 027+ 0?/dy’. 
The vorticity 
_ or Ot 


o=4, ay 2 A eee Ge) 
where u and rare the component velocities of the fluid in 
the directions of z and y respectively. 
In the case of uniform shearing motion between parallel 
planes y=0 and y =d, the former of which is at rest, we 
have in the undisturbed motion 


us By, v= 0, C= —B, el. oe (4) 


where 8 isa constant. For the disturbed motion we may 


‘write 
Ò me 2 5 
u = py— oY, . = ha E=-8+V y, . ©) 
OY Ou! 
where W is the stream-function of the disturbance. Then ¿f 
the disturbance is infinitesimal (so that terms of the second 
order in y may be neglected) we have, on substituting from 


(5) in-(2), 
[S te y] Vir=0. . . . (6) 


e Proc, Roy. Trish Acad. xxvii. pp. 69 138 (1907). 

+ Phil. Mag. xxviii. pp. 609-619 (1914), or ‘Collected Papers’, vi. 
pp. 266-276. The notation employed in this note is substantially that 
of Rayleigh. 

p Hydrodynamics’, 3rd Fd. § 368. ¢ as defined by Lamb (and in the 
treatment here given) fins twice its value as detined by Rayleigh, and is 
‘of opposite sign. 
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This equation must be satisfied by y at every point in the 
fluid field, whilst the condition of “no slipping at solid 
boundaries requires that 


ah ae 0, when y = 0 and when y&d. . (7) 


Òr OY 

In seeking to determine the conditions (if any exist) under 
which an accidental disturbance of the steady motion will 
tend to persist or to increase, we must ensure that such per- 
sistence is not in reality an effect of suitably varying 
pressure differences, implied in our solution, at the ends of 
the fluid field. This will be done if we make an assumption 
exactly similar to what was made for the elastice problem 
in § 1 above, and take the length of the fluid field to be 
infinite and the disturbance to be simply harmonic in x: our 
problem then becomes a limiting case of the problem of 
shearing motion between two concentric cylinders *,’ in 
which the radii of the cvlinders are infinite. We therefore 
suppose that w, v and &, in so far as they depend upon œ 
and ¢, are proportional to ee, where n=p+iq; and 
equations (6) and (7) then take the forms 


3° 7.2 q t J A wo > 
[57 +1" (p+kBy)]8 = 0, . . (8) 
where S=V’yp= E = x yy, 

J- 


y = 44 = 0, when y= 0 and when y =d. . (9) 


and 


The question of the stability of the steady shearing motion 
now turns on the sign of g in a disturbance of the type con- 
sidered. If a solution of equations (8) and (9) can be found 
in which q has a zero or negative value, the steady motion 
will be neutral or unstable; if g is necessarily positive, the 
steady motion will be stable. The result due to Orr, of which 
mention has been made in §2, is that no failure of the 
stability can occur unless the “ Reynolds’ number” 8d?/p 
exceeds 177, where d is the distance between the walls, so 
that Bd represents their relative velocity. Whether failure 

* This pee has been investigated, both analytically and experi- 
mentally, by G. I. Taylor (Phil. Trans. Roy. Soc. A, cexxiil. pp. 280-343, 
1923), who has determined definite criteria of instability. The type 
of disturbance which is found to persist is, however, three-dimensional: 
it has no counterpart in the present problem. 
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can occur at some higher value of Ad?/y is a question which 
does not appear to have received a completely satisfactory 
answer, in spite of the skilful treatment which the problem 
has received from many workers*: the general opinion 
seems to be that the steady shearing motion is completely 
stable for infinitesimal disturbances, but that the stability 
probably fails for finite disturbances, or (what is practically 
the sume thing) when the walls are roughened by excrescences 
of finite size, if the Reynolds’ number is sufficiently high. 


4. To show that Orr’s result can be obtained from the 
result for the elastic strip which has been stated in equa- 
tion (1), we first consider the real form of the solution to 
(8) and (9) which corresponds to the symbolic form assumed 
in §3. This may be written as 

y =e U{W, sin (ke + pt) + V2 cos (Aw +pt)}, . (10) 
where V, and Y, are functions of y only, such that 
a dV, = lV, | l 


=0, when y=0 and when y=d, (11) 


Lato P] Vii + (pt kBy)V Y= my 
[4 HVV #] VY- (p + kBy)V Y= 0,J 


where V7)? = d?/dy?— k’, at all points in the fluid field. 

It is easily verified by substitution that (10) is a solution 
of (6) and (7). If we now multiply the first of (12) by W, 
and the second by W,, add, and integrate between the 
limits y=0 and y=d, we have, in virtue of the boundary 
conditions (11), 


o vS (MEW? + RPV) + WD} dy 
—q S {Vy 2427 + VE + V7) } dy | 
EB N YYY) dy = 0. 2 6. (18) 


Dashes here denote differentiation with respect to y. 


(12) 


5. We next consider the problem of a long flat strip in 
neutral elastic stability under the combined action (i) of a 
uniform shearing force, of intensity S per unit length, 
applied at its edges (exactly as in § 1) and (ii) of a uniform 
tension, of intensity T per unit length, acting in all direc- 
tions in its plane. It can be shownf that the equation 
ae have been given by Rayleigh and Taylor in the papers 
cited. l 


+ Cf. §§& and 19 of the paper cited above. The axes and notation 
have been explained in $1 of the present note. 
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which governs the transverse displacement w of points im 
the middle surface 1s 


DViw—28 òw —TV?w = 0 (14) 
BOS ay tee G+ 
and hence the elastic stability of the system will be neutral 
if a solution of (14) exists which is simply harmonic in z 
(cf. § 1) and which satisfies the appropriate boundary con- 
ditions. When the edges are clamped, these are 


is = 0, at the edges of the strip.. . (15) ` 


Suppose that a solution of this nature exists, and let it be 
represented by the expression 


w= Wsin kæ— W cos ke, . . . (1b) 


w = 


where W, and W, are functions of y only, such that 


dW, _ dW, 


W,=W.= o ae = 0, at the edges of the strip. (17) 
Then from (14) we have the equations 
| 7 
[—T+ DYW 2S * z; 
( a 
l dW qa) 
[—T+DV 2] VW: +245 ly = 0, 
; dì 


and if we multiply the first of (18) by W, and the second 
by Wa, add, and integrate over the breadth of the strip, we 
obtain, in virtue of the boundary conditions (17), 


DÍ (Wy? + W.'? 42W, W,7)+/4(W,7+ W,7)} dy 
+ Tf {W,”? + WwW,” + AW? + W,")} dy 
_ 2kS | (W,W,—-W.W,')dy = 0. . . (19) 


Dashes again denote differentiation with respect to y. 


6. Equation (19) is the energy equation for the bent strip, 
expressing the condition that the work done by shear and 
tension, on the occurrence of the displacement tc, is equal to 
the strain-energy stored by flexure. Now it has been showr 
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by Rayleigh * that, in problems of the kind which we are 
considering, an approximate expression for the gravest 
natural frequency of vibration may be obtained directly 
from the energy equation, if we assume for the type of the 
displacement any reasonable form which satisfies the imposed 
boundary conditions ; and further, that if the assumed type 
ig not an exact solution of the differential equation of motion 
the result of the determination will err in the direction of 
overestimating the stability of the system. Thus in particular, 
if we use his method to determine the conditions of limiting 
elastic stalnlity (zero frequency), we shall overestimate the 
magnitude of the disturbing forces required, unless the as- 
sumed displacement is an exact solution of the equation of 
neutral equilibrium. 

Let us apply his method in this way to the elastic strip, 
und let us suppose further that the quantities which defined 
this problem in $5 are related with those of the hydro- 
dynamic problem of $$ 3 and 4 by the scheme 


D=y, i | È 
=e, 
S = 38, "evs ave er 1620) 
2b = breadth of elastic strip 
= d: J 


Then if, as our assumption in regard to the type of the 
displacement, we identify Wy and w a in (16), with the func- 
tions W, and Y, of $4, ie relation (19) becomes identical 
with (13), and is therefore satisħed. But the equations (18) 
cannot be identified with (12), and hence our assumed type 
does not satisfy (lf) exactly: it follows, by the theorem 
quoted above, that we shall overestimate the shear (or the 
turust, if q is positive) required to bring about conditions of 
limiting elastic stability. 


7. Now it was shown in the paper cited f that correct rela- 
tions between shear, thrust (or tension} and flexural rigidity, 
under conditions of neutral elastic as can be obtained 
from the diagram reproduced i in fig. 2 above. The necessary 
calculations fee since been nade $ + and are described in the 


* í Theory of Sound’, i. §§ 88, ete. 

t Loc. cit., § 19. 

t I am indebted to Miss S. W. Skan for carrying out the laborious. 
calculations involved in this part of the work. 
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Appendix to this note; the results are exhibited in fig. 4, 
S hee the coordinates are the same as in fig. 2, but the con- 
tours all relate to conditions of neutral stability (n=0), under 
varying intensities of the tension T. The numbers attached 
to the contours are values of the non-dimensional quantity 
Ti?/D: the particular values shown were chosen for con- 
venience in calculation. — 


In fig. 4, the contour (Tb?/D =0) is identical with the con- 
tour numbered 0 in fig. 2.. The contour numbered —7? is 
asymptotic to the horizontal axis; the contour for any 
(algebraically) higher value of T/D exhibits a minimum 
corresponding to a displacement of some finite wave- 
length; and the contour for anv lower value cuts ‘the 
horizontal axis orthogonally *. Thus for any contour value 
there is some lowest value of the ordinate /?S/D. given by 
the -point of intersection -of the contour with the dotted 
curve ab of fig. 4; and a curve may be drawn (fig. 5) 
to relate the applied tension T with the minimum value of 


* The complete dingram includes a part for negative values of the 
ordinate ND which may be obtained by reflexion of fig. 4 with 
lespect to its horizontal axis. Cf §16 of the paper cited. 
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the shear which must be superposed in order that conditions 
of limiting stability may result. 

If the constants of the strip are specified by (20), fig. 5 
may be interpreted as a relation between £, q, v and d ; and ` 
this relation, by the argument of § 6, will give a lower value 
of 8, corresponding to any specitied values of q, v and d, 
than can occur in a solution of the hydrodynamic equa- 
tions of §3. We see that the value of 8, when vy and d are 


specified, increases steadily as g decreases, and in particular, 
that instabilitv of the steady shearing motion (y zero or 
negative: cf. $3) cannot possibly occur unless 8 exceeds 
a value given by 


or 


BU. wis 


= 117, approximately, (21) 


which is the value obtained by substituting from (20) in 
equation (1). This is Orr’s result (ef) § 3). 
Bd ii 
Conversely, when a has specified values, the curve of 


fig. 5 fixes lower limits for the value of the logarithmic 
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decrement q in the most persistent disturbance which cam 
occur. These results are, so far as I am aware, new; but 
Jit should be emphasized that the fact of the curve extending 
to negative values of q does not necessar ily imply that the 
steady shearing motion can become unstable for intnitesimal. 
disturbances at any value of Ba?’v, however high. 


APPENDIX. 


Determination of Conditions of Neutral Elastic Stability for a 
Llat Strip subjected to Tension in combination with Shear. 


Methods for deriving these conditions from fig. 2 of the 
present note were indicated in $19 of the paper cited. 
Relations were there given whereby any set of simultaneous 
values for shear, frequency and wave-length which con- 
stitutes a solution of the equations of vibration under shear 
alone can be transformed into a new set of simultaneous. 
values of shear, tension, wave-length and frequency which 
also constitutes a solution. 

When, as in the present instance, the new frequency is 
required to be zero, the relevant transformation equations * 
aro l l 

ap OT ap, | 
bo? | 
A'K = Ak, >. 1 w 6 (22) 


DT l 
k”? (e+ 5) = it — B, | 
bl J 


T is the tension per unit length, assumed ` 
equal in all directions, 


where 


Pach 
l= i = wave-length of the transverse 
displacement in a direction (23) 
a parallel to the sdges, . 
Les 
A = D? 
B= Sar? phbr? 
L) 9 


and where undashed values of k and A relate to the original 
solution, dashed values to the new solution. 
From the first and third of (22) we have 


B = HYD, o wo... (24) 


* numbered (39) in the paper cited. 
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showing that if a new diagram (fie. 4) is constructed in 
which contours of constant tension are plotted against 
2 
“ 
then any contour of constant B in fig. 2 will transform into. 
a contour of constant tension in the new diagram. Given 
the contour value TID, and assuming a value for k’, we 
have B fiom (24) and & from the first of (22); then A may: 
be found from fig. 2 and hence A! from the second of (22). 4. 
so that a point on the required contour is determined. 

Fie. 4 has been constructed from calculations, made on. 
the foregoing lines, which are summarized in the table given 
below. For our present purpose we are mainly interested in 
the lowest values of A associated with any given value of 
ID: these minimum values correspond o points on the- 
dotted line ub of fig. 4, and are related with Tb?/D in. 
fis. 5. 

“Tt m: iv be remarked that the complete diagram, extending 
to negative values of A, would exhibit symmetry about the 
horizontal axis: this follows trom the fact- that fig. 2 pos- 
sesses a similar symmetry *. Hence, such contours in hg. 4 
as intersect the horizontal axis will cut it orthogonally. The 
points of intersection are most easily found directly from 
the equation of neutral stability for a strip subjected to. 
tension without shear; this is t 


d? pe bT d? wely - be 
lie a vie Ke] = 0, gO aon) 


and the boundary conditions require that } 


abscissee representing Z,- and ordinates representing A’, 


Y= , =O whenzs=+1. .. . (26) 


To find the contour which is asy npo to the horizontal 
axis of fiv. 4 we make $’ zero in (25). We thus arrive at 
the familiar solution 


Y x (l+cos7:), 
with peT yoge sp a a AI) 


D = =T.. 


* (Cf. §16 of the paper cited. 
+ Equation (13), moditied in accordance with §19, of the paper cited.. 
1 Equations (15) of the paper cited. 
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TABLE. 
or B k' 5 ' em A ' 
oE D in fig. 2. (assumed). from (22). from fig. 2. A SANS E 
12-65 40 ......... 3142 4:025 3830 423 2'0 
2513 3:558 28:3 40-0 2-5 | 
2-004 3°273 25°5, 39°9 3-0 | 
1:967 3'192 24°8 40°2 32 
1-371 2:965 23:0 43°3 40 | 
11°18 31:288 ... 3142 3:930 322 40:3 2:0 | 
2:513 3453 278 38-1 2:5 
2:094 3:159 25°2 37°9 30 ' 
1:967 3:073 246 384 82 
1:571 2:839 22:9 41-4 4°0 ; 
8-94 A | Peer 3142 3787 314 79 2-0 
2:513 3287 27:3 357 25 
2-094 2:976 24:9 Br3 30 
1:967 2:890 24°] 354 32 
both 2-634 29-4 376 40 
632, 10......... 3142 3:610 30T 35:3 20 
2:513 3082 264 323 25 
2094 2748 24-2 317 30 | 
1-967 2°65.0 23°6 ols 32 
1571 2:373 22-0 83y +0 
—6'32, 10... 3142 2:590 23:3 19:2 24) | 
2513 1-78] 20° 14-4 25 | 
2094 1:106 23:0 ee JU | 
1-067 0-541 274 11:7 32 
17 0834: — 92] 0 ,/* 11:2 40 
1257 1:258 = 11:7 i* 117 50 
-8&4 A 0 eer ee 3142 2:325 POS lo? 2) 
273l 1:729 18:0 ll-4 Di 
25k 1:366 17'8 9-7 25 
1-837 L477 =9 57% D4 342 
Loe 17000 —2 7 it 6 a) 
1047 1'837 ¿ — 24 ,/* 4°2 60 
=r" L is O 3142 2229 193., i37 2-0 
273l 1:589 16:8 LERS) 2 
213 1:183 16:7 TY 25 
2059 ORS42 — 7 i* 3U 305 
—1}']8S SL2S8 ... 4142 2070 17:0 11:2 2) 
ool 1°3867 loo G'S a 
OLB UKG 18'S, +1 25 
264 0) 0 9) 2-60 
— 12°65 40) 00... 3142 1:833 13:5 8:3 2 
2TA 1-002 0 ! Q 129 
| 


* A calculated from equations (24) of the earlier paper cited. 
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More generally, we have 
Y = Psin az +Q cos az +R sinh 2+8 cosh kz, (28). 
where 2 
teks = 0, b ay ee we (297 


and the criterion is 


a? — 
2(1—cos 2a cosh 2) = ok 


12 


sin 2e sinh 2. (30) 


Inserting any value of k’ in (30), we can find a by trial, and. 


hence the value of ee from (29). 


D 


LVI. The Disappearance of Gas in the Electric Discharge (V.). 
By The Research Staff of the General Electric Company,. 
Limited, London *. (Work conducted by N. R. CAMPBELL 
and E. G. NEw.) . 


Summary. 


Tue purpose of these experiments is to discover a relation between. 
the rate of absorption of a gas in the electric discharge and the 
rate of ionization of its molecules. It is pointed out that the true- 
electrical absorption, dependent simply on ionization or allied 
processes, is entangled with other causes of absorption and 
evolution of gas; the main difficulty is to disentangle it. 

The experiments show that, in nitrogen and carbon monoxide, 
the rate of absorption is proportional to the rate of ionization and, 
approximately at least, independent of the pressure, the speed of 
the ionizing electrons, and the arrangement of the electrodes. It 
depends very greatly on the condition, but not very greatly on the 
material, of the walls of the vessel. The number of molecules 
disappearing is often greater than the number ionized. In argon 
there is no evidence of an absorption simply related to ionization. 
In hydrogen the facts are obscure; but it is probable that there 
is an electrical absorption more rapid than in N, or CO. 

An attempt is made to explain the tacts. Tn spite of the simple. 
relation between absorption and ionization, it does not seem possible 
to hold thar the ions are absorbed, Alternative theories are dis- 
cussed: (1) that monatomic molecules liberated by ionization, 
(2) that partially ionized or excited molecules are absorbed ; but 
both are open to grave objection. The molecules almost certainly 
are absorbed by reaction with the walls of the vessel, but no 
suggestion can be made as to the nature of the reaction. 


* Communicated by the Director. 
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Some observations, to be completed in a later paper, are described 
on the evolution of gas from glass vessels when heated, after they 
have been submitted to the usual processes of baking during 
exhaustion. It appears that there is no definite amount of gas 
that can be evolved by such heating, but rather that an equi- 
‘librium pressure is established. 

The paper consists of the following parts :— 


§ 1-2. Statement of the Problem. 
§ 3-4. Experimental Methods. 
§ 5. General Nature of the Results. 
§ 6-11. Detailed Results. Effects of anode voltage (6); Ar- 
rangement of electrodes (7); Nature of gas (8): 
Pressure of gas (9); Nature of walls (10); Thermal 
evolution of gas (11). 
§ 12. Comparison with Previous Work. 


§.13-17, Discussion of Results. Absorption and ionization 
(13, 14); Absorption and monatomic molecules 
(15); Absorption and excited molecules (16); 
Nature of absorption (17). 


STATEMENT OF THE PROBLEM. 


d T the previous papers of this series * we studied the 
disappearance of gas in the electric discharge, with 
special reference to the action of phosphorus. We put 
forward a theory to explain the specific effect upon the 
disappearance which phosphorus displays in common with 
certain other elements; and concluded that this effect was 
due to the formation of lavers of chemically inactive phos- 
phorus on the walls of the vessel; the gas appeared to 
adhere with particular avidity to such layers. But we did 
not offer any definite account of the circumstances which 
„determine the adherence of the gas. If the disappearance is 
due to the electrical discharge, there should be some relation 
discoverable between the rate of disappearance on the one 
‘hand and, on the other, some quantities determining or 
daenna by the dischar ge, such as the rate at w hicha ions 
are formed, or at which thev encounter the walls or other 
ions or Maatai molecules, or the rate at which electrons strike 
«the absorbing surface. 
The experiments we are about to describe are concerned 
with this further problem. Since it appeared likely frcm 


* Research Staff of the G. E. C.: Phil. Mag. xl. p. 585 (1920); xli. 
op. G85 (1921); xli. p. 227 (1921); xliii. p. 914 (1929). 
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‘our previous work, contirmed in this respect by our pre- 
liminary survey of the new field, that the presence of 
phosphorus and its congeners would be a disturbing factor, 
we havé made no use of these elements: nothing was 
intentionally present in the vessels we used, except glass, 
metal, and the gas which was to disappear. A thermionic 
cathode was always used, and its presence will be assumed in 
the sequel. 

Some guidance could be obtained from the work of others, 
which has been summarized by Dushman in his book § High 
Vacuum’ and in the articles collected therein *. All 
writers find, as is to be expected, that the rate of disappear- 
ance of gas is proportional to the current carried by the 
discharge. Hughes f has compared the number of mole- 
cules disappearing with the number struck by electrons ; 
he concludes that the ratio of these numbers is independent 
of the electron current, and that as many as one-sixth of the 
molecules struck may disappear. Dushman, Andrews, and 
Huthsteiner $ bave shown that at constant pressure and 
electron current the rate of disappearance is proportional to 
the pressure. All these experiments, which will be discussed 
later, indicate that the rate of disappearance is proportional 
to the rate of ionization; but little definite is known of the 
factor of proportionality. 

2. However, though quantitative measurements are scanty, 
qualitative facts, which have been published by many writers 
and are familiar to all who attempt to obtain very high 
vacua, indicate clearly the lines along which experiments 
‘should be directed. The problem is obviously complicated, 
because the true electrical absorption that we are trying to 
investigate is partially masked by several other causes of the 
- evolution or disappearance of gas. These we will mention 
and discuss briefly in turn, in order to explain the nature of 
our experiments. 

(1). There is the chemical absorption investigated so 
carefully by Langmuir. It is chiefly noticeable with hy- 
drogen in the presence of hot metals (especially tungsten), 
and with gases which undergo an “ordinary” chemical 
reaction with the material of the vessel. Other gases, such 
as N; or CO, react with tungsten only when it is so hot that 
it has an appreciable vapour-pressure. This chemical ab- 
sorption is easily distinguished from the electrical absorption, 


* S. Dushman, General Electric Review (1920, 1921). 
+ A. Ll. Hughes, Phil. Mag. xli. p. 778 (1921). 
t S. Dushman, General Electric Review, xxiv. p. 671 (1921). 
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because it takes place in the absence of the field; and it. 
affects our experiments only in so far as it limits the choice 
of materials for investigation. 

(2). There is an absorption of gas in or on new surfaces 
of the vessel, formed either by sputtering or by evaporation 
from some other part of it*. Part at least of this absorption 
is independent of any electrical action, although (as in the 
case of phosphorus) it may influence electrical absorption 
greatly. In such experiments as ours it must be avoided by 
using low potentials and comparatively low temperatures of 
the thermionic cathode, and thus reducing sputtering and 
evaporation. 

(3). On the other hand, there is an evolution of gas which 
appears purely thermal and depends on the present state and 
past history of the vessel as regards temperature, and on 
the gas that has already disappeared in it. It is an obscure 
matter which we are still investigating and on which we 
hope to publish more later. We have only once (and that 
under unknown conditions) obtained a vessel in which the 
pressure did not increase regularly as the temperature was 
raised; and we have never obtained one in which the 
pressure would not increase slightly on standing at constant 
temperature after gas had disappeared in it. But this evo- 
lution can be reduced to a minimum by prolonged baking of 
the vessel at the highest permissible temperature and in 
the best possible vacuum before experiments begin; such 
precautions were always taken ; the effect on our results of 
the residual evolution, which could not be eliminated, will be 
discussed later. 

(4). There is an electrical evolution of gas independent of 
the thermal evolution, part at least of which has been traced 
to the impact of electrons upon surtaces charged with gas. 
There is evidence that the electron stream can drive off gas 
from the anode, even if it produces no appreciable rise in 
general temperature (see further, p. 562). It is perhaps 
to be expected that a similar evolution of gas should be 
produced by a stream of positive ions; for such evolution 
would be no more than an aspect of cathodic sputtering. 
As will appear later, it is much more difficult to produce 
direct evidence of such evolution or to disentangle it from 
the electrical absorption ; but the available evidence indicates 
that it is not a material factor in our experiments, 


e See S, Dushman, General Hleetric Review, xxiv. p. 439 et seg. (1921). 
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EXPERIMENTAL METHODS. 


3. The vessels in which the disappearance of gas was 
studied were usually triodes. The cathode was usually a 
tungsten filament, but a few observations were made with 
oxide-coated filaments made of platinum or platinum alloy 
by the Western Electric Company *. It was surrounded 
by a nickel-wire spiral, similar to the grid of a receiving 
valve ; indeed, the parts used were actually derived from 
R-5-volt valves of the M.O. Valve Company. The third 
electrode was either a nickel cylinder surrounding the spiral, 
similar to the anode of such a valve, or a layer of silver 
covering partially or almost completely the surface of the 
glass bulb. The volume of the bulb was usually 150 c.c., 
but bulbs of 80 and 350 c.c. were also used; they were 
sometimes connected by side tubes to other vessels, and the 
total volume ot gas of the apparatus thereby increased. 
Most of the experiments were made with 150 c.c. bulbs with 
the cylinder surrounding the spiral (Type A), or similar 
bulbs with the surface almost completely silvered (Type B). 
In one vessel of type B the silvered surface was replaced by 
a nickel gauze fitting closely to the glass. The absorption 
in this vessel was indistinguishable from that in those with 
the silvered surface. 

The electrical circuit of the triode was that appropriate to 
its use as an ionization manometer, But it was found in 
the preliminary experiments that much more consistent 
results were obtained if, by a reversal of the usual practice 
In valves, the electrode of smaller area (the spiral) was 
made positive to the filament and the electrode of the larger 
area (the cylinder or the silvered wall) negative to the 
filament. The reason is to be found in the electrical 
evolution, already mentioned, arising from the impact of 
electrons on gas containing surfaces ; the smaller the area 
on which they impinge, the smaller the evolution. This 
arrangement was adopted unless the contrary is stated. In 
order to avoid confusion, the negative electrode, receiving 
the positive ions, will be termed the “collector” and not 
the “ grid”; the latter term suggests the electrode of small - 
area, whereas the collector was usually the electrode of 
larger area. 

Vu the voltage between cathode and anode, ranged from 
50 to 350 volts; V, the voltage between. cathode and 
collector, was usually 2 volts; but the value of V,, so long 


* To whom we would express our thanks for their courtesy in 
supplying us with some of their wire. 


Phil. Mag. S. 6. Vol. 48. No. 285. Sept. 1924. 2P 
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as it was of the right sign, was quite without effect on thie 
experiments. 

The gas used in most of the experiments, and that 
assumed when no contrary statement is made, was nitrogen 
nearly free from argon. Other gases will be discussed later 
($ 8). It was introduced through the liquid-air trap — 
atter baking and exhaustion of the vessel and just before it 
was sealed off from the pump. The initial pressure was 
usually about 0°001 mm. 


The Aleasurements. 


4. Measurements were made of the electron current 
flowing to the anode i, (107° to 1074 amp.), the positive-ion 
current flowing to the collector 7, (1078 to 2x 1077 amp.) 
and the time ¢. The pressure is measured by i/ia. Lf we 
write 


p=a?, kh ee, Se oe oe THEE) 


« was independent of p, ta, V, within relevant limits of 
accuracy for most of the vessels. The mean free path of 
the electrons, calculated from a, was always greater than the 
largest dimension of the bulb, because the electrons oscil- 
lated to and fro before finally falling into the small anode ; 
it also increased with V,. a was determined for each vessel, 
each Va, and, if necessary, for each pressure, by a calibration, 
direct or indirect, in terms of a McLeod *. 

The results are best expressed in terms of the ratio 
between 7, the number of molecules disappearing per unit 
time, and ng, the number of ions formed in the same time. 
If there is no recombination, and the ions are all singly 


charged, while 
ng= ige e 2. . 2 2. . . (8) 


dp 
MESON Fae 4 ey a 8) 


where N is the number of molecules in unit volume of the 
gas at unit pressure and room temperature, V the volume of 
the vessel, and e the charge on an electron. 
Consequently 
ny we ld sf 
SS — —aVN E€- C. I ), . e . e (4) 
* A recent letter (‘ Nature,’ 112, p. 651 (1923) has been interpreted 
as challenging the reliability of the McLeod. Of course it is perfectly 
reliable if care is taken to avoid the presence of vapours; but the 
precautions necessary for this purpose are not always realized. 
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and all the quantities on the right-hand side ean be measured. 
Again, in the expression of the results, it is best to replace 
the pressure by the ratio d/A, where d is some length 
characteristic of the vessel and A is the mean free path of 
one of the particles concerned ; tlis ratio is, of course, pro- 
portional to the pressure. Actually d has been taken to be 
the greatest distance between anode and collector, A the 
free path of the neutral molecule; d/A will therefore be 
some measure of the number of collisions a positive ion is 
likely to make during its passage through the vessel. 

No great precision was attempted in any of the measure- 
ments ; torit was clear that sources’of variation were present 
which would mask completely any mere experimental errors. 
But the absolute errors do not exceed 10 per cent. 


GENERAL STATEMENT OF RESULTS. 


5. Fig. 1 shows the main features of the results obtained 
in a vessel ot type A, n/n being plotted against d/À. 


Fig. 1. 
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Typical Absorption Curve. 


Curves of this nature will hereafter be termed “absorption 
curves.” The points other than the circles show the results 
of four independent experiments, between which the vessel 
was opened, re-pumped, and re-filled with gas. These four 


2P? 
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experiments agree with each other about as well as any 
similar set that has been made. They define quite certainly 
the general form of the curve represented by the solid line ; 
but the departure of individual points from that line is so 
great that a larger number of observations is necessary to 
arrive at any quantitative conclusions. Each of the four 
experiments shown requires about 8 hours’ continuous 
observing ; it will be realized, therefore, that the experi- 
ments are exceedingly laborious, and that it is not a simple 
matter to secure measurements which will answer all the 
questions which may be raised. 

There are three features of the curve to which attention 
should be directed :— (1) At the higher pressures, 2,/n¢ is 
nearly independent of the pressure; but (2) at lower 

ressures it decreases rapidly with the pressure, and tends to 
zero. (3) The constant maximum value of n/n, is not much 
less than 1. These three features are characteristic of all 
the observations that have been made with nitrogen. In 
some cases the distribution of the experimental points is so 
irregular that it would have been impossible to decide from 
these points alone even the general shape of the curve ; but 
the constancy of the form, whenever it was definite, together 
with the absence of any evidence in favour of any “other 
form, appears to us conclusive. The only doubt that we 
have is whether the straight part of the curve is really hori- 
zontal; there was sometimes an indication of a small constant 
increase of nı/no with the pressure. 

The circles illustrate other important features character- 
istic of all our experiments. These measurements were made 
on the same vessel as the remainder ; but just before filling 
the vessel with grs, the collector cylinder was heated by 
electron bombardment, and a small quantity of magnesium 
metal attached to it was thereby evaporated and deposited 
on the glass walls of the bulb; the metal film so formed 
was insulated during the observations and had no appreciable 
influence on the nature of the discharge. In this experi- 
ment the results of this process were two. In the first 
place the points become very irregular; indeed, they are as 
irregular as in any experiment we have made nol open to 
suspicion ; ; they are given for that reason. The dotted line 
is drawn of the form aioi n, only because, as has been said, 
the general evidence indic ates that this form is universal. 
But this is purely accidental. We have never been able to 
decide why some experiments are so much more irregular 
than others, and there is no evidence that such deposition oť 
a metal on the walls tends either to produce or to remove 
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irregularity. In the second place the values of n;/ng are 
increased, and are now in general greater than 1. ‘This is 
not accidental. We have always found that the value of 
ny /ng is largely determined by the treatment of the walls of 
the vessel, and that it is increased by any change (such as 
very prolonged baking or the deposition of a new film) 
which is likely to produce a surface relatively free from 
adherent gas. Further, we always find that, when such a 
surface is produced, the constant maximum value of 7/72 is 
greater than 1. 

After this preliminary survey to indicate the points to be 
investigated, we will proceed to a more detailed account of 
the facts. Experiments have been directed chiefly to the 
influence upon n,/ng of (1) the nature of the discharge, 
(2) the nature and quantity of the gas, (3) the nature of 
the walls. 


DETAILED RESULTs. 


Anode Voltaye. 


6. Our first question is whether 2/22 is independent of 
the means by which the ionization is produced. Is it inde- 
pendent of Va, which determines the speed of the ionizing 
electrons, and of the arrangement of the electrodes ? 


Fig. 2. 


g Proportional to pressure. 
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Variation of = with V (Vessel B). 
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The effect of V, was investigated by repeated experiments 

in the same vessel, in each experiment a pair of values of 

Va being compared. Fig. 2 shows the results, the different 
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kinds of points referring to different voltages. It is clear 
that n/n. is greater with V,=50 than with higher values. 
But these points are unreliable ; ; for with such a low value 
of Va, a study of the relation (1) showed that the positive- 
ion current was not saturated, and that all the positive ious 
were not arriving at the collector ; some were disappearing 
by recombination. ng, is consequently greater than 2,/e, and 
the values of n/n calculated trom (4) are too high. For 
the remaining values of Va, from &0 to 300 volts, there is 
no evidence ot a dependence of 2,/n. on Va; the points seem 
to lie on two distinct curves, but each curve includes points 
with high and low values ‘of V,. It may be concluded, 
therefore, that the speed of the ionizing electrons within 
these limits has no very great effect on the rate of absorption, 
so long as the number of ions formed is the same. 

This result has a subsidiary importance. If, as suggested 
on p. 556, there were an electric evolution, of the nature of 
sputtering, due to the impact of the positive ions on the 
collector, it should increase rapidly with V., and conse- 
quently the apparent value of nı/ng decrease with Va. Since 
no rapid variation is found, it may be concluded that if there 
isan appreciable evolution of this kind, it is not similar to 
sputtering. 


Area of Electrodes. 

. Another method of varying the nature of the discharge 
1s _ changing the disposition of the electrodes. In the 
earlier experiments the electrodes were connected as in a 
valve, the larger electrode being the anode. Fig. 3 shows 
the results of some experiments with this arrangement in a 
vessel of type B, the wall, silvered almost completely, being 
the anode. The curves are totally different from those of 
fig. 1; nı/ng inereases continuously with the pressure. 
Moreover, the disposition of the curve varies with the initial 
pressure (indicated by the arrow); n/n initially is approxi- 
mately the same, whatever the initial pressure; but the 
higher the initial pressure, the less is the value of n/n; at 
anv lower pressure. 

The reason for this difference has already been suggested ; 
it appears at once if experiments are made alternately with 
the large electrode as collector and as anode. If it is first 
made the collector, and some portion of the gas is absorbed, 
and if it is then made the anode, the immediate result of 
the discharge is an increase in pressure; after a time the 
Increase ceases and is replaced by a decrease, which gives a 

value not very different from that obtained in the previous 
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observations with the large electrode as the collector. If 
the connexions are reversed once more and the large 
electrode made collector, there is no appreciable increase, 
but absorption begins immediately with a value of n/n 
not very different from that obtained originally. 


Fig. 3. 


Absorption Curves with Large Electrode as Anode. 


It seems clear, therefore, that the impact of electrons upon 
the large electrode can liberate from it gas which has been 
absorbed by the discharge (and probably gas adherent to it 
from any other reason) ; the electronic current liberates gas 
from the large electrode, and not (to the same extent at 
least) from the small, simply because there is more gas 
adhering to the large electrode. The continual decrease of 
n,/n, when the discharge is run continually with the large 
electrode as anode, is due to the continual increase in the 
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amount of gas absorbed on it and, consequently, in the rate 
of evolution counteracting the absorption. 

There seems no doubt that this explanation is correct in 
outline; and, if that be so, experiments with the large 
electrode as anode are not likely to lead directly to a 
solution of our main problem. But there is one curious 
feature which suggests that there are further complications. 
In the experiments when the two arrangements of the 
electrodes are used alternately, the greatest ralue of ni/ng 
when the large electrode is the anode is consistently greater 
than the greatest value when it is the collector ; it may be 
nearly twice as great. To this matter we shall return in 
the discussion. l 


Various Gases. 


8. The only other gas in which results closely similar to 
those for nitrogen were obtained is carbon monoxide, which 


Q-1 02 (O 0-4 0'5 0-6 


Absorption of CO and N,. 


was introduced into the vessel by bombarding a nickel anode 
in an attached vessel. Fig. 4 shows the results of successive 
experiments in the same vessel with this gas and with 
nitrogen. There is no certain difference between the two 
gases. An attempt at a closer comparison was made by 
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introducing the two gases into the same vessel without 
opening it "and repumping, the nitrogen in this case being 
liberated by breaking a bulb ; the attempt was unsuccessful 
for a reason to be mentioned later. 

Measurements were made in argon. Here no definite 
absorption could be obtained of the same order as that in 
nitrogen ; nı/ng was always less than 0'1. This result is 
contrary to that of Dushman, Huthsteiner, and Andrews 
(loc. cit.), who found that argon was absorbed at half the 
rate of nitrogen. But it is not clear that sputtering was 
avoided in their experiments. Argon and other inactive 
gases can certainly be made to disappear if considerable 
sputtering is in progress; but we have not been able to 
satisfy ourselves that it will disappear, like nitrogen, in 
virtue of ionization and in the absence of appreciable 
sputtering. 

Attempts were also made to.investigate hydrogen and 
oxygen. With these gases a tungsten “cathode cannot be 
used ; it was replaced by an oxide-coated cathode. Ex- 
periments with nitrogen showed that in this gas the 
measurements were quite independent of the nature of the 
cathode, a very complete comparison being obtained in a 
vessel provided with a tungsten cathode at one end and 
an oxide cathode at the other. No trace was found of the 
abnormal clean-up described by Hughes (loc. cit.). In 
oxygen there was complete failure, for the pressure of the 
gas changed when the cathode was heated in the absence of 
anv field. The changes were complex, and were not always 
in the same direction. The matter has not been inv estigated 
further, for the changes were so large compared with any 
practicable rate of absorption due to ionization that it was 
clearly impossible to attain the main object of the ex- 
periment. In hydrogen there is also a chango of pressure 
due to the mere heating of the cathode; as Hughes has 
found (loc. cit.), the pressure decreases, as it does in the 
presence of hot tungsten, but much more slowly. It was 
possible, therefore, to obtain conditions in which the dis- 
appearance of gas proceeded far more rapidly when the gas 
was being ionized by the application of the anode voltage 
than when it was not. If it is assumed that the two 
processes of absorption are independent, then the experi- 
ments showed that nı/ng for hydrogen was considerably 
greater than for nitrogen; it was about twice as great. 
But the observations were not very regular, and the 
assumption on which their interpretation is based is by no 
means certain. The general form of the absorption curve is 
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probably not quite the same as in nitrogen, the straight 
part of the curve being inclined upwards, as in fig. 5 
below. 

Before any of these pure gases had been tried, a great 
number of preliminary experiments had been made with 
“residual gas” either left in the vessel by stopping the 
pump for a suitable period before sealing off or liberated 


Fig. 5. 


(2) 


0:2 


Residual Gas in Large and Small Veassels. 
(1) and (3), Small Vessels. (2), Large Vessels. 


after sealing off by baking (see p. 571). The experiments 
were less regular than in nitrogen, but in the best series of 
experiments, shown in fig. 5, some consistency was obtained ; 
the significance of the different curves in this diagram will 
he stated later. Here it seems clear that the straight part of 
the curve is not horizontal, but that there is a continual 
increase of n/n up to the highest pressures observed. 
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However, owing to great irregularities in the earlier ex- 
periments, the curves were not carried so far as those taken 
later. 

The question of course arises what is the nature of this 
residual gas.’ Attempts were made to identify it by 
determining its ionization and resonance potentials, and 
comparing “them with that of known gases in the same 
vessel, The method is not very accurate at pressures of a 
few thousandths of a millimetre; but the results indicated 
strongly that the gas is carbon monoxide. However, the 
difference in the shape of the curves of figs. 4 and 5, which 
seems real, suggests that it is not pure ‘carbon monoxide, 
though no critic ‘al potentials which could be associated with 
another gas could be found. Hydrogen is the most probable 
admixture. On the other hand, if hydrogen is present it 
should disappear in the presence of hot tungsten without 
lonization by a field; but no change of pressure could he 
detected unless the field was applied. It is possible that 
carbon monoxide favours the action of the walls in cata- 
lvzing the reverse reaction, converting atomic into molecular 
hydrogen * : but the matter cannot be cleared up for the 
present. 


és 


Eject of Pressure of Gas. 


9. Another question which arises concerns the effect of 
the pressure of the gas present. It is answered partially by 
the form of the absorption curves already given, which show 
that there is a considerable range of pressure, at least in 
nitrogen and carbon monoxide, within which nina does not 
vary rapidly with the pressure. But there is a possibility 
that, when the pressure is so high that the free path of the 
ions is small compared with “the distance between the 
electrodes, the relation changes its form ; such a change is 
almost inevitable at some stage if, at the lower pressures, 
there is a steady increase of n/n with pressure. The 
vessels used in these experiments were not suitable for 
measurements at pressures much higher than those shown ; 
indeed, as we found in previous work t, it is always’ 
diffeult at higher pressures to measure the number of 
positive ions formed ; we cannot, therefore, answer this 
question definitely. But it is important, in order that our 
present work may be connected with that described in our 
earher papers. In those papers the initial pressure was of 


* See h. W. Wood, Phil. Mag. xliv. p. 538 (1922 
t Phil. Mag. xlii. p. 227 (1921). 
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the order of 0°1 mm., whereas now it is of the order of 
0:001 mm. Is the process the same in the two cases? In 
reply, we can only point out that there appears to be perfect 
continuity between the two processes, and that such estimates 
as can be made, necessarily very rough, of nı/ns at the 
higher pressures, indicate values certainly not much lower 
and possibly a good deal higher than those obtained at the 
lower. We believe that the two processes are essentially 
the same, but that complicating factors, to be discussed later, 
enter at the higher pressure. 


Effect of the Walls. 


10. Our observations in this matter may be summarized 
in the statement that the material of the wall is relatively 
unimportant, but (as might be expected) any treatment of 
the walls which tends to rid them of adherent gas or to 
prevent the evolution of that gas, produces at the same time 
an increase in the true rate of absorption (and not merely in 
the apparent rate). 

Thus, prolongation of the baking and pumping in a very 
high vacuum increases the absorption, thougha limit appears 
to be reached after which no improvement is possible. 
Bombardment of the electrodes by electrons has the same 
effect, quite independently of a liberation of gas from the 
body of the metal in virtue of increased “temperature, 
Cooling the wall of the vessel in liquid air during the 
discharge again increases absorption, and all the gas ab- 
sorbed is not liberated when the liquid air is removed. 
Lastly, the deposition of a film of any material on the walls 
while the vessel is evacuated increases absorption. 

In this last observation we are clearly repeating the results 
that we described at length in our previous paper *, which 
was concerned with much higher pressures. Aguin, we 
have been unable to establish any connexion heen the 
nature of the film deposited and the absorption: but the 
results are so capricious that we are not prepared to assert 
that there is no connexion. The materials we have tried 
are tungsten, magnesium, copper, silver, eryolite, glass, aud 
phosphorus. In the case of phosphorus the effects are 
complicated by the action of the discharge on the deposited 
film, which is discussed at length in our earlier papers 
(loc. cit.). On the other hand, the conditions of deposition 
have a marked effect, expecially the pressure obtaining in 
the vessel when the deposition occurs. If the pressure is too 


* Phil. Mag. xliii. p. 914 (1922). 
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high before the evaporation is started, or if a considerable 
quantity of gas is liberated at the same time as the vapour 
of the substance to be deposited, then there is a marked 
decrease in absorption. IE gas is present during the evapo- 
ration, some of it is always absorbed during the process, as 
Langmuir has proved in the case of tungsten ; and in some 
cases there appears to be a slow absorption without the 
discharge after the new film is deposited. Care was, of 
course, ‘taken that the experiments on absorption by means 
of the discharge were not started until the pressure in the 
absence of the discharge was constant; the increased ab- 
sorption observed cannot be simply due to an effect 
independent of the discharge. But it may be asked 
whether the similarity found between all newly deposited 
films was not due to their being all actually covered with the 
same laver of absorbed vas. We are clear that they cannot 
have been completely covered, because in some cases the 
total quantity of gas which had access to the film 
between the evaporation and the starting of the absorption 
experiment was much less than that required to form a 
monomolecular layer over the whole surface. 

The area of the walls appears also to affect the absorption, 
which is larger in the larver vessel. This point is illustrated 
in fig. 5, where the upper curve refers to a bulb of 350 c.c. 
volume, the lower pair to one of 70 c.c. volume. The two 
bulbs were in connexion, they contained the same electrodes, 
and the values of æ were nearly the same. (When the 
spiral is used as anode, æ does not depend greatly on the 
volume of the vessel.) The curves were taken in the order 
1, 2, 3, gas being liberated after each experiment by baking 
the vessel. There is no doubt of the etfect of volume, but 
the ratio between the absorptions is not so great as the 
ratio of the areas of the vessel. 

The “fatigue” of the absorption was also investigated. 
For this purpose the absorption vessel was connected to 
another in which carbon monoxide could be liberated by the 
heating of a nickel anode. Successive portions of gas were 
thus introduced and absorbed. A progressive lec oase ii 
the rate of absorption was produced, each absorption curve 
being generally lower and beginning to fall away markedly 
at a higher pressure, The decrease of absorption became 
perceptible when a quantity of gas had been absorbed which 
would cover a tenth of the walls with a monomolecular 
layer : the absorption became too slow to observe accurately, 
having fallen to about one-tenth of its original value, w hen 
a quarter of a monomolecular layer had bear alearived: It 


570 Research Staff of the G. E. C., London, on the 


was this fatigue which prevented the comparison of different 
-gases by successive absorption in the same vessel (see p. DoD): 
Here it may be recorded that the greatest value of Ny/Ng 
we have ever actually observed ina single observation is 13. 
and the greatest value constant over a considerable range of 
pressure 10°5. But there are doubts about these values. 
They were obtained in a vessel in which the collector was a 
squirrel-cage lamp filament, the anode being the usual spiral. 
The total area of the electrodes was therefore very small. 
In such conditions there is much doubt whether i, measures 
the number of positive ions. There was a certain range 
of pressure over which @ in equation (1) was constant ; it 
fell off rapidly at lower pressures, indicating clearly that 
the positive ions were disappearing by recombination rather 
than by arrival at the collector. Over the constant range 
in which the experiments were made the proportion 
arriving at the collector must have been constant, but it is 
difficult to be certain that it was unity ; and if it was not, 
the values of nı/ng would be too high. Apart from this 
vessel, the highest value obtained was 2-5 on the flat part of 
a wood curve; but higher values up to 5:4 were often 
obtained when the discharge was first started. The first few 
observations were often irregular, and usually above the 
remainder of the curve ; what is their significance cannot be 
determined until the cause of variation is known. 


The Thermal Evolution. 


11. Closely connected with the influence of the walls is 
the evolution of gas when the vessel is heated. We have 
attempted to study this evolution in detail ; if intelligible 
results could be obtained, they might vive much inforination 
concerning the nature of the absorption. We propose later 
to report on these experiments more fully ; at present the 
results are chaotic and unintelligible. But one important 
fact is clear. There is no definite amount of gas that can 
be liberated by baking ; the results of creasod. temperature 
resemble rather the aient of a vapour-pressure than 
the progress of a continuous reaction. 

If a vessel exhausted for several hours while maintained 
at (sav) 360° C. is sealed off, allowed to cool, and then 
maintained at (say) 100°, the pressure increases, rapidly at 
first and then more slowly, until after a period of manv 
hours (say 100) an equilibriam pressure is attained which 
does not increase with time. If it is now cooled, the 
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pressure falls, rapidly at first and then more slowly ; the 
original pressure at room temperature is not usually reached ; 
there is some permanent evolution. If the heating and 
cooling are repeated, an equilibrium pressure, somewhat 
higher than before, is attained, and the final pressure 
reached on cooling is again somewhat greater. If, after the 
original heating Pat 100°, the temperature is raised = 
200° C., the pressure will again reach equilibrium at ¢ 
higher value. Permanent increases are produced by fe 
nite heating and cooling; but there is some reason to 
believe that even this permanent evolution decreases as 
the cycle is repeated, and that finally a state would be 
obtained in which the equilibrium pressure is determined 
only by the temperature. 

These features are characteristic of all the well-exhausted 
vessels we have examined (except one, wholly anomalous 
and unexplained, which gave no change of pressure with 
temperature), whether or not gas has been made to disappear 
in them by the process studied here. In fact, we have never 
been able to satisfy ourselves that the absorption of gas by. 
the discharge had any effect on the thermal evolution ; it is 
certainly not true that , if two vessels are exhausted in 
apparently the same way and gas is absorbed in one and not 
in the other, that in which gas has been absorbed will always 
give the greater rise of pressure with temperature. In 
other words, we have no evidence that the gas absorbed by 
this process is capable of being restored by heating to any 
temperature under 300° C. 

Nor does there appear to be any temperature below this 
limit at which the electrical absorption ceases; if the 
discharge is passed in the warm vessel absorption occurs, 
but at a smaller rate than at room temperature. 

In the course of the experiments on “ residual gas”? man 
observations were made in which gas was ‘alternately 
liberated by heating and, absorbed by the discharge in the 
same closed vessel. On each repetition of the cycle the 
equilibrium pressure attained at any temperature during the 
baking decreased, and the value of m/n at any pressure 
during the absorption increased. The cycle on the whole 
tended to remove gas. If the facts are to be represented in 
terms of vapour-pressure, the relation between thermal 
evolution and electrical absorption can be summed up in the 
statement that the discharge progressively decreases the 


vapour-pressure of the vessel, 
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COMPARISON WITH PREVIOUS WORK. 


12. Before discussing our results, it will be well to compare 
them briefly with those of Hughes (loc. cit.), who alone 
appears to have made measurements of the same nature. 
Hughes compared the number of molecules absorbed with 
the number of collisions between molecules and ionizing 
electrons, and not with the number of ions formed. With 
the anode voltages which he used, probably about one 
collision in every four resulted in ionization (see below, 
p: 578); accordingly his “b” will be comparable with our 
n/m. if the former is multiplied by 4. It then appears that 
the greatest value of nı/na which he observed was about 0:7. 
This is consistent with our results, for his vessel was very 
small; however, since the walls were cooled and under 
bombardment by electrons, and since he was using hydrogen, 
we should have expected him sometimes to observe higher 
values. He finds a progressive decrease of the rate of 
absorption with increase in the initial pressure, which is 
what we find when the anode forms a considerable fraction 
of the walls of the vessel. He finds more variation with the 
anode voltage than we do; but since his absorption was not 
nearly independent of the pressure, his observations on this 
point are not comparable with ours. He finds less difference 
between nitrogen and hydrogen than we find. We agree 
with his observations that there is no appreciable absorption 
unless there is ionization. We have found no trace of the 
anomalous clean-up which he found in nitrogen, but our 
vessels with oxide-coated filaments were not cooled in liquid 
air. 


DISCUSSION OF THE RESULTS. 


b 
Absorption and Ionization. 


13. We have now summarized those observations which 
we have been able to reduce to some kind of order; the 
proportion reducible to order would probably have been 
greater if a clue had been discovered earlier. An attempt 
to explain them must answer two main questions. The 
disappearance of the gas is doubtless due to some reaction 
between the molecules of the gas and of the solid walls, 
resulting in the formation of stable complexes attached to 
the walls. We have to determine what is the nature of this 
reaction and what is the state of the molecules of the gas 
which enables them to undergo this reaction. It is just 
possible that this second question does not arise, that the 
etfect of the discharge is wholly on the walls, and that the 
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molecules of the gas which disappear are in their normal 
state; but all the evidence seems against this view, and we 
do not propose to consider it further. 

We shall start with the second question; and we shall pay 
attention primarily to the absorption curves of the form 
shown in figs. 1 and 4 which are obtained with nitrogen and 
carbon monoxide. For though an explanation of these 
curves would not cover the whole ground, we feel convinced 
that they represent the phenomena in their simplest form, 
and that the other absorption curves involve complicating 
factors which are best left out of account in a preliminary 
survey. 

At first sight, we might be inclined to adopt a very simple 
hypothesis. It might be supposed that ionization causes 
absorption, because the positive ions themselves adhere to 
the walls. 

But this, the most natural theory, is open to the gravest 
objection. For if the positive ions disappear as positive 
ions, they must all disappear on the collector; for the 
collector is the only solid surface they hit while they are 
positive ions; when they leave it they are certainly un- 
charged, because their charge has passed through the 
calvanometer. This argument is unaffected if the ions 
never really take up an electron, but merely attract one to 
the surface of the electrode ; if the ion subsequently left the 
electrode, this electron would be set free in the electrode. 
But, from the time of the earliest experiments on this 
subject, all the evidence has been against the absorption of 
the gas on the electrode which received the positive ions; it 
has always been much more probable that it is absorbed on 
any surface exposed, almost irrespective of its charge. To 
this evidence we have added. 

In one experiment, the collector was a squirrel-cage lamp 
filament. After a considerable amount of gas had been 
cleaned up in this vessel, the collector was heated to more 
than 2000° K. for a few minutes, but no considerable 
fraction of the gas was restored. The small increase of 
pressure which occurred could well be attributed to the 
heating of the walls by the incandescent filament. Con- 
versely, in_ other experiments: a portion of the wall of the 
vessel was cooled in liquid air. An Increase iN n/n was 
thereby produced, even if this part was the anode or was of 
bare glass and insulated, Again, in one vessel the wall of 
the vessel was silvered in two separate halves. Both halves 
were initially bombarded with electrons till no more gas was 
evolved. During the absorption of the gas, one of the halves 
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was kept at a small positive potential, the other was the 
collector and received all the positive ions. After the gas 
had been absorbed, one of these was made the anode of the 
discharge and bombarded with electrons; gas was then 
evolved (cf. § 7). If the gas had collected on the collector, 
the evolution should have been greater if that half was bom- 
barded ; but no difference between the two halves could 
be discovered. oT , 

Lastly, there are the experiments of § 7, when the 
sinall electrode was the collector. It would doubtless help 
to explain some of the facts if it could be supposed that the 
gas was always absorbed on the collector, and that the 
difference in the maximum absorption, according as the 
collector was the large or the small electrode, was due toa 
difference in the material of which they were composed. 
But the quantity of gas that could be absorbed with the 
small electrode as collector was far greater than would cover 
that electrode completely with a monomolecular layer of gas, 
_ Whereas in the experiments of p. 569 the absorption practi- 
cally ceased long before a monomolecular layer was com- 
pleted. This difficulty is still more marked in the experi- 
ments with the lamp filament as collector ; the area of this 
electrode was even smaller than that of the spiral surrounding 
the cathode. And the possibility that in this experiment all 
the positive ions were not reaching the coilector makes the 
difficulty even worse: for, on the theory that we are dis- 
cussing, if the ions do not reach a solid electrode, but are 
neutralized by recombination, they should not disappear. 

None of these arguments is entirely conclusive by itself, 
but, taken together, they seem to us to make it almost 
impossible to maintain that the absorption of the gas is due 
directly to the absorption of the positively-charged ions. 
Alternative theories must be considered; but before pro- 
ceeding to them, it will be well to notice some questions 
which will arise whatever theory is adopted. 


The Form of the Absorption Curve. . 


14. First, is it certain that all the positive ions arrive at 
the collector? May not ‘some part of the bare insulated 
glass be negatively charged and receive positive ions, which, 
perhaps, are continually neutralized by a small fraction of 
the electronic stream? We do not believe that there is any 
appreciable action of this sort. In vessels of type B, the 
bare glass was reduced to the minimum necessary for 
insulation, and its effect can hardly have been appreciable. 
Most of our results were obtained with vessels of this type, 
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and are therefore unaffected hy the possibility suggested. 
Moreover, no material difference could be found between the 
observations in such vessels and in those of vessels of type A, 
where there was a large area of bare glass, or in those of 
type B with only part of the walls silvered. Again, the 
positive-ion current was always saturated and did not 
increase with V, Lastly, exploration of the charges on the 
bare glass by various methods showed that the surface of 
this glass was always very nearly at the potential of the 
cathode, and therefore less likely to receive positive ions 
than the negatively-charged collector. | 

Second, what is the significance of the form of the 
absorption. curve, and how can values of 2/2, occur which 
are greater than 1? If the theory that we have just dis- 
cussed were true, nı/ng could be greater than 1 onlv if the 
positive ions collected to themselves neutrh] molecules either 
before or after they were absorbed on the walls. The form 
of the absorption curve might suggest that the formation of 
complexes of primary positive ions and neutral molecules 
occurred before absorption, and that the rapid falling-ot of 
the absorption at low pressures was due to a diminution of 
the frequency of collisions at which such formation can take 
place. But the falling-off occurs at pressures too low for 
this explanation to be probable; the curve is straight far 
below the pressures at which the chance of a collision between 
a neutral molecule and a positive ion on its way to the 
collector has begun to decrease rapidly. We believe that 
the form of the curve at the lowest pressures is due simply 
to the partial counteraction of the absorption by one or more 
of the evolutions discussed on p. 556. When the pressure 
becomes low, dp/dt necessarily falls unless 2, is very greatly 
increased ; the ratio of the thermal evolution to the electrical 
disappearance is no longer inappreciable, and n/n. appears 
to decrease. Confirmation of this suggestion was sought in 
observations of the thermal evolution when the fields were 
removed and the discharge stopped ; it is difficult to obtain 
great accuracy in the comparison, but in some cases at least 
the residual thermal evolution measured in this way was 
quite sufficient to account for the falling-off of the curve ; 
again, the falling-off occurs at lower pressures when the 
thermal evolution is small. There is also the electrical 
evolution from the small anode to be taken into account. 
In a general survey of the observations we can find no 
evidence that, if all evolution could be suppressed, n/n in 
nitrogen and carbon monoxide would not be nearly constant 
down to the lowest pressures. 
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If that is so, reactions between molecules of the gas, when 
they are in the gaseous state, cannot be responsible for the 
main part of the absorption of nitrogen and carbon monoxide. 
If reactions between gaseous molecules are a primary cause 
of absorption, they must take place between free molecules 
and those already condensed on the surface on the walls. 
On the other hand, if, in these gases, n/n. does increase 
slowly but regularly with the pressure (and we have never 
heen able to decide whether it does or does not), this increase 
may be due to reactions between free molecules which play 
a secondary part in the absorption. In CO we know already 
of a reaction which might play such a part *. But even 
here the apparent decrease as the pressure falls may be due 
to the partial counteraction of the absorption by an evolution 
independent of the pressure, e. g. an electrical evolution 
trom the anode of Small area. Inthose gases, e. g. hydrogen 
and “residual gas ’ which show much more detinitely a 
steady increase in RA with pressure, the influence of these 
reactions must be more important ; but since, even here, thev 
cannot be the sole cause of absorption, it is permissible and 
probably wise to discuss the matter first as if they did not 
occur. 


«Absorption and Monatomie Molecules. 


15. But what alternative theories can be offered? If the 
particles of the gas are uncharged at the time of their 
absorption, the state which favours absorption must be one 
associated with ionization, but not ionization itself. An 
obvious suggestion is that the molecules are resolved by 
ionization, that in nitrogen and hydrogen the state in 
question is the yoikituniie state, und in carbon monoxide 
either the elementary state or some state of less saturated 
combination. But there are objections here also. Though 
it is certain that some molecules are resolved on ionizitions 
it is equally certain that not all are. Our experiments on 
carbon monoxide (loe. eit.) indicated strongly that most of 
the molecules were unresolved; for nitrogen still more 
definite evidence is available Froni the interesting work of 
H. D. Smytht. His results show that, when the speed of 
the ionizing electrons is below 350 volts, only about one- 
tenth of the jons are atomic; the rest are molecular. If, 
then, we are to explain the disappearance of more molecules 
than are ionized, we must suppose that the active atoms or 


e r 


* Phil. Mag. xlii. p. 227 (1921). 
TIL D. Suyth, Proce. Roy, Svc. A, civ. p. 121 (1923). 
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resolved molecules, after being absorbed, can collect around 
them other neutral molecules which happen to come into 
their neighbourhood. Such an action is not intrinsically 
improbable ; but, if we have to account. for values of 124 / bg 
at least equal to 3, while there is no evidence that the 
number of molecules primarily activated is more than a 
tenth of the ions, the magnitude of the complexes that must 
be involved in absorption become alarmingly large ; at least 
30 atoms must be concerned in them. 

Further, if this theory is correct and Smytlt’s conclusions 
are reliable (as they appear to be), there should be a great 
increase in the value of n/n, when Va is greater than 
400 volts, because the ratio of atomic or molecular ions is 
greatly increased at such high voltages. The significance 
of Smyth’s work for our observations was only realized when 
the experiments were nearly completed, and there has not 
been time to carry the observations of fig. 2 fully to higher 
values of V,. But enough observations have been taken to 
show that there is no considerable difference between the 
values of n/n at Va=300 and V,=500 such as would be 
expected if the resolution of the molecule were the deter- 
mining factor in absorption. While, therefore, the evidence 
against this theory is not quite so strong as against the first 
w which was noticed, the available evidence seems contrary to 

t; other alternatives must be investigated. 


Absorption and Partial Ionization. 


16. A third alternative is that the state of the molecules 
which favours absorption is excitation or partial ionization— 
that is to say, a quantum state higher than the normal but 
lower than ionization. There is much evidence* that 
excitation may favour the formation of complexes or definite 
chemical compounds, such as must be involved in the dis- 
appearance of material from the gascous state. Moreover, 
the theory is not inconsistent with the values of n/n that 
have been found or with their relation to V,. IË a vessel of 
tvpe B is used with the silvered wall as anode, the distance 
travelled by the electrons is known approximately, and the 
average number of ions made by each electron can be 
compared with the number of collisions it must make if the 
dimensions of the molecules are taken from the kinetic 
theory. As the following table shows (in accordance with 
what is already known), the number of ions per collision is 
considerably less than unity, and does not vary very rapidly 
with V, over the relevant range. If, as seems probable, 


* See e. g. K. T. Compton, Journ. Opt. Soc. Amer. vii. p. 955 (1923 
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every collision results either in excitation or ionization, the 
ratio of molecules excited to those ionized must be consider- 
ably greater than unity ; it is therefore possible to explain 
the occurrence of values of n/n greater than unity without 
introducing complexes involving more than one molecule 
of the gas. 


V, (volts). Tons per collision. 
TOO: cosas ve asousien: 0-179 
200! ara enia 0:208 
BOO) E T 0:236 
400 eee eresse 0:257 
DUO E 0-271 


But there are some difticulties. First, it is not possible to 
explain by the figures just given the highest values of n,/79 
observed. But there is some doubt about values greater 
than 3; moreover, they have always been observed when 
collisions between molecules of the gas were. relatively 
frequent and the formation of complexes in the gas is net 
excluded. Second, perhaps the figures suggest a greater 
variation of 2,/n, with V, than has heen found. But here 
Smyth’s results (loc. cit.) show ‘clearly that the mere deter- 
mination of ions per collision does not give full information 
as to the relative frequency of different types of ionization. 
Third, on this theory there should be some absorption when 
Va is less than the ionization potential. We have never 
been able to detect such absorption ; but since the absorption 
decreases rapidly with the voltage as the ionization potential 
is approached, it is just possible that it may have escaped 
detection. Last, the experiments of Wien and others * 
indicate that the duration of the excited state is of the order 


of 1077 sec. ; in such a period molecules excited throughout . 


most of the vessel would not have time to reach the walls ; 
and if they reach the walls in the normal condition, it is not 
easy to explain their disappearance. But perhaps this 
difficulty can be overcome by means of Compton’s theory of 
the diffusion of radiation, and therefore of the excited state. 
The molecules that disappear may not be those originally 
excited, but those excited in immediate proximity to the 
walls by radiation due to the original excitation. 

To sum up, the constancy of 2/9 for variations of the 
pressure and of V,, together with the absence of appreciable 
absorption when V, is less than the ionization potential, 
suggests at first sight that the absorption of the gas is a 
direct consequence of ionization, and that the ions are 
absorbed. But this explanation seems impossible, becnuse 
the ionized molecules remain ionized only during their 

* W. Wien, Ann. d. Phys. lxxiii. p. 483 (1924), etc. 


Disappearance of Gas in the Electric Discharge. 579 


passage to the collector, and because they are not absorbed 
on the collector. Both the alternative theories are equally 
open to serious objections. The theory directly suggested 
by the facts is that molecules are absorbed when they have 
been ionized and subsequently neutralized by contact with 
the collector, that they are absorbed indifferently all over 
the surface of the vessel, and that after absorption they can 
collect round them neutral molecules and thus secure the 
absorption of more molecules than are ionized. But this 
theory is not easy to reconcile with what is known of 
ionization or atomic structure. 


The Nature of Absorption. 


17. The second problem to be solved by any complete 
theory is the nature of the reaction between the gaseous 
molecule and the wall which is the immediate cause of 
absorption. Here we have even fewer and less definite 
suggestions to offer . The main difficulty arises from the 
apparent independence of the absorption of the chemical 
nature of the absorbing surface. If the absorption is 
“chemical,” then whether it depends upon “ primary” or 
“secondary ” valencies, and whether it is more nearly allied 
to homopolar or heteropolar chemical combination, a definite 
influence ot tle material of the walls would be expected, and 
more difference thin we have found between gases so 
chemically different as nitrogen and carbon monoxide. This 
last point is important ; for even if it is thought that the 
absorption does not depend on the nature of the walls 
beeause it is really substantially the same in all gases (for 
instance, if they are always covered with a layer of gas), 
there is no doubt about the difference of the gas. It may 
be urged that a close similarity between nitrogen and carbon 
monoxide is to be expected if the absorption is purely 
“ physical,” and closely allied (e. g.) to the absorption by 
charcoal ; but it may be replied that even here an influence 
of the nature of the walls is to be expected, and that the 
greater absorption of hydrogen and the far smaller absorption 
of argon show no analogy to this kind of absorption. 

The only contribution that we can make to a solution is 
an indication that it is only a fraction of the whole surface 
of the vessel that can absorb. The experiments on fatigue 
show that the absorption decreases far more rapidly than the 
fraction of the surface that would remain uncovered if the 
absorbed gas were uniformly distributed. Again, the high 
values of the initial absorption in some experiments suggests 
that there is a part of the surface, soon used up, in an 
abnormally active condition. The special activity would 
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have to consist in an ability to absorb molecules less highly 
activated than those which adhere to the normal active 
surface. On the other hand, the recognition of inactive 
patches, and of the possibility that an “activated molecule 
may not be absorbed because it strikes an inactive patch, 
increases the diftticulty, already grave, of explaining values 
of nı/ng greater than unity. 

The influence of electron bombardment may provide a 
clue, though we cannot find it at present. It is easy to 
understand why such bombardment should liberate absorbed 
gas; for whatever may be the active state of the absorbed 
molecule, it is likely to be disturbed by the impact of 
electrons. But itis difficult to understand why the maximum 
absorption on a bombarded surface should be greater than 
on one that is not bombarded, and why such a maximum 
should occur between two stages in which the absorption is 
less than it is in the absence of bombardment. Unless it 
can be held that, when the small electrode is the collector, 
the gas is absorbed on that electrode piled up many molecules 
deep, it seems almost necessary to suppose that the absorp- 
tion is different according as electrons are or are not striking 
the surface, and that the absorption which takes place in 
their absence is more easily reversed by the bombardment 
than that which takes place in their presence. But we can 
suggest no explanation of such a difference. 

Finally, we would revert once more to the possibility of 
reactions between the molecules of the gas. It is highly 
probable that such reactions may occur ; indeed, our previous 
work on carbon monoxide shows that in this gas they must 
occur ; but it is highly improbable that the formation of 
complexes in such reactions is an important factor in 
absorption. To the reasons for this view that we have 
already given, we would add that positive ray analvsis 
provides: no evidence that complex molecules are often 
formed in the process of ionization : and that, even if they 
were formed in the gases that have been investigated, there 
is little likelihood that they would form solids and so cause 
directly the disappearance of the gas. On the other hand, 
if there is really a steady inerease of electrical absorption 
with pressure in hydrogen (it is doubtful because of the 
absorption which takes place i in the absence of the discharge), 
the normal molecules must be concerned in it in some way. 
If the theory of the absorption of excited molecules could 
be accepted, the effect of pressure might be attributed to 
secondary excitation due to radiation emitted under primary 
excitation. But the facts are here too uncertain to form the 
basis of any theory. 
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LVII. The Dielectric Properties required jor Maxwellian 
Radiation. By A. Press *. 


Summary. 


UITE apart from the two curl equations symbolizing 
Maxwell’s Electromagnetic Theory, a consideration 
of generalized mechanics Jeads to a differentiation between 
the yw, and k, coefficients for radiant manifestations such as 
light or Hertzian waves on the one hand, and the p, and k, 
coefficients for zero frequency conservative systems on the 
other hand. Indeed, the requirement is that in every case, 
as experiment shows, the k, and y, coefficients should be 
larger. Then, taking note of Maxwell’s curl equations it is 
proved that the electrical refractive index should not be 
expected to agree with the optically determined refractive 
index. The above two considerations necessarily lead toa 
modification of our concepts of self-induction and capacity 
coefiicients for radiant systems. 


The Activity Equations. 


In a generalized mechanical system the activity A is 
defined as the result of multiplying the generalized force by 
a corresponding generalized velocity. In electrodynamics 
such force is the electrical intensity Æ, whereas the genera- 
lized velocity is the time-rate of change of generalized 
displacement D. Thus the activity per unit volume 
dr=dN .dN is given by 

1f, dD 4a |) yp dD 
A, = oe { B.dN i dS bee, dt? 
with dN as the element of the unit normal N and dS as the 
element of area normal to N. Thus for a simple sinoidal 
variation of the quantities involved no real activity can 
possibly result if the generalized displacement J is taken to 
be in time phase with the impressed generalized force. 


Consequences of Time- Variations Ilarmonically Considered. 


For generality let it be assumed that :— 


E=,sin pt + E; cos pt, 
D= 1), sin pt + Dy cos pt. 


è Communicated by Prof. T. J. Schwatt, Ph.D. 
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Then we have that 
A. =p} ED, cos? pt— ED, sin? pe } + (E Di — ED) 
sin pt . cos pt]. 
The term involving sin pt, cos pt cannot give rise to any real 
time integrated activity, since the expression changes sign 
with the time. Yet by simple trigonometry the term 3} 
can be transformed, and then 
A. =p[(£:Dı— E Dz), cos? pt + Fi D: cos 2pt 
: + (E Dı — ED) sin 2pt]. 
Whether any real activity results therefore depends on 
whether the expression (), is greater than zero or not. That 
is, for real consumption of energy the following inequalities 
must subsist :— 
ED, > E,D ; DIE, > Da Ez. 
Indeed with 
Fa Dı — E,D: =0, 
or what amounts to the same thing 


F/D, = E| D;, 


there can only be a completely wattless consumption of 
energy. Thus for true radiation it is seen that the usual 
expression 

D=kk 


cannot obtain with k as a real (non-operational) number for 
the proportionality factor. 

For the magnetic case equally and quite independently 
we must have, with 


H= H, sin pt + H; cos pt 
B= B, sin pt + B: cos pt, 
that for real watt consumption 
B ı/1> Bef fy. 


Therefore p cannot be real but must be time-operationally 
complex. 


Activity Requirements for Progressive Wave of 
Displacement Flue. 


The inequalities above have been introduced to emphasize 
the time-phase factors only. A better form would be to set 
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forth the progressive and stationary wave-components of the 
generalized displacement. In this manner the radiant 
energy is localized in the voluminal displacement wave 
earried forward. Thus let 
Ua Es+ Ep, 

where / is the stationary wave-component of force (as in a 
non-radiating condenser action) and Æp represents that 
component of the impressed force giving rise to the 
progressive (or radiant) Wave component In the same way 
we haye 


D= Ds + Dp. 


o=f(x, Y, z), 
then it is proper to take 
E=: KE, sin pt + Ep sin (pt +9), 
D=T1),sin pt+ Dr sin (pt+ 9), 


with the understanding that it is Æ, that produces J), etc. 
RRs afresh the activ ity relations we find 


e= (Es + Er)(dDsjdt +d Dr/dt) 
a i +p. AE | Ee.“ Ot + Es aF 


It is evident that the terms in () can produce no real 
component of loss. With respect to the terms in $} we 
have 7 


1} =p[cos ¢ . sin me cos pt (Ep . D, +L. Dp) 
+ sing. (D,E, cos? pt—D,b, . sin? pt), |. 


If now we set 


By trigonometry, however, it again turns out that 
Q= (Ep D — ED p)s. cos? pt +L), . cos 2pt. 


The real activity therefore depends on whether (); gives 
the following inequalities 


) ) 
EpDsy ED ` k = : 4 d à 


and similarly for the magnetic case where with 
H=H, sin pt + , sin (pt +), 
B= B, sin pt + Bp sin (pt +), 


Bpo B, 
H,Bp< H,B., ; Hp = II, = 


= kgs 
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Conceiving then, for convenience, of a new mathematical 
operator R such that when acting on the activity expression 
A, it gives the real component of the energy rate consump- 
tion, we have 


RA,=psin ?.(£,1),—E,D,) cos? pt. 


The latter expression can be transformed by means of the 
relations derived, and it follows : 


RA =psin $. EDE. Ey) (ks/kp—1), 
=p sin $ . Fp D (D/D, 1 — ky/ ks). 


For the magnetic case correspondingly we have 


RA, =p. sin y. HpB,(B,/ Bp) (1 = i } 


=p sin y. TB HAE — 1). 


The magnitude of the radiation is therefore seen to depend 
on the relative strength of both fields stationary and pro- 
gressive at any point. The above separate developments be 


it noted are quite independent of the two curl equations of 
Maxwell. 


The Differential Equation of Maxwellian Radiation. —lt 
the developed flux coefficients are introduced into the 
expressions for the two displacement expressions, we have 


D= k, Es -+ k, ip, 
B= pusllg + ppllp. 
Snbstituting the latter in the fandamental curl equations of 
Maxwell, we really have that | 
curl E=curl (Es + Fp) = —d Bldt= —d/dt (pHs + upt p), 
curl H= curl (Fs + //p) =d]dt( Ds + Dp). 


Assuming, for example, that the curl (line integral per 
unit of area) of d/)/dt can be separated out into its two 
components independently, we have 


| curl //g=dDgidt 3 curl [Ip=dJ)p/dt, 
curl Es = —dDs/dt ; curl Ep= — d Bp/dt. 


In this manner, therefore, the following two resultant 
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equations will follow 


Yet must we have 
paks > Hpkp, 
which has important physical consequences. 


Relation of Dielectric Constants to Index of Refraction. 


It is a well-known fact from experiments with light waves 
for determining the index of refraction that the dielectric 
constant k always comes out smaller than when determined 
by the charged condenser method. Since lightisa radiation 
phenomenon, and on the assumption of Maxwell it is 
electromagnetic, the value of the light velocity ¢ is given by 


1 


c= —= -~ 

N Hpkp 
Yet for the electrical condensor experiments, where radiation 
effects are not emphasized, to say tbe least, it is not proper 
to take the right-hand term as 1/ /y,4,. The relative value 
of the refractive index ¿i should be given by 


nai Snr ky 
i=, ee 
V Hpkp 


The work of M. C. Gulton, Comptes Rendus, 1900, exxx, 
p. 119, is therefore of exceptional interest. He found that 
the electrical refractive index for ice, for example, decreased 
progressively with larger and larger wave lengths, 
approaching more and more the value found by Fleming for 
a dry prism of ice when subjected to Hertzian waves. Quite 
a large table of values ot 2? and really k, are given in 
Fleming’s ¢ Principles of Wireless Telegraphy.’ 

Finally, it must be said that since the selfinduction 
coefficient L, and the capacity coethcient C are dependent on 
the effective y, and ks values, our conceptions of the con- 
stants are naturally altered in the light of the above inquiries. 
As for the power factor of an oscillating system, it is seen it 
must be always less than 50 per cent. 

Chevy Chase, Md., U.S.A. 

June 7, 1924. 
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LVIII. Spectrophotometry of the Zeeman Effect in very weak 
Magnetic Fields. By Watt MonamMan, Ph.D. (Gottin- 
gen), M.A. (Punjab), B.A. (Cantab.), Professor a Physics, 


Lucknow University *. 


l. Introduction. 


N order to study the distribution of intensity in a spectrum 
line when subjected toa very weak magnetic field and 
before the line is resolved into its components, the spectre- 
photometry of a photogram produced by an Echelon Grating 
Spectroscope was undertaken and the following : arrangements 
adopted p= 


. Source of Light. 


A source capable of giving sharp, fine, and bright lines is 
absolutely essential, and for this purpose an are in vacuum 
produced by means of a Wehnelt oxy -cathode and an anode 
consisting of the given substance was used. ‘The discharge- 
tube was similar to the one described previously by the: author, 
and consisted of a lime-coated cathode heated to incand- 
escence by means of an electric current and an anode of zinc. 
A voltage of 220 volts was applied between the cathode and 
the anode, and the metal placed at the anode was made to 
evaporate and to emit light. This arrangement was virtually 
an are in vacuum—the pressure being less than 0'01 mm. Hg. 
The zine lines were chosen for investigation, as they had 
been proved to be without any satellites and had no complex 
structure and were sharply detined. By maintaining the 
current constant, the rate of the evaporation of the metal 
and consequently the intensitv of the emission could be 
maintained uniform for considerable periods. 


3. Spectroscope. 


The spectroscope used was an echelon grating made by 
Hilger and consisted of 35 plates. This was used in con- 
junction with a monochromator of the constant deviation 
type. Its resolving power lies between 285,000 and 665,000 
for the Fraunhofer lines A and H respectively, and the limit 
of the wave-length difference capable of being resolved is 


0:027 and 0:006 À respectively. 


* Communicated by the Author. 
t Wai Ente Astrophysical Journal, xxxix. p. 185 (1914), 
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4. Magnetic Field. 


The magnetic field was applied by placing the above 
mentioned discharge-tube containing the oxy-cathode and 
the anode between the poles of an electromagnet with 
adjustable poles, and capable of producing a field of about 
7000 gauss when a current of 15 amp. was sent through it 
and when the distance between the poles was about 35 mm. 


5. Spectrophotometer. 


The photometer used was one constructed by Professor 
J. Hartmann *. In this instrument, the depth of tint at 
any point on the photographic plate is compared with that 
on a standard plate, and the place which has the same depth 
of tint is noted. 

The instrument measures with high precision the density 
of a restricted area of the photographic image and can, with 
care and patience, be used to show the variation of this 
density from point to point. 


6. Sensitiveness of the Arrangement. 


Most of the Zeeman effect determinations have been made 
in very strong magnetic fields, and observations in weak 
fields are very few. The reason for this is obvious. The 
separation of the lines is so small as to require an instrument 
of very high resolving power to detect it. If the line is not 
a sharp one, its study offers further difficulties. 

With the arrangement described above, the author not 
only detected but measured in the case of certain lines of 
cadmium the magnetic resolution in fields as weak as 
300 gauss, and the author is not aware of any other measure- 
ments in fields much weaker than the above ; the lowest 
magnetic field in which the Zeeman etfect appears to have 
been observed is 535 gauss, observed by O. V. Baeyer t by 
means of a Lummer-Gehreke plate. i i 


7. Photograms. 


For photographing the lines Wratten and Wainwricht’s 
isovhromatic plates were used, and several photographs were 
taken on the same plate in close proximity to one another. 
The magnetic field was gradually varied and was practically 
proportional to the current flowing in the coils, being 0, 290 
581, and 871 gauss respectively for currents of 0, 0-5, 1, ami 
1'5 amp. 


* Hartmann, Zeitschr. f. Instrumentenk. xix, p. 97 (1899). 
t Baeyer, Verh. d. Deutsch. Phys. Ges. viii. (1906); ibid. x. (1908). 
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8. Sources of Error, 


Koch*, in an exhaustive study of the probable sources of 
errors in the photometry of spectrum lines, has mentioned no 
less than ten different sources, the most important among 
them being: the inhomogeneity of the photographic plate, the 
temperature variation during exposure, the diffusion of light 
in the photographic film, and the influence of the width of the 
slit. Apart from these there are other important sources of 
error likely to affect the experiments. These are :— 

(a) The polarization impressed upon light which traverses 
fine slits. This phenomenon, originally noticed by Fizeau, 
has been further investigated by Zeeman f, who has shown 
that polarization caused by a too narrow slit gives rise to 
errors in determinations of intensity of components, and also 
to apparent shifts and dissymmetrical resolutions of spectrum 
lines with originally symmetrical distribution ot light. He 
has shown that a quartz plate introduced before the slit of 
the spectroscope, giving a rotation of the plane of polariza- 
tion of 45°, eliminates this source of error. 

(b) The effect of the’ position of the echelon grating. 
The echelon grating may be used in either of the three 
positions :— 

(1) When two neighbouring orders are of equal 
intensity. | 

(2) When only one bright single line is visible. 

(3) Positions intermediate between these two with two 
lines visible but of unequal brilliancy. 


By a slight rotation of the echelon about a vertical axis 
any of the conditions above mentioned can be secured, and 
therein lies the risk of changing the intensity of the lines 
and of getting dissymmetries. 

The intensity curve of a fine spectrum line without a 
magnetic field shows the distribution to be quite symmetrical 
and similar to what may be expected on theoretical grounds. 
The agreement between the intensity curve observed by the 
author and that given by Koch in his researches on 
spectrophotometry is very close indeed. This shows that 
none of the above sources of error was present. 


9. Results. 
The red zine line X=6364 was chosen for observation, and 
the curves of intensity variation in magnetic fields of varying 


* Koch, Annalen der Physik, cay 877 (1911): xlii. p. 1 (1913). 
t Zeeman, Proc. Roy. Acad. Amsterdam, xv. pp. 599-601. 
t P. P. Koch, Annalen der Physik, xxxiv. p. 377.1911), 
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strength are given. The line has been found to yield a 
normal triplet in the magnetic field. The middle component 
was removed by means of a Nicol’s prism. 

The curves show that even with the weakest magnetic 
field employed, the line shows two components not quite 
symmetrical either in- intensity or in position, and this 
dissymmetry is maintained even when the field strength is 
increased. 


Fig. 1. 


‘Scale divisions on the spectrophotometer 


Scale divisions on the microscope. 


H = 0 Gauss. 


10. Discussion. 


Not long after the discovery of the Zeeman effect and its 
explanation on the electronic theory of Lorentz, doubts were 
raised regarding the symmetrical distribution of intensity 
and distances of the components, and Zeeman and Voigt * 
predicted certain kinds of dissymmetries. According to 
Voigt normal inverse triplets in weak magnetic fields exhibit 
a dixsymmetry of the following nature :— 

The outer component on the side of the red has the 
greater intensity, and the component on the side of the violet 


* Voict, ‘ Magneto- und Electro-optik.’ Voigt, Graetz’s ‘Handbuch 
gt, MER : p! 8 
der Elektrizität und des Magnetismus. 


Phil. Mag. S. 6. Vol. 48. No. 255. Sept. 1924. 2R 
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Scale divisions on the spectrophotometer. 


Scale divisions on the microscope, 
H = 290 Gauss, 


Fig. 3. 


Scale divisions onthe spectrophot ometer 


Scale divisions onthe microscope. 
H=S8! Gauss. 
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will be at the greater distance from the original line. In 
weak fields, these dissymmetries will preponderate with 
observation perpendicular to the field, disappearing, however, 
in strong fields. Such dissymmetries have been proved to 
exist in many cases, and the spectrophotometric results 
given above appear to confirm the above-mentioned obser- 
vations. | 


Fig. 4. 


Scale divisions on the spectrophotometer. 


Vv R 


Scale divisions on the microscope. 
H=8T! Gauss. 


A dissymmetry of this nature cannot be explained on the 
simple electronic theory, but is probably due to one of 
the following causes :— | 


(a) It may be due to the coupling between electrons with 
different frequency. The interesting theory of the anomalous 
Zeeman effect developed by Voigt fully explains the sign 
and the nature of the dissymmetry observed above, and is 
probably the only theory put forward so far which not only 
explains the observed facts but even predicts phenomena 
which have later on been verified by observations. According 
to this theory, the displacements are proportional to the 
square of the strength of the magnetic field, but as the field 
becomes stronger the displacements tend to be proportional to 
the field strength. Moreover, the intensity of the component 

2H 2 
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on the side of the violet will be at a greater distance from 
the original line. 


(b) It may be due to the modification of the quasi- 
elastic forces by the magnetic field, or a change in the 
structure of the radiating particles under the influence of 
the magnetic field. This view was adopted to explain the 
well-known Paschen-Back effect and was utilized by Voigt 
in developing his theory. 


(c) The dissymmetry may be due to the interaction of the 
magnetic and electric forces. Zeeman * has proved experi- 
mentally, at least in cases investigated by him, that the 
magnetic force is solely responsible for a dissymmetry of 
such nature and that the electric force is not operative. 
It is true that such dissymmetries have been observed in 
flames where the electric forces are not operative, but there 
is no doubt that in an are (or a spark) the conditions are 
certainly complicated and probably the Stark effect. has 
something to do with such dissymmetries. 


It may be remarked that the Bohr application of the 
quantum theory has not been able so far to explain some of 
the complicated but extremely regular magnetic resolutions. 
Sommerfeld, using Bohr’s atomic model, has applied the 
quantum theory to account for the normal Zeeman effect, 
but he has neglected the squares of the magnetic field w hich 
are probably responsible for the dissy mmetries of the kind 
noted above. Hef has recently extended and simplified 
Voigt’s classical theory,and Lande ¢, by making use of inner 
quantum numbers and energy levels, has tried to explain 
some of the observed facts. Yet the new theory does not 
take us any further, and more research is required before 
any satisfactory explanation can be found for these anomalous 
results. 


* Zeeman, ‘ Magneto-optics,’ p. 123. 

+ Sommerfeld, Zeit. f. Physik, vill. 257 (1922). Sommerfeld and- 
Heisenberg, Zett. F Physik, xi. p- 131 (1923). 

t Lande, Zeit. f. Physik, xi. p. 853 (1923). 
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LIX. Some Notes on the Kinetie Theory of Viscosity, 
Conduction, and Difusion. By Prof. S. CHAPMAN and 
W. HAINSWORTH, B.Se.* 


$ 1. The Conduction of Energy and Momentum by 
Rotating Molecules. 


HE most satisfactory: treatment of viscosity and 
thermal conduction which has yet been given, for 
gases composed of molecules which possess rotatory as well 
as translatory motion, is that due to Dr. F. B. Pidduck t. 
This was based on the molecular model suggested by 
Prof. G. H. Bryan}, namely a sphere which is rigid, 
elastic, and perfectly rough. The condition satisfied by 
the motions of two such molecules immediately after 
collision is that the relative velocity of separation, for 
the points instantaneously in contact, is equal and opposite 
to the velocity of approach of these points just before 
contact occurs. Such a model effectively promotes inter- 
change between translatory and rotatorv energy, while 
preserving the indispensable mathematical advantages 
attaching to the spherical symmetry of the molecule. 
Perhaps the most interesting of Pidduck’s results are 
those which concern the ratio 7, defined by 


a: 
o> ues 
where A is the thermal conductivity, 
p is the viscosity, 
C, is the specific heat at constant volume. 


Theory and experiment agree in indicating that, for mon- 
atomic or non-rotating molecules, fis nearly equal to 2°5 §. 
Provided the molecule is spherically symmetrical and effec: 
tively smooth, so that it possesses no rotatory energy, the 


* Communicated by the Authors. 
t Pidduck, F. B., Proe. Roy. Soe. (A), vol. ci. (1922). 
Bryan, G. H., Brit, Assoc. Report. p. OS 

E Cf. Chapman, S., Phil. Trans. A, cexvi. pp. 279-348 (1915). 


594 Prof. Chapman and Mr. Hainsworth on the 


exact nature of the forces acting at encounters searcely 
affects the value of f. For diatomic and polyatomic molecules, 
however, fis smaller and more variable: thus for hydrogen, 
nitrogen, and oxygen f is 1:90 or 1°91, for carbon monoxide 
and nitric oxide it is 1°88 and 1°86, for nitrous oxide it 
is 1:76, while for carbon dioxide and ethylene it is only 
1°55 *. 

Since viscosity represents a transference of momentum, 
and conduction a transference of energy, it is evident that 
the possession of rotatory energy diminishes the rate of 
transmission of molecular kinetic energy relative to that 
of momentum. The diminution is greater, moreover, the 
more the rotatory energy: in the above-named diatomic 
molecules the specific heats indicate that at ordinary tempe- 
ratures the non-translatory energy corresponds to two 
degrees of freedom, the energy of any rotation which 
may occur about the axis of symmetry of the molecule 
being negligible, as the quantum theory would suggest ; 
in the case of carbon-dioxide and ethylene, however, the 
non-translatory energy corresponds to more than two 
degrees of freedom, so that probably all three components 
of angular motion possess a share of the energy. Eucken t 
has shown that these values of f may be very fairly re- 
presented by the formula 4(9y— 5), where y is the ratio 
of the specific heats; but this formula has no satisfactory 
theoretical foundation, and is moreover certainly too simple. 
Until Pidduck’s paper appeared no numerically accurate 
calculations had been made for rotating molecules of a type 
even remotely comparable with actual molecules. 

Pidduck found that with his model f is a function of the 
number K, where K = ka, 


k being the radius of gyration and a the radius of the 


molecule. For a spherically symmetrical molecule K may 
range from 0 to 2/3 f, but f does not vary much with this 
change of K. For K=0, 1/5, 1/3, and 2/3 the values of f 
are {to a first approximation) 1°85, 1:87, 1°85, and 1:71. 


* (f. Jeans’ ‘ Dynamical Theory of Gases,’ 3rd edition, p. 284. 

t Encken, Phys. Zeits. xiv. p. 324 (1913). 

t Presumably by oversight, Pidduck takes K as varying from 0 to 1, 
which extends the range of his results beyond what is mechanically 
possible; K=2/3 corresponds, of course, to the case when all the mass 
is concentrated at the surface of the sphere. 
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These differ but little from the observed values of f for 
diatomic molecules, and the correspondence may be regarded 
as giving theoretical support to Kucken’s view. Diatomic 
molecules seem likely, however, to be less well represented 
by a spherically symmetrical model than polyatomic mole- 
cules like those of CO, or CH, for which Pidduck’s values 
of f do not agree so closely with the observed values. It is 
therefore of interest to extend his work by taking a gene- 
ralized form of his spherically symmetrical rotating model, 
embodying rather more accurately the properties of actual 
molecules. It is found that in this way the lower values 
of f may be accounted for, while the variation of X and p 
with temperature is also more closely paralleled. It is 
mathematically scarcely practicable to take the non-sphericity 
of diatomic molecules into account in calculating f; but 
Pidduck’s results suggest that, as perhaps might be ex- 
pected, the spheroidal form of such molecules enables them 
to transmute rotatory and translational energy into each 
other, during collisions, with the maximum efficiency which 
would be possible for any spherical molecule. 


§ 2. A Generalized Type of Rotating Molecule. 


The generalization of Pidduck’s model which has heen 
considered by us was suggested by the fact that, in the 
theory of a gas composed of non-rotating spherical mole- 
cules, any possible mode of interaction during collision 
may be treated mathematically as equivalent to elastic 
impact between rigid spheres, provided that the molecular 
diameter, instead of being taken as constant, is supposed 
to vary with the speed and directness of collision. The 
same idea may be applied to rotating molecules ; the radius 
of gyration k is supposed invariable, the change in the 
distance of closest approach being supposed to ocgur in 
the region beyond that in which the mass (represented 
by the positive nuclei in actual molecules) is distributed ; 
the collision-radius a is, however, regarded as variable, and 
as being expressed by 

a = ojx, 
so that now 


K = M/a? = (kJa = K'e, .. . (D) 


where æ is a constant, and z isa variable which may be a 
function of any invariant of a molecular encounter, other 
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than the total momentum. In the present case x was 
taken to be a function of the component (V) of the relative 
velocity of two colliding molecules, along the line of centres 
at impact. The function which was found most suitable 
for calculation is that which corresponds to the following 
formula for K (which by (1) is a multiple of z?) : 


K = ear Fa, > e aè o o œ (2) 
2 
Ls 
where b and s are positive pure numbers characteristic of 
the type of molecule. If s>0, K increases with V, while 
the effective collision-radius (a) diminishes. The maximum 
value of K allowed by the formula is 2/3, in conformity 
with the condition of spherical symmetry ; clearly K= 2/3 
when 6=0 or V=00. When s=0, K and -r are constant, 
so that this special case coincides with Pidduck’s model, 
different values of K corresponding to different values ot b. 
The development of the theory, using this model, is closely 
analogous to that in Pidduck’s case, which itself was a 
direct extension of the theory for non-rotating molecules *. 
The main difference in the final results is that certain 
integrals ‘which occur in the expressions for à and mw are 
analytically reducible only when s=0 (Pidduck’s case), 
so that in the general case they have to be evaluated 
by quadratures. 

The formule actually obtained as first approximations 

to A and p are as follows : 


3 RTN? . 
Me 64K'o? a) AC), 
15 mRTR?/. 
: H= relr) jio 


where T denotes the absolute temperature, m the molecular 
mass, and R the usual gas constant 1°35 x 107", while 


' — (1;4+31,)(12 f+ 257,)-3(4 LI; — 251°) | 
nT) = - —_ < LOLRLR=2531) R A e A (3) 


* Chapman., S., Phil. Trans. A, cexvi. (1915), or Enskog, D., Inaugural 
Dissertation, Upsala, 1917, and Arkiv f. Mat., Astron. o Fysik, Stockholm, 
xvi. (1921). 
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where i 
_(* _ ¢ 13/4 g 
lı =| ow er ee 
a : dg 
kg 0 í (1+ K)” 
re ea 2+9 2(1+29g)+3K (14+ 9)) 
Laf es eI KaK UFKA JO 
and 
(° _,J6Kg+69+17K | 
jo(T) =( ert" ieee hay. TEETE 
l m g 
IZR 
In terms of g, (2) gives 
K = ?3 a 
1+) (sep) 9 E 


so that the above integrals, and 7\(T), /,(T), are functions 
‘: ‘of T unless s=0. i 


For comparison with Pidduck’s work, values of b (sir) 


were determined for euch ôf the values s=0°5, s=0°7, and 
s=0°9*, such that K should equal 1/5, 1/3, and 2/3, K being - 
the mean of K averaged over all collisions. This leads 
to the formula: 
K 2/3 | ; 
= 7 re E ee (5) 
3T- y LP L—s) 
where To is the temperature at which K is to have the above 
values, while j=5, 3, or 3/2 according as K is equal to 1/5, 
1/3, or 2/3. 
The above formula, for the temperature Ty, gives the 

following values of f:— 


K. s=0, s=05. s=07. s=09. 

O 1 85 161 1-48 1:25 
Do alany 1:87 1:66 1:50 129 
WISE orai 1:85 1:70 1:58 1-47 
2S aens 171 171 71 oI 


* The integrals involved in f (T) and f,(T) do not converge if S>1. 
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The first column (s=0) is a’repetition of Pidduck’s 
results. The values of f in the last row are constant 
because for K to equal 2/3 it is necessary that b=0, and 
therefore the model again reduces to (a special case of) 
Pidduck’s model. The remainder of the table is new, and 
indicates that as s increases, corresponding ‘to increasing 
“ softness ” of the molecule, the value of f appreciably 
diminishes. The theoretical range of f is thus extended 
in the direction required to explain the observed values 
of f for such gases as carbon dioxide and ethylene. This 
is as far as one can expect to go in the direction of theo- 
retical explanation at present, in view both of the intrinsic 
analytical difficulties of the statistical theory and our 
almost complete ignorance of the nature of molecular inter- 
action during collisions. 


§3. The Variation of Viscosity with the Temperature. 


The above generalization of Bryan’s molecular model 
affords a better representation of ihe properties of actual 
gases in another respect, namely, in regard to the variation 
of viscosity and conductivity with temperature. Pidduck’s 
results show that as long as the radius of the sphere is 
invariable (so that b=0, or s=0), A and y must be pro- 
portional te T!?, but our more general formule indicate 
that, when a varies with V, w and A also involve the factors 
F(T) which are functions of temperature (cf. (3), (4), (5)). 
Their analytical expression is highly complicated, but the 
functions themselves are of simple form. One or two 
examples have been worked out to illustrate this. 

Two values of s and three values of b have been con- 
sidered; b has been chosen so that Ko, the mean value, 
averaged over all collisions, of the square of the ratio of 
the radius of gyration to the collision-radius (4*/a?) at the 
temperature 0°C., shall have the values 1/10, 1/5, or 1/3. 
For higher temperatures the value of K will be increased, 
because the radius of gyration, by hypothesis, remains 
constant, while with the greater molecular velocities the 
effective collision-radius will be decreased. The chosen 
values of s are 0°5 and 0°9, the greater value corresponding 
to the “ softer ” molecule. 

With these data, it is found that the viscosity ~ varies 
with absolute temperature T very approximately according to 
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the law T”, over the range of temperature 0° C. to 250°C. 
(or 273° to 523° absolute). The values of x which give the 
best fit are given in the following table, which also illustrates 
the closeness of the fit, by including values of 
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/ 
TEY 


where the suffix 0 refers to 0°C. For T=273° or 0°C. 
this expression is unity, while the table indicates that 
in otber cases its value differs extremely little from 
unity. 


Adopted 
data. Values of (4/T")/(u,T’ Ji for various joe lle Calculated. 
eS a 
K, s 0°C. 50°C. 100°C. 150° 0. 200°C, 250° C. n. 
0-10 0:5 1:000 1002 1:002 1001 0999 0-997 0:86 
0-9 n 1:004 1005 1004 1000 0'997 0:80 
9.9! 05 n» 0993 099 TOOL 1001 1001 0-75 
“| 09 ” 1000) 1000 09983 0995 0990 0:083 
0:33 0:5 j 1:002 1003 1:002 1001 0998 0°67 
0:9 yi 1005 1000 1000 0995 0995 0:60 


The values of n given in this table clearly increase as K 
diminishes and also as s diminishes. Since as s diminishes 
the molecule tends to Pidduck’s case of the molecule of 
invariable size, it is at first sight surprising that n increases 
as s diminishes; but the reason for this is not improbably 
that, for such small initial values of K, the softer the 
molecule (or the greater the value of s) the more rapidly 
does K tend, with increasing temperature, to the value 2/3, 
another special case for which n= 1/2. 

The okserved values of n exceed 1/2 for most known gases. 
For the diatomic gases hydrogen, oxygen, and nitrogen, n has 
the values 0°68, Ò 74, and 0" 13; while for carbon dioxide 
and ethylene it is 0° 98 and 0°90, The above table does not 
quite cover this range of n, but indicates quite clearly that 
by taking K, still saller ibah 0'1 larger values of n can be 
arrived at. Aoro er, these smaller wales of K, fit in well 
with the smali observed values of f which correspond to 
gases like CO, and (,H,, for which the observed n is 
greatest. Thus the allowance for the “softness ”? of actual 
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molecules extends the theory of viscosity and conduction in 
gases whose molecules possess rotation, in the direction 
required in order to explain the observed tacts. 


§ 4. The Definition of Temperature. 


A further point to which attention may be drawn relates 
to the definition of the temperature T in the non-uniform 
state of the gas. 

Let C denote the peculiar velocity of a molecule, i.e. its 
velocity relative to the mean motion at the point ; then 
mC? is the translatory kinetic energy of a molecule 
relative to the mean motion. Let E denote the total kinetic 
energy of a molecule, namely, mC? together with any energy 
of rotation or oscillation which the molecule may possess. Let 
N denote the number of degrees of freedomof the molecule: for 

“ monatomic?” molecules N=3, for diatomic molecules N =5, 
while for the molecules considered in this paper N=6. If 
there is equipartition of energy between the various degrees 
of freedom, 


E/N = 4mnC/3, 


where the bar above E and C? denotes that mean values 
are referred to. It is assumed in  Pidduck’s and the 
present work that this relation is satisfied in the steady 
state of the gas. It is not to be expected, however, that 
it will exactly hold good when the temperature or mean 
motion of the gas is not uniform. Hence the temperature 
of the gas will be reckoned differently according as one 
or other of the definitions 


NRT =E... ok . . (6a) 
or 

SRE Sam e = s a « (00) 
is adopted. The latter is the one used by Jeans in his 
‘Dynamical Theory of Gases, while Pidduck adopts the 
former; the two methods agree, of course, as applied to 
the steady state of the gas. Veins procedure seems pre- 
ferable, however heise it preserves the validity of the 
Important relation 


>= nRT, 


_— 
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connecting the hydrostatic pressure p with the number 
density (n) and the temperature of the gas; this follows 
from the fact that 


p= dnm? 


whether the state of the gas is steady or unsteady. 

The first approximation, Fo, to the velocity-distribution 
function, F, in the unsteady state is always tuken to have 
Maxwell’s form, which in the case of non-rotating mole- 


cules 1s 
F = , om \s2 E 
o Zn (ZRT exp.(— aa) 


where E is the molecular energy as defined above, and n is 
the number density. According as T is detined by (6a) 
or (6 b), it will Follow that the integral of either 


(F—-F)E or (F—F mi’? 


over all the molecules in any small volume must vanish. 
The latier relation implies that the correct hydrostatic 
pressure is obtained from the velocity ‘-distribution function 
by using the first approximation ; in the former case, how- 
ever, this will not be so. This is not manifest in Pidduck’ s 
work, owing to the ae of a certain term in the addi- 
tonil expression (Fi) which, with F,, gives the second 
approximation to F. The second approximation to p 
derived from the corrected form of F is 


= 1 m \h2 ots 
p= nRT 14+ yg ?K'no?L, (Ter) Di 


Dp . er 
where o is the rate of change of p in a small volume 
moving with the gas. The additional term in p is of 
small magnitude, but it seems better not to introduce it 


at all, as is assured by taking (6%) as the definition of 
temperature. 


§5. The Coeficient of Diffusion. 


It may be noted that the additional term in p does not 
vanish when K is equated to zero: this is not surprising 
when it is remembered that at the same time the angular 
velocity of the molecules must tend to infinity, if equi- 
partition is to be maintained. 
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The first approximation to the coefficient of viscosity, 
however, reduces to the form appropriate to non-rotating 
molecules when K is equated to zero ; and the same is true 
for the first approximation to the coefficient of diffusion 
(Dy). The latter, which is not given by Pidduck, has 
been worked ont, and may be quoted here : 


9 12 
Dee 3 (2RT ng 
Goo noK, Is \ mmm 
where 
m= m +m, mK = mK, +m Kg, 
oo = (01 +03), no = n +M, 
eo K, Ky | 2 
SR Zk’ ? 
and 


Ka(Ko+ K,K3) 
For Pidduck’s model this reduces to 
3 (Erom 1/2 Ky+ KK., 


a= Ston \mmm/ K+2K,K;' 


E ite {E 1K.(1+9) + Kog 
5 


D, 


§ 6. Thermal Diffusion: Non-rotating molecules. 


The formula for the first approximation to Dy, the 
coefficient of thermal diffusion, in the case of non-rotating 
molecules, 1s 


D 15nyn.RT 410% ~1 1140-1 | 41-14-10 = 000-11 
T= Anp QA nym”? ngm "3 i 
where 
— 2 1/2 
aw = Fpn"m,"", 
_ 3'2 1/2 
a_i = — hp” (pam) G 
= “12 
aw = (My My Myo)", 
5) T? 1 ny 55 9 9 
ayy = V =H Gia wt Has My? + 19 py py + 124097 
0 
25 
— "hy — 15 pe t; yh, 
= — ete 32 
ay- = Ay = — 7 (jpo) ’ 


while a@_,_, is the same as ay, with the suffixes 1 and 2 


——— 
~~ y OEE 
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interchanged. Also 


Mı Mo 
= Mg. omy 
2RTr \}? 
Q = 16( Z) Cy’, 
Nlo pt Me 


| @-1-1 @-19 4-11 
A= ' ao- doo a1 

| Gy) Go an b 

The second approximation to Dj, is given by 
_ 3RT l 
2n, QA 
These differ somewhat from the values formerly given by 
one of us*; the error, due to an oversight in algebra, was 
pointed out by Enskogt. The correction affects various 
numerical calculations which Chapman has given relating 
to thermal diffusion, but the error is fortunately of little 


importance. In the following special cases, these approxi- 
mations to D,, and Dr and their ratio sy take the forms: 


D.: 


2 
(a -1-141 41). 


(i.) mooo, Ti = Ca. 


M3 
3  /2RT\? 4V2m+ 13n, 
— banog ( ) ' AS 2na + 12:2, 
1dn, (nn) nı 


TT es ee = = 84 
2560n oo? Mg V 2n +3ny 


Die 


Mot 


i LS, ee 
cae g An/ 2na + 13n; 


een my 0i 
(ii) ———=> 2, — —> o, 
Mg Og 


13 or) 


a 256 nog" MT 


D, 


ORT 12 
esnin (me)? 
=~ 0 7o 2 
e Sna 
PA Ling 


* Chapman, Phil. Trans. A, eexvil. pp. 166-185. 
t Arkiv f. Mat., Astron, o Fysik, Stockholm, xvi. (1921). 
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The approximate value of kp when n,=n, is readily found 
to be 0'134 in case (i.) and 0°192 in case (ii.). It may 
. be recalled that kr is a measure of the difference of 
concentration of the gaseous constituents in two bulbs con- 
nected with one another by an open tube, but maintained 
at different temperatures *. 

The following tables, correcting those in the works 
already referred to, illustrate the order of magnitude of 
ky in other less special cases : — 


(iii.)t (a) Argon-Helium. ™V = 9-8, “11°69, 
Meg Oo 
TA 5 { 0°289n,+0°210n. . 
T | 2n l 25165 + L895 24/ng + V'44IN9/ re 


r o ie PE ne , 
(b) Oxygen-Hydrogen. m miN; 1:34. 


2 


kp = 9 


5 0204n, +0°177n, L, 
2ny l 1:630 + 1320n; /na + 0° "405najn 
(c) Oxygen - Nitrogen. ae n, 16/14, al 97. 


5 0°03821-+ 0-041, l. 
Tno t3 LIRE a k “TIImjnt l V5 nol re} 


The following table gives the numerical values of kr for 
special cases of the above formula :— 


ke. 
a eo @ © 
e eee 0:139 0-140 0-010 
T aaa 0:138 0'142 0013 
D aaan 0-097 0-086 0-010 


* “A Note on Thermal Diffusion,” Chapman and Dootson, Phil. 
Mag. xxxiii. p. 248 (March 1917). 
+ Phil. Trans. A, cexvil. p. 185. 
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{iv.)* (d) Carbon dioxide and hydrogen. T22, nz 
mae a 0183m O a a 
2itg  1°292 4- 182n,/n + 0° 292n9/n1 
(e) Sulphur dioxide and hydrogen. 732, aa 
maf ee eae 
T — uno LU'968 + 0°16603/n, + 1°20 1n4/ng J ° 


'¢ The following table gives the calculated values of the 
percentage difference of composition for the gas in the two 
bulbs used in Dootson’s experiments (J. c.), together with the 
values experimentally obtained. The reason for the dis- 
crepancy is that referred to in § 7. 


Percent. difference 
of composition for the two bulbs. 


Nou Mebane 

en me t. sos n Celoulated. 
Ce (1) 3°6 8:1 
C ee (yo 18 6-9 
(d) oe aana. (3) 28 76 
(Oi sets (5) 3:5 93 


E EE ai 

m ? o 184". 

_5 f o ONER — na) + 1040n } 

~ ng (233856 + 118(1°277 0 /ng + 0°75 Tng/n,) $" 
Tne following numerical values of kr are calculated from 

this formula. 


{v.) t (f) Ethylene and nitrogen. 


kr 


1/3. L 3. 
sy Gee eee 0:0991 0:0110 0:0075 


§ 7. The above results refer to molecules typified byv smooth 
elastic spheres of constant diameter: Ap is at its greatest 
for molecules of this type, while it vanishes altogether if the 
molecules are point centres of force varying inversely as 


* “A Note on Thermal Diffusion.” p. 252. 
+ “The Partial Separation by Thermal Diffusion of Gases of Equal 
Molecular Weight,” Phil. Mag. xxxiv. p. 146 (August 1917). 
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the fifth power of the mutual distance r. The following 
table illustrates the approximate value of kr for intermediate 
laws of force r—?, and also indicates to what extent the first 
approximation to kr is in error: this calculation is possible 
because by a method due to Lorentz an exact evaluation 
of ky (and various other gaseous characteristics, including 
` and wz) can be made when, as in case (i.), to which the 
present table refers, m/m, — >œ , 0,/0,.*+x. The exact 


formula for ky is found to be 
ie 2 q-5 
TT ny (yl) 


while by the general method the first approximation to $r 
for this case is given by 


ha Jno ( _P—by to DJ 

: ny \Ldyi~—42q 445) 

q Ay (first approx.). Ay (exact), 
D epee — «0 0 
Leela 0:155 n/n, 0-167 2,1, 
Osha: O22? 4 0250 

E vacates, ao: hes 0283 0:333 
U ae eee (311, 0:375 
Be o natae 85: 03550 ,, O48. 
Seer eee 0385 ,. 0500 


It is clear that the error of the first approximation 
increases and becomes quite considerable as the case q=œ, 
corresponding to molecules which behave like rigid elastic 
spheres, is approached. 


(a) The most accurate experimerts on thermal diffusion 
which have vet been made are those by Mr. T. L. Ibb*. 

In an appendix to [bb's paper, Chapman compared certain 
of Ibb’s results with the theoretical formula. ‘These results 
gave the difference of concentration of the two gases carbon 
dioxide ard hydrogen in connected bulbs maintained at. 
different temperatures, as a function of the mean relative 
proportion of the two gases. The corrected theoretical 
formula for this mixture has been given above, and the 


* “Some Experiments on Thermal Difusion,” Proe. Rev. Soe. ser. A. 
xcix. no. A. TEO, p. 3955. 
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values of fA: for various mean relative concentrations of 
the two gases are : 


Percent. SO, = Percent. Hy. Ær calculated. 


10 90 0°105 
20 80 0:152 
30 10 0-168 
10 60 0:166 
50 50 0:152 
60 40 0:130 
70 30 0:103. 
£0 ; 20 0'071 
00 10° 0-037 


These figures do not differ much from those previously 
given, but it is satisfactory to find that the revision brings 
the values into even closer agreement than before with 
Ibb’s observed data. 


Summary. 


(a) Pidduck’s theory of viscosity and thermal conduction 
in polyatomic gases (i.e. gases possessed of rotatory as well as 
translatory energy) is generalized with the aid of a molecular 
model which takes account of the varying distance of closest 
approach between molecules depending on their relative 
speed of impact. The calculated values of the ratio f ($ 1), 
and of the variation of viscosity with temperature (§ 3), are 
thus brought into closer. agreement with the observed results 
for various diatomic and polyatomic gases. 

(b) The definition of temperature in the non-steady state 
of a polyatomje gas is discussed (§ 4), and it is pointed out 
that the definition used by Jeans is preferable to that used 
hy Pidduck, since it avoids the introduction of an additional 
term in the usual expression for the hydrostatic pressure. 

(c) A formula for the coefficient of diffusion appropriate 
to a polyatomic gas is given (§ 5). 

(d) Revised formule and tables for various quantities 
connected with thermal diffusion in a monatomic gas are 
given (§§ 6, 7) correcting values previously published. 
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LX. Eddies in Air. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,-— 


| SHALL be glad if you will publish the following cor- 
rections to the paper on Eddies in Air (vol. xlvi. 
Nov. 1923, p. 754). , | 
The name of my colleague was Hisamitu Nisi, and not as 
given inadvertently at the head of the paper. 


The actual figure from which the measurements in the 
case of the cylinder were made is given herewith; the one 
shown as fig. 11, though also for a cylinder, was not the one 
utilised. 

Yours faithfully, 


ALFRED W. PORTER. 
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LXI. On the Passage of Light Through Transparent Plates. 
By Sir ARTHUR SCHUSTER, J).Se., RS, * 


[Plate XIL) 


| explaining the optical effects observed under suitable 
conditions in light that has passed through transparent 
plates, it is the present practice to select certain groups of 
rays and to apply the principle of interference. I propose 
to substitute a more rational procedure which discards the 
conception of rays and seeks guidance by following the 
wave-fronts. It is my object to show that this method is 
more general and more ettective. As an illustration I take 
the so-called interference ettects observed in parallel light 
after its passage through two mutually-inclined transparent 
plates, Brewster’s bands being a special case of the general 
problem. Owing to the inclination of the plates, backward 
and forward reflexions between the plates need not be taken 
into account. : 
The current method is to select two rays RR, and SS, 
(fig. 1) of which the former has passed through the first 
plate (AB) and been twice internaily reflected in the second 
(A,B,), while the latter has suffered two internal reflexions 


* Communicated by the Author. 


Phil. Mag. S. 6. Vol. 48. No, 286. Oct. 1924. 2T 
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in AB and passed straight through A,B,. A slight difference 
in path due to an inclination of one of the plates or a 
différence in thickness will cause a change of the com- 
bined amplitudes by so-called interference. The complete 
solution requires a lengthy calculation, rays that have been 
internally reflected more than twice being taken into account. 


Fig. J. 
S R 


S, Ry 
If, on the contrary, we consider not rays but wave-fronts, 
the problem presents an altogether different and simpler 
aspect. The wave-front PQ (fig. 2) having passed 
Tig. 2. 
P Q 


through AB and reached a positiont such as P,Q,, is no 
further concerned with AB. Its subsequent fate depends 
entirely on the second plate. If J, represents the fraction 
of the intensity of light that passes through AB and dg the 
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corresponding fraction for A,B, the intensity transmitted 
through the combined plates is simply JjJo. There is here 
no question of interference: we do not add amplitudes, but 
multiply transmittances. 

I shall assume the effects of a single plate to be known. 
To an eye focussed for infinity, homogeneons light appears 
as a succession of bright and dark rings, and the greater the 
reflecting power of the plate, the more will the light be 
concentrated in the circles of maximum intensity until, in 
the limit, when the reflecting power is equal to unity, ‘the 
bright rings are reduced to lines. With two plates, acting 
independently, e each would produce a system of concentric 
rings. In Pl. XII. the two systems are drawn with P and 
Q as centres, and the combined effect is obtained by taking 
the product of the separate intensities. It is apparent that 
the maxima will be concentrated at the intersection of the 
circles, and in the limiting case of linear rings the light is 
entirely confined to a number of points, the position of which 
is easily calculated. If the centre of each system is a point 
of maximum intensity, the radii of rings having maximum 
intensity are in the ratio of the square roots of successive 
integer numbers. Referred to a svstem of coordinates in 
which the line j joining the two centres is the axis of æ and 
the origin is at a point half-way between the centres, the 
rings are represented by the equations 


pte alam; x24 (ct+a?=Rn, 


where m and n are integersand R is a linear constant. Nub- 
tracting and adding these equations, we find 


4ac=Rn—m); y+2?=tR?(m+n). 


Hence the points of maximum intensity for equal values of 
m—n lie on equidistant straight lines parallel to the axis of 
y and, for equal values of m+n, on circles having the origin 
of coordinates (O) as centre. PI]. XU. shows the lines of 
maximum intensity in the original system of rings as weil 
as the straight lines and circles “having O as centre. 

Fora complete solution of the deta uation of intensities, 
we must turn to Airy’s equation for a single plane parallel 
plate. To an eye focussed for infinity the intensities are 
represented by 


ee A=? 
(14 s°)—2/scos 8? 
272 
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where s is the coefficient of reflexion at the surface of the 
plate, and the angle 6 is defined by 


ô = åre cos yA, 


y denoting the angle between the wave normal and the 
plate normal inside the plate, and A the wave-length, also 
measured inside the plate, while ¢ is its thickness. For a 
combination of two plates we have therefore 


o A—=s) — Os)? oe 
(14+ 5,7) —2s, cos ò (1 +827) — 2s, cos 63 ` 


I=J,Jo= (1) 


In the problems which are of practical importance we may 
assume s, and s.to have the same value. It is convenient to 
substitute for 6, and 6, two other variables e and ¢, such that 


2e=b.+0,3 26=6,—6,. 
Writing I=(1—s)‘/D, 
we then find: 
D=(1—s*)? + 4s*(cos? e+ cos? €) —4s(1 +s?) cose cos &, (2) 
or if a=1l+s?; b=2s, 
D=(a*—1’) sin? + (b cos e—a cos ¢)?. . . {3) 


These equations are perfectly general, but in what follows 
we shall confine ourselves to two plates of equal thickness. 

Let the normals to the two plates be in the plane of wry 
and form equal angles +æ with the axis of z. The observing 
eye E (fig. 3) being in the axis of x, we take a line of sight ES 
forming an angle @ with the axis of æ so that the direction 
cosines of the line of sight are 


cos Â cos, cos@sing, sind, 


If the angles between the two mirrors be 2a, the line of 
sight will form angles yı and y with the normals to the 
plates, which are determined by 


cos y,;=cos Â cos (þp—«); cosy,=cos ð cos (P+ a). 


If p be the distance of E from the origin, the point at which 
the line of sight cuts the plane yz is 


v=p=rcos@cos¢, y=rcos@sing, z=rsinð, 


the value of r for a given line of sight being determined by 
the first of these equations. 


X 


In order to avoid unessential complications, we take the 
optical medium to be air, as in Fabry and Perot’s inter- 
ferometer, so that the direction of the line of sight is not 
altered by its entry into the plates. Writing ¢ for e/A, we 
then have 

ô — 6, = 2me(cos yı — cos ya) = 4 rey sin a 4) 
(6, + 63) = 2are(cos yı + cos ya) =4rrep cos ajr 

The second of these equations shows that lines drawn in 
the directions for which 6,+6. has the same value cut the 
plane yz in circles, the radii (R) of which are determined by 
the equation after substitution of »?4+ R? for 2. I£ the line 
of vision be—as will usually be the case—confined to direc- 
tions forming small angles with the axis of r, we may in the 
first equation take approximately r to be equal to p. The 
locus of the lines in the plane yz for which ô, — Ò, is constant 
are straight lines, two successive lines at which 6,—8, differs 
by 2m being separated by a distance p/2esina. Without 
approximation, and referred to a system of coordinates 
parallel to the one used above, but passing through the point 
of observation E (fig. 3), the directions for which (6, —6,) 


` 
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has constant value lie on the cone 


(L—«)y—e22+2)=0, . . . . (3) 


while the directions for which 6,+6, is constant lie on the 
circular cone 


(xy?—1)r? +4.°(y? +27)=0, . . C) 
where 
K = (8, —6,)/4ae sin a, Kk = (3, + 6,)/47rc COS @, 


Kı and «, are fractions, being respectively equal to y/r and 
e s e 7 . ry 
pjr, so that «, is small and «x is nearly equal to unity. The 
first of these cones cuts the plane «=p in a curve, the equation 
of which is 
(11,2 )y?— 0,22? = «2p? 


This represents an hyperbola. If z be small compared with 
p, the equation reduces to that of the straight lines 


y=K p = (8, —6,)p/dae sin a, 


in agreement with what has been found above. 

The cones which define the directions for which ô — ô, and 
ô +ô, have constant values are fixed in space for a given 
position of the optical plates. The equations may therefore 
be modified, and applied to any directions of vision by deter- 
mining the intersections of the cones with planes which are 
at right angles to the required line of vision, or preferably 
refer the cones to a system of coordinates in which the plane 
yz is normal to that line. 

It is not my object to discuss particular cases, but two 
obvious conclusions may be mentioned. The lines for which 
6,—6, is constant are determined by the cone defined by 
equation (5 (5), which represents a surface of revolution round 
the axis y. Revolving this cone round its axis leaves it 
unchanged, and hence, so long as the point of observation 
remains in the plane w:, the locus of Ô, — de remains the same. 
That plane is fixed relatively to the lates: On the otber 
hand, the locus for ê, + ĉ, is a cone of revolution having the 
axis of z as axis, and we may therefore turn the mirrors 
round that axis without changing the curves for which 
6, + ô has a constant value. 

The circles and straight lines shown in Pl. ATI. all pass 
through the points of maximum intensity, but within each 
line the intensity fluctuates. It is of interest to calculate 
the average intensity for the loci of constant 6,;— 63. Equation 
(1) shows that there is a maximum of intensity when 
cos 6,=cos ô= 1, and a minimum when cos ô, =cos ô = — l. 
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If €=2m, we find by the definition of € and e that of 
cos ô, =cos ô». The lines so defined contain, therefore, both 
the maxima and the minima according as cose= +1. 
Substituting this value of in equation (3), we find for the 
corresponding average intensity 


a ed (l—s')de seo (7) 
o [Zscose—(L+s7)]?  (1L+s)3 


Along intermediate lines for which sing=1 the intensity 
never rises so high or falls so low. The average intensity 
is in this case determined by 


Ja (1—st)de (1 = s}? 


(1—8)? + 4s? cose (tsil)? (3) 


Before drawing any conclusions from these equations, we 
shall express equation (1) in the form of a series which will 
occasionally be found convenient when approximate results 
are sufficient and more especially when s 1s small, 

For s;=s8, we may write + in the form 

I=J J —s) (Ja—), ) 
TERTE a vs 6, — cos 6) 
and apply the equation 
1TH, =1+42(scoxd +s? cos 28+ 8°c0s38...), (9 
(-dse0sk4 et (s cos 6 + s? cos 26+ sè cos 36...), (9) 


which can be veritied by adding the series on the right-hand 
side. Writing S, or N; for “the series according as it. 
contains 6, or 63, we hays 


_ (1a)? (1—8), 
J = Te }3 J= logo 
and Ea 
— = = S.—8 
Je J, frat 2 1), 


from which we obtain 
d= Se 
l+s 2e(cos 6g—cosd;) * 
With the previous definition of ¢ and e, and writing 


sin mọ sin me 


P= = j = — 9 


sing sin € 
we find 


t= Ga RN HEPR... 
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Applving the equation 

sin(m-+ 1)@ — sin(m—1)0=2 sin f cos mô, 
we easily find for odd values of m 


Qm=1+2[cos2e + cosde +...... + cos(m—1)e], 


and for even values of m 


Qn =2[ cos e+ cos 3e4+......... +cos(m—Ll)e].... 


The series for Pm is obtained _ substituting ¢ for e. 
We shall use these equations for the calculation of the 
average intensity along a line of constant ¢. Noting in 
the first place that the average of Qm is zero whenever m is 
even and equal to unity w hen m is odd, we may write down 
the average intensity at once as being 

1 
= GF} oe cos 86+ sê cos 5f+...]. 

The series can be added up, and we finally have, writing 
[1(¢)] for the average intensity, along the lines for which 

1— 6, is constant 

(1—s)3 1+? 
Se ee ye rds dO 
IH] l+s 1+ s*—2s? cos 2€ (9) 


The maximum average is obtained when € is a multiple of 
ek : ; T 
a, and the minimum when ¢ is an odd multiple of 9- 
In these two special cases we bave already obtained the 
result by direct integration (see equations (7) and (8)). 
The ratio of the minimum to the maximum average in- 
tensities is 
[a= (1 +s?) ]?. 


Equation (3) shows that e and ¢ are interchangeable, so 
that we have along the lines for which ô, + ô, is constant 


__ (is) (1+ s*) - 
[Age )] e l+st—?s? cos 2e’ 


The intensities along the circles at which 6, is constant 
are given by (1), and we find the average intensity either by 
integration or by making use of the series in (9): 


ON = FR ack 
E ese 


which has a maximum value of (1 —s)/(1 + s) anda minimum 
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value of (L—s)*/(1+3s)’, the ratio of the minimum to the 
maximum being (1—s)?/(1+s,?. 

I have entered at some length into the question of these 
average Intensities in order to ‘form some judgment as to the 
interpretation which ocular vision would give to these over- 
lapping circles and lines. A photograph was kindly taken 
for me by Mr. Twyman with two Fabry and Perot plates of 
equal thickness and slightly inclined to each other. Most 
prominent in the picture are the sets of ov erlapping circles 
which coincide with the circles due to each piats separately. 
Thecircles having O (see P1. XII.) as centre, along which6, + ò» 
is constant, are not visible at all, and the straight lines for 
which ô — ô, has constant value are well shown in some of 
the outlying parts of the field. The photographs are not,. 
however, as ; clear as could be wished, and show signs that the 
illumination was not uniform. 

Mascart, in his ‘Optics,’ vol. i. p. 455, gives a picture of two 
sets of circles crossed by strongly-marked straight lines, 
without any sign of the set of circles for which "8, +8, is 
constant. The optical arrangement which gave this pattern 
is not very clearly described, but so far as I can understand 
its essential part approximates to that obtained from two 
plates, one of which acts by reflexion and the other by 
transmission. Someallowance should be made in a drawing 
for the probable omission of the less striking parts of the 
picture. We may conclude, however, that the circles of 
constant e do not strike the eye as those of constant č or 6. 
Some explanation is necessary to account for this. It will 
be remembered, of course, that each line of maximum average 
intensity is subject to fluctuations, the amount of which may 
be judged by an inspection of the accompanying table. 
This gives for four values of the reflecting power of s and 
different values of (6,+6,) the calculated intensities, when 
6,;— ôx ix equal to zero or a right angle. These are the two 
akie of (for which the intensity is respectively greatest 
and least. The average intensities are given at the bottom 
of the table, and the numbers in square brackets indicate 
the ratio of these averages. As ¢Ẹ and e are interchangeable, 
there is no reason here why the cireles (= constant, ‘should 
be less prominent than the straight lines at which e is 
constant. In the lowest row I have entered the average 
intensities and their ratio for the cireles at which cos 6 
is either plus or minus unity, It is seen that there is along 
these lines a greater contrast between the circles of maximum 
and minimum light which may account for their greater 
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visible prominence. We have, further, to remember that 
the distances from maximum to minimum, as measured by 
the angular differences of the variables, do not correspond to 
equa! linear distances in the pattern. It will be noted, e. g., 
that the first circles with P and Q as centres will, when 
completed below the central line PQ, have 14 maxima, 
while the second circle having O as centre, which has the 
same diameter, has only 8 such maxima. This is probably 
the reason that in the grouping of the visible maxima of 
light the cye prefers to follow the lines along which the 
maxima are closer together. Further experiments with 
more perfect adjustment seem to be desirable. 

In this communication only one of the several variations 
of the problem has been discussed in considerable detail, but 
there will be no difficulty in extending the investigation to light 
reflected from the plates instead of being transmitted. I may 
have another opportunity of treating the case where the two 
plates have not the same thickness, or when a small difference 
of thickness is partly compensated by a third plate. 


August llth, 1924. 


.Vote-—I cannot help remembering that this is the fiftieth 
anniversary of the publication of the first of my papers that 
have from time to time appeared in the Philosophical 
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LXII. Second Memoir on the Determination of the Curvature 
Invariant of Space-Time. By li. XILBERSTERIN, Ph.D. * 


[* my first paper on this subject (Phil. Mag. for May, 
pp. 907-918) the case of radial inertial motion in 
de Sitter’s space-time was considered. The rigorous 
spectrum-shift formula there deduced was 


Da =f 14 V1—cos?a/y?7]—1,. . . (1) 


with y written for the integration constant 
y= cos? g . cdt/ds t. e . e e . e (2) 
Having unnecessarily limited myself to stars passing, in the 


* Communicated by the Author. 
t In the first paper, p. 910, line 11, coss is a misprint for cos? ø. 
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future or the past, through the Sun as observing station with 
a velocity r9=c8, I wrote for this constant (l1—f?)7* and 
considered it, therefore, as essentially greater than unity. 
Thus the working formula, for small ø and £, became 


DPS PB. & te. ek S. a a Che) 


with 8? > 0, giving rise to incidental remarks to the effect 
that | D | > r/K or that, if the world-radius /? be determined 
from a distant celestial object, neglecting its £, the value of 
R is underestimated. Thus also, if a single remote object 
were to show a rather small or a vanishing Doppler effect, 
it would rule out the Jt-value based on no matter how 
numerous other objects. 

Now, Mr. P. Du Val in a recent private letter has drawn 
my attention to the possibility of y < 1, corresponding, that 
is, to radial orbits not passing through the Sun, and I feel the 
more grateful, as his remark has enabled me to remove once 
for all the aforesaid difficulty or prospective danger. 

In fact, by (2), and since ds?=cos? o . ¢? dt? —d?’, 


9 
Cos” o 


1 Goreme o O 


where v = | dr/dt |. Thus, if the star’s orbit does pass 
through the Sun, y=(1—£")~4, as before. But if it does 
not, and if at its “ perihelion ” 


T= = Ron, 
we have, owing to r,,=0, 


Tf this be introduced into (1), the approximate formula for 
small on becomes 

Parca o n . (1) 

n I? 3 . e e 

as an alternative to (La). Thus for any object | // | may be 
either greater or smaller than r/R, without contradicting 
the /-value based on other material. Nay, we can have 
D=0 even for a very distant star or cluster, if it just 
happens to pass through its perihelion or, practically, 
if r—7x, does not exceed a hundred light-years or so. 
As long as we confine our attention to radial motions, 
both cases, with the corresponding formule (la) or (1b), 
appear equally likely. Conseguently, in a correlation table, 
with | // | as ordinates plotted against r as abscissie, the 
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representative points, while showing a tendency to crowd 
near a straight line | D | = r/R drawn through the origin, 
may be scattered both above and below this line, without 
invalidating the adopted /-value. 

Such a correlation table, based upon all the existing data 
for objects not nearer than several thousand parsecs, will be 
given and discussed in the sequel. 

Our next task, however, is to give up even the limitation 
to radial motions. In fact, such motions of stars, although 
very convenient to the mathematician, as they require him to 
deal only with two dimensions (r, t), are extremely unlikely 
to cover any actual case of a celestial object. Not one in 
many thousand of such objects can be reasonably expected 
to move just away or just towards the Sun, or even only the 
region of the solar system. And, although the transversal 
component of motion will give only a non-observable second- 
order effect, yet the radial velocity component v, (which is 
practically responsible for the whole effect) may, for oblique 
motion, be a more complicated function of distance than for 
purely radial motion. 

Let us, therefore, consider the general case of any, oblique, 
inertial motion of a star S relatively to the Sun, with any 
perihelion distance 7,, = Ro». 

As is well known, any such orbit is plane, though not a 
straight line of the elliptic space. It will be convenient to 
place the origin of coordinates, r, 0, at S, as the sending 
station of light signals. Then the proper time s’ of the star 
will be identical with the system-time, while that of the 
observer, reduced to the Sun, will be given by 


d’? =cos ø . 2? dt?—di?— BR? sin? o.d, . . (4) 
and the Doppler effect will be determined by 
ds : 
D= dy rat l, . ° . ° . ° (5) 


as explained in the first paper. The equations of the 
observers world-geodesic, or of free motion, are 


R do Ji a_oa m 

cde TE TN 1— y? Ry? Spe ee a (6a) 
dO P 
dt yl? ‘ot? 0, ° e ° ° e (G L) 


where y, p are integration constants, 


y=cos? o .cidt/ds, p=? sin?'a .déjds. . (e). 
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We may notice that the corresponding orbit may be written 


—Acos267_ 2 
cos 20,] A?’ 


where A=1 + (y?—1)£?/p?, the angle 0 being counted from 
the axis of symmetry or the perihelion, and +0 being its 
value where the orbit, resembling an hyperbola, meets the 
star’s polar. But this integrated form of the orbit will not 
be needed for the purpose in hand, which is the evaluation 
_ of ds corresponding to ds’. 

The light rays issuing from the star as origin are simply 
the straight radii vectores @=const. The wave fronts are 
spheres, "r=const. .„ centred at S. Thus, let such a wave 
start from S at t=, and another at t=a +da. 

The first of these waves will reach the observer at P,(r, 6) 
at an instant t and the second at P,(r+dr,@+d@) at 
ty=t;+dt. The stars proper time clapsing between the 
two signals being ds!=cda, we require ds, the observer’s 
proper ‘time elapsing between the receiving of the first and 
the second signal, Now, by the first of (6 c), the element 
(4) can be written 


sin? o [1+ 


» R?{do? + sin? a d?) cos? a 
ds? = i Se Ee ee. te GL) 
y — cos? o 
It remains to express do, dO in terms of da=ds'/c. 
The propagation of light from © being ruled by 
«coso .cdt=ltda, we have 


ot+da 


c(t; —a)= (z sec s do, c(ty— a—da) = | idem, 


0 
‘whence c(dt—dz)=Rsec ada, i e., 
| edt=ds'+ R seco do. 
Mliminate dt by using (6a), thus finding do in terms of ds’. 
Next find d@/do by dividing (6a) bv (6b), and substitute 


do, d0 thus determined into (7). Then, after some very 
‘simple reductions, the result will be 


ds _ cos? T eos? ‘ac. A 
ds! a (1 a Je sin? A 


which is "i nEs ratio of oi proper times. The 
signs — and + correspond to receding and to approaching 
„motion respectively, and r= Ko is “the distance of the 
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observer from the star at the instant of taking its 
spectrogram *. 

Ultimately, therefore, by formula (9), the rigorous value 
of the Doppler effect, for a star and an observer endowed 
with any inertial motion, will he 7 


2 
Die, Se sa sile « 18) 
1 


= eos? oe O p } 
z4/1- y? (1+ etine 


(a 


For p=0 our previous formula (1), relating to the sub-case 
of radial motion, reappears. The integration constants 
y and p, whose values may vary from star to star, are 
originally defined by (6¢). They may be conveniently 
expressed in terms of the shortest distance rm = Ron and of 


. dô 
ta = ( R sine ) ; 
di m 


the velocity of the star at the perihelion. If Bm is written 
for v,,/¢, we have 


e 


RB, sina, cos? a, (9) 
+ ) pet T Oe, 2S eS ee, = came to ee “ x 
I y cos” Om — Ba , 7 y cos? On Bic } 


and, for the semi-amplitude 0, of the orbit, 


tanb = P., evel ee 
P sind, (9 a) 


The upper and the lower signs in (8) correspond to a motion 
which, at the moment of observation, is receding or ap- 
proaching respectively. Introducing v, the radial velocity 
component at the moment of observation, we may write 
equivalently, by (6 a), 

D= cos? o 


oe Sh oaa‘ (8) 
y|1F “seca | 


Finally, notice that at the perihelion, where »,=0, the last 


vr 
equation gives, by the second of (9), Dm= V cox? on —B,2—1, 
which is, in both cm and Bm, a second-order effect, as might 
have been expected. That this effect is negative or a 
blue-shift, need not surprise us. For, the source being at 


* Which “instant” in all actually interesting cases (clusters, ete.) 
unfortunately extends over a hundred and more hours, this being the 
amost serious difficulty of procuring the requisite data, ° 
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its perihelion at the moment of observation, it manifestly 
was approaching us at the instant of emission. 

Thus far the rigorous spectrum-shift formula. Turning 
to practical applications, we can at any rate confound y, 
as external factor in (8) or (8), with unity. For in all cases 
of actual interest Bm and a, are negligible in presence of 1. 
The same remark applies to ø as entering through cos? ¢ in 
the numerator and through seco as factor of v, in (2). 


We are thus left with 


1 
“a(t 


and since r,?/c? is again a negligible fraction of unity, our 
formula ultimately aam 
Ty 3 
D = Æ č 5) e s e e e ry (8 a) 
which has the appearance of the classical Doppler formula. 
If we retain this as our working formula, the only innovation 


consists in v, being a function of distance, namely, by (6a), 
to the required degr ee of approxin:ation, 


N2 2 ay 
(©) = g (1 re s) 
C F 1 
í 
To = ] + On? — Bn’, 

y“ . 


and similarly for p?/y’. 
Thus, ultimately , our working formula will be 


Di=( alc 24B,2), . . . (10) 


with the previous coordination of the signs, or 


t 2 2.2 
y C 1 
2 a 9 
ži (1 Qe me ). 


Notice that, to this degree of approximation, the name 
“ radial velocity” given to the measured spectroscopic effect 
cl) continues to be a perfectiy correct one. 

For r=r,, formula (10) gives at once /),,=0, the trans- 
versal effect as one of the second order being already 
neglected. Finally, the special case of radial motion 
follows from (10). In fact, for a star passing through the 
observer's station we have r „=0 and rya=ro, so that 


where, by (9), 
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«? D? = c*a? + vè, and for one not passing, tm = 0, cn 0, and 
/P?=07 — on, as before. 

This settles all questions concerning our approximate 
formula (10), which for the time being differs but imper- 
ceptibly from the rigorous equation (8). 

Turning now once more to the actuai determination of 
the curvature radius, let us first put together the previous 
ten pairs of data, noticing, however, that the distance 
estimate of the Magellanic Clouds has been considerably 
increased in Shapley’s last bulletin*, and adding three more 
items concerning globular clusters. The latter were origin- 
ally discarded as showing the suspiciously small radial 
velocities, 10, 0, and —10, with a P.E. of 25 to 50 km./sec. 
Now, however, in view of the possibilities afforded by the 
amplified formula, there is no reason for excluding them. 
This makes in all thirteen pairs of data r, J), which, to the 
best of my knowledge, exhausts all the existing material f. 
The radial velocities cJ) are given in km./sec., and the 
distances r, all due to Shapley, in A’loparsecs. The globular 
clusters are labelled by their N.G.C. numbers (New General 
Catalogue, Mem. R.A.S., vol. xlix.). The Lesser and the 
Greater Magellanic Clouds are distinguished by L. and Gr. 

Radial Velocities and Distances of Eleven Clusters and 
Two Clouds 


Object | cD | a ri | D| | 
jo | | noel 
B205 ve cececeeceeee. p730 j an 11,000 
63H vissacivieleds -160 | 123 | 23,100 
6218 eee eee +160 124 | 93.250 
PY | +10 | 125 | « 
5] e | 125 | 139 | 33400 
GOTR O | 95 147 | 46,400 
#7089 .eeecceeeeeees | -10 | 6 | > 
a +--+} 
KBG aeiae. 0 185 | le 
BOY iste! : —170 18-9 | 32.200 
C888 silica | +225 0) 33,500 | 
L. Mag. Cl...) +150 | 250 50,000 | 
C95 EE | =350 | 383 if 28,500 ; 
Gr. Mag. CI. | +276 | 350 : 38,000 , 


* Bulletin 796, Harvard College Observatory. 
t The data for a few more clusters may soon be available. 


Phil. Mag. S. 6. Vol. 48. No. 286. Oct. 1924. 2 U 
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The. three clusters showing exceptionally small effects are 
marked with asterisks. From the nil-effect of the last of 
these we can conclude only that this cluster is just passing 
throngh its perihelion. Similarly, for the remaining two, 
that they are comparatively near their perihelia, ¿.e. that 
their r/rm differ but little from unity. If so, then the 
second term in (10) can be neglected and we can write 
Di=2r(r—7,,)/ 1. Thus, if the transversal motions of these 
clusters were observed, 7,, could be estimated and & could 
be determined from either cluster. But the proper motions 
of these distant objects not being accessible to observation, 
no /’-estimate whatever can be based on these clusters taken 
by themselves. : 

With the exception of these three objects the values of 
the quotients r: | D | , again in kiloparsecs, are tabulated in 
the fourth column. If, as in the first paper, @,,? and r,” 
were disregarded, these quotients would represent rough 
approximations to the /?-value, with an arithmetical mean 
of the ten values R=31,900 kiloparsecs or 


R=66. 10? astr. units. 2. . . . (11) 


But since there are no good reasons for neglecting either 8,2 
in presence of g”, or of r, in presence of r, any such “*mean”™ 
R-value can claim no more than a provisional validity. 

A more satisfactory method of estimating the curvature 
radius, by means of all the data gathered in our table, seems 
to be the following one. j 

Since both 8,, and ra, integration constants, are inde- 
pendent of the actual distance r of a celestial object, their 
values and therefore also those of r„/r and 8, may be 
reasonably expected to have a random distribution over a 
group of objects picked out haphazardly, though all equi- 
distant or nearly so. The means £8,,? would then he the same 
for two such groups, with different values of 7?, provided 
each group contains a large number of objects. If so, and 
if all values of r„/r from 0 to l are considered equally likely, 
then formula (10)—applied to the two groups, 1 and 2, sav 
—will give at once ` 


b2—D?= i „(rè —r?),. e 8 (12) 


an equation for R in terms of actual distances and spectro- 
scopic effects alone. Our thirteen objects are certainly too 
few to form only one such group. With the generous aid of 
friendly astrophysicists, I hope to gather in the near future 


t 
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sufficient data for a somewhat reliable application of this 
statistical method. In the meantime, we cannot do better 
than split our scanty material into two groups, of seven and 
of six celestial objects, as shown by the horizontal line drawn 
across our table. This gives, in squared km./sec. and squared 
kiloparsecs, a 


re = 1768, 7=7139; ÄD?=23,720, 1} =50,120, 


where. of course, no more than two or three figures are at 
all reliable, and, by (12), X= 34,900 kiloparsecs or 


R=7°2.10'%astr.units,. . . . (12a) 


which is somewhat greater than the value (11), but seems at 
any rate to deserve a higher degree of confidence. 


RADIAL VELOCITIES &. DISTANCES OF ELEVEN GLOBULAR CLUSTERS & THE MAGELLANIC CLOUDS 


a 
gie E930 a 
a“ 
Pa 
Gr Mag a 
Cloud “ 
eci S 


F20 r 30 a40 000 parss”* 


In addition to this, a graphical representation of the whole 
available material has seemed desirable. This is given in 
the accompanying diagram, in which the thirteen points 
(centres of labelled circles) have for their coordinates 
r, c | D | the pairs of data of the preceding numerical table. 
The supplementary axes are drawn through the point, near 
+ N.G.C. 5024,” whose coordinates are the means of those 
of the thirteen representative points. That there is at all 
a correlation of the type: radial velocity increasing on the 
whole with distance, is shown well enough by the scarcity 


2.0.2 


(28 Messrs. McVicker, Marsh, and Stewart on a 


` almost complete absence of points in the second and the 
fourth quadrants, in accordance with a well-known corre- 
lation criterion. The dotted line drawn through the origin 
has the equation | D | =r/R with =7-2. 10! astr. units, 
ws in (12a), and this value of the curvature radius is, 
thus far, supported markedly enough By the tendency of 
crowding along this line, shown by six or perhaps eight 
celestial “objects. The full line is superfluous in the present 
connexion, 


Rochester, N.Y. 
June J, 1924. 


Note added in proof-reading, August 19. 


Since the above was printed, my attention was drawn to 
a fairly reliable distance estimate of the spiral nebula 
Messier 33, of known radial velocity, and Prof. V.M. Slipher 
was kind enough to give me his unpublished radial velocities 
of seven more globular clusters, the distances of which were 
already measured by Shapley. This has enabled me to add 
to the above correlation table eight more items. The complete 
table of 21 objects, containing a considerably strengthened 
evidence for a curvature #adins of 7 to 8.10" astr. units, 
was shown in connexion with a paper read at the recent 
Toronto meeting of the British Association, and will be 
given, together with a full numerical discussion, in a later 
issue of this Journal. 


LXII. A New Variety of Spectra. By WituiAM HAMILTON 
McVickEr, JOSEPH KENNETH MARSH, and ALFRED 
STEWART *. 


HEN an induction-coil discharge is passed through the 
vapours of carbon compounds, decomposition ensues; 

and the spectra emitted are merely those of carbon or its 
oxides. By selecting specially stable hydrocarbons and 
derivatives, W iedemann and” Se ‘amidt f succeeded in 
obtaining spectra of continuous emission in the case of ten 
arbon compounds; but as they were unable to extend their 
work to other organic substances, and as, further, their 
examination was confined to the visible region, the results 


* Communicated by Professor Stewart. 
+ Wiedemann & Schmidt, Ann. d. Physik, lvi. p. 29 (1895). 
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obtained by them brought nothing of much importance to 
light in this branch of spectroscopy. 

By employing a large Tesla transformer instead of an 
induction coil, and by utilizing a quartz spectrograph, we * 
have overcome the difficulties encountered by previous 
workers and have now obtained a series of spectra, each of 
which is characteristic of the carbon compound by which it 
is emitted : and thus a new constitutional property has been 
added to the list which contains refractive index, magnetic 
rotation, absorption spectra, etc. 

In order to illustrate the results which we have obtained, a 
description of the Tesla-luminescence spectrum of benzene 
is given below. An examination of this spectrum was 
originally made with the help of a Hilger quartz spectro- 
graph, size C; but since these initial results were published f 
we have re-examined the spectrum with an instrument of 
vreater dispersion; and we have also succeeded, by a 
modification of the experimental conditions, in identifying 
certain bands in the extreme ultra-violet which were not 
detectable by the original method. The figures given in the 
present paper are thus much more complete than those in 
the earlier communication. 


l. Apparatus. 


The quartz spectrograph emploved was the large size 
constructed by Bellingham and Stanley, which gives a 
complete spectrum about half a metre long, tuken in three 
sections. Extra rapid plates of various makes have been 
used. When the spectrum extends into the visible, Pan- 
chromatic plates developed with the help of Desensitol have 
been utilized for this region of the spectrum. The exposure 
varles very considerably | owing to the different intensities of 
the spectra of various substances. Thus while benzene 
requires about fifteen minutes’ exposure with an extra rapid 
plate, the spectrum of anthracene can be obtained in twenty 
seconds with an ordinary plate, and its intensity appears to 
be almost the same as that of the background of an iron arc 
under the same conditions. 

The cell in which the vapour is photographed is constructed 
entirely of quartz, witha plane quartz window at the end 
of a straight tube which is laid in line with the spectrograph 
axis. ‘This tube contains an internal electrode formed of a 


* Trans. Chem. Soe. exxiii pp. 642, 817, 2147 (1923). 
+ Ihid, 
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glass tube filled with mercury ; and the second electrode is 
a piece of metal foil wrapped round the outside of the quartz 
tube. A bulb is blown on to the quartz tube near the 
window ; and an exit for the vapour is provided at the other 
end of the straight tube, so that the vapour of the substance 
under examination (which is volatilized in the bulb) can be 
rapidly passed through the cell in a continuous current. 
Electrical heating is applied to the straight tube when high- 
boiling substances are under examination. 

The exit-tube of the cell is connected, through a trap, with 
a mercury vapour-pump, and this in turn is connected with 
a motor-driven oil-pump. | 
. The current is supplied by a high-frequency apparatus 
furnished by the Medical Supply Association, Ltd. It is 
air-insulated, and its secondary and primary are directly 
coupled together. It contains seventy coils; and the 
primary circuit is variable up to twenty-four coils. There 
are two leyden-jars of about one litre capacity each. The 
spark-gap has zinc knobs. With this apparatus, driven by 
means of a 12-inch induction coil, a steady discharge passes, 
as in an ozonizer, across the vapour contained in the cell. 

Variations of pressure and temperature have been found 
to exert very minor effects in the case of the benzene 
spectrum. The discharge passes freely and without decom- 
posing the compound to any extent at pressures of 65 mm. 
and below. At ordinary pressure the discharge is accom- 
panied by sparks and the benzene decomposes, vielding 
fragments of the carbon spectrum. 


2. The Tesla-luminescence Spectrum of Benzene *. 


The Tesla-luminescence spectrum of benzene consists of 
over seventy fine bands, which appear to fall into eight 
groups. The first two of these—termed Group H and 
Group G in the annexed table—are apparently incomplete ; 
and it seems probable that the remaining hands of these 
groups are of feeble intensity, and are thus blotted out by 
the absorption of ultra-violet light by the benzene vapour 
itself. 

The next group, Group F, contains 12 bands; then in 
turn follow Group E—the most complete of all—with 18 
bands, Group D with 15 bands, Group C with 12 bands, 
Group B with 9 bands, and Group A with 5 bands. The 
brightest series of bands is to be found in Group E; whi'st 


æ See accompanying figure. 
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the bands with the lowest wave-numbers in Groups D, C, B, 
and A become progressively more diffuse and difficult to 
read. On this account the positions of certain bands in 
Groups A and B have been read off the plates taken with 
the Hilger instrument, which shows them most clearly. 
These figures are given in round brackets in the table. 
Some of the bands in Groups G and H were detected in 
the following manner. Instead of volatilizing pure benzene 
in the cell, a mixture of benzene and Heckel wi placed in 
the bulb. Alcohol yields no Tesla-luminescence spectrum of 
its own, bat acts in this case merely as a diluent for the 
benzene vapour. In this way, since the benzene exerts only 
its partial pressure in the vapour, it was possible to examine 
its spectrum under higher conditions of rarefaction than 
could be attained with benzene alone in the cell; and since 


Vig. 1. 


alcohol vapour is extremely diactinic, we were thus enabled 
to reduce the degree of light-absorption due to vapour in the 
cell and so to penetrate further into the ultra-violet region. 
Figures obtained by this method are shown within square 
brackets in the table. 

In addition to these hands, we have also observed very 
faint traces of bands in the blue region. These appear to 
correspond to certain members of « four-group system of 
twenty-five bands which attain their fullest development in 
the spectrum of benzaldehyde; but we have not included 
them in the table since they are so faint that no accurate 
readings of them are possible. A full list of these bands in 
the benzaldehyde spectrum has already been given by us in 
a previous paper *. | 

Examination of the table will show that the benzene 
spectrum exhibits a very apparent regularity. Omitting 
Groups H and G, which are obviously incomplete, inspection 
will show that each of the remaining groups contains six 


* Marsh, McVicker, & Stewart, Trans. Chem. Soc. exxiii. p. 2150 
(1923). 
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bright bands (marked with asterisks) ; and it is evident that 
any one of the strong bands in, say, Group D has a congener 
in Group C with a wave-number 100 units higher. The 
same regularity is traceable in the case of the weak bands ; 
though the completeness of the system is marred by the 
absence of certain bands from Groups B and C, these bands 
being possibly too faint to be observed. In Group A the 
diffuseness of the bands makes it impossible to determine 
with exactitude whether any faint bands exist or not ; and 


in this group the readings are at best only approximate ones 


Messrs. McVicker, Marsh, and Stewart on a 


for the same reason. 


The Ware-numbers of the Bands in the Tesla-luminescenve 
Spectrum of Benzene. 


Group A. Group B. Group ©. Group D. Group E. Group F. Group G. Group H. 
3603* 3765# [3861*} 
— ,  (3279)* 3372* 3471:5* 8570:5* — -- 
35845 
(8194)* == (3294)* 3380* 3486°0* 3586:0* 3685-0 — 
o -— — 84920 3588-5 3692-0 — 
35973 3699-0 
a — 3401-0 35000 3599-0 3700-5 
85033 
(3211)* (3308 )* — 35070* 3608:0* 3710:0* — 
_ 3319 0 34190 3517-0 3616-0 
(32.9 )* 8822-58  34210* 35290* 3618°5* 3716-0 — [sult] 
= — 2+0 35235 3624-0 3724-0 
3625-0 
— 333-40 3134-0 RANE AU 36320 9320 se [O51 | 
(3242 )* 2330 O* 34360 85360% v03 O* EE 
m — J439 3050 0 3641-0 37400 [8839-0] 
36430 [33430] 
= 3351-0 340:5 3530°0 36495 37490 
3601-0 [3852-0] 
(3257 )* 3354°0* 34540"  35530*  3654+0* 3753 0* 
= ae 34560 35560 — — 


Figures in square brackets represent bands visible cnly when benzene vapour is mixed 
with alcohol Poer Figures in round brackets were read from plates taken witha Hilger 


(c) spectrograp 


: these bands are very diffuse and hence their position can only be given 


approximately. The whole spectrum increases in brightness from tup tu bottom of the 


table. 
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The existing data, however, are quite sufficient to sug gest 
that the Tesla-luminescence spectrum of benzene in its main 
outlines consists of a series of at least eight band-groups, 
each of which reproduces with great exactitude the same 
system of bands and differs in position from its neighbours. 
by approximately 100 units in its wave-numbers. 


3. The Fraunhofer Eject. 


Hitherto, the Fraunhofer effect has been confined to the 
_ eases of the vapours of elements such as sodium ; but the 
discovery of the Tesla-luminescence spectrum of benzene 
has led us to an extension of this field into the spectra of 
compounds of complicated structure. 

Hartley * examined the absorption spectrum of benzene 
vapour at various temperatures and pressures, and embodied 
his results in a map on which he plotted the positions of the 
various absorption bands observed by him. It has already 
been pointed out that owing to the diffuseness of certain 
bands in the Tesla-luminescence spectrum of benzene, 
absolute exactitude in measurement cannot be attained ; and 
the same may be said of the determinations of position of 
absorption bands in benzene vapour. Nevertheless, even 
when all due allowance is made for this, it must be admitted 
that the positions of the two sets of bands coincide so closely 
as to show that each absorption band has a counterpart in 
one of the emission bands of the Tesla -luminescence 
spectrum, The fol'owing table contains the wave-numbers 


Tesla Hartley's T sla Hartley’s | Tesla Hartley’s 
Enission Absorption |; Emission Absorption | Emission Absorption 
Bands. Bandas, Bands. Bands. | Bands. Bands. 
3763 3761 3700 3700 | 3643 peren 
l 
ope 3794 ! 8699 HH | 2041 i abt 
STAY 3749-52 | 3692 3601 3635 anne 
3740 3738 | 3680 3683 | 3632 eee 
3732 3734 366 3 ee es | 3625 2621 
3724 3722 3054 3656 | 3618 SOIT-18 
3716 3716 | 3651 3650 3616 HEH 
3710 3708 , 3649 Per! he one 


of all the emission bands marked by Hartley on his map ; 
and alongside of them we have placed the wave-numbers of 
all the emission bands observed by us in the same region 


* Hartley, Phil. Trans. ccviii. A. p. 384 (1908). 
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of the spectrum *. Inspection will showat once that the 
figures in the two columns are identical within experimental 
error in practically every case. : 

With regard to the missing bands in the absorption 
spectrum, the positions of which are indicated by the 
asterisks, it may be pointed out that, although Hartley gives 
no bands in these positions on his map, an examination of 
the fuller tables included in his paper lags that he observed 
regions of absorption even at these points: so that the 
coincidence between the two sets of figures is even closer 
than appears from the table above. 

The interpretation of these results admits of no doubt. 
The Tesla-luminescence spectrum of benzene vapour evi- 
dently represents a reversal of the absorption spectrum ; so 
that for the first time it has been possible to exhibit the 
Fraunhofer effect in the case of a complex organic compound 
of known constitution. In view of the regularity of the 
benzene Tesla-luminescence spectrum, this seems to mark 
the opening of a very promising chapter in spectroscopic 
work ; and it suggests that in future a mathematical treat- 
ment of absorption spectra may be possible from an entirely 
fresh point of attack. 


4. Fluorescence and Tesla-luminescence. 


A very complete examination has been madet of the 
fluorescence spectrum of benzene vapour excited by a 
mercury vapour-lamp. It was found that there was a very 
marked resemblance between the fluorescence spectrum and 
the Tesla-luminescence spectrum. The former is, however, 
much longer than the latter, as it penetrates further into the 
ultra-violet; and, further, the development of the so-called 
“blue bands” in the visible is much greater than in the 
case of the Tesla-luminescence spectrum, where they are so 
faint as to be detectable only with difficulty. It was found 
that some bands were developed in the fluorescence spectrum 
under a pressure of 60 mm., whereas in the case of the Tesla- 
luminescence the pressure had to be reduced to less than 
2 mm. before the same bands appeared. 


* The absorption spectrum extends into the far ultra-violet, whilst the 
Tesla-spectrum runs further towards the visible than the absorption 
spectrum does. Comparison is, of course, aerate only in the spectral 
region in which the two spectra overlap each other. 

t McVicker & Marsh, Trans. Chem. Soc. exxiii. p. 820 (1803) ; 
Marsh, ibid. p. 3318. i 
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5. The Influence of External Conditions. 


Marsh and McVicker* have investigated the effect of 
altering the temperature and pressure at which the benzene 
vapour ig examined; but it was found by them that even 
when these factors were varied over wide ranges the essential 
characteristics of the benzene spectrum remained unchanged. 
Alterations in the tuning of the Tesla transformer were also 
found to have no particular results. 

It has already been pointed out above that when benzene 
is mixed with another substance which yields no Tesla- 
luminescence spectrum of ifs own, the benzene spectrum 
remains unaltered. l 

McVicker has investigated the effect of a powerful mag- 
netic field upon the Tesla-luminescence spectrum of benzene, 
but so far the results have been negative, no change having 
been observed. 


6. The Tesla-luminescence Spectra of other Compounds. 


Up to the present we have examined the Tesla- 
luminescence spectra of over sixty compounds of the most 
varied character, and it is possible to say that each compound 
has its own special characteristics, so far as this emission is 
concerned. We have succeeded in drawing up certain 
general rules which appear to be valid with regard to the 
effects produced by changes in the constitution of compounds. 

Saturated hydrocarbons, such as cyclohexane, seem in- 
vapable of yielding luminescence spectra, and the saturated 
fatty alcohols appear to show no emission. Aliphatic 
ketones and aldehydes emit a continuous faint spectrum 
between the wave-lengths 3500 and 4800, each compound 
having a spectrum of its own. Substitution in the benzene 
nucleus may produce either of two effects. If the substituent 
be a halogen atom or a nitrogroup, the benzene spectrum is 
completely blotted out and the compound shows no emission 
whatever; but if the substituent be a hydrocarbon radicle 
like the methyl group, or an amino-radicle, or an unsaturated 
group like — CHO, then the benzene spectrum is subjected 
to profound modification, whilst at the same time a fresh 
zone of emission appears in or near the visible. In the case 
of hydrocarbons containing condensed ring-systems like 
naphthalene or anthracene, the emission may become very 
intense and appear quite far up in the visible. Some 


# Marsh & McVicker, Trans. Chem. Soc. exxiii. p. 817 (1923). 
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heterocyclic compounds like pyridine, pyrrol, and thiophen, 
yield no emission spectra so far as our experience goes; 
though quinoline, isoquinoline, and tetrahydro-quinoline all 
yield spectra of varying intensities. It may be pointed out 
that in each of the last three cases a benzene nucleus is 
present in the molecule ; possibly it forms the luminescent 
centre. 


A large part of the apparatus used in this research was 
purchased trom the Heron Fund of this University, and we 
wish to express our thanks to Mr. F. A. Heron, D.L. We 
also desire to acknowledge the assistance received from the 
Research Committee of the Chemical Society in the form of 
a grant. 


The Sir Donald Currie Laboratories, 
The Queen's University of Reltast, 
Northern Ireland. 


LXIV. Application of a Thermionie Valve to the Measure- 
ment of the Damping of Vibrations of a Steel Wire. 
By Fuoresce M. CHAMBERS, JLSe., Senior Demonstrator 
in Physics, Queen's University, Belfast *. 


Introduction. 


ie the following will be found the results of some 
experiments on the damping of forced vibrations of 
a steel piano-wire, a question about which there seems 
to be little, if any, quantitative information available. 

The idea is to get numerical values tor the coefticient of 
the damping term in the equation of motion, and to examine 
its variation with pitch and with the method of supporting 
the wire. 

The method emploved was to measure the amplitude of 
forced oscillations under an impressed alternating force 
furnished by the oscillating current in the circuit of a 
thermionic valve. 

As will be shown, the string was made to vibrate in 
a simple harmonic manner, and the results obtained apply 
to the damping of simple harmonic oscillations. 


* Communicated by Professor W. B. Morton. 
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Theory of the Method, 


The equation to damped, forced simple harmonic vibrations 
is | 
é+khe+n?2 = C sin mt 


assuming friction proportional to velocity, where 
m/2i = frequency of impressed force, 
n/2m@ = natural frequency of the system. 
From this equation we find 
A? = C?/{(n?—m?)? + k?m?}, 


where A is the amplitude of the forced vibration. 
A is maximum when (n?— m’) +k°m? is minimum, i. e. 
when m?=n?— 42”, 
Therefore at maximum 
A? = C7/{h?(n?— 2k?) }. 
The ratio 
A?/A ? k(n? — 4k) {(n? — m?) +k?m?} 


marx. 


= a’, say; 
a? = (1—4k?/n?)/{m?/n? + (1 — m?/n?)?/(h?/n?)}. n L) 
As will be seen later, k/n is of the order from ‘001 to 
"11005 for a steel lathe-bed, and from about :003 to ‘OOL for 
wooden sonometers, so the quantity 44?/n? may be neglected 


compared with 1. 
It is then found from above equation that 


k/n = a(l +m/n)(L1— mfn) / Vl—a. m’. 


But m/n is approximately in actual cases equal to 1. (It 
ranges from *996 to 1-004.) 


Therefore 1l+m/n=2 and a’m?/n? =a’; 
2“. k/n is very nearly 


Qa(l—mjn)/Yl—-@ . o.n (2) 


Plan. 


Two ways were adopted for finding the k/n of the string 
in different circumstances :— 


(1) Values of a were assumed and the corresponding 
values of m/n worked out for each of a series of assumed 
values of k/n. A set of m/n and a curves was plotted from 
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these for the different values of k/n, and the observed points 
were plotted on the same paper. Thus it was possible to find . 
approximately the range of k/n for a given set of results. 
This method was used in the initial experiments, where, 
owing to necessary experimental difficulties, great accuracy 
of observation was not possible. 

(2) From the observed corresponding values of a and m/n, 
A/a was worked out, using equation (2),and the mean 4/n for 
each set of observations found. This method was applied to 
the more accurate observations taken on a steel lathe-bed. 


Lxperimental arrangement, 


The simple harmonic vibrations were maintained by 
using the oscillatory current in the circuit shown (fig. 1), 


Fig. 1. 


with the string in series with the condenser, so that the 
oscillating current passed through the string. The latter 
was placed between the flat poles of an electromagnet 
specially made for the purpose and run off the town mains 
(direct current). The variable coil was also specially made 
of large self-inductance, with a movable core of iron wires, 
so that low frequencies could be obtained. The pitch of the 
oscillating circuit was changed by varying the condenser 
and varying the number of turns in the secondary and 
primary coils. Fine adjustments in pitch could be made by 
moving the iron core. 

Throughout the experiments on wooden sonometers placed 
horizontally, there were always variations of amplitude 
taking place in the course of observations, and these made 
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accurate readings difficult. The worst variations were 
abolished by substituting a battery of small accumulators 
for the unreliable town-mains to supply the anode voltage. 
The small changes which remained depended on small changes 
in tension of the wire, due probably partly to friction in 
the pulley and small yielding of supports, partly to small 
temperature changes in the wire on account of the current 
passing through. Once the oscillating circuit has settled 
down, a galvanometer shows that the current keeps constant 
throughout an experiment; so the small changes in amplitude 
are not a result of a varying applied force. 


Test of Simple Harmonic Character of Vibration. 


The vibration form of the string was first investigated by 
mounting the string in a dark room and photographing on 
a moving plate the motion of the string’s shadow across an 
illuminated slit, after the manner of Krigar Menzel and 
Raps. This gives the displacement-time curve of a point on. 


Fig. 2. 


the string. The photograph (fig. 2) is an example of the- 
curves obtained at different points of the string with different. 
positions of theelectromagnet. All the photos taken showed 
curves of the same form. 

On measuring up an enlargement of one of these photos, 
plotting out the numbers obtained, and comparing the re- 
sulting curve with a sine-curve of the same size, the two 
were tound to coincide almost exactly. 

Several sine-curves were also obtained by plotting the - 
amplitude (measured by the eyepiece-scale of a microscope) 
against the distance from one end. 

The above shows that we are justified in assuming that 
the vibrations of the string are simple harmonic. 


Method of taking observations. 


As we have now at our disposal a method of forcing the 
string to vibrate in a simple harmonic manner, and as. 


a ee 2 
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the pitch of the oscillations in the circuit is adjustable to 


any value, k/n may be found as follows :— 


The string and the oscillating circuit are tuned to a pitch 
about four vibrations per second above or below the pitch of 
a standard fork. A series of corresponding amplitudes and 
pitches are found ; the amplitude is a the eyepiece- 
scale of a microscope. The pitch is found by observing the 
number of beats per second between the notes of the string 
aand the fork. a is obtained by dividing amplitude by 
maximum amplitude; m/n by dividing frequency by fre- 
-quency at maximum amplitude. 

k/n is then found as explained from equation (2). 


Details of Experiments. 


The first experiments were made on two wooden sono- 
‘meters, placed horizontally on the bench. The string used 
was 29 s.w.g. piano-wire, about 60 cm. long. The string 
vibrated in a vertical plane. 

Sonometer A had a screw for adjusting tension of the 
wire. With Sonometer B the tension was adjusted by 
weights hung from the string, which passed over a pulley. 
‘On both sonometers the string passed over two bridges. 

The points of the damping curve for A—about 70 in ` 
number, taken on. different days—were found to lie be- 
tween theoretical curves corresponding to k/n ='0020 and 
k/n =*0015, but nearer the °0020 curve, at a pitch of 
about 256 vibrations per second. The accuracy of the 
-observations is not sufficiently great under experimental 
conditions to make it worth while working out &/n for each 
point and taking the mean k/n. 

Sonometer A had a crack in the wood, so we might 
expect the damping to be greater than in the case of 
Sonometer B. This was found to be actually the case. 
‘The points for B at the same pitch lie close to the curve 
of k/n=:0014. 

Further observations made on Sonometer B, with more 
precautions, especially in allowing for the string’s thickness, 
wave the result at pitch 256 4/n=:0015, and at pitch 384 
k/n=*0030. 

A set of observations on the same sonometer at pitch 320 
showed k/n about equal to°002. In all casesa large number 
of observations were taken. 

Thus it is found with a wooden sonometer that as the 
pitch increases the ratio of damping factor to frequency 
‘also increases. ‘The damping factor, k, increases very 
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rapidly with rising pitch. The amplitude of the vibration 
falls off rapidly with rising pitch, and a one-inch objective 
had to be used to observe the amplitude at pitch 384. 

In order to obtain more accurate results for k/n than was 
possible on account of the small and continual changes 
in amplitude mentioned above, the sonometer was mounted 
vertically. The string was fastened as before by a peg, 
passed over a bridge, and at the lower end was a hook, 
from which weights were hung. 

This was first tried on Sonometer B. It was found now 
that once the oscillating current had settled down to its 
steady value, the amplitude of the string would remain 
steadily at the same value for as long as it was left, the 
small variations in amplitude having disappeared. This 
confirms the former conclusion that these variations were 
due to changes in tension. 

It was possible now to make accurate observations, and 
the value of k/n was worked out for each reading in turn 
in every case. Henceforward it is found that the mean 
deviation of 4’n from the mean value of k/n obtained for 
any one set of observations varies from about 1 to 5 per cent. 

In order to get as clear a mark as possible on the string 
for observing the amplitude, a scratch was inade on the wire 
with emery paper or a penknife, and this, illuminated by a 
lamp, gave a sharp bright line seen through the microscope. 

For Sonometer B it was found here that at pitch 256 
k/n =*00103— considerably less than the value for the same 
sonometer mounted horizontally. This is to be expected, as 
in the present case only one bridge is communicating energy 
from the string to the sound-box. On another day, k/n at 
the same pitch for this sonometer was found to be ‘000813, 
showing that when we have a freely-suspended weight other 
factors come into play besides the pitch in determining the 
damping. This is referred to later, in connexion with a 
lathe-bed. 

The damping of a string mounted on a massive lathe-hed 
was next investigated. The lathe-bed was mounted vertically 
on a stand of concrete, whose foundations were in the ground. 
This gives a very massive support for the string, and one 
would expect very small damping, as there can be little 
motion of the ends. 

The damping was actually found to be small, and the note 
heard was so extremely faint (although the string’s amplitude 
was as great as ever) that often one could only hear it 
properly by placing the ear against the lathe-bed. Some of 


Phil. Mag. 8. 6. Vol. 48. No. 286. Oct. 1924. 2X 
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the experiments at the lower pitches had to be carried out 
in the evenings between 8 and 10 P.M., as there was too 
much noise during the day to hear the beats at all. 

Observations were first of all made on the string at 
pitch 256. ‘The upper end of the string passed over a blunt 
steel edge, and was fastened to the back of the bed. 

It was found that the readings of each set were consistent 
among themselves, as before (deviation from mean less than 
5 per cent.). The damping factor, however, varied from 
one set to another at the same pitch. It was thought that 
this might be due to changing the weights ; but with the 
same weight hung on, so as to give the total suspended mass 
different shapes, the damping factor varied. The table 
(Table I.) gives some results at pitch 256. 


TABLE I, 
KN XM rakccivnaseee 1:046 "977 -887 "R75 "896 "892 
Load, in kge s. 124 124 9 157 13:2 9 


Apparently there is no relation between ijn and the weight, 
or if there is such a relation it is masked by the change in 
end-conditions brought about by altering the configuration 
of the weights with respect to the string. , 2 

An attempt made at this stage to find how the damping 
depended on the pitch was unsuccessful: there was little 
change in k/n with rising pitch ; such changes as there 
were were inconsistent with each other; it was impossible 
to change the pitch without altering the end-conditions 
sufficiently to account for any change in damping without 
considering pitch at all. 

Readings were as in Table IT. 


TABLE II. 
NOlGinrsauacesat C D E F F F F 
kin x10? eias 826 809 "818 1-045 1-059 1:016 "$87 


The last value for F was obtained after taking off the 
weights and putting them on differently. 

A further attempt was made to keep end-conditions 
constant by gripping the string between steel chucks. The 
old trouble of varying amplitude due to small changes in 
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tension (probably this time entirely due to temperature- 
changes in wire) reappeared, so much exaggerated on account 
of the extremely small damping that it was impossible to 
take readings. 

Finally, the only way of approaching the ideal of a string 
fixed at both ends seemed to be to hang a very heavy single 
weight on the end of the string, the w ‘eight being arranged 

each time so that its disposition with respect to the direction 
of vibration of the string should be the same throughout the 
experiments. The string (this time a thicker wire, 27 s.w.g.) 
was gripped at its upper end in two steel jaws—part of 
a fitting belonging to the lathe-bed. The wire was about 
90 em. “long, and from the hook at the lower end hung a 
weight of 20 kg. 

The damping was now smaller than ever (probably nearly all 
air-damping), and the difficulty of maintaining the maximum 
amplitude for any length of time very great. One may 
observe accurately the maximum amplitude, but there is great 
difficulty in observing accurately the exact pitch at maximum 
amplitude. This was found finally by taking the mean of 
the two pitches at the same amplitude on either side of the 
maximum. The average of three such values at different 
amplitudes (i.e. the mean of six readings) gives the mean 
pitch at maximum amplitude. 

Readings of amplitude and pitch were taken as described 
above—six readin gs in each set,—and the mean value of k/n 
obtained. This e done for frequencies C (253), C (259), 
D (284), E (316), E (323:5), F (337), G (380), A (423), 
B (477). 

The forks used for pitches other than C were not standard 
forks, and may not be correct to one vibration. This is not 
a matter of great importance, as in calculating k/n the 
ratio only of the frequencies of forced and free vibrations 
appears. 

To get a sustained note from the small forks which were 
not. fitted with resonators, in order to count beats easily, each 
fork was mounted in turn with its prongs at the mouth ‘of an 
adjustable pipe closed at one end with water. The pipe, 
tuned to the fork, acted as a very efficient resonator, and 
after bowing the fork the note could be heard in the room 
for over a minute. 

The results obtained are shown on the two curves. Fig. 3 
shows k/n plotted against the frequency. It will be seen 
that His decreases at first rapidly, then more slowly with 
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increasing frequency. Fig. 4 shows k and frequency. The 
damping factor k increases with rising pitch. Fig. 5 shows 
a characteristic a and m/n curve. It was taken for the 
lathe-bed, at pitch 256, with a weight of 12-4 kg. hung on 
the string. 


Fig. 3. 


Frequency. 


Frequency 
o0 Do Ro IP ao 40 W 
Summary of Results. 
(1) Numerical results have been found for the * damping 
cocfiicient ” for a steel wire mounted on different supports, 
and at different pitches. 
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(2) Damping of a cracked wooden sonometer is greater 
thin for another sonometer without a crack. 

(3) For a wooden sonometer, as pitch rises, the factor k/n 
increases. There is therefore a very rapid increase of the 
. damping factor k with rise in pitch. 

(4) When the wooden sonometer is mounted vertically, 
the string passing over one bridge instead of two, the 
damping is less than with the same sonometer mounted 
horizontally. | 


Fig. 5. 
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(5) For a massive lathe-bed, the string hanging vertically 
with a weight at lower end, damping of string is very small. 
Small changes in the configuration of the hanging weights 
(and so in end-conditions) make considerable differences in 
‘results. 

(6) Using a very heavy single weight on the string, and 
keeping its disposition with respect to the string as constant 
as possible, it was found that k/n decreased with rising pitch, 
in contrast to the case of the wooden sonometer. 


In connexion with the above, I wish to express my 
grateful thanks to Professor Morton, who suggested the 
subject of the investigation, and whose help and criticisms 
have been most valuable throughout; and to Mr. J. Wylie, 
who designed some special apparatus and whose suggestions 
on the experimental side have been most helpful. 
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LXV. Some Experiments on the Vibration of Bars. By E. 
F.Reur, A.R.C.Se, and W. L. Cowney, A.R.C WS. 
of the Aerodynamics Department, National Physical - 
Laboratory * 


HE work described in this paper was undertaken in 
order to throw light on questions relating to the 
practical problem of vibration in aeroplane wing spars. 
Certain spars have been found to give marked vibration 
troubles through resonance with the engine or with aero- 
dynamic forces over a wide range of frequency. For the 
sake of simplicity, investigation was confined to the case of 
a uniform thin beam symmetrically supported at three points. 
The spars used in aeroplane construction differ from this 
simple beam in two ways: («) they are usually tapered, and 
(b) their depth is so great that the rotatory inertia of the 
beam elements might have an appreciable effect. These 
differences do not affect the general arguments of the present 
paper, but only their direct application to particular cases in 
practice. 

The experiments were conducted upon a brass rod 0°126 in. 
diameter and 5:09 ft. long ; full particulars of the method 
of experiment are given later in the paper. The trequencies 
of vibration in the fundamental and in several higher har- 
monics were calculated theoretically for the general case of 
a beam supported as in fig. 1, and the results were com- 
pared with those of experiment, using the value of E/p 


Fig. 1. 
Ke —L2—- EL - aI- re laa 
K- — — --- l- —— -> ———— l- 


found by a simpler experiment upon the same rod clamped 
at one end and free at the other. 

It is evident, to begin with, that the frequencies will break 
up into two systems —(A) the frequencies of one half of the 
beam formed by cutting at the centre support and clamping 
the end so formed, and (B) the frequencies of the same 
portion but with the clamp replaced by a simple support. 


* Communicated by Mr. R. V. Southwell. 
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The results are given in figs. 2 and 3 in terms of the 
quantities $, and ġ», respectively proportional to ln and 


l n, where n is the frequency. Fig. 2 shows ¢, plotted 
aguinst ġ, for the fundamental and the first four harmonics 


Fig. 2. 


Ful cues — Clamped end cakut ed 
| a DONTS— =~ experimental. 
|[Dottedeurves -simpy supported end 
cAtcuUlared. 
| Opan — Simply suported ma 
=m — exnpernmederal 


| 
| 


PA 


Fig. 3. 


as ihe length ratio l:l} or @,:d@2 is varied, while fig. 3 
shows 6=¢,+ ¢» plotted against /,//; +l, or ġı/ġ as abscissa. 
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Thus the square of the ordinate in fig. 3 is proportional to 
the resonance frequency. In fig. 2 the curves represent 
calculated values, the experimental results being indicated 
by crosses and circles, corresponding with full and dotted 
curves respectively. It will be seen that the agreement is 
excellent, except as regards the highest harmonic, where the 
speed of the forcing mechanism used in the experiments was 
very high, and general vibration impaired the accuracy of 
measurement. Asa further comparison, the positions of the 
nodes in a particular case were determined and are given 
against the theoretical values in Table IT. 

The most interesting feature of the investigation is the 
tendency, shown in figs. 2 and 3, for the harmonics to group 
together in certain regions. Thus, a little to the right of the 
line OA in fig. 3, it will be seen that the first four harmonics 
occur over a comparatively small range of ¢, whereas to the 
left of OA this range is almost doubled. In more complex 
structures this grouping effect may become even more 
marked, so that a particular structure may exhibit serious 
vibration over a considerable range of forcing frequency, 
whereas a slight modification of design might render it practi- 
cally free of resonance over the same range. 


Theoretical Investigation. 


The case considered has already been described and is 
illustrated in fig. 1. The results have been expressed in non- 
dimensional form, so that they may be easily applied to all 
uniform beams symmetrically supported at three points. 


The non-dimensional quantities used are :— 


sniff aun) 


— —— amaeaaeaaeaeaeosamammħįeț 


o,= uy f 2nna/ = ee ge 


l ay J IME P t -= VEE 
and A +uyr/ 4 anna) Pt ote | Vi: J 


where (sec fig. 1) 


NT 


. (1) 


l is the distance of an outer support from the centre, 
l, is the length of the overhang, 
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l = li +L, the half length of the beam, 
n is the frequency of vibration, 

p is the mass per unit length, 

E is Young’s modulus, 


I is the moment of inertia of the cross-section about 
the neutral axis of the section, 


k is the corresponding radius of gyration, 
V is the velocity of sound along the rod. 


The differential equation to be satisfied at every point 
of the beam (assuming the ordinary beam theory to hold, and 
neglecting rotatory inertia) is :— 


òy p Oy _ 
act Bigg =” ie See, ee ae a) 


which becomes, after writing y sin 2nt for y :— 
Oty 

Our 

— Madan’? p/EI= o/t 2 1 www (A) | 


System (A). In this case the condition for resonance can 
be shown to be :— 


(1— cos $, cosh œ) (sin d; cosh ġa — cos ġa sinh œz) 
= (1 + cos œ cosh ¢,)(sin $, cosh ¢, — cos œ, cosh g,). (5) 


If ġı and ¢, are both large but not equal, a suffħicient 
approximation is given by :— 


tung, = 2—tan po . . . . . (6) 


The following special cases arise :— 


SASO, ow a ba a OY 


where 


(1) If 4,=0 (beam clamped at one end and free at the 
other), | 


cos $, = — sech do, 
= 0 for large values of ġa; . . . (7) 
(2) If 2,=0 (beam clamped at one end and simply sup- 
ported at the other), 
tan g, = tanh q,, 
= 1 for large values of ġe . . . (8). 
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(3) If l=, and therefore ¢,=¢.=¢/2, 
cos ġ = 0 
and = tan g@/2 = tanh ¢/2, 
= 1 for large values of gd. . . . (9) 
System (B). In this case the condition of resonance be- 
comes :— 
(sin ġ, cosh ġı — cos ¢, sinh ¢,)(sin dz cosh ġa —cos dg sinh é) 
= 2sin d, sinh ¢, (cos do cosh d.+1). . . (10) 


It @, and ¢, are large, we have the approximation :— 


tan d; (tan ġo— 3) = tangde—]. 


The following special cases arise :— 


Se agg $: = —sech ġa . . . . . (IL) 
this being the same case as (7). | . 
(2) If d, = 0 (beam simply supported at both ends), 
sin, = 0 (excluding ġ, = 0 asa solution). . (12) 


The equations (5), (6), (10), and (11) were conveniently 
solved by taking a series of values for gd. and deducing 
corresponding values of hı, the approximate forms (6) and 
(11) being used when their accuracy was sufficient. The 
curves of tigs. 2. and 3 were then plotted. From either set 
7 curves tle resonance frequencies for a given length-ratio 

l/l» can be found by drawing a straight line such as OA so 
that ¢,/¢.=1,//,. Using tiv. a. the frequencies are given 
y l 
_ oP Vk _ pF Vk 


while in fig. 3 the value of @ for abscissa oe gives 
oe =(" Pe ‘= yo. (4) 


i [? 27 E lh 

For large values of $, and œ the harmonics are separated 
from their neighbours by intervals of ¢; and ¢,=7 nearly, 
as can be seen from the approximate forms (6) and (11). 
Also to a good approximation the separation is pı =m when 
Qı is large and œ; small, and ¢,=7 when ġ» is large and ¢, 
small. 


The calculated values are given in Table III. for case (A) 
and in Table IV. for case (B), only the fundamentals and 


n 
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first harmonics being tabulated. Higher harmonics may be 
obtained by increasing b, or dy by m, 27, 37, ete., keeping 
d, or d, respectively constant. | 

In figs. 2 and 3 the full curves apply to case (A) and the 
dotted curves to case (B), both systems together giving 
the solution for the complete beam. 


Experimental Verification. 


The brass rod used in the experiments was held in some 
cases vertically and in others horizontally. At one end the 
support consisted of an oscillating lever to which the rod was 
clamped for case (A), and attached by a ball joint for case (B).. 
This lever was connected to an eccentric driven by a small 
electric motor whose speed could be varied in order to apply 
forced vibrations of any required frequency to the end of the 
rod. The movement at the support was of the order of 
00l inch. The second support for the rod consisted of a 
slotted steel strip, the slot being bevelled so as not to pro- 
duce any constraint upon the rod other than that required 
by a simple support. The position of this support along the 
rod was varied so as to pive a series of values to the length 
ratio U,/ls. 

As the speed of the motor was gradually increased, 
positions were reached at which marked resonance occurred, 
the nodes and loops along the rod being clearly seen. These 
speeds were meusured by means of a revolution counter and 
stop-watch. The fundamental period was too slow for the 
motor, and was determined by timing the free swings of 
the rod. 


Comparison between Theory and Experiment. 


Before the experimental results can be compared directly 
with theory the value of V, the velocity of sound along the 
rod, must be known. To determine this quantity the mov- 
able support was taken away and the rod hung vertically, 
clamped to the forcing lever. The resonance frequencies 
were then determined and the corresponding values of $ 
calculated from (7). ‘This led to the results given in Table 1.. 

The ratios ¢?/n are constant except at the two lowest 
frequencies, where the pendulum effeet is modifying the 
results. 


TABLE I. 
ict A 1-87 4-69 T85 10-99 14-15 
EEEE ORUS 4:22 11:4 eA 36°7 
EN Seen 4:33 5:23 542 546 545 
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Using the highest frequency, we have 6=Al=14°15 for 
n= 36'7, and inserting the rod dimensions /=5:09 feet and 
k=0:0315 inch, we find that 


2arn 
V= wh = 11,370 ft./sec. 

This value was accordingly used in the further experi- 
ments to obtain ¢ from n, the observed frequency. 

The positions of the nodes were observed in the simple case 
of the rod with one end clamped and the other free. They. 
are tabulated below, together with the theoretical values 
given in Lord Rayleigh’s ‘Theory of Sound,’ and it will be 
seen that the agreement is excellent. 


TABLE II. 


Distances of Nodes from Clamped End, expressed as 
fractions of the length of the rod. 


Theory ............ 0:868 0:500 —- = 
2nd Harmonic ...... l Experiment ...... 868 0-505 E 2 
3rd Harmonie ...... J Theory... ri ee ies = 
| Experiment ...... 0905 0633. 0354 — 
Lee © f Theory ............ 0927 07233 UA 0-278 
4th Harmonic. ...... Experiment ...... 0927 O722 0508 0°262 
Tase III. 


One end clamped and a simple support elsewhere. 


(a) Fundamental Curve. 


Py. iaie 3°93 3°93 3°91 3°85 3°70 3:28 2:5 222 
Qe -naaxevees 0 0:25 0:5 O75 1:0 1:25 144 1:5 
TEES 3:93 4:18 4°41 4°60 4°70 4:53 3°94 3°72 
i. sie 20 157 r5 10 ©5 02% 0 
Os” auinar 1-51 1:57 1:58 1:67 174 1:82 1:84 
E S 351 314 308 267 224 207 1I% 

(b) 1st Harmonic. 
Oi: aean TOT 707 7:06 6:99 6:85 6'48 5:57 
Qa esns 0 0:25 0-50 0:75 1-00 1:25 1:50 
n EEATT ToT 732 7°96 774 785 TTS TOT 
D 4-29 463 450 442 436 431 4+2 
AEN EN 175 200 22) 250 275 30 3-25 
ga a OGL 663 675 692 TPI 73l 7:30 
g cau +18 411 400 393 $50 383 30 
Oe ede 3:50 375 386 393 416 400 4:26 
Os eea iae 768 7°86 7°36 786 766 783 7°26 
" ae: 25 20 15 10 05 0-25 0 
ene ee 4°33 440 446 453 462 +64 47l 
Oca O83 6°40 5:96 5'50 512 4:89 4:71 


Dy exes 344 313 293 266 202 155 108 076 057 9 
Bi apens 0 050 10 12 1-4 15 1:6 1:7 18 1:84 
"PENE 314 363 393. 386 342 305 268 246 2-37 184 
(b) 1st Harmonic. _ 
$n dulce 6-28 e27 580 519 417 382 BHD 
aap ee 0 050 10 1-4 7 20 2-5 
EEE 6:28 6°77 6°80 6:59 5-87 5:82 6:12- 
Se aee 3:50 338 305 253 132 060 0 
E EET 3:0 3:5 40 4:2 4-4 46 471 
ee ee 6°50 6°88 7:05 6-73 572 5-20 4°71 
TABLE V.—Clamped end. 
Values of ġı (Experimental). 
; l Harmonics. 
ength rati —— _—_——_——_* — 
i= nap Fundamental. Jst. ond. Srd. 4th. 
0:085 0:143 0:384 0:66 0 93 1°18 
0:180 0:289 0'810 1:37 1°94 2°49 
0°334 0°537 1:44 2°56 3°50 416 
0°456 0:756 2°02 3°34 4°25 4°44 
0:593 0:96 2°56 40a 4:67 SER 
0:617 — — — 4°74 6:20 
0774 1:232 2:27 4:33 580 6:90 
10 1°58 3°97 4°70 7°18 TGA 
1:452 == 4:18 5°16 7°40 8:80 
1-224 — -- -- — 874 
1:280 1°96 4°26 5°60 7:43 saat 
1:402 — — — — 9'64 
1:600 2-21 4:37 6°66 771 10°5 
1:788 2°52 4°47 709 8:18 10:6 
2-28 3°06 4°74 7°36 9°60 10°8 
2°58 3°18 4°80 7:50 10-28 11:5 
3:36 3°60 5:33 7:63 10:5 13-2 
472. 3:83 6-28 806 108 13°7 
7-28 3-81 6:84 955 ILS 14] 
13-13 3:90 709 1022 132 16:1 
23°6 — =s — 13-4 16:5 
Taste VI.—Simply supported end. 
Valnes of $, (Experimental). 
ee Harmonics. 
n ) ratio ee des 
Lib 66. Fundamental. at. nd. ne mn 
Ot 1-05 2:56 360 4°53 6:17 
Lo 1-62 3°60 4°50 (54 2 


TABLE IV. 


Simple support at one end and another elsewhere. 


(a) Fundamental. 
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LXVI. The Crystal Structure of Cuprite and Rutile. By 
GILBERT GREENWOOD, M. Sc., John Harling Fellow in the 
University of Manchester 


REVIOUS investigations of both these minerals have 
been carried out by means of X-rays, and the published 
accounts would suggest that they are worthy of further 
investigation. Cuprite is an example of those interesting 
cases where the symmetry as deduced cry stallographically 
from geometrical considerations is at variance with that 
assigned to the crystal from an investigation of its structure. 
‘The structure described by W. H. and W. L. Bragg 
(‘X-rays and Crystal Structure,’ 1924, p. 147) is cubic 
holohedral, whilst the undoubted holoaxial character of 
certain crystals is shown by the {986} face, found by 
H. A. Miers (Phil. Mag. xviii. p. 127, 1884). The position 
with regard to rutile, ‘which cry stallizes in the tetragonal 
system, is slightly different : the divergence of opinion in 
this case is as to the correctness of two different proposed 
structures. Rutile has been investigated by Vegard (Phil. 
Mag. xxxii. p. 65, 1916) and also by Williams (Proc. Roy. 
Soc, xciii. A, p. 418, 1917). They both obtained somewhat 
similar spacings, but Williams found, in addition, two new 
reflexions occurring at half the first order glancing angles 
determined by Vegard for the (100) and (111) planes : he 
also obtained different values for the intensities of the 
‘spectra. 

The investigation of these minerals now to be described 
was carried out by the X-ray spectrometric method, the 
radiation used being the Ka rhodium rays of wave- length 
0:615 À. Attention was particularly concentrated on the 
measurement of intensities rather than on the accurate 
determination of glancing angles. The measurement was 
made in the following manner. A comparatively wide 
-chamber slit was used and a series of readings were made 
over a range which includes the peak. To make a reading 
the crystal was swept with a uniform angular velocity 
through the reflecting angle corresponding to the chamber 
setting. The total ionization produced in the chamber was 
nieasured by adjusting the potential so that the electrometer 
string returned to zero. This applied potential is then a 
measure of the quantity of X-rays received in the chamber. 
-On plotting the intensity values thus obtained against the 
-chamber angles a flat-topped peak of the type depicted by 


* Communicated by Professor W. L. Braev, F.R.S. 
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Bragg, James, and Bosanquet (Phil. Mag. xli. p. 309, 1921) 
is obtained. From a graph of this types it is very easy to 
obtain a true measurement of the reflexion alone as distinct 
from the general radiation. In order te express each 
reHexion on a common scale, so that they would all be 
strictly comparable, they were compared directly with the 
second order reflexion from the (100) planes of rocksalt, 
measured at once, under the same conditions, and in the 
same manner. The faces of both the minerals and the rock- 
sult were large enough to intercept the whole of the incident 
beam. The error introduced by unequal absorption, due to 
incorrectly ground faces, was eliminated by making one 
reading with the crystal reflecting to the right-hand side, and 
then turning it round soas to reflect tothe left-hand side and 
making a second reading. The mean of these two has heen 
shown by W. H. Bragg (Phil. Mag. xxvii. p. 888, 1914) to 
he the real intensity of the reflected beam. All the inten- 
sities are expressed as percentages of the 200 reflexion 
from rocksalt. Owing to the ‘ extinction factor ” effect in 
measuring particular intensities, the doubt as to the relative 
scattering powers of the atoms ete., it will be better to seek 
for an atomic arrangement which gives the best general 
avreement rather than to try to find an arrangement which 
vives quantitative agreement for one or two orders. See 


W. L. Bragg (Proc. Roy. Soc. cv. A, p. 34, 1924). 


CUPRITE. 

The results of the measurements made as described above 
are set out in the following table. The glancing angle for 
the first order for cach face is a mean value obtained from 
the crystal and chamber settings for all the orders measured 
on both the right- and left-hand sides. The other values 
which are given in the first column, and refer to orders 
higher than the first, have been calculated from the glancing 
angle. 


On the Crystal Structure of Cuprite and Rutile. 


Tague I. 

Angle. Sin. hkl. I. log I. A. R i A 

5°49 01014 110 T2 08573 8&8 09 00112 

708 O§1242 IIL 1855 22684 58 32 0055 

8°15 01435 100 1100 2044 50 22 0-033 
1104% 02028 «= 220,siGIL M7914 66 O94 0014 
149237 02484 %2 20 r450 50 052 O01 
16°41 ©2870 200 1&5 12672 66 028 00043 
17° 43' 03042 330 — = 8&8 — i 
21952 03726 333 85 09294 58  ©147 00025 
230 56' O40056 440 T 08451 66 0106 00016 
956 30! ©4305 300 37 05682 50  ©O74 00015 


Ea 
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Calculation shows that dioo= 2'142 A, and that the volume 


dio contains one quarter of a molecule, t.e. two molecules 
in the larger cube of edge 2dj¢9._ This is in agreement with 
the structure previously found. In this structure the copper 
atoms lie on a face-centred cubic lattice and the oxygen 
atoms on a centred cubic lattice of the same dimensions. The 
oxygen lattice is displaced with respect to the copper lattice 
in the direction of one of its diagonals for a distance equal 
to one quarter of the diagonal length. In addition, the 
small first order reflexion from the (110) planes which had 
been overlooked in the earlier investigation (see ‘ X-rays 
and Crystal Structure,’ 1924, p. 145, fig. 53) has now been 
found. The spacings of the planes are given in fig. 1 and 
the structure factors by the equation : 


Ajo = 58+ 8cosn r, 
Ay, = 98+ Bcosn., 


A= 37 + 29 COS NT, 
where n is the order-of the spectrum. 


th | 


2Cu %2 % 2Cu % 


(110) 


Cu+O Cu Cu+0 Cu 


eo 


2 Cu O 2 Cu O 


The “weight” of a diffracting centre was taken as pro- 
portional to its atomic number—29 for Cu and § for O. 
From a consideration of these structure-factors we find 
that the reflexions can be divided into four groups :—200, 
220, and 440, with a factor of 66; 111 and 333, with a 
factor of 58; 100, 300, and 222, with a factor of 50; and 
finally 110 and 330, with factors of 8. 


Structure of Cuprite and Rutile, 657 


It is easy to see that the 110 and 330 reflexions are in 
agreement with the above: 110 was quite small, and 330 was 
too small to observe even though 440 was fairly big. Itis, 
however, much more difficult to find even a general agree- 
ment among the other spectra, since the factors are all so 
nearly equal. Fig. 2, in which the logarithm of the intensity is 


Fig. 2° 


08 


06 


04 
o (OM 02 ‘03 0-4 o9 


plotted against the sine of the angle of reflexion, shows that 
this agreement does undoubtedly exist. Reflexions 100, 300, 
and 222 fall on the lower curve and reflexions 200, 220, and 
440 on the upper curve, whilst 111 and 333 lie in between 
these two curves. It is alwavs of interest to see whether 
the measured intensities appear to vary as the structure- 
factor or as its square. Theoretically they might be 
expected to vary as the square, and this has been found to 
be the case with some simple structures such as rocksalt. 
On the other hand, in more complicated structures such as 


Phil. Mag. S. 6. Vol. 48. No. 286. Oct. 1924. 2Y 


658. Mr. G. Greenwood on the Crystal 


calcite and aragonite the intensities have been found to vary 
more nearly as the first power of the factor. In the last 
I 

A?- 
On plotting these values against the corresponding angle, 
either set of points fitsabout equally wellon a smooth curve. 
A reason for this indifference of choice between the structure- 
factor or its square may possibly be found in the fact that all 
the factors concerned have very nearly their maximum value. 


two columns of Table I. are given the values of x and 


RvuTILE. 


The results obtained in this investigation leave no doubt 
as to the correctness of Vegard’s earlier work. A careful 
search for the two reflexions described by Williams entirely 
failed to reveal any trace of them. The result of the 
intensity measurements was a slight alteration of the one 
parameter involved in the structure proposed by Vegard. 
The measurement of the spacing of the (100) planes gave 
doy = 2°29 A, which is in satisfactory agreement with Vegard’s 
value of 2°26 A. Further determinations of glancing angles 
were not made, the angles found by Vegard being used 
throughout the work. Calculation shows that a quarter of 
a molecule is contained in the cell diy do}, and this 
suggested that the type of structure was that of a centred 
prism. This is in agreement with the type of structure 
deduced by Vegard, which is illustrated in fig. 3. The 
upper part of the figure is a projection on the plane (001), 
whilst the lower portion of the figure shows a projection on 
the plane(100). The large circles represent titanium atoms 
and the small ones oxygen; circles differently shaded lie in 
different planes. 

The titanium atoms lie on a centred tetragonal lattice, 
whilst the oxygen atoms are on four simple tetragonal 
lattices, interpenetrating the titanium lattice in the manner 
shown in the drawing. The (001) planes contain both 
oxygens and titaniums, each plane of this series is a 
repetition of any other one. 

If we consider the titanium atoms on a centred tetragonal 
prism of edges 2djo9, 2d, and 2d, we find that it will 
give spacings tor the (100), (110), (101), and (001) planes, 
which agree with those experimentally found. The spacing 
for (111) was found to be twice as great as would have been 
expected. As will be seen later, this is due to the oxygen 
atoms: the titanium planes parallel to (111) alternately do 
and do not contain oxygen atoms in addition to the titanium. 
llence the spacing is twice the distance between adjacent 
(111) planes of a centred tetragonal lattice of titanium atoms. 
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The following Table shows the experimental results :—- 


Angle. 
5° 26/ 
TO 4 
7° 4l’ 
8° 5’ 
10° 40! 
11? 57' 
14° 14’ 
15° 31’ 
162 20’ 
16° 30' 
21° 40° 
229 15 
230 29' 
240 28' 
25° 0' 
28° 15’ 
290 29' 
320 20' 
2 I 


38? 20 


Sin. 
0:0947 
0:1231 
0:1337 
0:1406 


0:1894 


0:2071 
0:2459 
0:2675 
0-2813 
0:2840) 
0:3692 
0:3795 
0395 
0:4142 
0:4226 
0:4734 
0:4904 
0349 
0:5628 
0:6213 


h kl. 


110 
101 
100 
111 
220 
001 
202 
200 
330 
222 
303 
440) 
300 
002 
333 
550 
404 
400 
454 


US 


TABLE IT. 
L A. 
278 24-4 
952 16l 
41-1 104 
596 133 
105 356 

104 38 
10 10:3 
27 23-1 
40 30-5 
38 35 
196 36-4 

G7 221] 
10 32-5 
13 38 
ra 297 
T 36-6 
37 231 
18 6'1 
2 92] 
36 38 


A?, 
586 
259 
108 
191 
1268 
1442 
103 
533 
935 
]228 
1324 
489 
1030 
1442 
76 
1340 
533 
352 
459 
1442 


I 
i 
11:48 
5:92 
3°99 
4°32 
2:95 
274 
0°98 
1:17 
1:32 
1:09- 
054 
0:303 
u7 
0:473 
0:193 
0:160 
0:295 
0:090 
0:095 


0:0188 
0:0097 
0:0125 
0:0052 
0-0069 
0:0472 
0-004, 
0:0025 
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The results are of a similar order to those of Vegard, but 
though the actual values are somewhat different the argu- 
ments in favour of a structure on pp. 77-81 of his paper 
(loc. cit.) are still quite valid. The side of the unit cell is 
AB=a=2diy. The position of the oxygen atoms—say CO— 


Fig. 4. 


HET 


S 
rE 

R 
oS E 
aaa a a N 


(oof = 3 | 7 


is fixed by a parameter e (a fraction of a), the length AD 
being ea. The spacings for the various planes are shown in 
fig. 4, and the corresponding structure-factors are given by 


Å 100 =22 + 16 cos na, 
Å= 30 + 8 cos na, 


a 
Ajo) = 22 + 16 COS 22 9? 


Ai =4([22+ 16 cos ne +38 cos nr]. 


AD AD _ a 
AB 2AK 4r’ 
The “ weight ” given to the titanium atoms was 22. 

The value of e was determined thus :—From the proposed 
structure it will be seen that the (001) planes would give a 
normal sequence of spectra. This is borne out by the 
measured intensities of the first three orders, which are very 


EE 


The connexion between e and a is e= 
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similar to those from (100) of rocksalt—a well-known normal 
sequence. The intensities of all the orders were now plotted 
against their corresponding angle and a curve drawn through 
(001), (002), and (003) : this gives the normal decrease of 
intensity with angle. All the other intensities which lie on 
the graph below this normal curve were expressed as a 
fraction of the corresponding normal value for that angle. 
The reflexions were then arranged in a descending series of 
their fractional sizes. When the true value of e has been 
chosen, the calculated structure-factors should also. be in 
this same order. As previously stated, our object was to 
choose a value for e which gives the best general agreement : 

the method adopted was very similar to that of A.J. Bradley 
(Phil. Mag. xlvii. p. 657, 1924). It is very easy by the 
construction of a few graphs to solve the equations (1) for 


any value of S 9° Solutions were obtained for various angles, 


and the resulting structure-factors arranged in descending 
order and compared with the experimentally determined 
descending series of intensities. The mean error in each 
case was deteminined. It showed a well-marked minimum 


for a certain angle. The results obtained are given in the 
table. 


Tage III. 


a a ‘ 

3° l Error. | D Error. 
100° 341 | 110° 1G 
104° pad Ia | 112° 1:83 
106° 2-0 120° 259 
108° 1-47 


The value of æ is therefore 216°, and this makes e= 0:300. 
If, now, / is the length AC of fig. 3, i. e. the distance 
benedi oxygen and Heni centres, the value of l works 
out to be 1:948 A. 

The packing together of the atoms in space must now be 
considered. In consultation with Professor W. L. Bragg it 
was decided to attempt to make the spheres, of which 
structural models are usually built up, of such a size as to 
represent, more or less, the diameter of electronic orbits of 
the atoms concerned. From this point of view the metallic 
element atoms would be smaller than those of the non-metals, 
not vice versa as has been often used in the construction of 
such models. In the case of rutile the most important 
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plane is (110), or the line ACFG of fig. 3. The points A, A’, 
G,G', C,C,, Cy, Cz, and F of fig. 5 are already fixed as the 
centres of. atoms. As was pointed out by Niggli (Zeit. fir 
Krist. lvi. p. 119, 1921) and Jertsch (Zeit. fiir Arist. lviii. 
p. 293, 1923) in Vegard’s original structure, the distances from 
the oxygen atom C to the two titanium atoms A and F were 
different, even though the atoms must touch along these two 
directions, in order to hold the structure together. Owing , 
to the change in the parameter e this peculiarity has now 
disappeared. (Calculation shows that AC=1'95 A and 
CF = 1:96 A—a difference of 0-01 A instead of, as originally, 
0:1 A. Thus, giving the oxygens their largest size, we obtain 
the length CC=2°58 A as the diameter. The titanium 


Fig. 5. 


atoms which fit in between the four oxygens C C, C; C; and 
in between the two oxygens C, and C,, then possess a 
diameter of 1°32 A. The value 2°58 A for oxygen is a 
= maximum: it would still be possible to fit the structure 
together using smaller oxygens and correspondingly larger 
titaniums. It is again of interest to see whether the 
measured Intensities vary as the square of the amplitude- 
factor or as the amplitude-factor itself. 

In columns 7 and 8 of Table 11. are recorded the values of 


and i Fig. 6 shows these values plotted against the 


corresponding angles. An inspection of the curves shows 


that in the case of smaller angles the a graph is more 


satisfactory, whilst for larger angles the reverse is true. It 
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has been found before (see W. H. Bragg, Proc. Phys. Soc. 
Lond. xxxii. pt. 5, Aug. 1921) that for the larger reflexions 
the “extinction” factor hasa greater influence, decreasing 
them more than it does the smaller spectra. When this 
occurs the intensities become miore proportional to the 
structure-factor itself than to its square. Since the greater 
reflexions occur at the smaller glancing angles, one would 
expect to find the spectra at these smaller “angles varying 
more as the factor itself. This is what occurs with rutile. 


Fig. 6. 
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Finally I wish to express my indebtedness to Professor 
W. L. Bragg and Mr. R. W. James for their helpful advice - 
during the course of the work, and also to Miss Luey Wilson, ` 
of Wellesley College, for assistance in the calculations of 
structure-factors and intensities. 
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LXVII. A New Determination of the Constant N of Avogadro, 


based on its Definition. By PIERRE Lecomte DU Noby, 
D. Se.* 


[From the Laboratories of the Rockefeller Institute for 
Medical Research, New York.] 


[Plate XIIL] 


T has been shown in a previous paperțtł that it was 
possible to obtain monomolecular: layers of certain 
colloidal substances, such as sodium oleate, and the tech- 
nique and instrument usel to establish the criterion of 
the existence of such a layer have been described. It is 
therefore unnecessary to repeat a description of the ex- 
perimental work, which has also been dealt with in great 
detail in the ‘Journal of General Physiology’ t and 
‘Journal of Experimental Medicine ’ §. 

Subsequent to the writing of the last paper, further 
experiments were made with pure sodium oleate, especially 
prepared in this laboratory by Dr. L. Baker ; investigations 
with higher dilutions revealed two other minima of the 
surface tension at 1/1,390,000 and at 1/1,220,000. The 
purpose of this paper is to explain these new minima, 
and to apply the data yielded to a determination of the 
fundamental constant N. 


I. 


The apparatus used is shown in Pl. XIII. Series of 
24 different dilutions at a time were placed in the standard 
watch-glasses, in which the total surface of adsorption was 
26°4 sq. cm. (diameter of the free surface of the liquid 
=408 cm. area=13-08 sy. em. ; maximum depth at the 
centre=('3 cm.; surface of the glass, segment of sphere, 
13°33 sq. em.). Each watch-elass was placed on a bronze 
ring, levelled by means of three levelling-screws, which 
could therefore be raised parallel to itself, without jarring, 
in order to bring the surface of the solution in contact with 
the ring of the tensiometer. The results of ten series of 
measurements are given in Table I. Some of the experi- 
ments are plotted in i Charts T., H. „ and ITT. 


* Communicated by the Author. 

t du Noüy, P. L., Phil. Mag. xlviii. p. 264 ue 24). 

t du Noiiy, P. J., Journ. Gen. Phys. i. no. 7, p. 521 (1919), and 
July 1924 (vol. vi. p. 625). | 

§ du Noiiy, P. L., Journ, Exp. Med. xxxv. pp. 575 707 (1922), 
xxxviii. p. 87 (1928). 
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TABLE I. i 


Concentrations at which the 3 minima occurred in 10 series 
of experiments, in the value of the surface tension of 
sodium oleate solutions, after 2 hours’ standing. 


No. of First minimum. Second minimum. Third minimum. 
experiment. i ae š: 
; RANE? 1/750,000 1/1,220,000 1 1,590,000 
E E 1/750,000 1/1,220,000 1/1,390,090 
s TEENIE 1/749,000 i 1/1,220,000 1/1.580,000 (?) 
© ERENT. 1/750,000 1/1,222,000 1/1.391,000 
ETT 1/749,000 1/1,220,000 1/1,590,000 
| eer 1/751,000 1/1,222,000 1/1,590,000 
i ES 1/751,000 1/1,222.000 1/1,895,000 
Oi i caedeaec 1/750,000 1/1,220,000 1/1,886,000 
PTET 1/750,000 1/1,218,000 1/1,890,000 
IO Rene ee 1/750,000 1/1,221,000 1/1,390,000 
Fig, I. 
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Concentration 


Surface tension of sodium oleate in water, after two hours, in function 
of the concentration. 


Three decided minima, always occurring at the same 
concentrations, are observed : one at 1/750,000, the second 
at 1/1,220,000, and the third at 1/1,390,000. 

As a rule, all minima in good experiments occurring 


exactly at the concentrations 1/750,000, 1/1,220,000, and 
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1/1,390,000 are always more marked and larger in absolute 
value than those occurring at other concentrations near by. 
No important and well-defined mininium was ever observed, 
except at these concentrations. It seems that when a dis- 
placement occurs it is due either to an experimental 
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Surface tension of sodium oleate in water. after two hours, in function. 
A of the concentration. 
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Surface tension of sodium oleate in water, after two hours, in function 
of the concentration. 


accident, or to the impossibility of the molecules to organize- 
themselves so as to produce the minimum field of forces. 
In such a case the place of the minimum does not mean 
anything. For this reason, the writer does not believe- 
that a mean value would express the truth more accurately 


Determination of the Constant N of Avogadro. 667 


than can be done by choosing as critical concentrations 
those at which the minima are more sharply defined and 
more important in absolute value. 

I have pointed out in my previous paper that the 
minimum at 1/750,000 corresponds probably to the existence 
of a monolayer of vertically organized molecules. The 
calculation yielded a figure close enough to the length 
assumed by Langmuir for the molecule of oleic acid * 
to support this view. In the present set of experiments, 
greater care was taken with the measurement of the total 
area of the liquid in the watch-glasses, and it was found 
that the total surface was 26°4] sq. cm. instead of 25-6, 
as introduced in our first calculations. This error being 
corrected, the length of the molecule of sodium oleate is 
now 12°30 x10-* cm., assuming that all the molecules are 
adsorbed. This assumption is a natural and logical con- 
sequence of the fact that the length of the molecule 
of oleic acid is 11:2 x107" cm. ; as the Na atom replaces 
one H atom at the end of the molecule, it is very pro- 
bable that the length is increased slightly. Should only 
10 per cent. of the molecules be free in the solution, then 
the quantity of substance adsorbed would be smaller, and the 
length of the molecule would be 11:°2x107% cm. In other 
words, there would be no change in the length of the 
molecule of oleic acid after substitution of H by Na. This 
does not agree with the actual chemical conception of this 
molecule. Therefore we shall provisionally admit that the 
molecules are all adsorbed, and that 12°30 x 1078 em. corre- 
sponds to the length of the molecule of sodium oleate. The 
increase of length due to the Na atom is then 1'1 x 107" cm. 
(Of course, this represents the projection on the longitudinal 
axis of the molecule, and not the real distance from the 
Na atom to the O atom, to which it is linked.) 

Let us now consider the second minimum. The same 
calculation (1/1,220,000 x 2 = amount of substance in the 
watch-glass, divided by the area 26°4, gives the amount per 
sq.cm. This fivure is in turn divided by the specific gravity) 
vields the thickness of the laver. It is 7°56 x 107" em. 
This minimum can only occur if a critical organization of 
molecules takes place. Consequently, in this case, we 
have another monolayer, but the molecules are horizontally 
arranged, and 7:56 x 107" cm. is one of the dimensions of 
the base of the molecule. 

The third minimum, at 1/1,390,000, corresponds to a 
third monolayer, the thickness of which is 6°64 x 107% em. 


+ R. A. Millikan, J. Am. Chem. Soc. xxxix. (1917). 
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This is the third dimension of the molecule, which, at this 
dilution, lies flat on the surface, occupying a rectangular 
area 7°56 X 12 30 sq. cm. x 107!% [In the second position 
{at a dilution of 1/1,220,000) it occupies, in the horizontal 
plane, an area equal to 6°64 x 12°30 sq. cm. x 10718, and in 
the first position (vertical molecules, at a dilution of 
1/750,000) it occupies in the horizontal plane an area 
equal to 7°56 x 6°64 sq. cm.x107'*.] This may be true, 
regardless of the real shape of the molecnie, since we 
are only concerned with the space occupied by one molecule 
when symmetrically packed with others. 

These three dimensions make it possible now to compute 
the volume of the molecule, and, knowing the specific 
weight of the substance (0°821), its mass in grams is 
found to he 507 x 10-7™ gram. By dividing the molecular 
weight of sodium oleate (304°35) by the mass of one 
molecule, according to the very definition, we obtain the 


cs N: 
ee N = 6-003 x 10%, 


This value agrees within 0°1 per cent. with the value found 
by Millikan (6:062 x 103), which he considers as correct 
within +0006 t. 

From this value of N, one obtains readily the value of 
the electron (4:52 x10- U.E.S.) and that of the mass 
of the hydrogen atom (1'677 x 107°% gram). (Instead of 
4:77 x 107! and 1:662 x 107% by Millikan.) 

This accord is quite remarkable, considering the extreme 
simplicity and directness of the method and of the calcu- 
lation based only on the definition of Avogadro. However, 
an objection may be raised as to the number of molecules 
adsorbed. In other words, does the number of organized 
adsorbed molecules actually correspond in the three ditterent 
experiments (at three different concentrations) to the actual 
number of molecules in solution? This can be checked 
three times, once for every concentration, each control 
being absolutely independent of the other, as the three 
dimensions are obtained from three different experiments. 
So that, should the figures coincide in every case, their cor- 
rectness will have been proven three times independently. 

First control.—Concentration 1/750,000. The problem 
can be stated in the following way :—It is assumed that the 
horizontal space occupied by one single vertical molecule is 


t R.A. Millikan, ‘The Electron’ (University Chicago Press, 1917). 
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7°56 x 664 = 50:2 x 107? sq. cm. At a given dilution, 
namely 1/750,000, it is assumed that they are all adsorbed 
on the free surface of the liquid+the surtace of the glass. 
Consequently, as the total number of molecules present in 
the solution can be calculated (by dividing the mass of 
substance in solution by the mass of one molecule), the 
product—number of molecules X area of one molecule— 
should be near the value of the total area of adsorption, 
namely 26°41 sq. cm. ° 

We have in solution 5°26 x 10 molecules; the area of a 
single molecule is 50°2x 10718 The product is 26°4 sq. em., 
identical with the surface of adsorption. 

Second control.—Concentration 1/1,220,000. Here we 
have, according to the same calculation, 3°232 x 10'* mole- 
cules in the solution. The space occupied by the tilted 
horizontal molecule is 6°64 x 12°30 = 81:7 x 107'® sq. cm. 
The product is 


(81°7 x 10-19) x (3°232 x 10") =26°4 sq. cm. 


Third control.—Concentration 1/1,390,000. In this case- 
the molecules lie flat, occupying an area 7°56 x 12:30. 
=93°'0x 10-18 sq. cm. We have 2:838 x 10% molecules in. 
solution. The product is 


(93°0 x 10-18) x (2°838 x 1015) = 26°4 sq. cm. 


In the three cases the figures check to the first decimal 
point. 

It is not unnecessary to remark that there is no fallacy 
whatever in the foregoing reasoning. Hach dimension is 
obtained from a separate set of experiments at a given 
dilution. This dimension—thickness of the layer of ad- 
sorbed molecules—is obtained from the known weight of 
substance present, assumed to be spread evenly on the total: 
surface of adsorption. The thickness of two such layers 
(at two different critical concentrations) is then carried 
to the third experiment, and assumed to be the horizontal 
dimension of the individual molecule. 


Discussion and Evaluation of Errors. 


The errors involved in this method are small, because, 
with the exception of the determination of weights, volumes, 
and surface of adsorption, which can be performed with a 
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good degree of accuracy, no quantitative measurements of 
the surface tension are required. The whole computation 
-depends on the determination of a minimum value of the 
surface tension of solutions after two hours’ standing. 
Although these determinations require great care, they are 
‘remarkably constant, and the minima are sharply defined 
-(Charts I., II., III., and Table I.). 

If it be admitted that the molecular weight of sodium 
-oleate is exact, or if we choose to neglect the possible error 
-—which is certainly very small—in the atomic weights of 
its constituents, it may be stated that the error in the value 
-of N is dependent solely on the errors involved in the deter- 
mination of the mass of one single molecule of sodium oleate. 
This mass, as calculated from our measurements, may be 
-expressed by the formula 


M = mass of one molecule of substance (to be 
- computed). ; ' 


m = massof mixture in watch-glass, always assumed, 
at 22°C. =2 x 0°9979 (temperature correction). 
This is true if density of water is 1 gr./em.’, 
and the concentration of the substance very 
small. 


A = area of adsorbing surface (total surface of 
water in contact with air and glass). 


ò = specific gravity of substance in solution. 


‘C,, Cy, Cz = critical concentrations at which the minima are 
observed. 


The various values of the critical concentrations Ci, Co, 
and (3, corresponding to each of the. three minima obtained 
from the various experiments, exhibited a degree ot con- 
sistency which may be described by saying that the most 
extreme value, for any of these three points, has in no case 
differed from the mean of the values for that point by more 
than 0'2 percent. It may be assumed that the error in the 
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determination of the area of the surface of adsorption does 
not exceed 0'2 per cent. 

Since the determinations were made at constant tempe- 
rature (22° C.) and with concentrations not greater than 
1/750,000, or 0°000,001,333 gram per c.c. of water, it may 
be assumed safely that the error in the value of M used in 
the calculation is the same as the error in measuring the 
volume of the liquid used, which is not more than 0'1 per 
cent. 


The possible error in M may be estimated, therefore, as. 
follows :— 


Factor. Assumed error. 
WM: Poiassewedeecaars 0:1 per cent. 
Cc Sooo anessenceeearn 0:2 99 »9 b 
A aa ie a 0:2 


? 9 


and by reference to equation (1), 


Factor. Assumed error. 
Det arua U3 per cent. 
Ci. CaO, anas OO ae. y 
AS - scat 0°6 


> = 


l'5 per cent. 


This error of 1°5 per cent. can occur only if all the several 
errors—nine in number—happen to have their maximum 
value and are of the same sign, which is obviously highly 
improbable. A calculation of the probable error, on the 
assumption that each of the individual errors has its 
maximum value but that it may be + or — with equal 
probability, gives the value 0:13 per cent. To this value 
must be ulded, of course with due respect to sign, twice the 
value of any error in the value of ô. The various available 
values of 6 are identical, and expressed as accurate to within 
(1 per cent. (Beilstein). 

I believe, therefore, that the value of N calculated above 
is correct within 0-15 per cent., namely : 


N = 6°003 40:08. 


J Nscussion. 
Although the practical results of this experimental work 


wre quite satisfactory as far as accuracy to the 2nd decime] 
point is concerned, and in spite of the good accord of the 
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calculated value of N with the most reliable figures thus far 
published, it must be kept in mind that the assumptions on 
which this work is based are open to discussion, and that the 
writer's interpretation of the experiments may be incorrect. 
This may not forcibly affect the numerical results, but it may 
simply increase, by a small amount, the value of the error. 
One may conceive, indeed, that the real interpretation of 
the facts, although totally different from a theoretical 
thermodynamic point of view, might nevertheless yield 
quantitative results which would be infinitely close to those 
derived from an approximate interpretation. For instance, 
it is impossible to admit, theoretically, that all molecules are 
adsorbed. They certainly are not; but the percentage 
of non-adsorbed molecules is relatively so small that it 
only introduces into the calculation an error of the order 
of magnitude of the experimental errors. The remarkable 
concurrence of the figures on pp. 668-669 between the meas- 
ured surface of adsorption and the product (area of adsorbed 
surface of each molecule x number of molecules in solution) 
appears to furnish a striking proof of the adsorption of all 
molecules. However, the figures check only to the first 
decimal place, which in itself is veryremarkable, but allows an 
error of + 0°05, or 0°20 percent. As the area of the adsorbing 
surface can only be measured within approximately + 0:2 
per cent., there is room for a certain number of free mole- 
cules in the solution. The assumption that all malecules are 
adsorbed is undoubtedly incorrect, but probably correct to 
the second or third decimal place. Suppose that instead of 
having 26:6666 x 1077 gram contained in one watch-glass, 
adsorbed on the surfaces, which is our assumption, we had 
only 26°6665 x 1077 gram, and that 0°0001 x 107" was in 
the solution. This would mean almost 2x10! free non- | 
adsorbed molecules. But since it amounts to only a 
difference of about 00004 per cent. in the weight in grams, 
it does not affect our calculation, nor does it affect the 
determination of the molecular dimensions, which are 
submitted to much larger experimental errors. 


, Vol. 48, Pl. XIII. 
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LXVIII. Reyularities in Band Spectra. By SNEHAMOY 
Datta, D.Se. (London), M.Se.(Caleutta), Professor of 
Physics, Presidency College, Calcutta *. 


[Plate XIV. 
l. Jntroductory. 


FYNHE analysis of band spectra into their component series 

has presented greater difficulty than the series classi- 
fication of line spectra. In line spectra, the sorting out of 
the different series is facilitated by the experimental in- 
vestigation of their Zeeman effect, pressure effect, and so 
forth, but such effects do not usually occur in band spectra. 
In the case of the less complicated band spectra, where there 
is an essentiai difference in the structure of the different 
groups, a classification can be made without any ambiguity ; 
but in the absence of any such striking difference in the 
structure of the groups, it has been customary to select 
the series such that they conform with a particular type of 
formula, The formula which has been chiefly adopted for 
this purpose is one of the following type, originally proposed 


by Deslandres : 
v=A+Bl fom) P+ClL f(y)’, 


where » and p take successive integral values, usually large 
and not within any definite limit, the form of the function 
of m and p being varied so as to make the best fit. Recently, 
however, Heurlinger f and Lenz f, following the line of 
treatment suggested by Bjerrum § and Schwarzschild ||, 
have developed a theory which has been successful in 
explaining many of the characteristics of band spectra. 
The theory has been very little | applied to explain the 
characteristics of the series of heads appearing in a group 
of bands. In the present paper, starting with the equation 
suggested by these authors, an attempt has been made to 
arrive at a general equation which may explain the different 
types of series found to exist among the band heads. 

* Communicated by the Author. 

t Heurlinger, Physik., Zeitschr. xx. p. 188 (1919); Zeitschr. f. Physik, 
1. p. 82 (1920). 

t Lenz, Verhandl. d. Deutsch, Phys. Ges. xxi. p. 682 (1919). 

§ Bjerrum, Nernst Festschrift, p. 90 (1912). 

| Schwarzschild, Berliner. Ber. p. 548 (1916). 
~¥ Recently Kratzer (Ann. der Physik, lxvii. p. 127, 1922), also 
Sommerfeld (English translation), p. 434, has developed a theory for 


the explanation of series in the CN bands. His line of treatment is, 
however, entirely ditlerent. 
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2. Theoretical. 


According to Heurlinger and Lenz, the bands are produced 
by a simultaneous quantum change of the rotation of the 
molecules (M->M"'), of the vibration of the atoms (p—>p'), 
and of the electron system of the molecule (E->E'). The 
energy emitted by the molecule is the energy difference 
between the initial and final states in accordance with 
Bohr’s frequency condition. These authors thus arrived at 
an equation of the type 


V ,— Ww 
v= = a] +[(a'p' +U'p”) — (ap + bp*)] 
£ +[A'M?—AM], . .. (1) 


where the first term within brackets represents the electron 
energy of the system, the middle one the energy of atomic 
vibration, and the last the energy of molecular rotation, in 
the tinal and initial conditions. The theory further main- 
tains that the first two terms in equation (1) determine the 
characteristic frequency of a band (hence its position), 
whereas the quantum changes involved in the last term 
give its fine structure. 

The system of discontinuous states corresponding to the 
quanta of atomic vibration is not stated, but it is possible 
to arrive at a physical interpretation in the following way. 
It is known from experiments which have nothing to do 
with spectra that a diatomic molecule can exist in at least 
two states which are discontinuously separated, namely the 
normal molecule and the normal atoms into which the 
molecule has dissociated. The other discontinnous states 
corresponding to the successive quantum changes must 
therefore be states of the molecule intermediate between 
these two states, or states of partial dissociation. And since 
for various reasons the atoms inside a molecule are regarded 
as linear oscillators—the vibration taking place along the 
line joining the nuclei—the partial dissociation will therefore 
be effected by the increase of the linear distance between the 
nuclei. Or in other. words, the successive states correspond 
to the discontinuous increase in the linear distance between 
the nuclei. The atoms perform oscillations which are nearly 
hut not quite harmonic, so that the energy in each state is 
given by 


Wp=h(apt bp’), 


where p refers to the numerical order of the successive states. 
With the change in the linear distance between the nuclei, 
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there will be a change in the position of the electron 
which serves as tbe connecting link between the atoms. 
Consequently, corresponding to each orbit * of the atom 
it would be natural to expect one orbit of the link electron, 
the change from one orbit to another causing the radiation 
of the electron energy. But the approximate constancy of 
the first term in equation (1) seems to suggest that the 
electron has only two definite discontinuous states, possibly 
the bound and the free states, corresponding to the partially 
and completely dissociated states of the molecule. 

The question of electron energy is, however, very obscure, 
and as it does not come within the scope of the present paper, 
it will not be further considered. In any case, the maximum 
of energy that can be radiated would correspond to a return 
of the atom from the limiting to its primary orbit. 

Besides these two changes, there is another—viz., the 
energy of rotation of the molecule as a whole—which has to 
be taken into consideration. But the change of rotational 
energy involves only a very small change in the electron 
energy and in the vibrational energy t of the atems which 
give rise to the head,{ of a band. As the present paper 
deals with the regularities present among the band heads, the 
last term in equation (1) corresponding to the rotational 


* The orbits here referred to.are the limited number of possible dis- 
sociated states of the molecule. The term has been used to maintain 
the analoyy with the stationary electron orbits of Bohr. 

t Kratzer has worked out this mutual action, and has represented it 
by —m’a,h, where m is the rotational quantum and a, is proportional 


to the oscillation qnantum x (see ‘Atomic Structure and Spectral Lines,’ 
by Sommerfeld (Inglish translation), p. 422). The shift due to the 
mutual action is therefore very small, and as the numerical relations in 
the band heads mainly involve the differences in wave-numbers between 
the bands having the same rotational qnantum, the shift may Le 
neglected altogether. 

t More correctly speaking, the characteristic frequency va which 
determines the position of the band, According tu the theory of 
hand spectra, the head ot a band, as has been clearly pointed out by 
Curtis (Proc. Roy. Soc. A, ci. pp. 58-64), assumes only a secondary 
importance, it being a region where the lines happen to crowd together. 
The relation established in the present paper is therefore one to be 
expected among the characteristic frequencies ro of each band. But 
owing to our want of knowledge of the structure of each band, it is 
uot possible at present to seek for numerical relations amongst the 
characteristic frequencies of the bands. Curtis, however, has pointed 
out the definiteness of the relation between the apparent head of a band 
and its characteristic frequency [r= ro tA; Nrt l) As I. I remain 
constant for the same avstem of bands, the numerical relations, which 
involve mainly the differences in wave-numbers, will be the same 
whether the frequency of the apparent head (7) or the characteristic 
frequency (vo) are taken into consideration. 


2 Z2 
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energy can be left out, so that equation (1) 1s iviodined to 


= Wee We p (utp tp) —(apt bp]. > (2) 


where p' and p refer to the initial and final orbits of the 
vibrating atoms. Had the oscillation been a purely har- 
monic one, the principle of correspondence would have 
required that p should never change by more than one unit. 
Consequently, though the oscillation is not strictly harmonic, 
but very nearly so, it is reasonable to suppose that the more 
probable changes are those that involve a change of one 
unit—i.e., the radiation takes place in a change from the 
p+ to the p orbit. Now in the ordinary condition the 
molecules are in different partially dissociated states—i. e., 
the atoms are in different orbits, the most probable orbit 
being a function of temperature. The final orbit p is there- 
fore not the same for all molecules, but is of the form p= 
k-+m, where k determines the minimum order number of 
the atom (č. e., corresponding to the shortest distance between 
the nuclei) and m takes all the ordinal values including zero. 
The general equation for such radiation will then be of the 
form 


We- W, 
h 


: +[{a' (ktm4 1) tb (h4+m4+1)*} 
—{a(k+ m) +b(k+m)}] 


= E a tb 2k. b'+k(a’—a) tke D) 
+m [ (a’—a) + 2b’ + 2k(b' —b) ] +n? (b' —b) 


= A +Bm+ Um, « « &© «© © b we & & ew (3) 


where 


B= (a'—a) + 26' + 2k(b'—b) and C=(b'=1). 


As b isa small number and all other terms are differences 
of numbers of the same order of magnitude, B cannot be 
large and C must be exceedingly small. The characteristic 
of sucha group of heads would be a close succession of heads 
with the intervals very slowly varying. 

This class of bands is the most " weneral one, and hus been. 
recognized before, this type of equation being previously 
used empirically to arrange into series various groups of 


bands *. 


* The bands of alkaline earth fluorides have all been arranged into. 
this form (see Proc. Roy. Soe. A, xcix. p. —). 
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In some cases, however, it may happen that the mole- 
cules are not in different dissociated states, but are all in one 
state, the primary state corresponding to & in equation (3). 
In this case the final orbit is the same for all molecules— 
namely k, and radiation takes place by a change from any 
unstable orbit to which the atoms are brought under stimulus 
to the same primary orbit k. Evidently, as the quantum 
change involved is more than unity, the excitation of such 
radiations would require a more powerful discharge than 
that necessary for the previous case. The hypothesis of one 
primary state means that such molecules are in a more stable 
state, so that partial dissociation caused by collision with 
neighbouring molecules or otherwise is not taking place. 
The equation for such radiation would be of the form 


v= Wea y [fa (k+n) + /(b-+n)*} —{a(h) +k} 
a + h(a! —a) + h?(b'—b) + n(a' + 2b'k) + nh 
= A4 Bn, go a a Set ce ee oe me 4* we (4) 


where | | 
B=a'+2Uk and C=)’. 


The form of the equation is the same, but the constants 
B and C have values of different magnitude. The numerical 
calculations of the constants are not yet possible, but clearly, 
as they do not involve any differences as in equation (3), 
their values are greater. As U! is a small number (being the 
coefficient of the second term in the Fourier series), the value 
of B is of the same order of magnitude as a'—the natural 
frequency of vibration of the atom. Information based on 
the specific heat of a diatomic gas gives a’ of the order 1000 
in wave-number. Hence B is > 1000. The constant C is 
the same as b', and is therefore a small number but greater 
than its value in equation (3), where it is expressed as a 
difference (6‘—b). The character of such a group of heads 
would therefore be a succession of heads with long intervals 
(of order greater than 1000), the successive intervals varying 
faster in this than in the previous case. 

The third and the fourth positive bands of nitrogen may 
well answer to this class, beth numerically and in their 
methods of excitation. 

In the most general cases all the possible primary states 
and all the possible quantum changes are to be exp vod. 
This is the case most analogous to the radiatio' 


678 Prof. Snehamoy Datta on 


spectra, so that there is a change from any orbit to any 
other orbit. The equations (3) and (4) could then be 
combined as 


ae Mee ‘(h4tmtn)+b'(k+m+n)*} 


—{a(k+m)+l(k+m)*} ] 
"+ k(a'—a) +k — b)+ m| (a'—a) + 2h'n 
+ 2h(U —b)} +m?(b'—b) + n(al + 2b'k) + bn? 
= A+m[D+2b'n] +m?C'+nB'+b'n?, 2. 2. 1... (8) 
=A+mD+m?C' + n(B'+2b'm)+b'n?, . $ . . . (5a) 


where 


We- Ws 


A= © —E 4kla' a) +k b), 


D= (a'—a)+2k(b'—b), 
C'= (b —b), 
B'=a' + 2b k. 


The order of magnitude of B’ will be that of B in (4)—i. e., 
> 1000—C' is a very small quantity and is of the order of C 
in (3), D is also of the same order as B in (3), and deter- 
mines the change in the natural frequeney of the atom due 
to the change of state. The characteristic of such heads will 
therefore be a succession of several groups of heads, the 
groups following at long intervals (order > 1000), but 
the heads in each group—i. e., the subheads— following at 
short intervals. 

The equations (5) and (5a) are therefore the general equa- 
tions which should represent the regularities in the band 
heads. They essentially differ from “Deslandres’ empirical 
formula in the numerical values of n and m, which are here 
simple integers, having definite physical meaning (m refgrs 
to the primary orbit of the atom, and x to change of quantum) 
unlike the arbitrary high integers used by Deslandres. 

In the following sections a typical system of bands has 
been studied with a view to examining the applicability of 
the above equation. 


Reqularities in the First Positire Bands of Nitrogen. 


The nitrogen bands of wave-leneths longer than A 5000, 
known as the first positive bands, consist of a number 
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(about 50) of similar sub-groups of bands. With moderate 
dispersion each sub-group is seen to be composed of several 
(usually five) bands degrading towards theviolet. Regularities 
of separation appear amongst the corresponding heads of the 
successive 8 to 10 sub-groups. The interval then changes 
abruptly, and continues to be regular for the next 8 or 10 
groups, and so on. Accordingly, the 8 or more of these 
sub-groups, capable of representation in series of the ordinary 
type, have been designated as a group. The entire set of 
first positive bands is thus composed of 5 and possibly 6 
such groups, which are desiguated a to f respectively. The 
nomenclature has been adopted after Von der Helm *, who 
suggested this to be the best method of grouping the bands 
(see III., Pl. XIV.). 

A second arrangement of the bands was first suggested by 
Cuthbertson + and subsequently improved by Deslandres t 
(see IIL., Pl. XIV.). ln this arrangement the head of a 
band in one of the above sub-groups is related not to the 
corresponding head in the adjacent sub-groups, but to that. 
of a sub-group in the abjacent group. ‘The entire set has 
thus been represented by the formula 


y= 22785 1— ee oe (2m)? + a G (2p+17, 
where m varies from 44 to 53, and p from 43 to 48. 

In the present section, criticisms of the two existing 
arrangements have been attempted and a third arrangement 
proposed (see I., PI. XIV.). This new arrangement, besides 
removing the existing defects, shows remarkable agreement 
with the theoretical formula proviously discussed. 

The defect of the Von der Helm arrangement hes in the 
grouping of the sub-groups. On the ground of numerical 
relations, it is essentially necessary that the spacing of the 
heads should be the same for all the sub-groups belonging 
to the same group. Out of this consideration, the data 
collected from the very exhaustive paper on the subject hy 
Birge § clearly lead to the conclusion that the grouping 
ought to be different in some respects from that adopted by 


Von der Helm. 


The data for the consideration of the grouping are given 


* Von der Helm, Zeit. f. Wiss. Phot. viii. p. 405 (1910). 
+ Cuthbertson, Phil. Mag. (6) iii. p. 348 (1902). 

t Deslandres, Comptes Peendus, exxxiv. p. 747 (1902), 

$ Dirge, Astrophys. Journ. xxxix. pp. 90-58 (1914). 
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in Table I. The first two columns show the previous 
denomination used by Birge after Von der Helm, and the 
_ one adopted in the present paper. The third and the fourth 


TABLE I. 


Sub-gro.ps. 
a aN 
Birge after 
Von der Datta. AX. LA. TA Difference. Remarks. 
Helm. 
Id, I c, 788614 14730-53 ER 
IV d, IV c 758054 79712 oig 
Id, Ie, 6704795 1491479 66-69 
IV d, IV c, 674-908 981°48 ig 
Id, Ic 6623-574 1509759 6-75 
IV d, IV c, HO4-418 16434 aah 
Id. I e, 6544881 1527913 66°77 
LV d: IV c, 16:403 34590 e 
1d, I ¢s 6468-597 15459-31 60-79 
IV d, IV c, 40'768 526-10 A 
Id, I c, 6394-628 15638-12 diki 
IV 4d, IV e, 67:416 704-96 ed 
Id,, Ic, 6322-816 1581574 66:83 
IV d,, LV c, 296-212 882-57 s 
Id le, 6252-806 1599281 ae 
IVa, Vc. 26-978 GU0-15 6635 
Id,, Ie, 6185°127 16167:82 Pe 
IV d,, 1V co 59-692 234-57 se 
Id, Whe a ..- Not recorded, 
Le, Id, 6186-733 16163-62 65°80 
IV e, LV d, 61 648 929-42: 
Ie Id 6127-374 16320-20 g 
IV e IVa. 02-736 33609 6589 
Ie, Id, c09:663 16475-38 65°89 
IV G IV d/, 45454 541-27 
Le, ld, 6013-575 16629-04 G59 
IV c, lIV d, 5989812 694-73 
I e, Id, 5959 053 16781-19 65-9) 
IV e, IV 4, Br T40 34710 o 
Ie, Id, 5906-010 16931-90 65-80 
IV e, IV d, 83-146 997-70 as 
l e- Id, D85440 ITOBLIG pean 
Ve Vd, 32-054 Mong 0546 
IV e, IVd TR2059 294-87 a 
le, ld, 5755-188 1737562 Ga 
1V e, IV d, 35555 441-19 ia 
Te I d ATOT ORO 17520:56 ies 
Wee Wad, 68h 199 asoa C 
I « Ii. H6CO-S42 1766722 Lg. 
Ve, Va’, BR-RGR T4050 OSM 
le, Ia’, 5615318 1780543 
IV c IV d' ahs ass No data. 
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Sub-groups. | Table I. (continued). 

ne Aa 

Birge. Datta. ALIA. v. Difference. Remarks. 
le, Id', 5570-777 17950-82 Ha 

Il ¢,, Il d', 63-244 97513 
le Ia’ 5527-150 18092-55 m 

Re I d" 19-682 11698 “EB 
I ts Id’, 5584'338 18233°75 

II e; II d’, No data. 

Ie she Sa Not recorded. 

If, I e, 563275 1775332 

IV A. IV e, sof | i No data. 
If le 5592881 1787987 E 

Iv IV e 72347 945-76 6599 
LA Te, 5553730 18005-91 5'83 

IV A IV e, 33-504 071:74 nt 
Lf, le, 5515594 18130-40 Beat 

IV if, IV e, 95:763 95-81 2 
Ley, le 5478-471 18253-27 "i 

wit We. 58-879 31877 6550 
If I e 5442°325 18374-50 a 

vV IV e 23-014 43995 6545 
lf, Ie 5407-129 1849+10 ; 

Wis IV e 388 087 55946 6536 
If, Ie, 5372820 18612-20 pdi 

Vf, IV e, 53:992 67764 °° 
Ly, Le’, 5339-422 18728-59 57-87 

IVF, IV e, 22-983 86-46 eee 
Is, le’, 5306°859 18843-53 

IV fig i be Se No data. 
Is, Ie, 5275-072 18957°10 

LV fy IV e oF Si No data. 
If, Le’, 5244-071 19069-16 

IV fo IV e, on ask No data. 
ee Te’, 5213-808 19179-84 6430 

Vif, IV e. 196379 244-20 rs 
If, Te’, 5184237 19289-24 gi 

IV's, IV e; 67:060 35337 i 
Ir, Le’, 5155 323 1939742 

INI DN s T No data. 
If. Ie’, 5126-806 19505°11 

IV fe ae re sud No data. 


* The fourth band ia not recorded: but the difference between the first. and 
second band in each sub-group shows that they belong to the same series. 


columns give the wave-lengths and wave-numbers of the 
first and fourth band in each sub-group, the second, third, 
and the fifth being omitted for the sake of brevity. The 
fifth column gives the difference in wave-numbers of the 
two bands. When the head has not been definitely marked 
out by Birge, the strongest line on the red side has been 
tuken as the head. 
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The fifth column of Table I., which gives the interval 
between the heads, clearly indicates that, using the old 
nomenclature, all the sub-groups from d, to diz “belong to 
the same series. The name of the series has been changed 
from d to c, because according to the new classification Pall 
the sub-groups on the less refrangible side are clustered 
into two groups (a, b), and not into three groups (a, b, c) 
as previously suggested by Von der Helm. 

The numbering of each sub-group has to be changed also, 
but the previous idea of counting the sub-groups from the 
long wave-length side has been adopted. 

Referring back to column 5 (Table I.) and using the old 
nomenclature, the spacing of the heads appears to remain 
nearly constant up to ep, after which it suddenly changes, 
but remains constant for the next two members. From eio 
to e; the data are insufficient to show whether these latter 
members belong to the same series as eand e. In any 
case, the regular series consists of the sub-groups e to ep, 
and they have been re-named as do to dg in accordance with 
the nomenclature adopted for the preceding series. For 
reasons which will be mentioned later, the remaining sub- 
groups are regarded as belonging to a different sy dea (d'\ 
having no apparent relation with the one which forms the 
regular series. Following the same analysis, the sub-groups 
fı ‘to Ts are regarded as the regular series, whereas the later 
members from fo to fis are excluded ; they perhaps belong 
to the previous irregular system. 

Fresh support in favour of the revision of groupings as sug- 
gested in this paper has been obtained from an examination 
of the intensity of the sub-groups. In both the old e and f 
groups, the intensity of the sub-groups suddenly diminishes 
after eg and fs—that is, exactly where the divisions have 
been made. The old f group presents two distinct maxima—- 
one at / and the other at 7,3. In thee group : also, besides 
the first maximum at es there is an indication * of a second 
maximum at ejg 

The presence of two maxima in the same series is contrary 
to our existing knowledge of band spectra. According to 
the grouping adopted here, there is only one sub-group 
showing the maximum of intensity, and this is roughly in 
the middle of each group, 

Further evidence in justification of the above mode of 
division is obtained by examining the structure of the 
bands constituting each sub-group. In the first heads of 


* This is not very pronounced owing to the overlapping of some of 
the / sub-groups. 
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the menen of the f group there appears an extremely 
heavy doublet. Birge, from consideration of (1) the spacing 
of this doublet and (2) the numerical relation of the series, 
has suggested that “the group consists really of two groups.” 

Although Birge did not record any such doublet in the first 
heads of the members of the e group, the existence of a 
second line on the more refrangible side of the first head 
has been traced in all the sub-groups. The differences in 
wave-numbers of these two lines for the entire sub-groups 
of the old e group are :— 


e. e e C4. C, e.. e C-. a 


Diff.in wave-numbers... Ll4 11d rO 105 112 10 108 106 


C. Cia Cys: Gae ge Eye Ge 


Diff. in wave-numbers .. L9 O36 O41 O42 O50 O41 O88 


The spacing of the two lines thus continues to be very 
nearly constant up to eg; it then changes, and again 
remains roughly constant up to the end of the group, sug- 
gesting that the e group likewise consists of two groups. 

Thus from various considerations of numerical relation- 
ships and otherwise, the mode of grouping suggested in this 
paper seems to be most significant. And this form of 
arrangement being essentially similar to that of Von der 
Helm, has all the advantages over the Cuthbertson 
arrangement already pointed out by Birge, viz. :—“ It is 
possible to fit a greater number of lines into the simple 
series of the Von der Helm arrangement of bands than into 
the more complex two-parameter formula indicated by the 
Cuthbertson arrangement.” 

In the second form of arrangement proposed by Cuthbert- 
son a band in one of the sub-groups is related, not to the 
corresponding band in the adjacent sub-group, but to that of 
a sub-group in the adjacent group. Thus, according to his 
arrangement, there are as many vertical series as the maxi- 
mum number of snb- groups in a group, so that tho vertical 
series are the same as adapted here. The horizontal series 
however, instead of representing the relation between all the 
sub-groups i in a group (as the present arrangement does), are 
picked out in the way which best fits in with the empirical 
formula quoted before. The horizontal series in his arrange- 
ment consists of members whieh fall on lines parallel to the 
diagonal drawn in ‘Table IT. 

It is a very important condition for the fulfilment of 
series-relations that the spacing of the bands must be the 
same for the sub-groups constituting one series. The spacing 
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of the bands has been calculated in Table I. (column 5) for 
the four groups, c, d, e, and f. It is therefore clear that in 
Cuthbertson’s arrangement, neither the sub-groups forming 
the horizontal series nor those forming the vertical series 
have the same spacing. In the present arrangement the 
sub-groups in a horizontal series have very nearly the same 
spacing, but those in a vertical series have slightly ditferent 
spacing, the difference being an actual one, and not due to 
any error of measurement. An explanation is given in the 
following way. Why each sub-group has so many bands 
(under small dispersion three) is not completely understood. 
In connexion with the iodine fluorescent bands, it has been 
suggested * that some change in rotational energy causes the 
displacement of the band heads. The same thing might be 
happening with nitrogen. The change in rotational energy 
may be caused by a change in the moment of inertia of the 
molecule. The moment of inertia of a diatomic molecule can 
be calculated by assuming the masses m, and me of the atoms 
concentrated at the nuclei. If they are at a distance / apart, 
then 
mime yy 

~ mtm, 
According to what has been put forward in the theoretical 
section, the different orbits of the atoms correspond to dif- 
ferent distances between the nuclei ; consequently, I should 
be different for different orbits. A ‘change i in I corresponds 
to a change in J, and is therefore likely to be very nearly the 
same for the same quantum change but different for different 
quantum changes. Now, the bands in the horizontal series, 
according to the present scheme, refer to the same quantum 
change, whereas those in vertical series correspond to dif- 
ferent quantum changes ; consequently, the same spacing in 
the horizontal series and different spacing in the vertical 
series are what we should expect. 

On the other hand, a change in physical condition of the 
source has been suggested as an indication that the Cuth- 
bertson arrangement. may be more significant. Fowler and 
Strutt t have shown that the spectrum of the active modifi- 

vation of nitrogen shows certain of the sub-groups of the Ist 
positive bands “greatly intensified, while the others are very 
faint. Those intensified formed three successive horizontal 
rows according to Cuthbertson’s arrangement, whereas they 
had no apparent significance according to that of Von der 
Helm. But according to the pr esent arrangement they 


© W. Lenz, Phys. Zeit, xxi. p. 691 (1920); Kratzer, Zeit. für Physik, 
(3), v. p. 289 (19: 20). 


t Fowler & Strutt, Proc, Roy, Soe. lxxxv. p. 377 (1911). 
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are the last three members in the horizontal series. So that 
it may be inferred that the nature of the stimulus in the 
afterglow is such as to develop the higher members of a 
series. The enormous concentration of energy at the end 
of the afterglow CN bands also supports this view. Ina 
separate section the nature of the afterglow spectrum will be 
discussed in the light of the present theory. 

Another change in physical condition is to be noticed in 
the experiments of Angerer*, who made a comparative study 
of these bands at the ordinary temperature and that of liquid 
air. The main results of his experiments are that at low 
temperature all the sub-groups are weak, sometimes only the 
first band in each sub-group appearing ; but some of the sub- 
groups comparatively retain their intensity, and thereby 
appear to be stronger than the others. Generally speaking, 
these are either the stronger members ot the sub-groups 
appearing under the ordinary condition of discharge, or the 
earlier numbers of these sub-groups which have been left 
out of the regular groups, d, e, etc., and have been recog- 
nized as forming altogether different groups, named as the 
d'and e' groups. As belonging to the first class may be 
mentioned the bands at A 6623°5 (new c3), A 6069-6 (new dy) 
apd 754784, A 54423, ASAOT1, A5372°3 (new ej, ez, es, 
und e). Whereas the bands at 15615°3, A 5570°7 (new da’, 
and d';), A5339, A5306 (new e'i and e’) belong to the 
second class. These latter bands are also those which are 
very weak at ordinary temperature. Roughly speaking, 
therefore, the groups whose regularities have been definitely 
established consist of sub-groups which are stronger under 
the ordinary condition of the discharge-tube but weaker at 
low temperatures ; whereas those groups (named with dashes) 
whose regularities are not so definitely shown on account of 
the insufficiency of their number, consist of sub-groups which 
are weak under ordinary circumstances and comparatively 
strong at low temperature. The behaviour at low tempera- 
ture is hardly explicable by either of the Von der Helm or 

‘uthbertson arrangements, but the present arrangement 
explains it in a very significant way. 

Eliminating f in this way a few of the sub-groups, for the 
various reasons pointed out above, those remaining have been 


* Angerer, Ann. der Phys. xxxii. p. 549 (1910). 

+ It must be made sutticiently clear that even if these sub-groups be 
included in the corresponding group, the scheme of arrangement sug- 
gested in the paper stands, Only the m—the quantum number of the 
successive orbits—has to be increased (see Table II.) This would then 
indicate that at ordinary temperature the stimulus creates some more 
unstable orbits than are expressed in Table I., but at lower temperatures 
the higher members are suppressed. 
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arranged as shown in Table lI. The successive integral 
values of m on a horizontal line refer to the successive orbits 
of the atoms in falling back to where the radiation is 
supposed to occur ; the corresponding values of n, written in 
brackets, determine the change of number of orbits (quantum 
changes) involved in the fall. Thus the first number in 
croup a is due toa fall from the Ist quantum orbit to the 
Oth one, the second toa fall from the 2nd orbit to the Ist, 
and so on. Similarly, in group f, the first is due to a fall 
from the 2nd quantum orbit to the Oth one, the second for a 
fall from the 3rd orbit to the Ist, and so on. 

In Table II. the observed wave-lengths and the calculated 
wave-numbers of the first heads of each sub-group are col- 
lected, and the difference in wave-numbers between the 
successive sub-groups are shown at the top. Each horizontal 
row thus represents a series of the usual type, expressible by 
an equation : 


y= A+Bm-+c'm’. 


Proceeding from one series to another, the differences be- 
tween the corresponding adjacent sub-groups — roughly 
expressed by the constant B— gradually decrease by a 
constant amount. Taking the m=Oth member of each 
series as its head, the relation between the different heads 
may be conveniently expressed as shown in Table III. 


TABLE III. 
Series 2. y. ôv. dičyv)=2L'. Ar=B. Tidy). 

O rouets Y92448 

17337 
a T 10978-5 29°0 245-0 

17047 929-0 
ARIT 12683-2 29:0 216-0 

16757 %0 
s E 14558-9 29:0 187:0 

1646°7 29-0 
s RT 16005°6 29-0 158-0 

a 1617-7 26-0 

D Terisi 176233 290 129-0 

]588-7 29-0 
OF esti 192120 100:0 


The vertical series, given in the second column of the 
above table, is also of the ordinary type expressible in 
the forin : 


v= AtD nt li’. 


rogen, 


c 


spam =A oe Jas eens aa yg 
5 y | 


‘ogen, 
9, 10. 

232:4 231:0 
133:1 13365-5 

202:6 201:5 
TEO 147706-6 
252 Sl 6185°13 

174°38 
91°34 1616572 
1:47 2°09 

(00°19 
375°66 — 
—004 


29-6 


13396°5 


[ To face paye 6S6. 


Remarks. 


Measures from 
—- Coblentz, probable 
- error O°] p. 


— Measures from 
Croze, probable 
13826°1 error ‘ several 
— angstroms.” 


Measures from 
Birge taken on the 
— Hilger spectroscope, 
probable error 1 A. 


Measures from 
Birge, probable error 
002 A. 


Do. 


+ Measures from 
Angstrom & Thalen. 
oe * Visually observed 
by Fowler & Steutt. 
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Combining the two, the general equation is of the form: 
yv=A+Bmte'n?+ Brtl'r, 


n remaining constant, variations of m give the horizontal 
series, and m remaining constant, variation of n gives the 
vertical series. The coefficient B chances from one hori- 
zontal series to another by a constant multiple, as shown in 
columns 5 and 6 of the preceding table. B is therefore of 
the form B=D-+ 2bh'n, where D is a constant. The general 
equation is thus reduced to 


v = A+m(D+2'n) + dm? + Brn+b'n?, 


a form identical with the theoretically deduced equation (5). 
An approximate solution of the general equation can be 
wiven by 


v = 9244-84 m(274°75 — 29-0n) + (—0°75) mi? 
+1748°2n4+(—14°5)n’. 


The values of the various constants are of the same order as 
predicted by the theoretical equation. 

In the arrangement shown in Table II. it has been 
assumed that the stimulus creates comparatively unstable 
orbits up to 13, and that radiation takes plave in the fall 
from these unstable orbits te those of comparatively greater 
stability by change of 1, 2, or more qnanta. ‘Thus, as one 
proceeds downwards, the groups corresponding to higher 
quantum changes must have one sub-group less than 
the previous one. Thus the group e, with a quantum 
change of 5, cannot have any sub-group beyond the one 
corresponding to the Sth orbit, and so un. At the same 
time the group with zero quantum change cannot have more 
than one sub-group ; for the absence of a quantum change 
means the absence of the atomic vibration ; consequently the 
only radiation possible is that due to a change of the electron 
energy. As this may involve a change of the rotational 
energy of the molecule as a whole, the total radiation would 
correspond to that of only one sub-group with its first head 
at 108p, as calculated by an interpolation of the data shown 
in column 2 of Taole IL. Arranging the sub-groups empiri- 
cally, a glance at Table IT. would indicate that there should 
be a succession of sub-groups in the first horizontal row 
instead of the single one as predicted by the theory. 
Coblentz *, from the infra-red measurements of the emission 


* W. W. Coblentz, Publication No. 35, Carnegie Institution of 
Washington. 
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spectra of vacuum tubes, has recorded a sharp maximum at 
1:06u. The sharpness of the maximum would indicate the 
presence of a single band, thus proving the validity of the 
above suggestion. . 

With regard to the other groups having quantum changes 


1, 2, etc., Table II. shows that all the calculated members — 


have not been actually observed. Peculiarly, however, with 
small quantum changes the bands corresponding to the 
higher orbits are missing, and with higher quantum changes 
those corresponding to the lower orbits are missing. Most 
of these missing bands overlap with those of the groups 
either preceding or following their own, and so it may be 
that their presence is masked by the others. It is possible, 
however, to explain their absence in the light of the present 
theory in a different way. 

Each band involves a change between two orbits, one 
unstable and the other comparatively stable. According to 
the nature of the stimulus a molecule receives, the con- 
stituent atoms are raised to different unstable orbits. If a 
molecule receives high stimulus, a greater number of unstable 
orbits are created, and at the same time its stable orbits 
correspond to partially dissociated states of higher order. 
If it receives low stimulus, the higher members of the 
unstable orbits are not at all formed, and the stable orbits 
correspond to dissociated states of lower order. 

Consequently, for higher quantum changes (higher stimu- 
lus) bands corresponding to lower orbits (i. e., less dissociated 
states) are not observed, and for lower quantum changes 
(less stimulus) bands corresponding to higher orbits (i. e., 
more dissociated states) are also not observed. In the 
discharge-tube, even under ordinary conditions, different 
molecules receive different degrees of stimulus, and that is 
why we find so many groups corresponding to lower as well 
as higher quantum changes. With the gradual increase of 
stimulus in the discharge, it 1s evident that molecules in the 
higher states of dissociation will be more numerous ; conse- 
quently the intensity distribution in groups of higher values 
of n (quantum change) will have its maximum moving to- 
wards higher values of m (higher dissociated states). No 
actual experiment is on record to test this view, but the 
general distribution of intensity in the successive groups 
under ordinary conditions of discharge roughly points to the 
same conclusion. In fig. 1 (P]. XIV.) the maximum of in- 
tensity for the e group corresponds to m=5 (X6544-89), 
for the d group at m=7 (5854-40), and for the e group at 
m=8 (X5372°82). 
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The groups corresponding to quantum changes of 7 and 
upwards have not been collected in Table II. They overlap 
with the second positive bands, which are far stronger. 
Besides, owing to high stimulus, molecules cannot be 
expected to remain in the lower states ; consequently, under 
favourable condition only, the bands corresponding to the 
last one or two members may be expected in each group. 


The Staniticance of the Afterglow Bands. 


In the same way it is possible to understand the charac- 
teristic of the afterglow spectrum. Owing to the enormous 
concentration of energy in the development of the afterglow 
bands, the stable states of the molecules correspond to the 
higher dissociated states. Consequently, only the bands 
corresponding to these higher states alone are greatly 
intensified. Those corresponding to the lower states are 
either missing altogether or appearing in greatly reduced © 
intensity. In all cases where the bands are developed in 
the afterglow this feature is very prominent. 

In some cases, still higher dissociated states and a greater 
number of unstable orbits are created, with the consequent 
development of a larger number of bands towards the tail. 
The group of heads forming the CN band at 14216 has 
been roughly arranged in series by the equation : 


v =vyyotll6m—8n?. 


The values of the coefficients of m and m? having opposite 
signs, the series turn back after certain values of m(m=7), 
with the result that there is a crowding of several heads 
(about 7) in the small region between 74143 and 24153. 
Assuming, as has been suggested above, that a greater 
number of heads appear in the afterglow spectrum than in 
the ordinary arc, one would expect a crowding of lines at 
the tail. The cyanogen bands developed by acetylene in the 
afterglow of active nitrogen by Fowler and Strutt * fully 
confirm this view. 


Infra-red Absorption corresponding to the Emission of 
the First Positive Bands. 
In the theoretical section, in connexion with equation (4) 
it has been mentioned that the value of the coefficient B’ is 


uf the same order of magnitude as a’, the natural frequency 
of vibration of the atom, and that D approximately determines 


° A. Fowler and R. J. Strutt, Proc. Roy. Soc. A, Ixxxvi. (1912). 
Phil, Mag. S. 6. Vol. 48. No. 286. Oct. 1924. 3A 
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the change in a’ due toa change in the quantum states. The 
positive value of D, as obtained in equation (6), therefore 
suggests that the natural frequencies in the higher disso- 
ciated states are gradually decreasing numbers, the frequency 
in the state order number m being expressed as B'— mD. 
As the atoms are expected to absorb most readily the waves 
which correspond to their own natural frequency, the waves 
corresponding to the numbers B’—mD will be strongly 
absorbed. Besides these there will be a comparatively 
weaker absorption of the waves corresponding to the upper 
harmonics of the free vibrations of the atoms in the different 
states. Consequently the general equation, giving the ab- 
sorption in the infra red, will be of the form x(B’—mD), 
mand n having successive integral values. 

The absorption bands of nitrogen in the infra red are not 
on record, but Coblentz * has made a study of the infra-red 
emission from discharge-tubes containing nitrogen. Besides 
the sharp maximum at 1°06 mentioned before, he observed 
noticeable deflexions in the region between A48 to 6'5p, 
without any sharp maximum anywhere. This would there- 
fore correspond to a series of radiations with small differences 
in their frequencies. The calculated frequency corresponding 
to B’ in equation (6) is 5'734. The emission corresponding 
to the vibrations of the atoms in the different dissociated 
states, given by the equation B'—mD, therefore closely 
agrees with those described by Coblentz. It would, however, 
be very interesting to test whether the absorption bands oi 
nitrogen are actually found in this region or not. 


Correlation with the Ionization Potential Experiments 
in Nitrogen. 


It has been suggested in the theoretical section that corre- 
sponding to the successive higher values of m the molecule 
is in gradually higher states of dissociation, so that the 
maximum of energy that can be radiated would correspond 
toa return of the atom from the limiting orbit to its primary 
orbit (i. e m=0). Owing to the super position of the bands 
of the second group, and also owing to the experimental 
difficulties attended with the production of such higher 
orbits, the corresponding radiation has not been recorded. 
But it is possible to calculate it indirectly. The bands in 
the first column are seen to slowly converge; clearly the 
maximum radiation would correspond to the convergence 


* Loc. ett. 
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frequency. Since the heads of the groups may be calculated 
by the equation 


vy = 92448 +1748: 2n— 145r, 


: ; ; To _ 17482 | 
v is maximum, given by F =0 ; i.e., for n= 5x iis” 60. 


Thus vmar = 61936°8, which corresponds to the energy ac- 
quired by an electron falling through a potential difference 
V, where V in volts is given by the quantum relation 


eV 
300 
By the ionization potential experiments of Franck and 
Hertz, Brandt *, experimenting with nitrogen, has recorded 
a number of notches in his photo-electric curve which, when 
converted to the wave-length scale, correspond to bands 
identical in structure with the first positive bands of 
nitrogen. The potential corresponding to this ionization 
is 7:9 volts. It is clear that the ionization current cannot 
be due to the liberation of electrons by a complete dissocia- 
tion of the molecules, for this would entail the ionization of 
at least one of the constituent atoms, which for nitrogen 
atom is much higher. It is, however, likely that the photo- 
-electric currents ure due to the ionization of the nitrogen by 
the ultra-violet radiation of the extended series of the first 
positive bands corresponding to the limiting orbits. The 
remarkably close agreement with the calculated value indi- 
cates that there may be some truth in the above suggestion. 
The cases of other complicated bands—for example, the 
second positive bands of nitrogen, the negative bands of 
nitrogen, and the red cyanogen bands—have also heen 
studied. They all show Satisfactory agreement with the 
formula deduced. 


= hv; .. V = T6 volts. 


SUMMARY. 


1. On the basis of Heurlinger and Lenz’s equation for the 
band spectra, three different equations have been obtained 
which may express the relation between the characteristic 
frequencies in a system of bands. 

2. The case of the most complicated system has been 
studied in detail with reference to the first positive bands of 
nitrogen, Their series equation has been obtained, and it 

° Brandt, Berliner dissertation, See Franck, Phys. Zeit. xxii. pp. 388, 


409, 441, 466 (1921). a 
vA? 
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shows perfect similarity with the equation theoretically 
. deduced. : 

3. The significance of the afterglow bands has been dis- 
cussed in the light of the theory. i 

4. From the data available from a study of the emission 
bands, the character of the infra-red absorption bands has 
‘been discussed. 

5. A possible method of correlation with the ionization 
pótential experiments in nitrogen has been suggested. 


DESCRIPTION OF THE PLATE. 
First positive bands of Nitrogen. 


I. Scheme adopted in the present paper. 
II. 5 ” by Cuthbertson, 
ITT. - 5 » Von der Helm. 


LXIX. Some Problems of Two-Dimensional Electrostatics. 
By D. M. Wrincn, /).Sc., Lecturer at Lady Margaret 
Hall, Oxford *. 


SUMMARY. 


Tus paper treats electrical problems relating to infinite cylindrical 
conductors whose curves of cross-section are of the form 


v=nacost+6cos nt } 
y=nasint—dsinnt}’" ° ° 


(1): 


with n any positive integer and 6 not greater than a. This class of 
curves depending on three parameters a, b, and n is of considerable 
generality and comprises the closed nodeless epicyclics of retrograde 
type sometimes also called hypotrochoids, which are among the curves 
traced out by a point whose motion is compounded of two uniform 
circular motions in opposite senses. They exhibit the phenomena of 
convexities and concavities and outward pointing cusps. 
By means of the complex variable w, defined by the relation 


z=na e" the", 


the-problem of a freely charged cylinder of type (1) is solved and the 
surface density of electrification at any point of the cylinder specified by 
the parameter ¢ or the radius vector r is given by 


dro =e} ds'de | 
= 2e/n(a?+b* —2ab cos (n+1)t)! 
=2e/n*i (a+ 1)(na? +47) — ryt 


if e is the charge on the cylinder per unit length. This result in the 


* Communicated by the Author. 
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special cases when a and b are equal and the curve of cross-section is 
cusped is exhibited also in the form 


4ro=(n—1)e/np, 


where p is the perpendicular from the centre on the tangent to the 
curve of cross-section at the point. It presents an interesting contrast 
to the result for the cylinder of elliptic cross-section 


4no = 2ep/(a? — 6"). 


In the course of this investigation, it is found that all the hypotrochoids 
(a, 6) of any specific positive integral order n, for which a”b has a 
constant value, form a set of equipotentials, in the sense that if the- 
cylinder whose cross-section is any one of them is freely electrified, the 
equipotentials are the cylinders external to it whose cross-sections are 
the other members of this set. This result provides a wide generalization 
of the equipotential character of sets of confocal ellipses. This fact 
allows the solution of the problem of the condenser formed by two 


cylinders (aibın) (a2b.n) of type (1) in the case when a,"6;=a,"b.. Its 
capacity is found to be 
1/(2 log (a@2/a, )) 


per unit length. 

An investigation is also included of the electrification of a cylinder 
of type (1) when insulated in a uniform field of electric force. If the 
strength of the field is f and if the lines of force in the undisturbed 
field make an angle a with the axis of x, the surface density is given by 


dng =2fa cos (t—a)/(a* +6? —2ub cos (n+ 1)t)e. 


Introduction. 


i k problem of the electrification of cylindrical con- 

ductors of infinite length has been solved in a variety 
of cases. In each case the fundamental problem is the 
electrification when the conductor is freely charged. When 
this has been solved it is in general possible to treat the 
conductor placed in any electric field, whether the feid is 
expressed as a general law—as, for example, the uniform 
field—or as the effect of a system of discrete line charges or 
doublets outside the conductor. 

‘The solution of two-dimensional electrostatic problems has 
so far been accomplished mainly by the use of the principle 
of conformal transformation. This method has permitted 
the solution of a few simple cases, notably the case when the 
curve of cross-section of the cylinder is an ellipse or a 
hyperbola, and of a wide variety of isolated cases when the 
curve of cross-section is, for example, a rectangle or a 
circular arc or an equilateral triangle. The solution when 
the curve of cross-section is an ellipse or a hyperbola is of 
fundamental importance on account of the fact that the 
equipotentials associated with an elliptic or hyperbolic 
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cylinder when it is freely charged are the elliptic or hyper- 
bolic cylinders confocal with it and external to it. The 
solution in this case, in fact, shows that a family of 
confocal ellipses—and equally a family of confocal hyper- 
bola—forms a set of equipotentials in the sense that a freely 
charged cylinder whose curve of cross-section is any member 
of the family has as its equipotentials the cylinders external to 
it, whose curves of cross-section are the other members of 
the family. And the great importance of the solution of the 
elliptic and hyperbolic cylinders is, indeed, due to the fact 
that the equipotential set to which an ellipse belongs is the 
family of confocal ellipses, and that the equipotential set 
to which a hyperbola belongs is the family of confocal 
hyperbole. 

It has therefore been deemed worth while to call attention, 
in this paper, to certain families of simple curves which 
forin sets of equipotentials and to submit the solution of the 
fundamental problem of the corresponding cylinders when 
they are freely charged and of the most important of the 
subsidiary problems, the problem of the induction in a 
uniform tield of force. Certain types of condensers are also 
considered. 

The curves are of algebraic type and include the ellipse 
and hyperbola as a special case. We refer to the closed 
nodeless epicyclics of integral order n of retrograde type, 
defined in terms of a parameter in the form | 


t=nacost+bcos nt, 
(b <a) 


y=na sin t—b sin nt, 


where the product a"b is constant, and to their orthogonal tra- 
jectorics. These epicyclics are easily visualized as the paths 
of points whose motion is compounded of two uniform 
circular motions. They also present themselves in another 
manner as the path traced out by a point on a circle which 
rolls in inside contact with a fixed circle and are called in 
this connexion hypotrochoids. This curve becomes the 
ellipse when n is unity, and is familiar when n is three and 
a and b are equal as the astroid. The radius vector of the 
curve r, given by 


= na? +L? + 2nabh cos (n+ 1)t, 


is periodic in 27/(n4+ 1): the curve consequently consists of 
(n+1) similar ares symmetrically oriented. When a and b 
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are equal, the curve is a with (n +1) cusps; other- 
wise it Was continuous curvature * 

Fig. 1 shows specimens oť the curves under discussion. 

The fact that the curves treated in this paper possess 
points of inflexion, concave and convex arcs and cusps lends 
special interest to the solutions of the cylindrical conductors 
with these curves as cross-section. “They give, in fact, 
interesting and comprehensive information as to the effect 
of curvature on the distribation of electricity on conductors, 
at the same time giving exact quantitative information in a 
wide and representative class of cases. 

In a recent papert H. W. Richmond has used the 
Schwarz-Christotfel transformation to obtain the solution of 
the two-dimensional electrostatic problems when the curve 


Fig. l. 


Lael 


of cross-section of the cylinder is made up of segments of 
any ellipses belonging to one contocal system and of their 
orthogonal trajectories, and his interesting adaptation of the 
transformation applied to any specific set of curves which 
form a set of equipotentials gives the solution when the 
cross-section of the cylinder is made up of segments of curves 
belonging to this set and to the set of Mier orthogonal tra- 
jectories. The set of equipotentials obtained in this paper 
can be used in the same way as the confocal ellipses, and a 
wide variety of curves ot cross-section can be treated by 
taking curves made up of segments of any of the hypotro- 
choids belonging to one set of equipotentials and their 


orthogonal trajectories. 


S A discussion of the geometrical properties of these curves is given 
by Lamb, ‘ Intinitesimal Calculus,’ pp. 207-307 (1919). The curves 
are easily ‘described mechanically with a lathe; a number of interesting 
diagrams obtuimed in this manner are reproduced in R. A. Proctor s 
‘ Treatise on the Cycloid and Cycloidal Curves’ (1575), which also 
contains an exhanstive account both of the history and of the geometrical 
properties of these curves. 

t Proc. Lend. Math. Soc. (2) xxii. pp. 483 -494 (1924). 
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I. Freely Charged Cylinders. 


The equation of « the curve of cross-section of the cylinder 
is taken in the parametric form 


L=w(t)=na cost +b cos nt 


(1) 


with n a positive integer and b not greater than a. The 
radius vector from the centre of the curve is given by 
r= r(t) = (nu? +b? + 2nalb cos (n+1)t)3. 

The radius vector of the curve is therefore periodic in 
2ar/(n+1) as a function of t: the curve, in fact, consists of 
(1 +1) ares symmetrically oriented about the centre, which 
is the centre of coordinates, and each of these arcs lies 
partly inside und partly outside the fundamental circle of 
radius na. The are of the curve, s, is given by the equation 

$= (ds/dt)? =e? + 7? 
=n? (a? +1? — 2ub cos (n+ 1)t) 
=n((n+ 1) (na? +b?) — r’). 
Further, the perpendicular from the centre on the tangent. 
to the curve at any point ¢ is given by 
pra logis | 
_ (na? —1? —ab(n—TI) cos (n+ 1)t)? 
a? + b?—2alb cos (n+ 1)t] f 
or in terms of r, by the equation - 


o _ (ntl)? — 1?) — (n—1)7?)? 

=" a ee 
so that when a is equal to l, the (p, ry equation has the 
simple form 

4unp=(n—1)} ((n+ 1a — r°), 
and becomes, when a is unity, 
P= la? —1?)\?/(2a? + 2/?— r°) : 
the (p,r) equation for the ellipse with semi-axes (a+b) 
and (a—b). The curvature c is given by 
tsipa (rg yi 
— cnl? +(n—1)ahcos (n+ 1y) 
7 n(a? ~- b? — 2ab cos (n+ 1)t)? 


y=y(t)=na sin t—b sin nt l 


When b is zero the curve becomes the circle and is every- 
where concave to its centre. In the other extreme case, 


of Two-Dimensional Electrostatics. 697 


when a and b are equal, the curve becomes the cusped hypo- 
cycloid and is everywhere convex to the origin. In the 
intermediate cases (the case n=1 excepted), if the ratio bs 
is sufficiently small, the curve is everywhere concave to the 
origin. For larger values of this ratio each arc of the curve 
is partly concave and partly convex, with the limiting case 
when b and a are equal as the only case in which the curve 
is wholly convex. 

The equation of c, the curve (1), may be written in the 
form 

c=utiy=nae’+be-™, 
The complex variable 
w=u+iv 


is now introduced by the relation 
2(w) =a(w) +2y(w) =nae® + be-™™, 


When v=0 2z lies on the curve c with uv equal to the 
parameter ¢. Also when v=—o, < lies on the circle at 
infinity, with «u equal to the argument of z. Finally 


dz/dw=in(ae"—be-""), 
and this is infinite only when r= —o, and zero only when 
(n+ 1)v= log {a/b} = 0, cos (n+1)t=1. 


When b and a are equal and the curve is cusped, those 
points at which d=z/dw is zero lie on the curve at the cusps, 
otherwise they lie inside the curve. Consequently for points 
between the curves v=0 and c=—x, d:/dw is never 
intinite and never zero. 

Using the variable w, we may now introduce the 
W-function | 

W=U+4+-V, 

where V is the potential and U the corresponding conjugate 
function, given by 


iW =:U — V = 2eiw + constant. 
Then, on the curve c, which has been shown to be given 


by r=. V is constant. On the circle at infinity, which it 
will be convenient to call the curve C, 


V + 2¢ log r=constant. 


Farther, between the curves e and ©, V has no singu- 
larities. These considerations are sutħcient to show that V 
is the potential of the cylinder whose cross-section is the 
curve c, when it bears a charge e per unit length. 
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The surface density ø, at any point t of the curve, is ther 
given by 
dro =2e | dwidz, =2e/ ds/dt | 
= 2e/n(a* + b?— 2ab cos (n+ 1d)", E 
or, in terms of the radius vector, 
4mo=?e](n(n+ 1)(na? +4)—nr?)? 


Thus the surface density is a maximum at the points at 
which r is greatest and a minimum at the points at which r 
is least, ranging in fact from the maximum value 


: e/2arn(a—b) 
to the minimum value 


e/2an(at+h). 


The special case when n is unity represents the ellipse 
with semi-axes (a+) and (a—6) and yields the well-known 
result 


Ano = 2e/(2a? +207 —r?)t 
= 2ep/(a? — L°). 
In the particular case of the hypocycloids—the cusped 
curves which result when a and b are equal—, 
Ano =efna:sin 4(n+ Lit 
=(n—l)efnp. 


The surface density is in fact infinite at all the (+1) 
cusps and decreases to the value e/fana at the intermediate 


points. 

It is interesting to notice the contrast afforded by these 
two particular cases: the ellipse with the law ox p being 
wholly concave to the origin and the cusped hy povycloids 
with the law ø x 1/p being wholly convex. 


TI. Cylindrical Condensers. 


In the case of a cylinder whose cross-section ¢ has the 
parametric equation (1), the complex variable w given by 


sanae ben. «a. w £ (2) 
is introduced, and the W-function is taken in the form 
iW =U —V =2eiw + constant. 


The equipotentials associated with the freely charged 
cylinder are consequently cylinders whose cross-sections are 
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the v-levels of the function (2), being given by the equation 


t=nae~"’cosut+be*™ cos nu 
y=nae-" sin u—be”™ sin nu 


for values of v between zero and —x. Thus for example, i 
the equipotentials associated with the curve 


x= k(n cos u+ cos ni) 
y= k(n sin u— sin nu) 


—which is the hypocveloid with (n +1) cusps—are the set 
of hypotrochoids 


T= na cos u + beos nu 
y=nasinu—b sin nu, 
in which a'b = kt), 


Any two hypotrochoids with parameters a, and bi, ag and 
bə are therefore represented by two constant values of v, 
say vı and ry, in the transformation 


z=h(ne™+e7""*), 
provided that arbi = aba, 
the actual values of k, vı, and v} being given by 
An*+1=a,"b,, e, = log (k/a,). (r=1, 2) 


Thus we can at once find the capacity of a condenser 
consisting of two cylinders whose curves of cross-section are 
these two hypotrochoids. For if V, and V, are their 
potentials, we evidently have, for the potential in the region 
between them, 

V=2ev+constant, 


if the inner cylinder (a, b) has a charge e per unit length, 
and 


The capacity is consequently seen to be 
1/(2 log (ax/a1)) 


per unit length. It may be remarked that the capacity of 
the condenser in this case is identically equal to the capacity 
of two circular cylinders whose cross-sections are the funda- 
mental circles of radius na, and na, associated with the 
hy potrochoids. 

And it is worthy of notice that the set of hypotrochoids 
(a, b) of any specific positive integral order n form an 
equipotential set, so long as ab has a constant value, the 
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innermost member of such an equipotential set being the 
hypocycloid with (n+1) cusps. These results will be seen 
to provide a wide generalization of the equipotential char- 
acter of sets of confocal ellipses, which on this occasion 
present themselves in the unwonted aspect of hypotrochoids, 
the innermost member of the family, the straight line ellipse, 
being only with difficulty recognized under the elaborate 
designation of the *‘ two-cusped hypocycloid.” 

Fig. 2 gives a sketch of the hypotrochoids of order three 
which form a set of equipotentials. 


Fig. 2. 


I. Cylinders ina Uniform Field, 
Suppose the cylinder ¢ with cross-section 

c=nacost+bheosnt 

y=nasint—Obsin nt 
is placed in a uniform field of electric force given by 

(Wo=fytfre™"*, 
so that 
— Vo= f+ e cosa+ysina), 
U= ly cos a— r sina). 
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Let 
W,=1U,-—V, 


represent the disturbance due to the presence of the cylinder, 


and let 
iW=:U—V 
be the W-function for the field when the cylinder is present, 


so that 
iw = iW, + iW, 


The conditions of the problem will be satisfied if V, isa 
solution of Laplace’s equation evanescent on the circle at 
infinity and such that Vo +V, is constant on the curve «, 
having no singularities in the region between the circle at 
infinity and the curve c. 
We again use the complex variable w defined by the 
relation 
z2=nae™+ be", © 

so that v=0 is the curve c with u=¢ and v=—» is the 
circle at infinity, Then in terms of w, 

tWo=fot (na e- + bem nie ta), 
so that 

—Vo=fots(nae-? cos (u—a) + be’ cos (nu +2)). 
Then put 
—V,=—f(nae’ cos (u—a) + be" cos (nu+a)), 

and consequently 

iW, ee —f(nae- "tiag b em nie- te), 
for then 

iW =f + 2niaf'sin (w—a), 
—V=/—2naf cos (u— a) sinh v, 
U = 2naf'sin (u—«) cosh v, 

which makes V, on the. curve ¢, equal to —zż, the potential at 
the centre of the curve in the undisturbed field : and V, is 
evanescent on v= — æ and without singularities between c 


and the circle at infinity. 
The surface density ø at any point ¢ is given by 


dora = 2 fa cos.(t—a)/(a? + b?—2ab cos (n+ 13i}. 


The total amount of electricity separated on the cylinder 
per unit length is evidently n/fu/m, the amount separated per 
unit length on a circular cylinder of radius na. 
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The solution for the hypocycloidal cylinders—for which 
a and b are equal—is of special interest. We have 


dima=/ cos (t—a)/|sind(n+1)t|. 


In general, therefore, there will be infinities for ø at the 
(n +1) cusps, the sign of these infinities being determined 
by the sign of cos (t—a). If, however, the field is perpen- 
dicular to the tangent at a cusp to, so that cos (ty —a) vanishes, 
the infinity for o at this cusp will disappear and instead 
there will be a jump in the value of ø from the value 


o= —4f|(n+1)m 
at the point t=¢,—0, to the value 
o=+3f/(n+1)r 


at the point t=t9+0. Thus there will either be intinities at 
all the (n+1) cusps: or when n is odd, infinities at n cusps 


Fig. 3. 
ee eee le, Uo = 6fa 
Tea Use, yee ao 
EPS An _Uet8fay2 == 


and a discontinuity at a single cusp, and when n» is even, 
infinities at (n—2) cusps and discontinuities at two diamet- 
rically opposite cusps. Fig. 3 shows the distribution of elec- 
tricitv and the lie of the lines of force in the case of the 
astroid (n=3) when the field is along an axis of the curve 
and there are consequently infinities at the two cusps on this 
axis and discontinuities at the other two cusps. 


IV. Application of the Schwarz- Christofiel Transformation. 


By means of an adaptation of the Schwarz-Christoffel 
transformation, the solution is obtained of the electrostatic 
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problems relating to a cylinder whose curve of cross-section 
is made up of segments of the hypotrochoids 


v=nacost+bcos nt, 
y=na sin t= b sin nt, 


with a") equal to some constant, say k"+!, and their ortho- 
gonal trajectories. For with the transformation 


z= k(ne" + e7"') 


such a curve of cross-section is represented in the w-plane 
bv segments of lines parallel to the axes of u and v ; to such 
a curve the Schwarz-Christoffel method can at once be applied. 
The solutions of two-dimensional electrostatic problems are 
therefore available in a very wide set of subsidiary cases 
and can easily be worked out by means of a double trans- 
formation, if they are required. It is unnecessary to point 
out the fact that these solutions—in marked contradistinction 
to the solutions for cylinders of hypotrochoidal cross-section 
given in this paper—are by no means suitable for practical 
application, since they involve, in general, integrals of 
complicated elliptic and hyperelliptic type *. 


LXX. The Critical Pressure-Ratio for Gases as affected by 
Variable Specific Heat. By W. J. WALKER, PAD, 
University College, Dundee fF. 


Summary. 


i i a previous paper in the ‘ Philosophical Magazine’ for 

March 1922, the analysis involving the effect of variable 
specific heat on the discharge of gases through orifices or 
nozzles was piven, and certain important conclusions were 
drawn therefrom. In the present note the critical pressure- 
ratio determining the maximum discharge condition under, 
variable specific heat conditions has been deduced. The 


* Reference should be made to the paper by H. W. Richmond already 
cited. Results are there obtained by reference to confocal ellipses 
and their orthogonal trajectories, the confocal hyperbole, in virtue of 
the equipotential character of these families of curves. By reference to 
the sets of hypotrochoids, whose equipotential character is demonstrated 
in this paper, and their orthogonal trajectories, powerful generalizations 
of these results may be obtained. 

+ Communicated by the Author. 
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result obtained shows that this critical pressure-ratio is 
higher the higher the temperatures involved, and is also 
higher than under constant specific heat conditions. 


Under adiabatic conditions of flow from a region of higher 
pressure p, to one of lower pressure pz, the velocity of flow 
of a gas is given by 

u =u? = 29(1,—-I,), . . . . . . (I) 
u denoting velocity in feet per second, and I denoting total 
heat energy in ft.-Ib. per lb, The total heat-energy change 
involved in giving the gas this kinetic energy during expan- 


sion is 
fa f a 
= =z Pan 
Ta l m mi 


v denoting specific volume in cubic ft. per lb., and p denoting 
pressure in lb. per sq. ft. 
To a first and close approximation this may be written 
ra= pr S A l 
S ——) C + oR (21% + pava) } + piti — Pree, 


A being small in relation to other factors and having the 
same signification as in previous papers. 


M 


. A 
an I,- I, = m=] Í p—s | l l+ 2mR (pier pats) } 


mR 7 A ` 
a T-T} {14+ eih, g ee 1) 


Now, the velocity of sound in a gas under specific volume v 
and pressure p is given by 


C= ves W 

a K, gPr, 
Z ee | eh Da Chat and close 
7 a/o l ne m approximation, g 


= WA f 1—ar("""") }. =, se . . (3) 


Assuming, as is usually very nearly true under most 
practical conditions, that v, is negligible in relation to ue, 
then equations (1), (2), and (3) combined give 


9 2 19 1 r(2 —] 1 
w= e doca} (14 CD ety be (ay 
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Now, the critical pressure-ratio must, just as under 
constant specific heat conditions, be that producing a gas- 
discharge velocity equal to the velocity of sound through 
the gas under the conditions prevailing at the discharge 
side. From (4), therefore, since u,=C, at the critical 
pressure-ratio, 


ut {4 R sare Pa 


2m 


-= C? {i+ 4 MCm—1)(T T, +T) l; 
9m 


nT 1-an (>) ne 2 = n = (T+T) } 
m A(2?m—1)(T,+T 
=T{1-a0("), )} e a = " roo}, 


ue [1-an {mD (2m—1) reed | 


2m(m+ 1) 
_ (m—1)(m + 1) (2m—1)(m+3) 
=i [arf 2n C—O” 4m |: A 
ml, (5m—1)(m— 1) : 
ee J T= Tf 1407, dm(m +1) E e e o >œ (5) 


But, under adiabatic conditions of flow, 


_ (i) m-1 {i+ (T, —T) l to a first and close 


m—l1 approximation, 


“Gy (2 


Therefore tron (5) 


Ps z m— a {1 3AT(m— 1) 2 
pı (aai) ik (m+ 1) popa Se. a e) 

Under constant specific heat conditions the critical ratio 
is usually given as 


where =x" 
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The term in double brackets in (6).therefore represents 
the effect due to variable specific heat. 
The inferences to be drawn from (6) are that the critical 
pressure-ratio 
(1) Varies as the temperature is altered, and 
(2) Diminishes or increases according to whether the 
specific heat of the gas diminishes or increases 
respectively with rise of temperature. 


It should be noted that at normal temperatures the value 

of the term 
3XT.(m —1) 
4(m-+1) 

is practically negligible. Thus for an average internal com- 
bustion engine working fluid, A=°000283 approx. when T 
is in °C. absolute. Taking T,= 288°C. absolute, the value of 
the term becomes ‘0102 when m is assumed equal to 1:4. 
At the higher temperatures, however, it may have quite 
appreciable values. 


Velocity Curves ———— 


Discharge u 


"400 800 1200 1600 2000 
Theoretical Steam Velocity in fect /second 


It may reasonably be claimed that the formule thus 
derived, as given by the writer in this and previous papers 
give very close approximation to the actuul effect of variable 
specific heat. This is borne out by the following further 
recent remarkable verification of the formula- given in the 
previous paper in the ‘ Philosophical Magazine,’ March 1922 

In the Third Report of the Steam Nozzle! Research 
Committee, published in the ‘Proceedings of the Institution 
of Mechanical Engineers,’ May 1924, the velocity and dis- 
charge coefficient curves, reproduced here in the diagram 
are published, The experiments from which these curves 
have been derived have been carried out under conditions 
conducive to the highest accuracy, and there is no reason 
to doubt their validity. 7 

Both the velocity and discharge coefficients fot these curves 
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have been calculated from the tests by the application of Cal- 
lendar’s equations, and, as will be observed from the figure, 
the velocity and discharge curves occupy 1eversed positions 
in relation to saperheat. Since A, for superheated steam, is 
negative within the experimental range concerned, this is 
exactly what should occur according to the writer’s variable 
specific heat equations for velocity and discharge if variable 
specific heat is neglected or not sufficiently taken into 
account. Not only so, but in further conformity with these 
equations, which show that the percentage error due to 
neglect of variable specific heat in calculating the discharges 
wiil be three times the error made in calculating the 
velocities, it will be observed from the reproduced curves 
that even this secondary result is verified, the difference 
between the dotted or discharge cocfiicient curves being 
decidedly more marked than that between the full line or 
velocity coefficient curves. This agreement can scarcely be 
accidental, and it does not appear possible that any valid 
argument based on friction effects or variation in coefficient 
of contraction can be adduced to nullify it. 


— ae Š em a -u - a eee 
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LXXI. On the Irregularity of the Le Doublet in the X-ray 
Spectra. By B. B. Ray, D.Sc. (Lecturer, Calcutta 
University) *. 

l. Introduction. 

HE normal electronic arrangement about the nucleus, . 
according to Bohr, should be such as would result 
from the capturing of electrons, one at a time, by the 
structure, each electron occupying that orbit which is most 
stable with respect to the nucleus and previously bound 
electrons. Following this scheme, one would find 2 electrons 
in the K-shell, 8 in the L-shell, 18 in the M-shell, and so on, 
in the elements of higher atomic numbers. The influence of 

a newly added electron in higher elements is very small, 

amounting practically to nothing in the innermost shells. 

If this view be accepted, then as one goes from lower to 

higher elements the influence of electrons in the outer shells 

should gradually decrease to zero in the K or L-shells. I£ 
the Ka doublet, i. e. the difference in wave-length between 

Ke, and Ka, which is formed by the jumps of electrons 

from the L-shell to the K-shell, is examined from the lower 

to the higher elements, one would find that the gradual 

increase in AA of the Ka doublet is more rapid in the 

lower elements than the higher ones, and in the latter this 

value (AX) ultimately tends to be almost constant. But 
æ Communicated by Prof. Manne Siegbahn, 
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the newly added electron is not always added to the outer- 
most shell, and there are regions where it goes rather to 
the inside shell, thus increasing the number in this shell, 
and forming a more stable arrangement ; this we find in the 
elements from Ti (22) to Cu (29). In the former we have 
4, 4, 2 electrons in the M-shell and 2 electrons in the N-shell, 
but in the latter we have 6, 6, 6 electrons in the M-shell and 
1 in the N-shell. Thus in this arrangement, as the electrons 
in the L-shell are influenced by those of the next outer 
shell M, some changes are to be expected in the Ka doublet 
in this region. So also in the elements from Al (13) to 
A (18). In a former paper, Siegbahn and the author * 
studied the Ka doublet in these regions, and changes as 
expected from the Bohr scheme were actually found. It thus 
appeared that in the higher elements, where such changes 
should occur in the N-shell as expected by Bohr, the 
La doublet would be affected, and by studying the doublet, 
such changes may he observed. According to Bohr the 
electrons are arranged in the following way and we quote 
them only from Y (39) to Th (90) as relevant to this paper. 


eee e a o 


| | 
P. 


: | 
Saki K.| L. M. N. O. 

Z. gl 

1, | 2 2, | 3, 3,35] 4, 4. 454 | 5, 5, 5, 5, 5, | 6, 8, 6, 6, 6, 6, | 1,7, 
Bate ees | poe eens hae [Ear onary Seen ae 
| 

39Y |2 '44 !1666/441 | (2) , 
40Zr |2 |44666442 |) 
47ag 12144 /666/666 lı 
48Cd 12 44/6666 66 |2 
49In |2 144/666/666 |21 
5X 12 441/666666 |44 | 
55Cs |2 '44/666/666 |44 | 
56Ba |2 ,44/666(/666 |44 2 

TIa |2 '44/666/666 |441 (2) 
58Ce !2 '44/666/6661/441 (2) 
59Pr 12 44;1666/666 2/441 (2) 
JiLu | 2 441666 8s 8 81441 E 
72Hr |2 eee 8888/4442 pe) 

94u 1/2144 ,66618888,668 © 1l 
BO Hg 2 |44 666/888 8/66 6 2 
BITI |244 666/8888666 21 
ene i244 666|/8888/666 44 
af — | 2) 44 666/888 8\|666 14 1 
RRRa 2 |44 666/88 88'666 44 2 
s9Ac 2 |44 666/8888666 441 (2 
d S 88881666 442 (2 

| 
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From the above scheme the changes are to be expected 
from the elements Zr(40) to Ag (47) and Pr (59) to 
Lu (71). 


2, Experimental Observations. 


A Hadding tube was connected to an aluminium spectro- 
graph, the width of the slit being 0°09 mm., and the photo- 
graphic plate was placed at a distance of 12°15 cm. from 
the axis of the rotating face of the crystal. A current of 
10 milliamp. at about 50 kilovolts was passed through the 
tube. The spectrograph was connected to an oil pump when 
vacuum was necessary within it. In the La doublet, æ, is a 
strong line and a, is rather weak, so that to get a good im- 
pression of æ,, a rather long time (about 1 hour) is necessary, 
and this makes the strong line a, broad, thus increasing the 
error in the measurements of the distance between the lines. 
Several measurements are taken and the mean value of Ad 
is tabulated below. ‘The values for Nb and Mo were kindly 
supplied by Mr. A. Larsson, and the value for U was taken 
from Siegbabn’s table. Some plates were also taken in the 
higher order to check the result. 


TABLE Í. 
Z. Aà in X.U. Z. | Adin XU. 
SPEA ene ee! | CLEA cee ee SEEEN 

41 Nb...... 7:58 60 Nd...... | 10°05 
42 Mo...... 8:23 62 Sm ...... 10°35 
44 Ru...... 8:15 63 Eu ...... | 10-50 
45 Rb ...... 7:78 64 Gd...... | 10°81 
46 Pd ...... 7:72 | 66 Dy ...... 10°95 
47 Ag ...... 816 | 67 Ho...... | 11:02 
48 Od ...... 851 | 68 Er ...... 11°10 
49 In ..... 8 80 70 Yb ...... 11-12 
50 Sn ...... 8-95 71 Lu ...... 10 69 
51 Sb ...... 9°22 | 93 Ta ......, 10°93 
52 Te ...... 9°40 T4W ..... i 11-02 
531 ou... 9:48 78 Pt ...... 11:39 
55 Os ...... 9:42 79 Au... 11°45 
56 Ba ... .. 9:33 | ga To... 11°53 
57 La ...... 9°22 | 82 Pb ......' 11-34 
58 Ce ...... 9°18 2U aa 11°61 
59 Pr ...... 9°74 


— m — m 


A curve is also drawn with dA as ordinate and Z as 
abscissa. 
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From the figure it will be observed that the changes as 
expected from the Bohr model come out ina general way. 
As the a, line is rather broad it is necessary to examine 
whether the bends in the curve, especially in the regions 
Pd (46), Ce (58), and Lu (71), are due to experimental 
errors. In order to test this point, the highest values of AX 
as measured from the plate in these elements were taken 
together with the smallest values of AX in the elements 


-Rh (45), Ag (47), Cs (55), Ba (56), Pr (5), Yb (70), 


BA im X.U. 


12 {ee ce eee See a 
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Z 
40 “44 48 52 56 60 64 68 72 7 8 84 683 22 
Ta (73), and W (74); it is found that the bends can still be 
seen as in fig. 1, thus proving the reality of the changes of 
the La doublet in these elements. | 


3. Changes of a, and ay. 


Some calculations are made in the La doublet like those 
in the Ka doublet, to determine whether the changes as 
observed in the figure may be due to the change of any one of 
them. But it is tound that both the a, and æ lines undergo 
similar changes. In the ordinary relativity theory, 2, (L 
series) results from the jump of an e‘ectron from the 3; orbit 
to the 2, orbit, whereas a, results from a jump from 3, to 2,. 
Jt is natural then to suppose on this view that æ, should 
change more than a, as the orbit 43 is circular and the 
orbit 3. is elliptical, and the influence of a newly added 
electron will be more felt by an elliptical orbit than by the 
circular one. But no such conclusion can be arrived at 
from our calculation. This result may be truly anticipated 
from the new suggestion about the formation of X-ray lines, 
just put forward by Landé*, whereby he assumes that 


* Zeit. f. Fys. May 1924. 
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electrons in both the M, and M-shell move in orbits of the 
same shape but different orientations. 


My thanks are dne to Prof. M. Siegbahn for suggesting 
the problem and taking keen interest during the progress 
of the work. My thanks are also due to Mr. R. Thoraeus 
and Mr. A. Larsson. ` 

Physical Laboratory, 
Upsala University, Sweden. 
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LXXII. The Mobility in Air of lons produced in another Gas. 
By G. C. GRINDLEY, B.Sc., and Professor A. M. TYNDALL, 
D.Sc." | 


We many determinations of the mobility of gaseous 
ions have been made with a view to elucidating their 
nature, there is by no means unanimous agreement on the 
conclusions to be den from the results. Among some of 
the more interesting experiments may be classed those which 
deal with the mobility of ions formed in one gas and mea- 
sured in another. Let us take for example the equation for 
mobility deduced from dynamical considerations by Langevin 
in 1905 f : 

— 505 14” 

y P(K—1) M’ 

where m= mass of molecule and M = mass of ion. 

Let us then calculate the ratio of the mobility of a charged 
foreign ion in oxygen to that of an oxygen ion in oxygen on 
the (arbitrary) assumption that an ion is a charged molecule 
of the gas in which it was originally formed. The following 
figures are obtained :— Hydrogen 2°82, ammonia 1:20, car- 
bon dioxide 0°93, ether 0°85, chloroform 0 80, recoil atoms 
from ThD 0:76. Heavier ions give a ratio approaching the 
limit 0°71 when their mass is infinite. The figures are not 
materially altered by substituting air for oxygen. 

Four independent investigations have been made by 


Rutherford ł, Franck §, Blanc ||, and Weliisch {], and the 


* Communicated by the Authors. 

+ Langevin, Ann. de Chim. et de Phis. (8) v. p. 245 (1905). 
t Rutherford, Phil. Mag. v. p. 95 (1903). 

§ Franck, Deut. Phys. Gesell. v. p. 397 (1909). 

| Blane, Journ. de Phys. vii. p. 825 (1908). 

T Wellisch, Proc. Roy. Soc. lxxxii. p. 500 (1909). 
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conclusion has been reached that the ion acquires a mobility 
which is independent of the gas in which it was formed, and 
cannot be distinguished from an ion formed directly in the 
gas in which the measurements are made. Rutherford’s 
experiment was carried out with the positively-charged recoil 
atoms from radium and thorium emanation. The conclusion 
was that their mobility lay between 1:0 for radium and 
between 1°17 and 1:7 for thorium emanation—that is to 
say, was of the same order of magnitude as air ions. 

Franck used the recoil atoms from ThD. He found that 
the mobility of these carriers in air was 1°56 and in hydrogen 
621. In both cases the values are higher than the mean 
values of other experimenters for ordinary positive ions in 
these gases, the difference in air beiny as much as 10 per 
cent. The fact that the value is greater and not smaller, as 
might have been expected for such heavy atoms, suggests | 
that the accuracy of a method depending on the deposition 
of active inaterial on a plate is not great. A second experi- 
ment by Franck and Meitner* by another method gave 
limits to the mobility of these carriers in air, namely >0°7 
and <1°6f. | 

The experiments of Blanc were made by filling a dish 
with (Qs, ionizing it with radium, and drawing ions of the 
appropriate sign into the air-space above and measuring 
their mobility by the Rutherford alternating field method. 
The experiment was then repeated without CO, and it was 
found that the curves obtained in the two cases were in 
good agreement. But the experiment takes time, and the 
objection may therefore be raised that owing to convection 
and diffusion the CO, may have disappeared from the dish, 
and that consequently mainly air ions were being experi- 
mented upon in both cases. 

The experiments of Wellisch are much more conclusive. 
Apart from showing that a mixture of gases such as oxygen 
and sulphur dioxide, or of ethyl ether and air, gave ions of 
a single value of mobility and not two values (in itself a 
very significant result), Wellisch carried out the following 
experiment. He took methyl iodide, which is strongly 
lonized by X-rays at 6 mm. pressure, filled up the vessel 

# Franck & Meitner, Deut. Phys. Gesell. xin. p. 671 (1911). 

t As this paper is being sent for publication, an abstract of a paper 
read by Erikson before the American Physical Socicty has appeared in 
the ‘Physical Review’ (June 1924). Tle claims to have discovered 
two groups of ions of Actinium B in air, of mobility 3:15 and 1°20 re- 
spectively. He used air-velocities of 2000 cm./sec.; and until full 
details appear, one cannot help feeling that results obtained with such 
high air-speeds (involving eddies) must be viewed with caution. 
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_ with hydrogen to atmospheric pressure, and made a mea- 
surement of mobility by a modification of Langevin’s method. 
He argued, with reason, that this was virtually a deter- 
mination of the mobility in hydrogen of ions produced by 
the action of X-rays on methyl iodide. His conclusions 
were the same as those of Blanc. 

To sum up, the experiments of Wellisch, and probably 
also those of Franck, make it clear that differences of the 
order of magnitude which the above calculation gives for 
the ions they used did not exist. Wellisch in consequence 
adopted the idea of an ion as a single molecule with a trans- 
ferable charge, though Franck pointed out the difficulty of 
this hypothesis in the case of positive recoil atoms. 

An apparatus ussd by the writers * for another purpose 
being readily available and apparently likely to give com- 
parative results of a high order of accuracy, it was felt 
that further tests of this type were worth making, parti- 
cularly with a view to their extension to hydrogen, ammonia, 
or any other substance lighter than air. If, for instance, | 
one adopts the alternative view that an ion is a cluster 
of molecules loosely held to an ionized molecule and shed 
and replaced by dlie molecules when it passes into another 
gas, then if a small difference in mobility could be observed 
in any particular case, it might throw some light on the 
problem of the size of a cluster. If, for instance, on 
Langevin’s formula we compare the mobility in air of a 
charged hydrogen molecule with that of a chloroform 
molecule when each of them is loaded with, say, 6 molecules 
of air, we should expect a ratio of 1:03, which should 
be readily detectable. 

Briefly, the principle of this method was to produce 
the ions by polonium in a vessel A (fig. 1), to draw ions 
of one sign by an electric field through a slit S, into a 
long, shallow box through which filtered dry air was 
flowing, to drag them across the air-stream by- another field, 
and to catch them onthe other side of the box at another 
slit S, which was adjustable in position relative to 8). 
Under given conditions the displacement of the ions down- 
stream is a measure of their mobility. Owing, however, 
to diffusion the ions do not all travel along the same path, 
but reference to the original paper will show that the 
distribution curve at S, gives a well-defined peak from 
which measurements may be made. The method was 
slightly modified in the present work. Instead of keeping 


* Tyndall & Grindley, Phil. Mag. Apri] 1924. 
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the potential difference between the two sides of the box 
constant, and moving one slit relative to the other, the 
slits were kept fixed and the potential difference varied. 
It was found that this method gave somewhat sharper peaks 
than the earlier one. 

The true position of the peak was estimated by taking 
several pairs of points symmetrically situated on a smooth 
curve through the observations, finding the mean voltage in 
each case, and averaging the results. The value obtained 
was in no case very different from that of the apparent peak 
of the smoothed graph. 


To 
E lec Tvometey. 


Now, if the box A is filled with a particular gas, the ions 
will be formed in this gas, while their mobility measurement 
will be made in another—namely air. If previous experi- 
menters are right in their conclusion that the measured 
mobility will be that of air ions and independent of the 
nature of the yas in which the ions were formed, then 
the position of the peak in the distribution curve at 8, 
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will be the same whetber the vessel A is filled with air 
or with a foreign gas. 

The vessel A was an airtight ebonite box (8 in. x 2 in x 
1in.), into which the gas was introduced by means of a tube T. 
Some polonium, P, which ionized the gas above N, was so 
arranged that none of its æ particles could pass through the 
slit. A layer of cottonwool F acted as a dust-filter, and 
ensured an approximately even flow of gas in the lower part 
of A. Two electrodes E, and E, (connected together) were 
arranged so that by applying a suitable potential to them 
a concentrated stream of ions could be directed to S}. 

The method first adopted was to fill A by a rapid stream 
of gas through T, and then to cut A off from the supply 
while a reading of the electrometer was being taken. The 
peaks obtained in this way, however, were not identical in 
position with those due to normal air ions; but by mixing 
smoke with the air-stream through the box, the cause of 
this was shown to be eddy currents at the slit S, due to the 
difference in density between the two gases. Fig. 1, for 
instance, gives a rough indication of the eddy currents 
observed by smoke when the box A was placed above S, and 
was filled with hydrogen. It is clear from tbis that in the 
neighbonrhood of N, there was an upward current tending to 
retard the motion of the ions across the box to S}. Owing 
to this the apparent mobility would be too low ; and this 
was exactly what the voltage curves indicated, the potential 
difference required to give the maximum current at S; being 
greater in the case of hydrogen than in the case of air. The 
effect was also found with coal-gas, and to a very slight 
extent with ammonia. The absence, however, of any second 
peak in the curves showed that the ions were homogenous. 

In order to obtain a true mobility test, therefore, it was 
necessary to cut down the effect of these eddies as far 
as possible ; and this was done by using a high velocity of 
air-current, by making the slit S, as narrow as possible (the 
width was cut down from 4 mm. to 2 mm.), and by taking 
the electrometer readings, when necessary, while a slow 
steady stream of the gas was being passed through T and S,. 
Tests with smoke showed that under these conditions the 
disturbing upper eddy currents at the slit were (as far as one 
could see) eliminated. 

The results obtained may be divided into two classes, 
according as the gas in A was (1) lighter, (2) heavier than 
air. 
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LIGHT GASES. 

Hydrogen.—Vhe hydrogen was prepared in a kipp from 
sulphuric acid and zinc, and passed through potassium per- 
manganate and lead acetate solutions, pure sulphuric acid, 
and calcium chloride. The type of curve obtained is shown in 
Curves I. A and B, where the current received by the electro- 
meter is plotted with voltage across the box. The crosses 
give the curves for ions produced in A filled with hydrogen, 
the circles for ions produced in A filled with air. Within 
the limits of experimental error the peaks for positive and 
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negative ions occur in each case at the same voltage, which- 
ever gas supplied the ions originally. Taking a number of 
such graphs, the mean ratio of voltages—1s. e. the ratio 
of mobilities—for hydrogen and air was 0°993 for positive 
and 1:006 for negative. This result is, however, not con- 
clusive without further tests. It might be argued that 
owing to diffusion through S, the hydrogen was not pure, 
and that the density of ionization of the heavier air impurity 
in A was much greater than that of the hydrogen, thus 
giving a supply of ions which was mainly of air from the 
start. The results of drawing off samples of gas from A and 
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analysing them were not very conclusive, because air tended 
to be sucked into A through the slit X, in the process. The 
method referred to above of allowing a continuous slow 
stream of hydrogen to pass through A and out at S, served 
the double purpose of cutting down the cddy effect and 
improving the purity. 

It is difficult to believe that under these circumstances 
the gas in A contained more than a small percentage of air. 
It might be argued even then that, despite their greater 
diffusion, hydrogen ions, owing to their higher mobility, 
will be trapped by the edges of the slit more readily than 
air ions, and that consequently relatively few of them 
will find their way into the air channel ; but a subsidiary 
experiment with pure hydrogen above and below a slit 
showed that this was not the case. This being so, even 
if in the original experiment some air was present in A, 
there must have been an appreciable amount of hydrogen 
ions formed there which, had they retained their identity in 
the air-stream, would have given rise to a second peak 
somewhere in the curve. A careful test of the current 
supplied to S; was made over a wide range of voltage, 
without any suggestion of a second peak being found. 

Finally, there. was the possibility that the distortion of the 
field at S, due to the sharp edges gave rise to a similar 
sorting of ions of different mobilities, thus preventing 
hydrogen ions from’ reaching the electrometer. To show 
that this was not the case, a wire connected to the electro- 
meter was inserted in S, flush with the surface, and on some 
occasions a potential of a volt or two was applied between 
it and. the edges of the slit. Again, only one peak was 
observed, and this coincided with that appropriate to 
air ions. 

Ammonia.—The supply of ammonia was obtained by 
driving the air slowly through cotton-wool saturated in 
ammonia solution, and by placing in A cottun-wool soaked 
in aminonia solution. The graphs obtained were similar 
to those with hydrogen, the identity of the voltages at the 
peaks being shown by the following ratio for ammonia ion 
and air ion: positive ions=0°991, negative ions= 1-003. 


HEAVY GASES. 


For this purpose the arrangement shown in fig. 1 was 
inverted, the chamber A being placed under the main 
mobility box. 

Carbon dioxide.—The gas was prepared from marble and 
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hydrochloric acid and dried. The results are graphed in 
Curves I].; from such graphs the mean ratios for the voltages 
were: positive 1°001, negative 0'991. 

Ether.—The air in A was saturated with ether by placing 
round its inner surface a layer of flannel soaked in ether. 
Curves III. show the graphs obtained, for which the ratios 
are: positive 1'004, negative 0°995. 

Chloroform.—In this case liquid chloroform was placed 
in A. The ratios obtained were: positive 1:000, negative 

Incidentally, it may be pointed out that if all the results 
are grouped together, the value obtained for the ratio of the 
mobilities of negative and positive ions is very close to 1°50. 
This agrees more closely with the recent values of Loeb and 
of Wellisch than with earlier results. 


Conclusions. 


In all cases there is agreement in the position of the 
voltages at the peaks for air and the gas in question to under 
l per cent. That is to say, there is no sensible difference 
between the mobility of ions produced directly in air and 
that of ions produced in another gas or vapour and mea- 
sured in air. This result agrees with the previous conclusion 
of Wellisch and others. But the agreement is probably 
more accurate, and moreover extends to other ionized gases 
and vapour, in particular to hydrogen and ammonia, which 
are lighter than air. 


We are indebted to the Colston Research Society of the 
University of Bristol for assistance in the purchase of 
apparatus. 
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LXXII. The Distribution of Electrons among Atomic Levels. 
By Epmuxpn C. Stoner, B.A., Emmanuel College, 
Cambridge *. 


1. Jntroduction. 


T scheme for the distribution of electrons among 
the completed sub-levels in atoms proposed by Bohr t 

is based on somewhat arbitrary arguments as to symmetry 

requirements ; it i3 also incomplete in that all the sub-levels 
* Communicated by R. H. Fowler, M.A. 


t Bohr, Zeit, f. Phys. ix. p. 1 (1922); or ‘The Theory of Spectra and 
Atomic Constitution, essay II. (Cambridge, 1922). 
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known to exist are not separately considered. It is here 
suggested that the number of electrons associated with a 
sub-level is connected with the inner quantum number 
characterizing it, such a connexion being strongly indicated 
by the term multiplicity observed for optical spectra. The 
distribution arrived at in this way necessitates no essential 
change in the process of atom-building pictured by Bohr ; 
but the final result is somewhat different, in that a greater 
concentration of electrons in outer sub-groups is indicated, 
and the inner sub-groups are complete at an earlier stage. 
The available evidence as to the final distribution is dis- 
cussed, and is not unfavourable to the scheme proposed. 


2. Classification and number of X-ray Levels. 


The X-ray atcmic levels may be conveniently classified b 
means of three quantum numbers—n (total), k (azimuthal), 
and j (inner), as shown in Table I. 


TABLE I,—Classification of X-ray Levels. 
[(“ Relativity doublet” terms are bracketed. ] 


Level ............ K | L | M 
Sub-level ......... l ne 
L I iI Lir | M, M ii Mii MY M, 
ES AENT l 2 2 2 | 3 3 8 3 3 
koeren. l 1 2 2 1 2 2 3 3 
| 
T aN 1 | 1 1 2 1 1 2 2 3 
20 2r, 2r, 30 3r, r, 3, 38, 


Optical term “| lo 
| 


2 ———— eee — ee = a i 


This classification has been put forward by Landé*. 
In contradistinetion to the older schemes, such as that of 
Sommerfeld, it gives a satisfactory selection principle 
(k changes by 1, j by 1 or 0), and at the same time brings 
out clearly the analogy between X-ray and optical spectra. 
The sub-levels may. in fact, be revarded as corresponding 
to typical øo, m, ò... doublet-series terms, as for alkali 
metal are spectra, in the way indicated in the last row 
of the table. 

The main criticism to be advanced against the classification 


* Zeit. f. Phys. xvi. p. 391 (1922). 


5 eati encanta, 
G p 


p MM 


- a —— 


Electrons among Atomic Levels. 721 


is that it invalidates the interpretation of terms such as 
Ly,-Ly,;; as simple relativity doublets, although their 
separation is given accurately by Sommerfeld’s formula. 
Bohr *, however, has shown that though Li-Li was 
to be regarded as a relativity + screening doublet, the 
further subdivision into separate relativity (Gaels) and 
screening doublets (Ly—Lrr) was not justifiable. De Broglie 
and Dauvillier t, who adopt a scheme somewhat similar to 
the above, but with a larger number of sub-groups, point 
out that the “relativity doublet” separation increases in 
a similar way to that of the optical doublet with increase 
in atomic number. Landé, in two recent papers t, has 
traced out the analogy in quantitative detail. He shows 
that the relativity and. ‘optical doublet separations can both 
be represented by the same general formula, and places 
beyond doubt that the two types of doublet are essentially 
similar in origin. 

Now, observations on the anomalous Zeeman effect show 
that the optical doublets must have a magnetic origin ; and 
although the magnetic explanations are as yet inadequate, 
it is justifiable to “apply those ideas which have coordinated 
the optical data to the case of X-rays—in particular in the 
assignment of inner quantum numbers, as in the above 
scheme. 

De Broglie and Dauvillier postulate a larger number 
o£ sub-levels (6M, 10N ...) in order to account for certain 
weak X-ray lines observed ; the necessity for this, however, 
is not admitted by most workers, and it is undoubted that 
not more than 5M absorption discontinuities have been 
directly observed §. The work of Robinson || on excited 
electrons, moreover, seems to prove conclusively that there 
are only 5M, and probably 7N, levels. The experiments 
thus support the view that for Réntgen spectra, as for 
optical doublet series, the number of sub-levels characterized 
hy different js into which a given & level subdivides is 
restricted to two. 


è Bohr and Coster, Zeit. f. Phys. xi. p. 342 (1923). 

+ Journ, de ’hys. VI. v. p. 1 (1924). 

t Zeit. f. Phys. xxiv. p. 88 (1924) and xxv. p. 96 (1924). . 

§ Cf. Coster, Phys. Rev. xix. p. 20 (1922); Ross, Pays. Rev. xxii 
p- 221 (1923). 

| Proc. Roy. Soc. civ. p. 455 (1923). 


Phil. Mag. S. 6. Vol. 48. No. 286. Oct. 1924. 3 C 
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3. Suggested Distribution of Electrons. 


In the classification adopted, the remarkable feature 
emerges that the number of electrons in each completed 
level is equal to double the sum of the inner quantum 
numbers as assigned, there being in the K, L, M, N levels, 
when complete, 2, 8 (2 +2--4), 18(2+2+4+4+6), 32... 
electrons. It is suggestel] that the number of electrons 
associated with each sub-level separately is also equal to 
double the inner quantum number. The justification for 
this is discussed below. A summarized periodic table 
(Table II.) is given, which shows the nature of the dis- 
tribution suggested. In the table the number of electrons 
in the sub-levels of the atom named on the left is given b 
the whole of the part of the table above and to the left 
of the thick line which begins under the atom. Krypton, 
for example, has 2K, 8L, 18M, and 8N electrons. 


Taste II.—Suygested Distribution of Electrons. 


|The distribution of electrons in the atoms is given by the part of 
the table above and to the left of the thick lines ] 
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4. Comparison with Bohr’s Distribution. 


A summarized Bohr’s periodic table (Table III.) is given 
for purposes of comparison. This, and also Table II., should 
be referred to in conjunction with a more complete table. 
The Bohr distribution cannot be easily put in the form 
of Table II., owing to the way in which the sub-groups 
undergo further,development after reaching a first pseudo- 
completeness ; but the relation between the two tables will 
be obvious on inspection. 


TaBLE []].—Distribution of Electrons in Atoms, 
according to Bohr. 


Element. 


eeeeae 
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Sub-Levels. (n, &.) 
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It can be seen at once that the distribution proposed 
is equally in harmony with the essential features of the 
development process pictured by Bohr as his own; which 
means that it is equally in accord with chemical con- 
siderations which are so beautifully covered by Bohr’s 
scheme, especially in its attribution of the similarity in 
chemical properties of such sequences as the rare earths to 
the development of underlying groups of electrons. 

A question which arises is whether the Bohr (z, 4) levels 
are to be regarded as corresponding to the (x, 4) or the 
(n, 7) in the alternative scheme ; for example, whether 
Bolir’s (2,1) level corresponds to Ly or Li+ Lip The 
latter might seem reasonable in that (2, 2,1) and (2,1, 1) 
levels are more alike in certain respects, notably in energy 
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value, than (2, 2,1) and (2, 2, 2) ; but the former is the 
direct and usual interpretation, and will be assumed here 
for the present. There is then a considerable difference 
in the assignment of electrons to (n, k) levels, the numbers 
running (2, 6), (2, 6, 10), and (2, 6, 10, 14) for the L, M, 
and N (n, k) sub-groups in place of (4, 4), (6, 6, 6), and 
(8, 8, 8, 8). If, however, Bohr’s (n, k), for this purpose, 
should ‘be taken to correspond with our (m, 7) levels, the 
numbers to be compared with Bohr’s are (4, 4), (4, 8, 6), 
and (4, 8, 12, 8). 

As to the process of up-building, analogous sequences of 
elements correspond exactly on both schemes to analogous 
developments in the number and distribution of electrons ; 
but the reorganization of underlying groups occurs in a 
much simpler manner in the scheme proposed. Beginning 
at Sc (21), 10 electrons complete the M group (noticeably 
beginning when there are 2, not 4, electrons in the 
N group); on our view these simply fill up the vacant 
(n3, k3) levels, precisely 10 electrons being required ; 
on Bohr’s view the change also involves addition of 
electrons to the inner sub-levels—in fact, a complete re- 
organization of the whole M group. The added electrons 
referred to are bracketed in Table II., and the corre- 
` sponding development on Bohr’s scheme is indicated by 
the arrow in ‘Table III. A similar process, probably 
beginning at Y (39), occurs when the 10 (n 4, k 3) electrons 
are added, and again, beginning at Lu(71), for the 10 
(n 5, 43) electrons. The (n4, k4) level requires 14 
_electrons, and the adding of these corresponds to the rare 
varth seqnence ; on the Bohr view, a complete reorganization 
of the JF group occurs. The dotted brackets and dotted 
arrow indicate this development. 

The present scheme, then, accounts well for the chemical 
properties ; it differs from Bohr’s in the final distributions 
suggested, and in the fact that inner sub-groups are com- 
pleted at an earlier stage, subsequent changes being made 
by simple addition of electrons to outer sub-levels without 
reorganization of the group as a whole. 


5. Significance of Inner Quantum Numbers. 


From a physical point of view, the real significance 
of inner quantum numbers, especially when applied to 
inner X-ray atomic levels, is very problematical. Evidence 
based on the analogous optical spectra, however, provides 
strong justification for the idea of the number of electrons 
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in a sub-group being related to the inner quantum number 
in the way assumed. 
The case of the doublet series of the alkali methods only 
need be considered. In the atoms there is one electron 
external to a core composed of a completed system of 
electronic groups. Observations on the Zeeman effect can 
i correlated by assigning inner quantum numbers & and 
(k—1) to the atom with the electron in a & level. For 
m terms (A=2),7=1 or 2, giving m and m; for ò terms 
(k=3), j=2 or 3. There is actually a certain degree of 
arbitrariness as to the absolute value given to j; for 
instance, values $ and 3 for aw, and mi, 3 tand 4 for ô and Ò; 
can be made to fit the facts equally well *. This difficulty ; 
however, is irrelevant, for the reason given below. The 
Inner quantum number is usually interpreted as viving the 
magnetic moment of the atom as a whole, and the number 
of possible energy states of the atom in a weak external @ 
magnetice field, in which core and light electron are not 
separately affected, is attributed to the number of possible 
orientations of the atom in virtue of space-quantization. 
The actual number of possibilities is given by the multi- 
‘plicity of terms in the anomalous Zeeman effect, and can be 
deduced very straightforwardly (in simple cases at least) - 
from observations on the behaviour of the lines. The point 
which it is desired to emphasize here is that, however the 
inner quantum numbers are interpreted, if they are given 
the values used above (k and A—1), twice the inner quantum 
number does give the observed term multiplicity as revealed 
by the spectra in a weak magnetic field. (Thus in a weak 
magnetic field there are 2¢, 27.2, and 477, terms.) In other 
i words, the number of possible states of the (core + electron) 
. system is equal to twice the inner quantum number, these 

2) states being always possible and equally probable, but 
| only manifesting themselves separately in the presence of 
\ the external field. 

At present it is not clear whether the number of equally 
probable states indicates that the atom as a whole is always 
the same as concerns relative orientation of core and outer 
electron orbit, and can take up 27 different orientations 
relative to the (weak) field; or that the core tekes up a 
definite orientation relative to the field, and the outer 
electron orbit can take up 2; different orientations relative 

* For a fuller discussion of this whole subject, see Sommerfeld, 
‘Atombau und Spektrallinien,’ and recent papere by Sommerfeld and 


Landé, e.y. Sommerfeid, Ann. der Phys. \xx. p. 82 (1923), lxxiii. p. 39 
(192 D4) ; Landé, Zeit. f. "Phys. XiX. p. 112 (1921). 
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to the core*. (The mutual influence becomes of less 
relative importance as the strength of the field increases, so 
that ultimately the field affects electron and core separately, 
and the Puschen-Back effect is obtained.) There may be 
some quite different interpretation. 

The spectral term-values themselves, in so far as they wre 
altered by external fields, would seem to depend primarily 
on the outer electron orbit itself (and not so much on 
electron + core, as do the magnetic properties of the atom) ; 
und remembering this, it seems reasonable to take 2j as the 
number of possible equally probable orbits. 

Without laying too much stress on any definite physical 
interpretation, or pressing the analogy too far, it may be 
suggested that for an inner sub-level, in a similar way, 
the number of possible orbits is equal to twice the inner 
quantum number, these orbits differing in their orientation 
relative to tho atom as a whole. Electrons can enter a 
group until ail the possible orbits are occupied, when the 
atom will possess a symmetrical structure. 

That the inner quantum numbers are analogous to those 
for the alkali metals, is presumably connected with the fact 
that the building-up can always be regarded as occurring on 
a sub-structure of the inert gas atom typ2 with completed 
group systems. The complicated optical multiplet series 
occur when there are light-electrons moving externally to 
incompleted groups. 

In brief, then, it is suggested that, corresponding roughly 
to the definite indication in the optical case, the number 
of possible states of the atom is equal to 2); so, for the 
X-ray sub-levels, 27 gives the number of possible orbits 
differing in orientation relative to the atom as a whole ; and 
that electrons can enter a sub-level until all the orbits are 
occupied. 


6. Statistical Weight of Electrons bound in Atoms. 


If electrons in the atom are distributed according te 
the present scheme, the interesting point is suggested that 
all electrons bound in the atom forming constituents of 
completed groups are to be regarded as having the same 
statistical weight, namely unity (or f°); for there is then 
one electron in each possible equally probable state. 


* This general question and the allied one of the orientation of the 
Inert gas atoms in a magnetic field are discussed by Bohr, Ann. der 
Phys. lxxi. p. 22% (1923). 
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7. Evidence as to Electron Distribution. 


Unfortunately there are few properties which depend 
solely on the number of electrons in levels and not also 
on the type of level and its energy value; so that, in 
the present state of theory, a definite test of the merits of 
different distributions proposed is difficult. Some evidence, 
however, is available from which a few conclusions may be 
drawn ; and the general lines of evidence on which the 
question must finally be decided are briefly considered. 


(2) Intensities of X-ray lines. 


The intensity of X-ray lines will depend in part on the 
number of electrons in levels between which transitions 
occur ; a simple relation between the relative numbers of 
vlectrons in two sub-levels and the relative intensities 
of the lines corresponding to transitions from these to 
the same final level would only be expected to hold when 
the sub-levels are close together, so that the energy asso- 
ciated with each transition is approximately the same, and 
when the sub-levels are of the sume nk type. It has been 
shown for optical multiplets that the prob: ibility of possibio 
transitions is not then dependent on the inner quantum 
number characterizing the terms concerned *. [In the 
optical case, however, the outer electron switches over 
to a lower level, and no disturbing factors enter owing to 
the presence of intervening electrons between the levels 
concerned. For the X-ray case, on the other hand, 
transitions occur between levels across intervening occupied 
electronic orbits, which may modify the probability of 
transition from different j types of & orbit. —Simple relations 
would only be expected for transitions between contiguous - 
levels such as L—>K, M—>L. A straightforward theo- 
retical interpretation of observed relative intensities is thus 
only possible for a few cases. 

From an experimental point of view, the relative intensity 
of different X-ray lines is difficult to determine, except 
when the lines are fairly close, so that corrections otherwise 
necessary, which cannot at present be ova calculated, 
need not be applied. In one case very accurate measure- 
ments have been made, namely for Ke, (Lig BK) and 
Ka, am The results are as follows :— 


Fe. Cu. Zn. Mo. W. 
a z SORES "499 512 "500 52 50 


* Ornstein and Burger, Zeit. f. Phys. xxiv. p. 41 (1924). 
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The first three, due to Siegbahn and Žáček *, are the 


means of a large number of photometric measurements, 
agreeing closely among themselves; the last two, obtained 
from ionization measurements, are due to Duane and 
Patterson, and Duane and Stenström. 

The ratio a,/a, is thus practically constant and equal 
to 2/1 from Fe (26) to W (74). 

This result can at once be explained on the assumption 
that there are twice as many electrons in the Ly; as in 
the Lir sub-level. Now, in Bohr’s scheme four electrons 
are assigned to the (2, 2) level, so that 4 electrons have 
to be divided between Ly and Lyyj—a ratio 3/1 or 1/1 
for the a lines would be expected, certainly not 2/1. 

For the L8 group, Duane and Patterson t give for tungsten 
B:, Ba Bs; a as 100, 55, 15, 9. (See Table IV. for the 
transitions involved.) The 83/8, value again suggests 
the 2/1 ratio for the number of electrons assigned to the 
My and My, sub-levels. 9, Yo Yz, y, have relative 
intensities 100, 14, 18, 6. yo and y, correspond to tran- 
sitions from N to L across the M group, and disturbing 
factors may come in, so that the y3/y. value is not 
inconsistent with a 2/1 electron ratio. 

The importance of disturbances due to intervening 
electrons must be stressed; for it should be noted that 
the relative intensities of ‘components of doublets such 
as 838, and yù; change considerably with the atomic 
number, even after all the levels directly concerned are 
completed, the two components approaching equality for 
high atomic numbers. 

‘As to switches {rom the same initial level to different 
final L levels, Coster $ states that ‘‘for all elements l is 
2-3 times as strong as 7, and s 2-3 times as strong as ya” 
supporting the conclusion that L.,;; has twice as many electrons 
as Ly (so that it is twice as likely to lose an electron by 
ionization). 

The very meagre results available as to line-intersities are 
practically exhausted in the above account ; much further 
experimental (and theoretical) work is necessary. The 
results, however, do give definite support to the allocation 
of 2 electrons to the II sub-levels, and 4 to the III sub- 
levels, in the L, M, and probably N groups. 


* Data used, together with references to the original papers, will be 
found in Sie chahu, ‘Spelktroskopie der Rontgenstiahlen’ (Berlin, 1924), 
Pr- 96, 97, 106, 

T Proc, Nat. Acad. Sci. vi. p. 518 (1920). 

t Phil. Mag. xliii. p. 1038 ( 1022 N 
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Taste LV.—Showing Transitions corresponding to K and L lines. 
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Two other matters concerned with X-ray lines may be 
briefly noticed. irstly, new lines would be expected to 
appear for the same atomic number on both Bohr’s and 
the present scheme, as they are exactly similar as regards. 
points of origin of group development. Secondly, it the 
appearance of “anomalous ” longer wave-length satellites 
to lines is connected with the development of the corre- 
sponding, or associated, sub-groups, it might be possible 
to decide whether development occurs simply by addition 
of electrons to outer sub-groups, or also by reorganization 
of inner sub-groups. Coster gives some examples, but the 
data are insufficient as yet to make further discussion 
„useful; it may be mentioned, however, that no irregularities 
are observed at all for B, and Ys during the dev elopment of 
the N group. 


VA 


(b) .Lbsonption of X-rays. 


The relative absorption of A-ravs by different sub-groups 

of electrons, as the relative intensities of lines corresponding 
to switches from them, will depend in part on the number 
\ of electrons they,contain. Theories of absorption, as yet 
\ very incomplete, indicate that the part a, of the charac- 
teristic atomic absorption due to a level P containing N, 


electrons may be written : 


whereA È is the corresponding total quantum number., 


Kramers * does not consider the relative absorption for 
ditterent subgroups (e.g. Dr, Lip Lir), but gives as an 
approximate expression for the groups as wholes : 

N 
r n P 
ap = KAS -ns 
a 
pl'p 


where Up is the statistical weight of the electrons in the 
group. De Brogliet, semi-empirically, derives the ex- 
pression : ` 

ap = KA. k 


29 
Àp 


Ap being the critical wave-length for the level concerned. 


* Kramers, Phil. Mag. xliv. p. 836 (1928). 
t De Broglie, Journ, de Phys. VA. iii. p. 33 (1922). 
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As far as measurements on the relative K and L absorptions 
go, there is little to choose between the formule, though 
neither is adequate. 

For orbits of a similar type, not too widely separated, 
it may, however, be anticipated that relative absorption, 
like relative emission, will depend primarily on relative 
numbers of electrons. 
© Owing to experimental difficulties, data as to relative 
absorption by different subgroups are meagre, Dauvillier’s 
for gold being the only direct ones available *. From his 
curves based on ionization measurements on absorption in 
the L region of Au, he deduces for the relative absorptions, 

N, for A=À, : d 
No i 


(M+N+0 TE ): Lir: Ly: Li = 42; 62: 41: 35, 
and applying de Broglie’s expression, obtains 
NV as z” ug = °7S8 
Noal Nin = 495, Ni / Ni, 7, 


a conclusion which may be taken to support the 2, 2, 4 
distribution of electrons. 

In the M region, photographic methods only have been 
used. All that can be said is that the greater contrast 
corresponding to transitions from the outer sub-levels (see, 
for example, the photographs of Ross tf for Th) suggests 
that they contain a greater number of electrons, as in the 
2,2, 4,4, 6 distribution proposed. 

The most powerful method of investigating the relative 
absorption by different subgroups, however, is by investi- 
gating the secondary corpuscular rays ejected from them, 
as in the work of Robinson ł. Using homogeneous X-rays, 
the electrons emitted from a secondary radiator are bent 
round in a magnetic field, and fall on a photographic plate. 
The relative intensities of the lines (really heads of bands) 
corresponding to electrons frem the different levels, when 
these are fairly close, give a rough estimate of the actual 
relative numbers of electrons ejected. Using copper Ka- 
rays, Robinson gives the following visually estimated in- 
tensities (on a 1-6 scale) for the lines corresponding to 


* Dauvillier, Comptes Rendus, clxxviii. p. 476 (1924). 
t Ross, Phys. Rev. xxii. p. 221 (1923). 
J Robinson, Proc. Roy. Soc. civ. p. 455 (19238). 


732 Mr. E. C. Stoner on the Distribution of 


electrons ejected from the L sub-levels :— 


Ba. I. Sn. Ag. Mo. Sr. Cu. 
Tas sceecetees 1 2 2 3 3 5 5 
Lopene 1 3 3 4 4 5 z 
lippies 6 6 5 5 5 5 


The remarkable fact appears that the relative absorption 
by the different sub-levels varies with the difference between 
the critical wave-lengths and the incident wave-length in a 
manner quite unforeseen by any theories hitherto put 
forward. This is also observed by Ellis and Skinner * 
with y-rays. Over a wide range, however, in which the 
frequency is not too widely removed from the critical fre- 
quencies, and these themselves are not too close together, 
the run of intensities is exactly of the kind to be expected 
from a 2, 2, 4 distribution of electrons in the L subgroups ; 
and in view of the strong evidence in favour of this dis- 
tribution from other sources, it seems justifiable to consider 
the M intensities in a similar manner in the light of this. 
Robinson gives the following estimates :— 


Bi. Pb. Au. W. Ba. I. Sn. Ag. 


Mi oa 1 ] 1 ] 4 5 4 5 
Mf es 3 2 2 2 6 7 . i 
Mpesa 5 5 5 5 6] 

My a G 5 6 ( | : : ; 
My aaan 6 6 6 6 


Here, again, the general run of the figures in the range 
IOO 3 ae ? a 
in which, from the L results, anomalies would be least 
expected, is in accord with the 2, 2, 4, 4,6 distribution. 
(The My, My, Myr intensities show progressive change of 
the same type as the Ly, Ly, Lij as would be anticipated 
from their respective kj values being the same.) The 
N sub-levels of bismuth give : 
N, Ni Nin Niy- Ny. Nyy. Nyu. 
S — e 
Bi aese 2 3 4 4 5 3-4 

Too much stress must not be placed on the evidence here 
brought forward as favouring the distribution proposed. 


* Ellis and Skinner, Proc, Roy. Soc. cv. p. 186 (1924). 


Se i a Nore ae eS ee 
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The estimate of intensities is arbitrary, and it is difficult 
to say how far the estimated values correspond to actual 
numbers of ejected electrons *. It has scarcely been sufh- 
ciently emphasized that the lines are really heads of bands. 
the number of electrons required is the total number in the 
band, and this number may diverge widely from that 
suggested by the line-intensity, particularly if the heads are 
close together. The inadequacy of theories ot absorption, 
moreover, comes out most strongly in the very experimental 
results being considered. If, however, for sub-zroups of 
similar energy relative absorption does depend largely 
on relative numbers of electrons under comparable con- 
ditions of excitation—and unless disturbing factors enter, 
it is difficult, physically, to imagine an alternative to this,— 
then the Robinson results do point definitely to a con- 
centration of electrons in the outer sub-levels to an extent 
greater than it seems possible to account for on the basis of 
the Bohr numbers. 


(c) Maynetic Properties. 


The ionic paramagnetism of the third-period elements 
only will be briefly considered here. The development 
of ions from K, or Ca,, (with 18 electrons) to Cu, (with 
28 electrons) is brought about, on our view, by the simple 
addition of electrons to the My,;y and My sub-levels in 
10 (4+6) orbits of the same nk type (3, 3). 

Sommerfeld, taking into account spatial quantization, has. 
shown t that the number of Bohr magnetons associated with 
the ions increases regularly by steps of 1 from 0 to 5 
(attaining this maximum value for Mn,, and Fe,,, with 
23 electrons), and then decreases regularly to 0 (for Cu,) 
with increasing numbers of electrons. 

While the deeper meaning of this may be obscure, 
especially in that unit magnetic moment has apparently 
to be associated with (3, 3) orbits, such a beautiful regu- 
larity ix in agreement with the development of the M group 
by the simple addition of 10 similar (x, k) orbits; the- 
presence of x electrons in the (Myy and My) levels, super-. 
posed on completed groups, may be expected (by a sort of 


Babinet principle!) to produce the same paramagnetic 


properties as (10—.) electrons, for with the latter number 
the group diverges from non-paramagnetic completeness 
in the absence of x electrons. On the Bohr scheme, the- 


* Robinson discusses this question, /. e. p. 473. 
t Sommerfeld, Zeit. f. Phys. xix. p. 221 (1923). 
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development occurs by a complete reorganization of the 
whole M group from a (4, £) to a (6, 6, 6) arrangement. 
While the general nature of the change might be the same, 
the essential and striking feature—the regularity—would 
certainly not be anticipated. 


(d) Chemical Properties. 


Chemical properties depend mainly on the number of 
electrons in outer I, II, III sub-groups. The distribution 
proposed is primarily concerned with completed groups 
rather than their course of development ; but a few rather 
snggestive features of the new scheme, where it diverges 
from Bohr’s, may be mentioned. The course of deve- 
lopment strongly indicated for the L (Li-Ne), M (Na-A), 
N (Cu-Kr), O (Ag-Xe), P (Au-Nt) sub-groups is shown in 


‘Tale V. 


TABLE V.—Number of Electrons in Outer Sub-groups. 


l = Column of Periodic Table and Typical Element. | 
i £ z 
Fi = A E 
£ I II ITI IV V VI VIIE VM , 
: = a 
= 
E Na Mg Al Si P S Cl A 
| I ; do 2 8 2 2 2 R 2 
| 
II | 1 2 2 2 2 2 
meee l 2 3 4 


A consideration of the electrovalency of the elements 
as indicated by the halides, for example, provides con- 
siderable evidence for a subdivision of electrons among 
the levels in this way. Thus P is 5-valent, corresponding 
to all the five outer electrons in PCl;, but also trivalent. 
in PCl, corresponding to the three more loosely-bound 
(Mirt Mir) electrons. (Similarly, the analogous Sb.) S 
forms SFe, SCl, and SCH. (There are analogous Se and 
Te compounds.) Si and the analogues C, Ge, Sn, Pb all 
form tetrachlorides, and Sn and Pb dichlorides. I forms 
IC], and IF;, and also compounds in which it acts as 
heptavalent. 
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The development of underlying groups occurring from 
Sc-Ni, Y-Pd, and Lu-Pt involves the addition of 4 and 
6 electrons in IV and V sub-groups. (See Table IIJ.) 
The problem of coordination compounds and “ residual 
affinity’ is undoubtedly linked up with these underlying 
groups, and in this connexion the prevalence of 6 as the 
number of groups surrounding the central atom in the ion 
of many complex compounds seems very significant as 
indicating 6 as the number of electrons to be associated 
with the outermost of the underlying sub-groups (V) when 
completed. As examples may be given the cyanides such 
as H,[Fe(CN),], H,[Ru(CN),.], H,[Os(CN),], and the 
ammines such as [Uo(NH3),]Cl;, [Pt(NH;),]Cl. The 
number 6 also occurs in the Bohr scheme in a somewhat 
similar manner, and the chemical evidence has already been ` 
discussed in this connexion ** 

It seems undesirable here to enter more fully into 
chemical considerations, though they raise many important 
questions. The evidence is favourable, and the scheme 
seems to possess some new inherent possibilities for co- 
ordinating chemical facts. 

A final remark may be made on the question of atomic 
symmetry as exemplified in carbon. According to Bohr, 
carbon has 4 (2, 1) electrons, whose orbits are taken to 
be tetrahedrally arranged. On the present view there are 
2 (2,1) and 2 (2, 2) electrons. The tetrahedral symmetry, 
therefore, is probably not to be attributed to the four outer 
electrons the atom possesses, but to the four “vacant places” 
which would have to be filled up for it to attain a complete 
configuration. Somewhat similar considerations may apply 
to the six-fold symmetry characteristic of coordination 
compounds of the type referred to above. 


(e) Optical Spectra. 


The relation between optical spectra and distribution of 
outer electrons has been (and is being) very fully considered 
by Bohr himself and others. Here it is only necessary to 
note the relevant fact that the doublet spectrum of ionized 
carbon (CIT) t can at once be explained if C, has 2 (2, 1) 
electrons and 1(2, 2); whereas it cannot be fitted easily 
into a 4{2, 1) scheme for neutral carbon. The spectra of 
si.icon in various staves of ionization fit in with the scheme 
proposed, as also the recently analysed oxygen spectrum ż. 

* Sidgwick, Journ. Chem. Soc. exxiii. p. 725 (1923). 
t Fowler, Proc. Rov. Soc. ev. p. 299 (1924). 
7 Hopteld, Phys. Rev. xxi. p. 710 (1923). 
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The correlation of the types of spectra with electronic 
structure, however, presents many unsolved problems for 
the future. 

This section may be briefly summarized. The X-ray 
emission-line intensities seem to provide conclusive evidence 
for the presence of 2 and 4 electrons in Ly and Lyry as 
inner atomic sub-levels over a wide range of atomic 
numbers, a subdivision also indicated for Myr and Mirr 
The absorption measurements contirm this, and suggest a 
distribution of the 2, 2,4, 4,6 type for the 5M and the 
first 5N sub-levels. The chemical evidence is strongly in 
support of the up-building of the I, IL, UI L, M,...P 
sub-levels as suggested by the final 2, 2, 4 distribution, 
and this is confirmed in an important case by the optical 
spectra. The chemical praperties also indicate strongly the 
number 6 as characterizing the M, N, and O V sub-groups, 
and magnetic considerations suggest 10 as the number 
of electrons in the completed Mry and My sub-levels. 

While evidence based on experiment is inadequate to 
provide quantitative proof of the correctness of the whole 
system of electronic distribution proposed, it seems con- 
clusive as to the simpler sub-groupings, and collectively 
does lend strong support to a scheme in itself simple and 
consistent. 

Summary. 


A distribution of electrons in the atom is proposed, 
according to which the number in a sub-group is simply 
related to the inner quantum number characterizing it. 
A formal justification of the connexion is giten. The 
suggested numbers of electrons in the sub-levels of the com- 
pleted K, L, M... groups are (2), (2, 2,4), (2, 2,4, 4, 6)... 
respectively. The scheme is compared with that of Bohr. 
It enables all the essential features involved in Bohr’s 
picture of atom-building to be retained, and so is equally in 
accord with general chemical and spectroscopic evidence ; 
but it differs in the distribution in the completed groups, 
and in indicating a somewhat simpler mode of development. 
Evidence based on considerations of intensities of X-ray 
lines, absorption of X-rays, chemical and magnetic pro- 
perties, and optical spectra is discussed and shown to give 
considerable support to a distribution of the kind put 
forward. 

I would like to thank Mr. R. H. Fowler for helpful 
criticism and discussion. 


Cavendish Laboratory, 
July 1924. 
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LXXIV. A Suggestion as to the Structure of Light. 
By Sir J. J. THomson, O.M.* 


o`! of the most interesting facts in the history of the 
physical sciences is the contradiction between the 
evidence as to the nature of light afforded by its optical 
properties on the one side and its electrical ones on the 
other. There has perhaps never been a case where the 
agreement between the predictions of theory and the results 
of the most searching and accurate experiments has been so 
complete as in the ‘andulatory theory of light—a_ theory 
which supposes that the disturbance which constitutes light 
is represented by a continuons function of the time and 
spatial coordinates and that the energy is distributed con- 
tinuously throughout the beam. On the other hand, when 
we consider the electrical properties of light, everything 
points to great concentration of energy into discrete centres, 
and that “the front of a wave instead of being as it were 
uniformly illuminated is represented by a series of bright 
specks on a dark gronnd.”’ 


Fig. 1. Fig. 2. Tig. 3. Fig. 4. 
uJ 


The electrical properties point justas clearly to something 
resembling the Newtonian corpuscular theory as the optical 
ones do to the undulatory theory. 

I have for a long time used a mental picture, based on the 
idea of tubes of electric for ce, Which | have found useful in 
reconciling the optics with the electricity. 

On this view the mutual potential energy of an electron E 

* Communicated by the Author. 


Phil. May. S. 6. Vol. 48. No. 286. Ort. 1924. 3 D 
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and a positive charge P is located in the tube of force 
stretching between E and P. IE the electron falls from E 
to E' this potential energy is diminished by the energy in 
the portion EE’ of this tube of force; for the energy in 
this portion to get free and travel out as light, the piece EE’ 
of the tube must get into a state where it can travel freely 
with the velocity of light and not be associated with a 
charge of electricity whether positive or negative. | 

We may picture the energy as getting free in the 
following way : during the approach of E to P the tube EP 
may first be thrown into a loop as in fig. 2; the two sides of 
the loop near E’ approach each other as in fig. 3; the 
closed part of the loop gets detached (fig. 4) and goes off as a 
closed ring, which rapidly becomes circular and travels with 
the velocity of light in a direction at right angles toits plane, 
like a circular vortex ring. The energy in the ring, which 
is that due to the full from E to E’, remains constant as long 


D Fig. 6. 


Fig. 8. 


Fig, 8. 
E) 
Fig. 7. 

as the ring is unbroken. The emission of this ring is taken 
to represent the emission of radiation, and the energy of the 
light is concentrated in this ring. 

For this ring to give up its energy a process the reverse 
of that which led to its formation has to be gone through. 
When the ring comes near a tube of force joining an 


electron to a posifive charge, the stages indicated in the 
tigs. 5, 6, 7, and 8 are gone through. When in the reverse 
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process the-ring breaks and its tube of force gets attached to 
the electron in the stage represented in fig. 7, the energy in 
the circuit between P and E introduced by the ring is avail- 
able for pulling the electron further away from P. If this 
energy is large enough to detach the electron from P, a free 
electron is produced and the ring disappears. 

This will also be the case if the energy, though not sufti- 
cient to detach the electron altogether from ‘P, is large 
enough to bring it into another _ position of equilibrium. 
Thus, suppose the electron were one in the second shell of 
electrons counting from the outside, there would be a position 
of equilibrium in the outer layer, und the energy of the ring 
would be spent in moving the electron from the second shell 
to the first, the ring would be destroyed, and there would be 
an absorption of energy. After a time the electron would 
fall from the first shell to the second, and emit the character- 
istic radiation by the processes indicated in figs. 2, 3, and 4. 
If, however, the energy in the ring were not sufficient to move 
the electron into a new position of equilibrium, then, though 
the absorption of the ring would make the electron start 
away from P, the forces acting upon it would soon stop it, 
and the motion would be reversed and the tube retrace its 
steps ; the ring would be re-formed and break away from 
the molecule against which it struck, and in this case there 
would be no absorption. 

Thus we see that the death sta ring means either the 
birth of a high-speed electron or the emission of a unit of 
characteristic radiation. ‘This is in exact accordance with 
the exceedingly interesting and suggestive result obtained by 
Barkla, that when a beam of Röntgen rays is wholly absorbed 
in a gas without the emission of characteristic radiation, the 
number of high-speed electrons produced is independent of 
the kind of gas and its physical condition. : 

The rings are the centres in which the energy of light or 
Röntgen rays is concentrated. Any transference of energy 
from light to matter involves the destruction of these rings ; 
thus the amount of energy transterred from a beam of mono- 
chromatic light or homogeneous Röntgen radiation must be 
an integral multiple of a unit. 

i Fneray of a Ring. 

IË fis the electric polarization in the ring, the energy E is 

given by the equation i 


E=2r x7? x (volume of ring) 
=T X Í? Xw X 277, 
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where w is the cross-section of the ring and 27r its circum- 
ference. As the tube of force came from an electron fw= pe, 
where e is the charge on an electron and p a number not 
greater than unity, p would be equal to unity if all the lines 
of force from the electron were done up into one bundle ; it 
will have a smaller value if there are more bundles than one. 
Substituting this value for fand writing w=7/l’, where òb is 
the radius of the cross-section of the ring, we find 


7? 1 
EE E E 
A b* 2arr 
Thus, if the rings are geometrically similar, their energy will} 
be inversely proportional to their linear dimensions. 


Waves round the Ring. 


At the time the ring is emitted from the atom, and 
indeed for some time before and after, the electric field in 
the atom is changing rapidly. This change will produce 
vibrations in the ring and give rise to electrical waves, so 
that before and after the ejection of the ring, electric waves 
are coming out of the atom ; as these, like the ring, travel 
with the velocity of light, the ring will be the centre of a 
system of electrical waves of the normal type, and predomi- 
nant among these are those which have the same periodicity 
as the vibrations of the ring. ‘The energy in hese waves 
will be small compared with that in the ring, because the 
total loss of energy by the atom is not far from the difference 
hetween the potential energy of the electrons in the positions 
E and F’. 

We pass on now to consider whether this conception of 
the structure of light affords material for explaining inter- 
ference and analogous phenomena. 

We begin by remarking that the direction of motion of a 
free tube of force is at right angles to both the electric and 
magnetic forces, so that the direction of motion of such 
tubes may be altered by external electric and magnetic 
fields. As the ring is such a tube, the direction along which 
it moves can be deflected by applying electric or magnetic 
forces. 

We suppose that when the ring is moving freely at right 
angles to its plane, it is surrounded and has travelling with 
it a distribution of electric force corresponding to a system 
of electrical waves of the ordinary type, diverging from the 
atom or molecule from which the ring was emitted. The 
distribution of electric force is periodic, and the period is 
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a period of vibration of the core abont its circular con- 
figuration. If the waves surrounding the ring fall on a 
narrow slit in a metal plate parallel to the plane of the ring, 
the electric and magnetic forces in the parts of the wave in 
the slit are much greater than they were before the wave 
reached the slit. The directions of these forces change as 
well as their intensities, so that the Poynting vector, 7. e. the 
direction of the flow of energy, will change in direction from 
place to place in the neighbourhood of thie slit. Thus the 
flow of energy gets diverted when the wave passes through 
the slit; itis no longer always in one direction, but spreads 
out fanwise after leaving theslit. The result of this spreading 
ix shown by the ordinary theory of diffraction to lead to such 
a distribution of energy in the electrical- waves alter they 
have passed through ‘the slit, that the density of energy 
travelling ina direction making an angle @ with the normal 
is proportional to sin? mO/(mO)?, where m is a constant 
Epon foe on the wave-length of the light and the width of 
the slit. The energy-path for a particular piece of energy 
will depend upon the part of the slit through which that 
energy passes. 

As thering isa tube of force, its path will be affected by 
the changes produced by the slit in the electric and magnetic 
force in the waves enveloping the ring. Since the ring is 
closed, it will give rise to but very small external mag- 
netic and electric force ; thus at places on a surface sur- 
rounding the ring and but a little way from it the electric 
aud magnetic forces, and therefore the Poynting vector, will 
not be affected by the presence of the ring. We shall 
suppose that the path of the energy of the ring is the same 
as the path of the energy in the wave in its immediate 
neighbourhood. The angle through which the path of the 
energy is deflected will depend upon the part of the slit 
through which the ring passes. As the dimensions of the 
ring will in general be x verv small compared with the width 
of the slit, the ring is as likely to pass through one part of 
the slit as another ; ; hence when a very larve number of 
these rings pass through the slit, the flow of energy will be 
uniform throughout the slit, and the energy sent in any 
direction @ will be proportional to that sent in the same 
direction by a plane continuous electric wave travelling 
horizontally towards the slit—i. e., it will be proportional to 
sin? mO/(m8)?, Thus on these assumptions the diffraction 
patterns will be the same when the energy of the light is 
concentrated in a ring as when it is, as in the ordinary 
theory, spread throughout the whole of the wave. We can 
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apply the same considerations to explain the other inter- 
ference effects, such as Fresnel’s mirrors and the scattering 
of light and Röntgen rays by the molecules of a gas. 

To sum up, light on this view is made up of units, each of 
which contains a core in which the energy is concentrated ; 
this core is surrounded by a system of electric waves which, 
though they have but little energy, give rise in cases where 
diffraction or interference occurs to electric and magnetic 
forces which deflect the paths of the cores without altering 
their energy. The core is supposed to vibrate in a definite 
period, and this period coincides with that of the electrical 
waves which surround it. 


Planck’s Law. 


There ought on this law to be a very simple relation 
between the energy of the ring and the frequency of the 
light of which it is the unit. If E is the energy and v the 
frequency, 


E = hv 


where i is Planck’s constant 6°55 x 107%. 

Thus the frequency of the light is directly, and the wave- 
length inversely, proportional to the energy. This kind of 
relation might be expected on the view we are discussing, for 
we have seen that the energy of the ring is equal to 


Sar? 2" ga (1) 

/ b Inr e ° . ° ° ° 

If the rings are geometrically similar, r/b will be the same 
for all rings. The frequency of the waves is the same us 
that of the ring ; in geometrically similar rings we should 
expect the wave-length of the vibration to be proportional to 
the linear dimension. Hence from (1) we should expect the 
energy to be inversely proportional to the wave-length : this 
is Planck’s law. To estimate whether the value of the 
constant would be anything like Planck’s value: let us 
suppose that the time of vibration of the ring is the time 
taken by light to travel round the circumference of the core; 
then v=e/2arr, where cis the velocity of light. Hence from (1) 


sorat y 
E =327")e" ho 
je’ 
e = 4:8 x 40-19, 
3x 1O!, 


cr) 
I 


=a 
eee ee 
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So that if pr/b=r, the numerical value of the constant 
connecting E and v would agree well with Planck’s value. 


Absorption of Light. 


Absorption of light on this view involves the rupture of 
the rings forming “the cores; the endless ring has to be 
broken, “and, as its end cannot be free, they must join on to 
another tube of force connecting electrons and positive 
charges, the energy in the ring being communicated to the 
carriers of those charges. We have seen that for the ring to 
be permanently destroyed, the energy in the ring must be 
sufficient to produce some quasi-permanent change in the 
molecule, such as the ejection of an electron, or the move- 
ment of an electron from one position of equilibrium to 
another ; if no such change is possible, the substance cannot 
take any energy from the light, and so will be quite tran>- 
parent, Apart from selective absorption and resonance, 
which requires special treatment, the transparency of many 
substances to lightin the visible or infra-red spectrum is very 
high ; thus, for. example, the light that reaches us from the 
sun and stars has passed through matter equivalent in mass to 
a layer of mercury 30 inchesthick. On the other hand, ultra- 
violet light of very small wave-length, as in Schumann rays, 
may be absorbed bya layer of gasa few millimetres thick at a 
low pressure, and this effect seems too general to be altogether 
selective. The energy ineach unit of light of this character, 
say of wave-length 1000 A, is that corresponding to about 12 
volts, which is of the order of the ionizing potential of 
gases ; thus units of light of this kind have enough energy 
to produce a very definite chemical change in the “molecule, 
and so would be liable to be absorbed. 

Several factors have’ to be taken into consideration with 
regard to absorption. First the energy in the unit. An 
increase in this may enable the unit to effect certain changes, 
such as the expulsion of an electron or the removal of an 
electron from one layer to another, and thus increase the 
absorption. XWhen the energy in the unit is sufficient to 
produce all possible permanent or quasi-permanent changes 
in the disposition of the electron, any further increase in the 
energy is not likely to lead to an increase in the absorption. X 
When the unit Nas enough energy to be absorbed, the 
amount of absorption will depend upon the number of 
electrons hit by the ring as it passes through the absorbing 
substance ; this number will depend upon the size of the 
ring. XNow, as we have seen, the radius of the ring i- 
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inversely proportional to the energy, so that with an increase 
in energy the radius of the ring diminishes. Thus the effect 
of an increase in energy will be twofold ; it may increase 
the probability of a unit being absorbed if it makes a 
coilision, but it diminishes the probability of the collision. 
When the energy in the ring is far greater than that corre- 
sponding to the ionizing potential of the gas, the second 
effect will be the more important, and the absorption will 
diminish as the size of the ring diminishes— i.e., as the 
energy increases. On the other hand, when the energy in 
the ring sinks below that required for ionization complete or 
partial, the absorption will vanish; hence at this stage 
there should be an enormous increase in absorption as the 
energy increases through a critical value—the absorption will 
reach a maximum and then diminish whether the energy 
increases or diminishes. X 

Knowing the dimensions of the ring, the distance it must 
travel before meeting with an electron can be calculated 
without difficulty. We must remember, however, that a 
ring may meet an electron without suffering disruption, for 
it is only when the tube of force attached to the electron has 
the proper orientation with respect to the core that the pro- 
cess indicated in figs. 5,6, 7,and 8 can take place, so that it is 
only a small fraction of the number of collisions between the 
rings and electrons which lead to disruption and therefore to 
absorption. 

From these principles we can calculate the coefticient of 
absorption of light ; for if 1/A is the value of this coefficient, 
A is the average distance travelled by a light-core before 
it is destroyed and its energy spent in increasing either 
the kinetic or potential energy of an electron. If A is the 
area of the cross-section of the light-core made by a plane 
through its centre and at right angles to the direction in 
which the ring is moving, and n the number per unit volume 
of electrons of the type of those which are to be detached or 
permanently displaced by the ring, the number of such 
electrons struck by the ring when it passes over a distance z 
is equal to A«n. In order that the electron should be 
detached, it is not sufficient for it to be struck by the ring; 
it must be struck when the tube of force attached to the elec- 
tron is directed so that the processes shown in figs. 5, 6, 7, and 
8 can occur. This tube must point in a particular direction, 
or rather it must be included in a cone of small angle. If a 
is the semi-vertical angle of this cone, then if the orientation 
of the tube is not affected by the ring, the chance that the 
Thus, if 


tube should point in the proper direction is sin? 
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the ring were to move through a distance «æ, the number of 
times it would have met with an electron which would have 


; i „oa : 
broken it up is zAn sin’ 55 hence A, the average distance a 
ring travels before being destroved, is given by the equation 


and the chance of the ring travelling a distance œ without 
being absorbed is e~7/, The minimum value of à is 1/Az 
and the maximum value of the coefficient of absorption An. . 
For the absorption to be as great as this, every electron when 
struck by the ring must have its tube of force pointing in 
the right direction : for this. to be the case the direction of 
these tubes of force must be determined by the light wave 
itself, 
Resonance. 


The effect of resonance on this theory is due to the effect 
of the light on the orientation of the tubes of force attached 
to the electrons. Suppose that the period of the light is the 
same as that of the electron which is to absorb the energy of 
the ring; then the waves preceding the ring having the same 
period as this electron will have a great effect upon it and 
will make the tube of force attached to it tend to point ina 
definite direction. Thus, when the ring strikes the electron, 
the tube of force attached to the electron, instead of being as 
hkely to point in one direction as in any other, will be con- 
centrated along a definite direction, so that the probability 
of the rupture of the ring will not be the same as when 
there is no resonance. If the directions of the electron 
tubes were all brought by the resonance effect into the 
position for the rupture of the ring, the free path of the 
a 


9 ? 


ring would be 1/An instead of 1l1/Ansin?  , and the co- 


efficient of absorption would be An; hence a slower limit to 
An would be the coefficient of absorption of the light. The 
only value for such a coefficient I have been able to find is 
one given by Professor R. W. Wood (Phil. Mag. xxiii. 
p- 696, 1912), who found that the intensity of the mercury 
Jine 2536 was reduced to half its value by passing through 
5 mm. of mercury vapour at a pressure of ‘V01 mm. 
Hence, if a is the coethcient of absorption, 


a= 2log,2 = 1-4. 
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The number of atoms of mercury in 1 c.c. at a pressure of 
"001 mm. at 0°C i8 3-6 x 10". 

The electrons concerned with light of this wave-length are 
those of the outer layer. We shall suppose that there are two 
such electrons per atom ; hence n=7 x 10". The lower limit 
of A is given by the equation 


An=a or 
7x 108A = 1-4; 
hence the lower limit of Ais 2x 107". Thisis consideral:ly 
greater than the area of a circle whose radius is that of the 
_ atom ; as the ring is an anchor-ring with a hole in the middle, 
the radius of the ring forming the core of light of this wave- 
length must be much larger than 1078. So that the rings 
for light of this quality must be large compared with atoms. 

The mass of a ring is equal to hfe, where A is Planck's 
constant 6°55 x 107 an c the velocity of light 3x10", and 
A the wave-length. Even when the wave-length is as small 
as the radius of an atom, this mass is very small compared 
with that of an electron 8:8 x 10-7”; so that in a collision 
between an electron and a ring there would be very little 
transference of energy, though the effect on the direction of 
motion of the ring might be considerable. 

On the view we have taken, the production of a ring is due 
to a deformation in the tubes of electric force produced by a 
rapid diminution in the potential energy. It is possible to 
imagine electric waves without a ring ; thus, if an electron 
is moved with uniform velocity round the circumference of 
a circle with a positive charge at its centre, electric waves 
whose frequency is that of the moving electron will he 
generated, but will not necessarily be accompanied bya ring. 


LXXV. On the Relation between Metal Contact Potentials and 
the Peltier Effect. By J. A. V. Burner, M.Se., Uni- 


versity College of Swansea * 


4 f SHE electromotive force in a closed circuit of two metals 
. . . ray 
A and B with junctions at the temperatures T, and Ty. 
may be expressed by either of the following equations :— 


'T. 
e=E1 E+ Gae «4 6 s 1D 


Le 
e= fht í. (Ca— o)dT, Go u ce di (2). 


* Communicated by the Author. 
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where 
e=e.n.f. of the whole circuit. 
E,, E,=contact P.D’s at the junctions at T,, T, respec-- 
tively. 
Qi» J= corresponding reversible heat effects at the junc- 
tions. (Peltier coefficients.) 


Pa, pp = P.Ds in the two metals A and B for unit differ- 
ence of temperature. 


Ga, Ce = corresponding Thomson coefficients, i.e., reversible. 
heat effects in passage of unit quantity of electricity 
through unit difference of temperature. 


The first equation expresses the fact that the e.m.f. round 
the circuit is the sum of the individual P.D.’s ; the second is 
an expression of the first iaw of thermodynamics as applied 
to the thermoelectric circuit which demands that the heat 
absorbed in the Peltier and Thomson effects shall be equal to 
the Joulian heat evolution in the whole circuit, e per unit 
quantity of electricity. The similarity between (1) and (2) 
has led to their frequent identification term by term, and the 
confusion which has resulted has persisted in text-books 
and original papers to the present time. 

Apart from this confusion of thought the numerical corre- 
spondence of E and g has been very strenuously maintained. 
Sir Oliver Lodge, at one time the champion of this view *, 
vigorously maintained that “ The total contact force at any 
junetion can be experimentally determined by measuring 
the reversible energy developed or absorbed there per unit 
quantity of electricity conveyed across the junction.” 

Now the reversible heat evolution at a junction is equiva- 
lent to a few millivolts at the most. Those who took the 
view that this was the whole electromotive force at the 
junction were bound to ascribe the much greater Volta 
potential to other effects, e.g., to ‘chemical action ? in the 
system Avair/B t. 

In more recent times overwhelming evidence has accumu- 
lated which makes it impossible to doubt the existence of a 
real contact difference of potential between two metals of a 
much greater order of magnitude than the Peltier effect. 
It is demanded by the theory of electron emission from 
metals f ; it has been experimentally demonstrated in a 


* Phil. Mag. [55 vol. xix. (185;; B. A. Reporta, Montreal, 1884. 

t Lodge, /oc. cit.; also Phil. Mag. vol. xlix. p. 351 (1900), Proc. Phys. 
Soe. Lond. vol. xvii. p. 369 (1900). 

t CF. Richardson, * Emission of Electrons from Hot Bodies.’ - 
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particularly conclusive and elegant manner by Millikan and 
his co-workers *. 

What, then, is the relation between the Peltier heat effect 
and a junction and the real contact P.D.? 

We shall endeavour to give a fairly compbete answer to 
this question by developing the statistical theory of metal 
boundary potentials, the results of which will be shown to 
be entirely in accordance with the requirements of the laws 
of thermodynamics. 

It can be shown f, by means of a thermodynamical argu- 
ment (and indeed is obvious if the matter is viewed rightly), 
that if w, and w, are the latent heats of evaporation of 
electrons from the two metals and therefore w,—zvc, is the 


total energy change in the transfer of an electron from A to 
B, that 


a eC) 

Now rewriting (1) and (2) in the differential forms 
de=dK+(pa—p)adT, . . . . . (4) 
de=dqg+(eu—a,)dT, . . . . . (5) 


and applying the second law of thermodynamics to the rever- 
sible heat effects by means of the equation 


d(q/T )= = = — a dT, 


we obtain the well-known Kelvin equation 
=T ©. (5A) 
and introducing this value of g into (3), we find 
D { 
Wer We _ m de 
E— F =T op ; E < (6) 


an equation which resembles the well-known Gibbs-Helmoltz 
equation for the whole of a galvanic cell, 


U de 
=. =T S 
nk dil 
but differs in that in (6) e refers to the whole circuit whereas 
E reters only to one junction. 
The relation between contact potentials and the Peltier 
* Phys. Rev. vol. vil. p. 18 (1916) ; vol. xviii. p. 286 (1921). 
t Richardson, ‘ Electron Theory of Matter,’ 1916, p. 455. 
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effect has also been investigated by Lord Kelvin *, who made 
use of a very ingenious thermodynamical engine and obtained 
the equation 


dV 
-. =Q/ 
di Q/t, 


where V = Volta P.D. at junction. 
Q=sum of Peltier effect at junction and “ quasi-Peltier 
effects ” if any at air or ether metal surfaces. 
The matter cannot be pushed any further on these lines- 
because it is not possible to treat thermodynamically the 
behaviour of a single junction, i.e., without introducing a 
return path. In order to elucidate it further it is necessary 
to turn to statistical considerations. 


Statistical Theory of Metal Boundary Potentials. 


Case (a).—Consider a single metal in a closed space con- 
tainine an electron atmosphere of concentration electrons 
per unit volume, all at the temperature T. The rate at which 
unit area of the metal loses electrons at this temperature. 
when uncharged is given by the ordinary thermionic ex- 
pression. The rate at which electrons are deposited from 
the atmosphere is ny/ T'2mm. If the rate of loss is greater 
than the gain, the metal will acquire a positive charge which 
will accumulate until a state of balance is reached. Let the- 
surface P.D. corresponding to the work done against this 
charge by an electron in escaping be E. The work which 
an electron must do before escaping from the metal is now 
W,—EF and the condition of equilibrium is 


m wit RF TES 
ki Te at =n T 2r, a (5) 
(assuming that the electron concentration is not markedly 
affected in attaining equilibrium) ; 


w kT RT r 
S. E=- 7 jr egen pr lowe K. e. œ (8). 


The potential difference at the surface of a metal therefore 
depends on the concentration of the electron atmosphere and. 
varies logarithmically with it. 

Cuse (b).— Now consider the case of two metals in the 
electron atmosphere together but not incontact. Equilibrium. 
at the surface of each will be conditioned as in Case (a) and. 
equilibrium will be represented by the equations 

n +E, F 


kia/ Te- -R ==na/ Ti 2am, 
TE 7 EE TUE T 
kaa / Te RT =n/ Lj2rm, 
* Collected Works, vol. v. Pp. 29; Phil. Mag. vol. xlvi. p- 82 (1895) 
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-whence we—w, RT Kis. 2 &. 229 
E,-E,= a l + F loge z; ( ) 


That is, although the surface P.D. of both metals is dependent 
-on the electron atmosphere concentration, the difference for 


any two metals is characteristic of them, therefore their 
intrinsic P.D. 


Case (c).— We can now consider the case of two metals in 
-contact. It can be said at once that the conditions at the 
surfaces not in contact are unaltered, that when equilibrium 
is attained electrons arrive at and escape from every portion 
of the metals at equal rates. Otherwise a continuous flow 
-of electricity across the junction would be necessary to 
redress the balance, and a heat absorption or evolution at the 
junction by the Peltier effect would occur which would 
violate the second law of thermodynamics. There must 
therefore be a P.D. at the metal junction equal to the 
intrinsic P.D. of the metals, and at equilibrium equal num- 
bers of electrons must pass the junction between the metals 
in both directions in the same time. 

Before an electron can escape from either metal into the 
-other, it will have to perform a certain amount of work. 
This may not be identical with the thermionic work function 
w, or we; the forces of attraction exerted on an electron by 
the metals on either side of the junction may overlap to 
some extent, but the work done against these forces in thie 
transfer of an electron from the interior of the first to the 
interior of the second metal must always be w,— w. Let the 
amounts of work against these attractive forces to be done 
in escaping across the boundary from the metal on either 
hand be 2,' and w’. The rates of escape before any electric 
forces are set up will be kye~™/®? and kye~*:' RT, If these 
are unequal an accumulation of electrons on one side of the 
boundary will occur until the electric forces so set up effect 
a balance. Let the amounts of work to be done before 
passage across the boundary from either side be now w +e, E 
and wy ’—e,F where wy’ —we'’=w,—w, and e,+e.=E, the 
total P.D. between the metals. Then the condition of equi- 
librium is | 


qn etek mr we eF r 5 
kia / Te- RT Ska Ter kro. . . <10) 


Let wy — w k E 
na =U, and t=K. 


F ky 
‘Then B=—U,+RT/Flog K. 2. 1 . . dI) 


Hence by comparison with (9) E=E,—E,. 
Now the heat absorbed in passing the junction is equal to 
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the total energy change U plus the work done in going up 
the potential difference E*. Our expression for the Peltier 
coefficient g is therefore i 


q=E+U= "5 loge K + &—&. . (12) 


Differentiating (11) and (12) we obtain 


dE R oK’ 
irr" esS=i 
ly dE, 

ar = at +a 


since by Kirchhoff’s equation the temperature coefficient of 
the total energy change at the junction must be equal to the 
difference between the specific heats of electrons in the two 


metals, i. e., F =0;— 0]. 
From (5) therefore 
de dE 
dl = dl = qT, e ° e e e (13) 


and to the first approximation, 


d'e _ pa—pit : (14) 
qT? fos totes 
Now whereas the conception of the origin of the Peltier 
effect and the general form of its relation with the corre- 
sponding contact P.D.’s which has been developed is entirely 
in accordance and is a logical development of the whole body 
of the thermionic theory, quantitatively it depends on the 
validity of the fundamental thermionic equation. In par- 
ticular the use of the equipartition value RT in the denomi- 
nator of the exponent is open to criticism, and it is assumed 
without justification that & is independent, of the temperature. 
It is quite possible, for example, that k is a function of the 
specific heat of electrons in the metal, in which case some 
modification of the thermoelectric equations would be required. 
Under these limitations an interesting conclusion can be 
drawn from (13), which implies that the difference in the 
contact P.D.’s in thermoelectric circuit accounts for the 
whole of the e.m.f., że., that the Thomson effect in the 
closed circuit does not contribute to the e.m.f. 
This conclusion, which at first sight appears somewhat 
* U=U,4+8&,-—& where £. and £, are the thermal energies of electrons 
in the two metals. go=At+U,. 


t This equation has recently been directly verified by Latimer. Journ. 
Amer. Chem. Soc. vol. xliv. p. 2156 (1922), 


752 Metal Contact Potentials and the Peltier Eject. 


improbable, is made more understandable by the following 
considerations. In the passage of electrons round a closed 
circuit of two metals with junctions at different temperatures, 
the heat effect \(pa—pp)aT in the homogeneous conductors 
due to the heat capacity of electrons is balanced by differences 
in their thermal energy changes in crossing the two junctions. 
This is evident from the diagram. ‘The resultant heat ettect 


TAT 
(Ye HR-R)aT) 


A 


far 


T (4) 


is simply dE=Rlog, K .dt. Hence (13) in no way violates 
the conservation of energy. 

It by no means follows that there is no difference of 
potential along a homogeneous conductor in which there 
exists a temperature gradient, only that the P.D. must be 
the same in all conductors for the same temperature difference. 

It must be observed that the equation de/dT=q,/T is 
similar but not identical with the thermodynamical equa- 
tion (5A). The difference may be due to the uncertainties 
in the thermionic equations referred to, but it must also be 
remembered that in the thermoelectric circuit the reversible 
effects are necessarily accompanied by certain irreversible 
phenomena, and as Richardson has recently pointed out *, 
“the assumption that the laws of thermodynamics as they 
apply to reversible cycles can be applied to reversible effects 
superposed on such a system is one which has never been 
nroved to be necessarily valid.” 


Summary. 


The statistical theory of metal boundary potentials is 
developed and an equation giving the relation between the 
thermionie work functions of metals and the corresponding 
contact P.D.’s is obtained. The Peltier heat effect at the 
junction of two metals is accounted for and the various 
equations of the thermoelectric effect in a circuit of two 
metals with junctions at different temperatures are completely 
co-ordinated. On certain assumptions these equations lead 
to the conclusion that the Thomson P.D. is the same for the 
sume difference of temperature in all conductors. 


* Proc. Roy. Soc. A’, vol. ev. p. 387 (1924). 
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LXXVI. Onthe Impact ofa Solid Sphere witha Fluid Surface 
and the Influence of Surface Tension, Surface Layers, 
and Viscosity on the Phenomenon. By G. Eric BELL, 
B.Sc., Physics Research Laboratory, University College, 
Nottingham *. 


[Plate XV.] 


i d phenomena attending impact with fluid surfaces 
were first studied by Worthington f, who traced by 
means of instantaneous photography the course of events 
after the impact. He showed that splashes fall into two 
fairly clearly defined classes, one in which no air is drawn 
into the liquid, which he calls a “smooth” or “airless” 
splash, and the other in which a large air-cavity is produced, 
which he calls a “rough” or “ basket ” splash. If the falling 
body be a sphere, quite clean and free from grease, the splash 
is smooth for low impact-velocities but becomes rough if the 
velocity is increased, the transition from one to the other 
being quite sudden. Traces of grease and dust make this 
‘critical velocity ” much less, and it is also less if an oil is 
used instead of water. Worthington attempts an explanation 
of the effect of dust, and also of the different effect in the 
case of oil, and shows that any factor which renders the 
surface shearable produces a rough splash. 


* Communicated by Prof. E. H. Barton, F.R.S. 

+ Worthington, Phil. Trans. Roy. Soc., A 193. (1897) and A 295, 
(1900). 

Phil. Mag. Ser. 6. Vol. 48. No. 287. Nov. 1924. 3 E 


754 Mr. G. E. Bell on the Impact of a 


Mallock * develops a simple mathematical theory of the 
shape of the cavity produced, confining his attention to the 
case of the impact of a solid sphere with a fluid surface. 
This theory gives the general shape of the cavity, but dces 
not agree exactly with experiment, and there appear to be 
contributing factors of which he docs not take account. 

The object of the present research is to examine the 
phenomena in more detail, with special reference to the 
effect of surface-layers on the impinging ball, and the surface 
tension and viscosity of the liquid, and to try to extend 
Mallock’s theory. 


Expert mental Procedure. 


The general method of experiment is similar to that of 
Worthington and Mallock, but differs slightly from cither. 
The apparatus is shown diagrammatically in fig. 1. The 
Leyden-jar battery L has its inner coating connected to one 
pole of a Wimshurst machine, its outer coating, together 
with the other pole of the machine, being earthed. ‘The 
inner coating is then connected to two spark-gaps A and B 
in series, and finally to earth. The Wimshurst machine is 
run at a steady rate by means of a small electric motor, and 
serves to charge up the jars. M and M’ are two small 
electromagnets connected through a key K to a battery of 
cells. On depressing the key K, the electromagnets release 
respectively a large ball which falls between the electrodes 
of the first spark-gap A, and a small ball which falls into the 
liquid in the tank T. 

When the large ball falls through the spark-gap A the 
resistance of the whole circuit is reduced and the potential- 
difference established serves to cause a spark to leap across 
the second gap B. By suitably arranging the height through 
which the large ball falls, the splash caused by the other one 
may be photographed at any time. 

The balls employed are Hoffmann steel balls, of diameters 
1 inch and 5/16 inch. The secondary spark-gap B has 
magnesium electrodes, and produces a very brilliant, highly 
actinic spark, casting a shadow of the splash which is 
recorded on the photographie plate P. 

As steel balls are used, it is possible to suspend them from 
the poles of the magnets directly, thus simplifying the 
arrangements and also avoiding any constraints such as 
would cause the balls to rotate. 


* Mallock, Proc. Roy. Soc, xev. (1918). 
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Imperial “ Special Rapid” plates (H & D 250) were used, 
developed with Tabloid “ Rytol” or a special developer 
- recommended by the makers of the plates. 

The timing caused a certain amount of trouble at first, but 
by reducing the strength of the magnets by means of the 
rheostats R and R’ so that they only just supported the balls, 


Fig. 1. 


Diagram of Apparatus. 


and keeping the electrodes, especially those of the large 
gap A, clean and polished, this difficulty was overcome and 
photographs taken under similar conditions “reproduced ” 
with accuracy. | | 

By this means a large number of photographs have been 
obtained, showing the effect of coating the ball with surface- 
layers of different substances, of using different liquids, and 
of changing the viscosity of the liquid. 

3B 2 
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Mallock's Theory and Comparison with 
Experimental Results. 


Consider a sphere of density p falling normally with 
velocity v into a fluid of unitdensity. As long as the cavity 
remuins open to the surface the sphere is influenced by 
(1) a hydrodynamic resistance, Av’, proportional to the 
square of the velocity, (2) a hydrostatic pressure proportional 
to the depth, Bz, and (3) an acceleration C, upwards or 
downwards according as to whether p is greater than or less 
than unity. 

If we take the axis of x vertical, the equation to motion 
for this small time is 


t=—Av’—Brt(.. 2... (1) 


The constants may be eliminated. So long as the cavity 
remains open, the shot is in the same condition as if mounted 
at the end of a weightless tube of its own diameter. It is, 
therefore, subject to a retardation g(x'jh), where h is the 
depth at which the tube, as weighted by the shot, would 
float, and z’ the distance from a new origin at k, and also a 
retardation g(v,3/v”), where v, is the velocity at 2’ and ry the 
“terminal velocity.” 


We thus have a (5 = 


(2) 
From this equation, Mallock deduces the space-time curve 
step by step. However, we may integrate once and obtain 
the velocity at any time, and also, for special cases, perform 
the complete integration and obtain a very approximate 
relation between depth and time. 
The equation may be written 


dv, x’ n? 
ds ~~ Nh — 7a): 


Integrating, we have 
_%9 , pl lr? 
vps Ce byt a al (2'- = 2 ) 
a 


Inserting the initial conditions, that the sphere is at the 
surface when ¢=0, with a velocity v, i.e., at ¢=0, 2’ =—A, 
and v=v,, we have 


2q 2 2 -2 = 
Ta Z p AHT’) 2 w vo” } _ to a Uo 


For water, and liquids of similar viscosity (of the order 
'01) the “terminal velocity” v is very high (for a steel 


Solid Sphere with a Fluid Surfuce. 757 


sphere 5/16 in. diameter ry is of the order 2000 cm. per sec.) 
and the equation of motion (2) may be simplified to 


See & & awe IO) 


giving on integration 


v'=A sin af! /! 
i B cos j t, 


or 
z=Asinpt—Beospt where p2=yh, 
and 
q l 
=F {A cos pt +B sin pt}. 
Inserting the initial conditions that at ¢=0, «= —h and 


v= V, we have 


2! =v, (sin pt—h eos pt ce we ee oe (9) 


Fig. 2. 


Oo = 


o 
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Space-time Graph for Sphere in Water. 


Thas, for the very limited time for which the assumed 
conditions are valid, the space-time curve is a straight line. 
That this is substantially true is evident from fig. 2, which 
gives the experimentally determined space-time curve for a 
steel sphere dropping into water. 

Unfortunately, the equation to motion (2) cannot be inte- 
grated completely in its general form, and for viscous liquids 
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such as glycerine (vy for pure glycerine at a temperature of 
17°C. is of the order 23 cm./sec. for a steel ball 5/16 in. 
diameter) indirect methods must be used in order to obtain 
the space-time curves. | 

Fig. 3 shows the curves for glycerine, density 1:26 and 
viscosity 10. The velocity space-curve has been deduced 
from equation (3) for an initial velocity of 300 cm. per sec., 
and the space-time curve deduced from it. 


Fig. 3. 
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Space-time Graph for Sphere in Glycerine. 


The curve marked “ experimental” has been deduced from 
the measurement of a large number of photographic records, 
after correction for the refraction of the light on passing 
through the tank. The agreement between the two is us 
good as can be expected. The ball appears to fall more 
slowly than demanded by the theory, probably because the 
impact introduces conditiens near the surface which have 
not heen considered. 
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Shape of the Cavity. 


Mallock also deduces an expression for the shape of the 
cavity at any time. He assumes that, after the impact, two 
forces are operative on the liquid, one giving it an outward 
flow, whose radial component is somo function of the velocity 
vy and the other a hydrostatic pressure, giving the surface a 
velocity inwards. 

If n and £ are the coordinates of a point on the surface of 
the cavity at any time ¢,, ņ being the distance of the point 
from the surface of a cylinder traced by the circumference of 
the shot and & its depth, we have 


í 


v T' 
n=| f(t) —V 2ukldt, 6... (6) 
‘g 
the integration limits being the time at which the shot passed 
the point, and the time under consideration. 
Mallock remarks that many forms of f(v;) may be found 
which fit the curve fairly well, but as none havea theoretical 


basis he takes f(v,) as some constant of vy, say Ôv, obtaining 
the result 


n=(te—4)(Oe— VÈ) . wwe 


Fig. 4 shows the curves deduced from this equation, giving 
the theoretical shape of the cavity at the time given, ¢=0 
being the time at which the ball is just below the surface. 

These figures may be compared with those of Pl. AV, 
which gives reproductions of the actual photographs, allow- 
ance being made for the magnification and distortion due to 
the refraction of light passing through the tank. 


Influence of Surface Tension 


Equation (7) shows that the shape of the cavity does 
depend to some extent on the nature of the liquid, in par- 
ticular on its viscosity, since the time of the descent (t; & tẹ) 
and also @v the velocity of radial outflow depend on the 
viscosity, but no account is taken of the influence of surface- 
tension. 

A detailed comparison of photographs of splashes taken 
under different conditions seems to show that surface-tension 
dves play a rather important part. The cavity formed when 
the ball is dropped into turpentine, although of the same 
general shape as when dropped into water, is slightly wider. 
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The viscosities of the two liquids are nearly the same, but the 
surface-tension of turpentine is only 27°3 dynes per cm. 
against the 72:4 dynes per cm. of water. The same thing is 
apparent in the case of the ball falling into paraffin oil, 
although the photographic record is too weak to reproduce. 


Fig. 4. 


t= 025 secs 


ts O4isecs 


t: O36 secs 
Shape of Cavity deduced from Muailock’s Theory. 


The shape of the air-cavity at the times given deduced from Mallock’s 
theory for a steel ball ,4 inch diameter falling into water with a 
velocity under the surface of 300 cm. per sec. 


It will further be seen that the cavity is wider when the 
ball is coated witha thin oil-layer. The mouth of the cavity 
formed when ‘he ball is coated with paraffin oil and turpen- 
tine is much wider than when coated with (solid) paraffiin-wax. 
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This is probably due to the fact that in the first case the 
cavity is lined with a thin layer of a substance of lower 
surface-tension. Worthington (loc. cit.) noted that when a 
liquid drop is allowed to fall into a liquid, the cavity is lined 
with the liquid of the drop itself, thus providing an a priori 
justification for this explanation. 

It thus appears that, in addition to the two forces of which 
Mallock takes account, there is a third one due to surface- 
tension. This causes a pressure over the walls of the cavity 


of magnitude aT( r+), where r and: R are the radii of 


curvature, the direction of the pressure being such as to tend 
to cause the cavity to collapse. Thus, paraffin oil and turpen- 
tine having low surface-tensions, this force tending to close 
the cavity will be less, and the cavity at any time wider, than 
in the case of a liquid of higher surface-tension. 


Influence of Surface Layers. 


It will be seen from the photographs that surface-layers 
on the ball have a very pronounced effect on the surface- 
disturbance, in addition to thcir effect on the shape of the 
cavity. 

Referring to Pl. XV., figs. 1 (a, b, & ¢) are shadowgraphs 
of the splash occurring when the ball is wet with parattin oil, 
und falls into water. In figs. 2 (a, b, & c) the ball has been 
coated with a thin layer of paraffin-wax, in figs. 3 (a, b, & c) 
it has been wet with water, and in figs. 4 (u, b, & c) with 
turpentine. 

Figs. 5 (a, b, & c), 6 (a, b, & c) and 7 (a, b, & c) show the 
result of the impact of a sphere wet with turpentine, paraffin 
oil, and water respectively falling into turpentine. 

In the cases shown in figs. 8 (a, b, & c) a layer of paraffin 
vil 1:4 em. thick has been Hoated on the surface of the water, 
and the ball wet with paraffin oil. 

In all these cases the velocity of the ball just below the 
surface was 300 cm. per sec., and the resulting splash 
“rough” in each case. With this velocity a perfectly 
smooth, clean, and well-polished ball invariably gave a smooth 
splash. 

P When the ball is wet with water and falls into either water 
or turpentine, the cavity closes over very quickly, as is shown 
in figs. 3 & 7. The figures in this case do not reproduce so 
accurately as in the other cases, owing to the fact that it is 
extremely difficult to get a film of water to adhere evenly. 

The general shape of the cavity does not vary much, except 
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for such slight differences as are accounted for by varying 
surface-tensions. . 

When the ball is wet with paraffin oil and falls into 
turpentine, the result is very curious, the cavity collapsing 
very quickly at the top, ïn much the same way as when 
the ball is wet with water and falls into either water or 
turpentine. 

Finally, in one series of experiments a layer of paraffin oil 
l-tcm. thick was floated on the surface of the water and the 
ball wet with paraffin oil. The object of this was to observe 
the effect at the interface of two liquids. As will be 
seen from the photographs, the ball appears to penetrate 
into the second liquid without dragging the first liquid 
after it. > 

The difference in the surface disturbance under varying 
conditions is more noticeable. 

The ball wet with paraffin oil gives very similar surface 
effects to the ball coated with paraffin wax, both being quite 
different from the ease in which the surface of the ball is 
wet with turpentine. When the ball is wet with turpentine 
and falls into turpentine, the surface-disturbance is very 
similar to that when the ball wet with turpentine falls into 
water, and also to the case of a ball wet with paraffin oil 
falling into paraffin oil. 

A slight, though remarkable difference exists, however, 
between the surface-disturbances shown in figs. 5 & 8 and 
the other cases, for it appears that when the ball is coated 
with the same liquid as that upon which it impinges, the 
upshot rim tends to close in more rapidly at the top. 


Influence of Viscosity. 


Figs. 9-11 show the effect of the impact of a clean and 
well-polished steel ball 5/16 in. diameter with the surface of a 
glycerine-water mixture of different viscosities. 

In the first series, figs. 9 (a, b, & e) the viscosity of the 
glycerine and water mixture was 4°5 and the shape of the 
cavity appears to be very little different from the previous 
examples. The neck tends to form earlier and of course 
the ball falls more slowly. A glycerine and water mixture 
of viscosity 9 gives the effects shown in figs. 10 (a, b, & e). 
Again we have a very similar effect, although the surface 
conditions are quite different trom those produced when 
liquids of low viscosity are used. 

With increasing viscosity, however, the characteristics of 
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the cavity alter fundamentally, and with viscosity 12 we 
obtain the effect shown in figs. 11 (a,b, &e). It will be 
noticed that the cavity is always much narrower, and that 
the liquid appears to cling to the upper surface of the ball. 
The very pronounced neck has almost disappeared, although 
there is still a minimum diameter. Instead of opening out 
quickly below the neck as previously occurred, we see that 
the lower part of the cavity is nearly cylindrical, and that it 
retains this form for a comparatively long time. When finally 
the cavity collapses, it does so froni the bottom, gradually, 
not suddenly collapsing from the neck as is the case for low 
viscosities. 

Mallock’s theory fits the experimental curves fairly well 
up to viscosity 9, but the author has been unable to deduce 
from theory the shape shown in figs. 11. It seems probable 
that the expression for radial outflow Ov is not applicable,—— 
possibly some more complicated function of v could be found 
which would make equation (7) apply. In general terms the 
theory appears valid, for the numerical value of /(v) of 
equation (6) will almost certainly decrease with increase of 
viscosity, thus making 7 smaller, and also making it become 
negative sooner. 


The Strive on the Figures. 


On all the photographs obtained using liquids of very low 
‘viscosity there appear nearly horizontal striw, as is clearly 
seen in the figures of Plate XV. 

Examination of the photographs shows that 


(1) The striæ are always nearly horizontal. 

(2) They never appear in the liquid below the air-cavity. 

(3) They extend on either side of the cavity for some 
distance. 


The origin of these is not at all clear, but it is possible that 
they may be due to some kind of waves—probably com- 
pressional. Such waves would produce places of alternate 
compression and rarefaction, accompanied by corresponding 
changes in refractive index. Regular variations of refractive 
index would have a focussing effect, and thus account for the 
comparatively clear definition and brilliance of the bright 
lines, 

The explanation is only tentative. At first it was thought 
that the stria were due to reflexion from the plate-holder 
and elsewhere ; all parts of the apparatus were then painted 
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dead-black and a new plate-holder constructed having a face 
of the dead-black matt paper in which plates are usually 
wrapped, but this did not eliminate the markings. Further, 
the fact that the depth to which the Striz exten! in the 
liquid is related to the depth of the air-cavity tends to show 
that the markings are due to some disturbance in the liquid 
and not to fortuitous circumstances, 

Other possible explanations have been considered and 
abandoned. It is known that if a large bubble be allowed 
to ascend in tue liquid contained in a fairly wide tube, it 
assumes a more or less cylindrical form with hemispherical 
ends, and that the « walls” of the bubble are covered with 
beautiful smal] ripples. However, since the markings appear 
in the liquid outside the cavity, this explanation of the striae 
observed does not seem to hold. 


x 
Summary. 


In this paper the phenomena attending the impact of a 
solid sphere with a fluid surface are studied, with special 
reference to the effect of (1) the surface-tension of the 
liquid, (2) surface-layers on the ball. and (3) the Viscosity of 
the liquid. It is shown that thre theory given by Mallock 
holds fairly well for liquids of low viscosity, but evidence is 
given that surface-tension should be introduced into the 
theory, Surface-layers affect both the shape of the air-cavity 
and also (in a more Pronounced manner) the surface-dis. 
turbance. The effect on the shape of the cavity Is such as is 
accounted for by varying surface-tension, but no explanation 
can be given for the varying surface-conditions. When 
liquids of high viscosity are used the shape of the cavity 
changes fundamentally, and Mallock’s theory in its simplified 
form does not appear to be applicable. Finally the ı ature 
and origin of certain striae which appear on the photographs 
is discussed, and a tentative explanation given. 


In conclusion the author desires to thank Prof. E. H. 
Barton, D.Sc., F.R.S., for hijs kindly interest, aid, and 
criticism, the Department of Scientific and Industrial 
Research for a grant by the aid of which the research has been 
carried out, and the Imperial Plate Company, Cricklewood, 
tor technical advice on the manipulation of their plates under 
these difficult conditions, 


LXXVII. The Determination of Molecular Diameters Jrom 
Surface-Tension Measurements. By NeRGIUS MOKROUSHIN * 


HE methods for determination of molecular dimensions 

- may be divided into (1) kinetic or dynamic, and 

(2) statistical methods. Values of molecular diameter from 
the kinetic theory of gases depend upon the kinetic energy 
of the molecules (Jäger, Handbuch der Physik, Winkelmann, 
‘Wirme, p. 761, 1906), and especially upon the distances of 
approach one to another at the time of collision. The greater 
the momentum of a molecule the nearer will it approach 
another during the period of collision. For this reason the 
molecular diameters as determined by Lenard from ionization 
measurements are less than those found from measurements 
of viscosities of gases (Timiriaseff, ‘Kinetic Theory of 
Matter,’ p. 161, 1923). Lenard (Ueber Kathodenstrahlen, 
Nobel Vorlesung, 1906) found that when molecules are 
subjected to bombardment by electrons, the diameters so 
calculated continually decrease as the electron velocity is 
increased and become ultimately of the order of 107}? em., 
i.e. one ten-thousandth of the av erage value found from 
viscosity measurements. 

The surface-tension method allows us to determine a value 
of the molecular diameter in a liquid or gas, and makes it 
independent of the determination of mean free ‘path resulting 
from collisions. Naturally this method must be referred to 
statistical methods and to those Involving the use of van der 
Waals’s equation of state (Lewis, ‘A Sy stem of Physical 
Chemistry,’ Kinetic Theory, p. 13), in which 6/7 of the vs mh 

appears to ‘be the volume actually occupied by the molecules 
themselves, and whence, knowing the Avogadro number, we 
may easily determine Mé nvelecular diineler. 

Statistical methods depend upon the determination of 
molecular forces of attraction observable when the distances 
between molecules become less than 1077 em. (Langmuir, 
Lewis, le. p. 762). Consequently we may consider this 

alue as the order of magnitude of the largest radius of the 
sphere of attraction of one molecule for another, or, as 
the diameter of the molecule. 

We may regard the surface of a liqnid asa unimolecular 
laver, since it “has been shown by Lord Rayleigh (t Nature,’ 
xlii. p. 43, 1890) that the thickness of an oil film spread on - 


* Communicated by Prof. F, G. Donnan, F.R.S. 
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water is of the order of 1:6x107‘ cm., and by Devaux 
(Journ. Phys. iii. (4) p. 450, 1904) that films of paraffin 
and metal sulphides give thicknesses of the same order. 
This has been more detinitely shown by Langmuir (Journ. 
Amer. Chem. Soc. xxxix. p. 1848, 1917). Hence we may 
assume that the surface-tension is equal to the force of 
attraction of one molecule for another. On the other hand, 
we know that the latent heat of vaporization has to be used 
in overcoming the forces of cohesion (the “ disgregation ” of 
Clausius), and for the performance of external work by the 
gas (Graetz, ITandbuch der Physik, Winkelmann, ‘ Wärme, 
p. 1087). 7 


The internal heat of vaporization is given by the equation 
Q = Atp), 2. 2. 2... (2) 
where A: = internal latent heat of vaporization, 
P | 
v 


pressure of vapour, 


volume of liquid, 
rı = volume of vapour formed. 


Since v is small compared with ¢, when the temperature is 
far from the critical point, we may express equation (1) as 


QS Nntp 2 a ds & oo & (2) 


Then if v, is the volume per gram molecule, we have by 
the Clapeyron equation 


OS Re RU. a. ge ee ww (3) 


where R is the universal eas constant = 1°985 cals., and 
T = absolute temperature of vaporization. 

Then if we assume that the internal latent heat of vapor- 
ization is used in increasing the surface-energy in the process 
of change of state, i.e. increasing the free surface of the 
molecules, we have 


Q=o(S-S)+RT, .. . . (4 


where o = surface-tension, 


N 
Il 


surface of molecules of vapour, 


So = free surface of vaporization of liquid. 
The term S, being small compared with S, we may write 


Q=aoS+RT, . . .. . . (5) 


| Diameters from Surface- Tension Measurements. TOT 
whence ah = ORE o a @ 4 ee 46) 
or expressing in (G.S. units we have 
oS = +189 x 10'(Q—RKT), 
where 4'189 x 107 ergs is the mechanical equivalent of heat. 
The molecular surface in a vapour, S=7d?N where N is the 
Avogadro number, = 6°85 x 10% (Perrin, Lewis, l. ¢. p. 29). 


Hence the molecular diameter may be easily determined 
from the equation 


4-1 Xx 7 _ RT 
on Peat ye 2M 


TN T 


, “4189 107 . 
or since N is a constant =4'41 x 107°, we may 


Ws 
write csi Q -RT ' 
d= K Ti ieee ca: SEAR. Re a (8) 


Table I. shows some molecular diameters, calculated by 
means of this equation, compared with determinations by 
other methods. 


TABLE I. 


Molecular diameters x 108, 


| 
| 
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l Sutherland, Phil. Mag. xix. p. 25 (1910). 

* Lewis, ‘A System of Physical Chemistry, Kinetic Theory 13. 
3 Svedberg, Z. phus. Chem. Ixvii. p. 105 (1909). l 
4 Jager, Hundbuch der Physik, Winkelmann, Wärme, p. 767. 
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Jäger (l. c.) determined the value of molecular diameter, 
as we have done, as a function of the surface energy, but he 
connected this surface energy not with the latent heat of 
vaporization, but with the kinetic energy of the vapour 
molecules, assuming that every particle in the change of 
state divides into at least two particles, and that the surface 
energy increases in this way and becomes equal to the kinetic 
energy of the particles or molecules. The diameter for water 
determined by Jäger, 5°10 x 10-* cm., is the same as that 
obtained in this paper, 5°12 x 10-8 em. 

By application of the Trouton Rule (according to which 


- = constant ~ 21), we may easily calculate the molecular 
boil 
diameter at the boiling-point. Equation (8) then takes the 


P 19T a 
form d = K / a a and putting K 19 = K,, we have 


d = KA ° . ° ° e ° (9) 


where K, = 1'92 x 10-8. 

From equation (4) it follows tbat the latent heat of 
vaporization depends upon the value of the free surface 
of a liquid, and diminishes as the surface increases. 
Moullerigne (Journ. Phys. v. (3) p. 159, 1896) draws 
attention to the dependence of latent heat of vaporization 
upon the form of the surface. 

I would like to point out that, owing to difficulties of 
obtaining reference literature, it is possible that reports of 
investigations of this type may have appeared and not been 
seen by me. 


In conclusion I wish to express my deepest gratitude to 
Professors A. V. Thoubnikoff and R. E. Makovetzky for 


their kind interest and valuable information. 


Laboratory of Physical Chemistry, 
University of Oural, Ekaterinburg, 
May dth, 1923. 
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LXXVIII. On the Determination of the Frequencies of the 
Resonant Tones of some Compound Resonators used in 


Acoustical Instruments, By E.T. Paris, D.Sc., Fdnst.P.* 


§1. Introduction, 


ESONANCE, or “tuning,” is employed in nearly 
all instruments used for measuring the amplitude 
of sound waves in air. Sensitive Rayleigh disk instru- 
ments, for example, are generally made with double 
resonators, and depend for their sensitiveness largely on the 
response of a resonator to the particular tone which it is 
desired to measure t. Other well-known tuned instruments 
are the phonometer designed by the late Professor A. G. 
Webster ft, and the selective hot-wire microphone §. ln the 
phonometer, tuning is performed by means of a single 
(variable) Helmholtz resonator, while in the hot-wire micro- 
phone it is accomplished by a single or double resonator 
according to the degree of sensitiveness required. 

It is clearly important that means should be available for 
calculating the frequencies of resonators used in such instru- 
ments, and, conversely, for determining the dimensions of 
resonators which are required to respond to given tones. 
The formula for the natural frequency of a Helmholtz 
resonator (as used in the phonometer and the singly- 
resonated hot-wire microphone) is well known and has 
stood the test of experience. The theory has also been given 
of some of the more usual forms of double resonator em- 
ployed in Rayleigh disk instruments and hot-wire micro- 
phones ||. There remains, however, a number of other 
resonators—some double and some of a more complicated 
kind—which have been found serviceable in the construc- 
tion of acoustical instraments, but which have so far received 
little attention from a theoretical point of view. It is the 
purpose of the present paper to give a brief description of 

e Communicated by Prof. H. W. Porter, D.Se., F.R.S., F.Inst.P. 

t See, for example, the description of the “ Microtonometer” by 
Professor C. V. Boys in ‘The Dictionary of Applied Physics,’ ii. 
p. 723; or the instrament figured by F. R. Watson, ‘ Acoustics of 
Buildings, p. 93 (1923). 

f Details are given in ‘Nature,’ ex. pp. 42-45 (1922); and Proc. Roy. 
Inst. xxii. p. 406-411 (1924). , , l 

§ W. N. Tucker and E. T. Paris, Phil. Trans. A, cexxi. pp. 859-430 

921). 

a | Kas leigh, t Theory of Sond’ (2nd ed.), ii. pp. 189-192, and Phil. 
Mag. xxxvi. pp. 865-376 (1915); K. T. Paris, Proc. Roy. Soe. A, ci. 
pp. 391 410 (1922). 

Phil. Mag. S. 6. Vol. 48. No. 287. Vor. 1924. 3 F 
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these resonators and the ways in which they are employed, 
and to show how equations can be derived from which their 
resonance frequencies are calculable by the use of graphical 
methods. Although the work is mainly theoretical, a few 
experiments are described which illustrate the application of 
some of the theoretical formule. 


§2. Extension of the Theory of the Boys Double Resonator. 


The Boys double resonator is a combination of a Helmholtz 
resonator with a stopped pipe. The Helmholtz resonator is 
attached to the pipe as shown diagrammatically in fig. 1 or 
fig. 2, and the sonnd-detecting apparatus (Rayleigh disk 
or hot-wire grid) is placed in the short neck leading from 
the pipe into the Helmholtz resonator (c, figs. 1 & 2). The 


Fig. 1. 
Q c P 


Boys Resonator (m=1). 


Fig. 2. 
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Boys Resonator (m < 1). 


advantage of the arrangement is that when the resonator 
responds to a sound of suitable frequency the air in the neck 
oscillates with an amplitude which may be hundreds of times 
greater than the amplitude in the original wave. This type 
of resonator was first used by Boys in the construction of 
Ravleigh disk instruments. 

The particular variety of Boys double resonator shown in 
fic..1, in which the Helmholtz resonator (Q) is attached at 
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the closed end of the pipe (P), has already received attention 
in connexion with its application in the construction of 
doubly-resonated hot-wire microphones. The frequencies 
of the resonant tones are given by values of n which satisfy 


the equation * 
mn 2 
tan - — om ate tae | e e e (1) : 


where no is the number of vibrations per second in the 
fundamental resonant tone of the pipe ; n, is the number of 
vibrations per second in the fundamental resonant tone of 
the Helmholtz resonator tf; c is the hydrodynamical con- 
ductance of the neck of the Helmholtz resonator ; and a is 
the velocity of sound in air. The values of n obtained in 
particular cases by a graphical solution of (1) have been 
found to be in good agreement with observation. 

The form of resonator to which it is now desired to direct 
attention is that shown in fig. 2, which differs from that 
shown in fig. 1 in that the Helmholtz resonator is attached 
to the pipe at some distance from the closed end. This kind 
of resonator is important on account of its usefulness in the 
construction of extremely sensitive instruments, such as 
‘Boys’s microtonometer. In connexion with hot-wire micro- 
phones, it is employed in cases where instruments are 
required which are to be very sensitive over a narrow range 
of frequencies and are to be used with an amplifier and 
telephones or vibration-galvanometer. (For the “ bridge” 
method of using the hot-wire microphone, the form described 
‘in the next section is more suitable.) 

In order to obtain an equation from which the frequencies 
of the resonant tones can be calculated, we proceed as follows. 
The loss of acoustical energy from the resonatur—due to 
viscous forces and the escape of sound from the mouth of 
the resonator—is left out of account, and those frequencies 
are sought which are compatible with a stationary motion 
-of the air contained within the walls of the resonator and a 
surface of no pressure variation at the mouth. 

It is convenient to suppose that the pipe is straight ; 
although the subsequent work would need no serious modi- 
fication if the pipe were curved, provided that the cross- 
sectional area remained the same throughout its length. 
Thus, let the axis of the pipe be parallel to the axis of x, and 

* Proc. Roy. Soc. A, ci. p. 396 (1922). A slight alteration is made 
in the notation. : 

t The overtones of the Helmholtz resonator are left out of account 
-because of their relatively high frequencies. 
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let the open end lie in the plane «=0, and the closed end in 
the plane «22=—L. The dimensions of the orifice of the 
Helmholtz resonator being small compared with the length 
of the pipe, the position of the resonator can be defined with 
sufficient accuracy by saying that the orifice lies in the 
plane w=—/ (tig. 2). It will be assumed that the motion 
of the air inside the pipe takes place parallel to the axis of x 
except near the orifice of the Helmholtz resonator, say from 
c= —l+8 to x=—l—B. Let ¢, be the velocity-potential 
of the motion from the open end. to c= —l+-8, and ¢, the 
velocity-potential from z=—l—B to x= — L. Also let æ be 
the correction for the open end, and let z'=z27+e, L’'=L+a, 
l=l +a, ete., so that w, L', l', etc., are reduced lengths of 
the pipe. In accordance with the assumed stationary nature 
of the motion, the general expressions for ¢, and ¢, can be 
written 


d, = (A, sin Az’ + B, cos kx’) cos kat, (2) 


do = (Asin kw’ + B, cos hr’) cos k(at + 8), 
where A, Ag, Bi, Bz, and @ are constants as yet undeter- 
mined, and k=2rT M, A being the wave-length. 
The condition to be satisfied at x’ =0 (c=a), there being 


no escape of energy trom the pipe, is that there shall be no 
variation of the pressure, so that 


(d$ /dt)r=0 = 0, 


and hence B,=0. At the closed end, ġ; must be such that 
the velocity is zero, that is 


(Opdr r=- A 
B. = — cot KL! k Ag. 


so that 


The expressions for $, and ¢@, thus become 
$: = Ay, sin ha’ - COS kat, 3) 
dy = — A; cosec kL’ cos k(r' + L’) . cos k(at+ 0). } ( 


It remains to put in the conditions to be satisfied by œ, 
and ġġ, in that part of the pipe which is near to the 
orifice of the Helmholtz resonator (i. e. from 2’ = —l' +£ to 
x'=—l'— 8B). In order to do this, use will be made of a 
method of approximation which is frequently of service in 
such cases. The method consists in assuming that the 
irregular motion due to the presence of the Helmholtz 
resonator is confined to a volume the dimensions of which 
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are so smal} compared with the wave-length that the actual 
motion at any instant is the same as it would be if the fluid 
occupying this volume were incompressible *. Let ø be the 
cross-sectional area of the pipe, and dq/dt the rate (¢.c. per 
sec.) at which fluid is passing into the Helmholtz resonator. 
Then one of the conditions to be satisfied by ¢, and œs in 
the neighbourhood of the orifice of the resonator is (on the 
above assumption) 


Aa E <4 


Now ĝ is small compared with the wave-length (at most 
comparable with the end correction), and therefore, if those 
cases are excluded in which the Helmholtz resonator ìs close 
to the open end of the pipe, the above equation may be 
simplified by neglecting 8 in comparison with 7’. The sim- 
plified approximate condition is 


091 0¢» _ dq = 
o(5 E 02" r=-l' = dt l En (9 t 


The other condition which must be fulfilled in the neigh- 
bourhood of the Helmholtz resonator is the continuity of the 
pressure, and is expressed by 


0¢,/dt = d¢./d¢ when av =U.. . . (6) 


From this condition we see that 0=0 ; and since all ad- 
jacent potentials of the type (2) with which we shall have 
occasion to deal must satisfy a condition of the type (6), the 
arbitrary phase-angle @ will be assumed to be zero in all 
cases. 

Let yw be the velocity-potential inside the Helmholtz 
resonator, and Q the volume of the resonator, Then 


dg[dt =c(g-r—v), w= (/QSadt, . (7) 


where ġ-r is the limiting value of œ, or do when w > —U, 
and c is the conductance of the orifice. Also let 


Amin? = ae/Q, 


so that nı is the number of vibrations per second in the 
fundamental tone of the resonator, and let 2a = ka. 


* Rayleigh, ‘Theory of Sound’ (2nd ed.), ii. p. 66. Aa 

+ A condition of this form is given by Rayleigh to indicate the 
method to be followed in the case of a pipe with lateral openings (Sci. 
Papers, i. p. 50). 
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Then we find from (7) : 


dq 
dt 1—(n ant) OF TERES 


From (3) and (5) we have 
A, = Asin fl’ sin kL’ sec k(L'—2), 


and substituting the values of ġ, and ¢, from {3) in (5) and 
using the value of A, just given, we obtain ~ 


_dg/dt = ok Ay {cos kl’ —sin kl’ tan k(L'—U)}. . (9) 


Equating this value of dg/dt to that given in (8), and putting 
in the value of @_; obtained from (3), we find, as ‘the equation 
for determining the frequencies of the resonant tones, 


Cc 
ae ie TONI j sin ki’ = ok {cos kl’ —sin kl’ tan kL! —(’ )} 
for 


oe ee EEN (2 -*) | 

ce ae ae ey 
Let l’=mL'. Then, if np is used to denote the fundamental! 
frequency of the pipe, we have 


L'=a/iny, kL’ =an/2no, and kl =marn/2n, 


and equation (10) may be rewritten in the following form, 
which is more convenient for the purpose of calculation : 


1 _ 2mo n ny 
cot (marn/2ing) —tan {(1—m)mn/2no} Se eas. & a) 
(11) 
In order to find the resonant tones graphically, write Y, for 
the left-hand side of (11) and Y, for the right-hand side, and 
plot values of Y, and Y, as ordinates against values of n/ny 
as abscissæ. The curves y =Y, and y =Y, will intersect with 
one another at a number of points, and the abscissz of these 
points give the values of n/n at which the resonant tones 
occur. To find the effect of changing U (or mL’), i.e. the 
distance of the resonator from the open end of the pipe, 
the Y, curves may be plotted for a number of selected 
values of the ca m. The curves yw Y, when m=], 
m=}, m=%, and m==4, and n/n, is between 0 and 4, are 
shown in fig. 3. 
When m is unity, Y, is simply the tangent of an/2n). The 
position of the resonant tones and the wav in which they 
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are affected by the tuning of the Helmholtz resonator have 
already been discussed *. 

As an example of the shift in the position of the resonant 
tones caused by varying m, let n,=ng (that is, let the Helm- | 
holtz resonator be tuned to the fundamental of the pipe) and 
let 2aron;/ac=8. The curve y= Y, is shown at AA? in fig. 3. 
The intersections with the Y, curves indicate that for each 
value of m there is one resonant tone below no (between 
0-3 no and 0'9 no) and another tone above n, (between 1'1 ny 
and 1'3 n). We see also that for this value of 2mon,/ac a 


Fig. 8. 


MEET ETTE a 


O i 2 | 4 
N/na 
Graphical Solution of Equation (11). 


decrease in the value of m causes cach of these tones to move 
inwards towards nọ. By choosing a smaller value for 2r on,/ac, 
however, the slope of the curve AA! can be diminished in 
the region under consideration, and by this means the 
Interval from the tone next above n, to the one below it 
can be increased. If 2aon,/ac is so small that the inter- 
sections indicating the frequencies of the upper tone lie 
between n=l'5ny and n=2n, then a decrease in m no 
longer produces a decrease in the frequency of the upper 
tone in every case. Tt can easily be seen from the figure 
that if N is the frequency of the upper tone when m=1, 
then the frequency is raised if m is decrensed to 3, is lowered 


* Proc. Roy. Soc. A, ci. pp. 400, 401 (1922). 
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slightly when m is further decreased to $ (but still remains 
above N), and falls below N when m=}. 

In addition to the lowest pair of tones, there is a series of 
tones whose frequencies are not far removed from those 
of the overtones natural to the pipe. These are also given 
by the intersections of the Y, curve, of which AA? (fig. 3) 
is a portion, with the Y, curve. When x is great, Yo ap- 
proaches the value —(22e/ac)n asymptotically, and it is 
evident that the intersections take place to the right of the 
asymptotes to the Y, curve at n/ng=3, n/ny=5, n/no=7, ete., 
so that the overtones of the compound resonator are all 
higher than those natural to the pipe. 

The form of the Y, curve when m= is exceptional and 
demands special attention. Unlike the other curves, it does 
not pass from +œ to — œ as n/n passes through the value 3, 
and consequently one mode of vibration in the neighbour- 
hood of 3n, appears to be lost. The reason for this is that 
when m= 4 the orifice of the Helmholtz resonator is situated 
. at a loop of the first overtone of the pipe, and its presence in 
this position has no effect on the motion within the pipe 
when rn=3ny. In the theoretical treatment it has been 
assumed that the motion in the orifice (measured by dq/dt) 
does not vanish for any of the resonant modes of vibration 
of the combination, whereas modes are actually possible in 
which dq/dt=0, namely those which occur when the orifice 
is situated at a loop of one of the overtones characteristic of 
the pipe. In order to complete the solution when m=2, we 
must regard the vertical lines n/ny=3, n/ng=9, n/ng=15, 
etc., as portions of the Y, curve, remembering that dq/dt=0 
for all modes whose frequencies are given by intersections 
with these lines. 

A similar state of affairs occurs whenever the orifice is at 
a loop of one of the overtones of the pipe, 7. e. whenever m 
has a value v/s such that r is an even integer and s is an 
odd integer greater than r. 

These results are illustrated in fig. 3, where BB’ is a 
portion of the Y, curve drawn for the particular case when 
n= 3n that is when the Helmholtz resonator is tuned to 
the first overtone of the pipe. The value of 27on,/ac is 
taken to be 22, and fig. 3 shows that the tones on each side 
of 3n are most widely separated when m=1. When m= 3 
the interval from the upper to the lower tone is considerably 
diminished, and as m approaches the value % the interval 
approaches unity until when m= there is but one tone, 
viz. n=}3noọ In this case, however, dq/dt=0 as explained 
above. After m has passed through the value 3 the two 
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tones move apart, and when m=4 they are again well 
separated. 

The above remarks indicate the general nature of the 
effects to be observed when the Helmholtz resonator is 
tuned to the fundamental or to the first overtone of the 
pipe. The position of the resonant tones can be found in a 
similar manner for any tuning of the component resonators, 
but there are some special cases which call for attention. 

These special cases are all associated with the occurrence 
of a loop at z'= — l’, and in order to investigate them, it will 
be convenient to regard the compound resonator under con- 
sideration as a triple resonator consisting of the following 
components :— 


(i) An open pipe extending from .c'=0 to e=—l'; 
(ii) A stopped pipe extending from 2'=—I' tow’ =—L'; 
and (iii) The Helmholtz resonator. 


We first note that all the Y, curves cross the axis y=0 at 
certain places, and that if the Helmholtz resonator is tuned 
to the value of n where the crossing occurs, its frequency 
appears unaltered as one of the resonance frequencies of the 
combination. For example, if ni= 2n, the frequency 229 
appears as one of the resonance frequencies of the com- 
bination when m=1 or when m=}#. 

In these cases the intersections between the Y, and Y, 
curves lie on the axis y=0; that is to say, the tuning of the 
Helmholtz resonator is such that its frequency n, is a root of 
Y,=0 treated as an equation in ». It can be shown from 
equation (11) that the roots of Y,=0 are those values of n 
which would produce in the open-pipe component (i), or in 
the stopped-pipe component (ii), or possibly in both, a vibra- 
tion which would have a loop at 2’=—/', These values of 
n are therefore the resonance frequencies of the components 
(i) and (iiì. There are two cases to be considered :— 


(a) Let n’ be the frequency of the fundamental (or one of 
the overtones) of the component (i). Then this will be one 
of the resonance frequencies of the compound resonator if 
either the Helmholtz resonator or the component (ii) is also 
tuned to rn’. In the former case there will be no vibration 
whatever in that part of the pipe which lies between the 
Helmholtz resonator and the stopped end at 2 =—IL’, this 
being one of those cases in which sound is sometimes said to 
he “absorbed” by a resonator *, so that the component (ii) 


* Cf. Rayleigh, ‘Theory of Sound ’ (2nd ed.), ii. p. 210. 
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is idle”. In the latter case the orifice of the Helmholtz 
resonator is at a loop of one of the overtones of the stopped 
pipe L’, and hence (as described above) the compouent (iii) 
is idle, that is dg/dt=0. | 

(b) Let n” be the frequency of the fundamental (or one 
of the overtones) of the component (ii). Then this will be 
one of the resonance frequencies of the compound resonator 
if either the Helmholtz resonator or the component (i) is also 
tuned to x’. In the former case, theory indicates that there 
should be no vibration at all in the component (i). In 
practice this is evidently impossible, but it suggests that in 
special cases a small vibration of the right frequency in (i) 
may be sufficient to maintain a comparatively large oscilla- 
tion between (ii) and the Helmholtz resonator. The case 
when (i) and (ii) are in tune has already been dealt with. 


§3. Experimental Results. 


The experiments described in this section illustrate the 
application of equation (11). Before giving details of 
the experimental method, it may be well to point out that the 
theoretical equations are in a form which is suitable for 
the calculation of the resonant tones of a compound resonator 
partly from the frequencies of its components and partly from 
their dimensions. It is, of course, possible to express the 
frequencies of the components in terms of their dimensions ;. 
but the equations then take on a more complicated form, and 
the agreement between calculated and observed values would 
depend not only on the theory given in the present paper, 
but also on the accuracy of the usual formulæ for calculating 
the hydrodynamical conductance of an orifice and the cor- 
rection for an open end. It has been thought best to leave 
questions as to the accuracy of such formule to be answered 
by special investigations, and to accept the observed fre-- 
ea of the components as part of the data for calculating 
the tones of a compound resonator. 

The frequencies of the resonant tones were determined 
experimentally with the aid of a hot-wire microphone grid 
mounted in the neck leading from the pipe into the Helm- 
holtz resonator. The resonator to be tested was Jaid on the 
ground at a distance of about one metre trom an electrically- 
driven siren of the Seebeck pattern, the speed of which could 
be controlled by means of a rheostat in series with the arma- 
ture of the motor. The siren was mounted on a table, and 

* The circumstances here contemplated are, of course, ideal. Tu 


practice there is always some loss of energy from the pipe, and the 
absence of vibration in (ii) would not be complete. 
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its revolutions per minute were indicated by an Elliot speed- 
counter attached by flexible shafting to the axle of the motor. 
The microphone grid formed one arm of a Wheatstone bridge, . 
and the response of the resonator was measured by the de- 
flexion of a microammeter with suitable series and shunt 
resistances. The deflexion of the microammeter was in all 
cases very closely proportional to the change in ohmic re-. 
sistance suffered by the hot-wire grid. The deflexions were 
observed for a series of selected readings of the speed-. 
counter, and from these readings curves were constructed 
showing the relation hetween deflexion and vibrations per 
second in the fundamental tone of the siren*. All obser-- 
vations were made out-of-deors. 

The error of the speed-counter was found by a strobo- 
scopic method with the help of a tuning-fork, the period of 
which had been determined from a chronometer by means ot 
a Bull photographic recorder. 

The deflexions observed in this method are approximately 
proportional to the square of the maximum velocity occurring: 
in the neck of the Helmholtz resonator 7, that is to 

{C1/A) | dg/de | P, 

where A is the cross-sectional area of the neck and | dgq/dt | 
is the amplitude of the flow in c.c. per second. They are 
therefore approximately proportional to the energy of the 
vibration in the neck of the resonator. Certain resonant 
tones, however, would escape notice if this method only were 
to be relied on, namely those in which dg/dt=0, as for 
example those which occur when a Helmholtz resonator is 
piaced ata loop of one of the resonant tones of a stopped: 
pipe. Allowance for this fact must be made in interpreting 
the experimental results. 

A resonator was made similar to that shown diagram- 
matically in fig. 2. The pipe P was an iron tube, 10°2 cm. 
in diameter (internal), and closed at one end by a brass plate. 
"5 em. thick. The walls of the tube were °6 em. thick, and 
the length—measured from the open end to the inside face 
of the brass plate—was 120°3 cm. The frequency of the 
fundamental tone of the pipe was determined by ear, 


° The microphone grids and their mounting and the method of 
plotting “resonance curves” is described in greater detail in Phil. 
Trans. A, ccxxi. pp. 391-393 & 395-398 (1921). The siren used in 
the present experimenta was of the “circular hole” pattern previously 
used in the experiments with double resonators described in Proc. Roy. 
Soc. A, ci. p. 347 (1922). 

t Phil. Trans. A, cexxi. p. 410 (1921). See also R. C. Richards, Phil.. 
Mag. xlv. pp. 926- 934 (1923). 
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the method being as follows :—The pipe was laid on the 
ground in front of the siren. and the ears of an observer were 
connected by means of stethoscopes and rubber tubing to a 
nipple at the closed end of the pipe. The speed of the siren 
was then gradually increased until the frequency of the note 
passed through that value at which maximum resonance 
ocenrred in the pipe, the observer noting the speed-counter 
reading when the resonance appeared to him to be loudest. 
The mean of several observations gave the fundamental fre- 
quency of the pipe as 66} vibrns. per sec. at 10° C., and 
hence the reduced length L’ was 127 cm. (the veloc sity of 
sound in air being taken as 337°6 metres per sec. at 
10° C.). 

The pipe was provided with brass fittings so that a Helm- 
holtz resonator could be attached at the closed end (as in 
fic. 1) or ina position } L’, 2 L’, or 4 L’ from the closed end, 
these positions corresponding respectively to the four cases 
when m=1, m=3, m=8, and m=4. The end of the orifice 
of the Helmholtz resonator when in position was flush with 
the inside surface of the wall of the pipe. Two sets of 
observations were made, the first with a Helmholtz resonator 
tuned to the fundamental of the pipe, and the second with a 
resonator tuned to the first. overtone of the pipe. The con- 
ductance of the orifice was found in each case by attaching it 
to a container of known volume and measuring the resonance 
frequency in the usual way with a hot-wire microphone. The 
conductance was then calculated from the formula 


c = 47?N?Q/a?, 


N being the resonance frequency, Q the volume of the 
container, and a the velocity of sound. 

In the first set of observations, the conductance of the 
orifice (a cylindrical tube 26°5 mm. long and 65 mm. 
in diameter) was found to be 0:133 cm. So that in 
equation (11) we have 


o = 7(10°2)?/£em.?, e = 0133 cm., 
and ni = no = 664 vibrns. per sec. 
Hence 2Ton Jae == 7°60. 


This is sufficiently close to 8 for the intersections of the Y, 
curves with AA? in fig. 3 to be used for the purpose of 
finding approximate values for the frequencies at which 
resonance peaks should occur in the experimental curves. 
The approximate values having been found, more exact 
values are obtained without dithiculty by calculating a few 
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additional points in the neighbourhood of each approximate 
value. The calculated values of the lower and upper reso- 
nance frequencies (N, and N, vibrns. per sec. respectively) 
are shown in the second and third columns of Table I. They 
are given to the nearest half-vibration per second, which is 
as accurately as they could be determined experimentally. 
The observed values are shown in the fourth and fifth 
columns. | 


TABLE I. 


(2, = no.) 
Calculated, Observed. 

Sa ee -_-—_— —-. 
m N, N.. Ni N, 
Poors ese H 80} 544 RU 
ONONE 55 80 55 T94 
ON 554 79 554 18 
ee ae 5TA 704 O74 Tos 


It will be seen that on the whole the observed values. 
correspond very well with those predicted by theory, 
although there is evidence of a systematic error in the 
calculated value of No, this being always 4 or 1 vibration 
greater than the observed value. The resonance curves for 
the cases when m=1 and m=} are reproduced in fig. 4. 
The curves for m=# and m= were intermediate in form 
between those shown in fig. 4, and as m was increased, the 
height of the peak due to the upper tone decreased, while 
that due to the lower tone increased, equality occurring for | 
some value of m between % and $. [tis perhaps somewhat 
surprising to find that the response is so large when m=4, 
and some interesting questions arise as to the sensitiveness of 
Instruments made with this type of resonator. A discussion 
of these questions, however, would necessitate taking into. 
account the losses occurring in the resonator, and would lie 
outside the scope of the present paper. 

The effects to be observed when the Helmholtz resonator 
is tuned to a note in the region of the first overtone of the 
pipe are more striking than those just described. The reso- 
nator emploved in this part of the experiment had an orifice 
65 mm. in diameter and 21 mm. long. The frequency was 
205 vibrns, per sec., and the conductance of the orifice 
"167 cem., so that we have 2aon,/ac=18°7. As before, we 
use the intersection of the Y, curves in fig. 3 with the 
Y, curve BB’ (which is constructed for the case when 
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2mon,/ac=22) to obtain approximate values of the reso- 
nance frequencies, and then find more exact values by 
calculating a few additional values in the neighbourhood 
of the approximations, using the proper value of 2aranj/ac. 
The calculated and observed frequencies ure shown in 


“Table IT. 
Fig. 4. 
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v 
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fo) indie ST 
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Viobrns. per second. 


Resonance Curves for Boys Resonator (m,=n,=66} vibrns. per sec.). 


TaBLE II. 
(n, =205, ng= 664.) 
Calculated, Observed. 

aa Mee ~ lam a s 
m. N.. Na. N N.. 
) EEE 186 217 1&5 216 
Ys a 106 209 195 207 
© EEEE 205 200 


N 191 213 190 219 
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The agreement here is also satisfactory, although the 
calculated frequencies are all a little greater than those 
observed. The resonance curves are shown in fig. 5. It 
will be seen that the changes in the shape of the curve are 


Fig. 5. 


Deflection. 
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Re-onance Curves for Boys Resonator (n, = 205, n, =66}). 


very marked, the most sensitive position for the Helmholtz 
resonator being when m=3#. When m=% the response is 
very small, the resonator being then at a loop of the first 
overtonegof the pipe. 


§ 4. Combination of a Stopped Pipe with two 
Helmholtz: Resonators, `> 


The kind of resonator dealt with in this section is shown 
diagrammatically in fig. 6, and is especially useful in the 
construction of hot-wire microphones which are to be 
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employed witb the bridge method of measurement. In this 
method, in order to avoid “creeping” of the zero due to 
changing air-temperature or slow alterations in the battery, 
it is advisable whenever possible to use two microphone grids 
—one active and the other compensating—placed in opposite 
arms of a Wheatstone or battery bridge. If the grids are 
mounted in the necks of two Helmholtz resonators entering 
into the same stopped pipe (as in fig. 6), the compensation 
is very complete, and the arrangement has the additional 
advantage that when the microphone is used out-of-doors 
there is some compensation for the disturbing effect of wind. 


Fig. 6. 
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Combination of two Helmholtz Resonators and a Stopped Pipe. 


Sensitive microphones of this type have been made for 
responding to sounds up to 512 vibrations per second, and 
have been found verv effective for measuring the sound 
reflected and transmitted by partitions of various materials. 

In addition to the use indicated above, it will be obvious 
from what follows that with compound resonators of the 
type under consideration, microphones can be made which 
are sensitive to two distiuct ranges of frequencies. 

[t is convenient to begin the theory with the consideration 
of the more general case of a compound resonator consisting 
of a number of Helmholtz resonators inserted at intervals in 
the side of a stopped pipe. For each Helmholtz resonator, 
say the sth member of the series (counting from that nearest 
to the open end of the pipe), leta linear quantity, y., be chosen 
such that | 
Ino n Ds 
tan ky, = Pa mi i =), a a a EZ) 
where n»; is the frequency of the sth resonator (vibrns. per 
sec.) and e, is the conductance of the neck. Thus, if @, and 
d.41 be the potentials on each side of the sth resonator at 
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2/= —/,', we have, corresponding to equations (5) and (8), 
ÒQ: Òb. +i _ dq. 

oC Jr = 20 Dea = dt , e ə œ (13) 

“We 

se Ba SE Ga Ty? j-i ©.. . (14) 


Eliminating dq,/dt from (13) and (14) and making the sub- 
stitution indicated in (12), we find that one of the conditions 
to he satisfied kg P. and $41 when wa’ = — l; is 


d$. bes 
z 7 (38 - Bba) = cotby p-r - + (15) 


while the other is 


O¢,./Ot = Ob4i/Ol.. . .. . (16) 


If it happens that the sth resonator is at the closed end of 
the pipe, that is if l' =L’, then equations (13) and (14) 


become 
O¢, _ 4 
(rhos ETT 
dq, _ 


dt E 1?) 2) P-L ae 


and corresponding to (15) we have 


1 P 
(35 bee cot kys. -re . . . (19) 


h, = (A,sin ke' + B, cos kx’) cos kat, . . (20) 


Since 


(19) is equivalent to 
A, cos kL! + B, sin AL'= cot kys (— As sin AL’ + B, cos kL’), 


whence A,—B, cot k(L' +y.) = 0 
Si A, cot k(L/+y,4+7/2k)+B,=0.. . . (21) 


Now, if there were no resonator at the closed end of the 


pipe, the condition to be fulfilled by $, would be 
(ce = 0} me me (22) 


Ox’ z=—-L' 
whence 
A,cotkL'+B,=0. . 2. . a. (28) 
Comparing (21) with (23), we see that the effect of placing 

Phil. Mug. S. 6. Vol. 48. No. 287, Nov. 1924. 3G 
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a resonator at the closed end of the pipe may be represented 
as the addition of a length AL’ to the reduced length L’, 


such that 
AL’ = y+ (27/24) 
=v, +d. 2 2 « = & » (QA) 


In terms of the frequencies n and n,, AL’ is given by the 
formula: 


] 1 ee Imro N OMA 5 
Az AE ean f a ie ae | Eo 


By means of the equations (15), (16), and (21) it is easy 
to write down the equation, the roots of which will give the 
frequencies of the resonant tones in any particular case. 
For example, let there be two Helmholtz resonators, one at 


we’ =—l,', and another at «’=—/,', as in fig. 6. Following 
the same plan as before, we assume potentials ¢, from 2’ =U 
to x= — li’, $: from æ= —l' to z= -—l;. and $3 from 
z'=—l,! to 2’ =—L', these having the general form for 


stationary waves given i in (20). In addition to the condition 
at the open end (a#’=0), viz. 0¢,/0t=0 so that B,=0, the 
conditions to be satisiied by ¢1, de, and œ; are expressed by 
(i) two equations of the type (15) and (16) with s=1, 
wv’ = —l; : (ii) two similar equations with s=2, 2 =—l,'; 
and (iii) DAD =0 when zv'=— L'. Substituting for dy, 
>, and ġ; expressions of the type (20), we thus obtain five 
equations from which the five constants A,, Ay, Bz, A3, and 
B; can be eliminated. The eliminant is: 


—1 1 — cot kl! 0 0 
cot kli! + cot hy, —cot kl,' —1 0 0 
0 —1 cot $l? 1 —cot ki,! 
0 cot Al,’ + cot ky. 1— cot ky; cot kl} —cot kl} —-1 
0 0 0 cot /L’ 1 


The values of n, or ka/2m, which satisfy this equation are 
the frequencies of ‘the resonant tones. For graphical solation 
the equation may be written: 


cot kla’ +T, cot kL! —/,' J 1+5, cot Al,’ 


1—8, cot A(L'—1,') = S;—cothl,'? * (27) 
where Si = cot kl, + cot hy, 
So = cot kla + cot ks, . ° e ° (28) 


E 
[ 


] —cot hry cot. hl,’ 
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In (27) the right-hand side depends only on the position and 
tuning of the first resonator, while the left-hand side depends 
on the position and tuning of the second resonator and the 
reduced length of the pipe. If the second resonator is placed 
at the closed end of the pipe, i. e. if /,’=L’, (27) reduces to 


T; 1 + S; cot kl,’ 
— —. S — ‘eos fe e e (J e 9 
Se S,— cot Al,’ (2 ) 


This result can easily be deduced anew from the equations 
already given. Thus, instead of three equations expressing 
the conditions (ii) and (iii) given above, there is in this case 
one equation of the type (21) with s=2. With the two 
equations of condition (i) this makes three equations in all 
from which the constants A,, Az, and B; can be eliminated. 
The result is: 


— 1 1 — cot kl, 
S; —cot kl,’ —1 = 0, . (30) 
0  cotk(L'+AL'’) 1 

in which AW’ is written for y+ (7/24) and, as before, S, for 

cot kl,’ + cot ky. 

Since cot k(L'+AL’)=8,/T2, (30) is easily seen to be 
identical with (29). 
-Alternatively (30) can be written 


1 


cot kli — tan &(L’ + AL'—1,') — —tanky,, . (31) 


a form which could have been obtained immediately from 
(10) by writing L’+AL' in place of IL’. The equation 
corresponding to (11) is 

ESERE EE 
cot (mmal? ng) — tan [{(1— m)mn|2n +€+ (17/2) | 


one 


a2, ("—"), 9 


my, n 


Dno /n n 
Cy lay n 


As an example of the use of these equations, we will con- 
sider the determination of the frequencies of the resonant 
tones by a graphical solution of (32). Let m=#, no=n0, 


3G 2 


where 
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and (27a@/acg)ng=8. We first plot the values of 


x 1 
i= cot (mmn 219) — tan [{(1—m)mn/2no} + e+(r 


ay © 


against n nọ The resulting curve is shown in fig. 7 as far 
as n/nj=4. As in the case of a stopped pipe with only one 
Helmholtz resonator (fig. 3), the curve is divided into a 
number of branches by asymptotes perpendicular to the axis 
y=0. These are shown by the broken lines in fig. 7. The 


Fig. 7. 


0 l 2 3 4. 
Graphical Solution of Equation (32). 


position of the asymptotes is determined by the condition 
that the denominator of the right hand of (34) is equal to 
ZCTO 2 le e., 


cot (mmn no) = tan [{(L—m)ani2no} +e+ (712) ], 


from which we find that the condition is 


tan (7n/2n,) = —tane, 
or, by (33), 
TN ITO n U 
tan) =— m~] 


Now, the values of n which satisfy this equation are the 
frequencies of the resonant tones of the Boys resonator made 
from the pipe and the second resonator (ng) alone (see equa- 
tion (1;). Therefore the asymptotes of the Y, curve are the 
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lines n/ng== p, n No = pg, etc., where ui, fo, etc., are such that 
Hiho, Hono, etc., are the resonance frequencies of the Boys 
resonator at < = —l;. Comparing this with the case dis- 
cussed in the previous section, we see that the asymptotes in 
tig. 7 perform precisely the same rôle as do the asymptotes 
at n, no= 1,3, etc., in the simple case of a pipe combined with 
one resonator. In the latter case the asymptotes cut the axis 
y=0 at values of wn, which give the frequencies of the 
stopped pipe alone. 

As before, if m.has certain values, the orifice of the 
resonator n; may be at a loop of the vibration within the 
pipe. This happens if m is such that mL'=a;2 paun, where 
Hano is one of the resonance frequencies of the Boys reso- 
nator made from the pipe and the end resonator alone. 
Since L’ must exceed half a wave-length in order that a 
loop may occur within the pipe, 4, must be greater than 2. 

The line AA’ (fig. 7) is the curve found by plotting 


2mo no n 
Y, = = My — 


acı ny a 


against n'no for the case when n=ny and 2ron,uc,=8. 
There are now three intersections with the Y, curve in the 
neighbourhood of no, at f, y, and h (fig. 7). In addition 
there are intersections (not shown in the figure) which give 
the frequencies of the overtones of the combination. The 
curve BB’ illustrates the case when the resonator n is tuned 
to the first overtone of the pipe. There are now two reso- 
nant tones in the neighbourhood of 3n, and two in the 
neighbourhood of the fundamental nọ ‘The intersections 
indicating the latter are not shown in the figure. 


§5. Laperiments with a Stopped Pipe and two 
Jlelmholtz Resonators. 


The pipe used in these experiments was the same as that 
employed in the experiments described in $3. One Helm- 
holtz resonator (A) was placed at the stopped end of the 
pipe and another (B) in the side of the pipe. The resonator 
A was the same as that employed in the previous experi- 
ments, and was tuned to the fundamental of the pipe, so 
that in equation (33), which is subsidiary to (32), we have 
ng=66}) vibrns. per second, cg=0°183 cm, and 27aN9g/acg 
=7°60. The resonator B was ata distance of one quarter 
of the reduced length of the pipe from the stopped end, so 
that in equation (32) we have m=. Several experiments 
were made with different tunings of the resonator B, and the 
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results of three of them are shown in fig. 8. In each case 
there are two curves, one plotted from a hot-wire grid in 
A’s orifice, and one from a hot-wire grid in B’s orifice. 
These are shown in fig. 8 by the full and broken lines 
respectively *. 


Fig. 8. 


Deflection. 
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Resonance Curves for Combination of Stopped Pipe and 
two Helmholtz Resonators (A and B). 


In the first experiment the frequency of B was 644 vibrns. 
per second and the conductance of its oritice 0'127 cm., so 
that 2aren,lacy=7°72 in equation (32). For this tuning of 
B an inspection of fig. 7 shows that there should be three 
resonant tones, the exact values of the frequencies to be 


* For the sake of clearness, observed points are not plotted in the 
figure, there being from forty to fifty points on each curve. 
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expected being shown under N,, N,, and N, in Table ITI. 
The resonance curves are shown at (a) (fig. 8), and it will be 
seen that, although N, and N; are well marked, the central 
tone N, is only feebly indicated in the curve for the 
resonator A, and probably not at all in the curve for the 
resonator B. 

When the frequency of B is raised, however, the energy 
of the vibration at N, in the A resonator grows at the 
expense of those at N; in A and N, in B. This is shown byv 
the curves at (/) (fig. 8). The tuning of B was here such 
that n,=81 vibrns. per sec., ¢,=0°127 cm., and 270n,/ac, 
=9°70. The small peak at N,’ is due to the impurity of 
the siren note, and is the response of B to the octave of 
the fundamental siren tone. 

If the frequency of B is still further raised, the same 
process continues. The curves shown at (c) (tig. 8) are for 
the case when n,=93 vibrns. per sec., c,=0'127 cm., and 
2ron,/ac;=11°1. The vibration at N, in the A resonator is 
still more pronounced, while that at N; is inconsiderable. 
Similarly, practically all the energy in the B curve is con- 
centrated into the peak at N}, In this case also, B responds 
to the octave of the siren note at N;’. 

When 2, is in the region of the tirst overtone of the pipe, 
the A curve is practically the same as that for m=1 in fig. 4, 
and the B curve is nearly that for m=} in fig. 5. This was 
shown by an experiment in which n,=205 vibrns. per sec., 
and c,;=0°167 cm. The resonance curves for this experi- 
ment are not reproduced, but the observed and calculated 
resonance frequencies are included in Table ITT. 


TABLE ITT. 


(ty = Ny = 664.) 


Calculated. Observed. 
nan K N. N N N. ON, 
ac, 
OE Tis 50 65} 86 . 50 2674 85S 
Bl. apante OF D21 T24 92 52} “l4 9l 
O9 inani 11-1] 324 76 904 53 75 98 
200:  Sivcohies 12-7 adh 79 197 54 794 194 


In the case when n,=205, the fourth tone (N4) was 
observed at 206 vibrns. per second, corresponding to a 
calculated value of 210 vibrns. per second. 
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§ 6. Combination of Helmholtz Resonator and Comical Horn. 


Compound resonators consisting of a Helmholtz resonator 
combined witha conical horn have been used for the purpose 
of producing sensitive hot-wire microphones. A simple 
arrangement of this kind is shown diagrammatically in 
tig.9. Ifthe horn is made sufficiently large compared with 
the wave-length of the incident sound, the instrument is 
directive in its action, the greatest response being obtained 
when the mouth of the horn is directed towards the source 
of sound. If, however, the mouth of the horn is less than 
half a wave-length in diameter, the directive action is not 
very marked, and the sensitivity of the instrument appears 
to depend on the resonant properties of the combination 
rather than on the sound-collecting power of the conical horn. 


Fig. 9. 


Conical Horm and Helmholtz Resonator. 


No attempt will be made in the present paper to vive a 
complete theory of this type of instrument, but attention 
will be confined to methods of calculating the resonance 
frequencies in the special case when the directive properties 
are not well marked—that is, when the diameter of the 
conical horn can be treated as small compared with the 
wave-length. Some modifications of the simple form of 
resonator shown in fig. 9 will also be dealt with. 

The theory of this type of resonator probably shows many 
similarities to that of such instruments as the phonodeik of | 
D. C. Miller * and the Low-Hilger “audiometer” t. The 
essential feature of these instruments—which are primarily 


+ ‘The Science of Musical Sounds,’ pp. 78-87.(1916). 

f Alias the “Optical Sonometer.” See F. Twyman and J. H. Dowell, 
Journ, of Sci, Instruments, Preliminary (Number, pp. 254-255 (May, 
1922). 
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intended for the examination of wave-form—is a light dia- 
phragm mounted near the vertex of a conical horn. The 
diaphragm and horn form a compound resonator, analogous 
to that consisting of a horn and Helmholtz resonator, which 
generally exhibits very pronounced resonance frequencies. 

The first arrangement to be considered is that shown in 
fig. 9. The conical horn is truncated at the narrow end and 
closed by a flat plate, through a hole in which is inserted 
the orifice of the Helmholtz resonator. 

In order to find the resonant tones, we assume a stationary 
vibration of the air within the cone. If the vertex of the 
cone is taken as the origin, the general expression for 
the stationary vibration is 


$ = : (A sin kr + B cos kr) cos kat, . . (35) 


where r is the distance measured from the vertex. Let the 
closed end of the cone be at r= R, (see fig. 9) and the open 
end at r=R, and let R'=R +a, where æ is the end correc- 
tion. Also let L'=R’—R,. 

The condition to be satistied by œ at the open end is 


(0¢/0t),=R = 0, 
whence B =—AtankR, 
so that $ = (A/r)(sin kr—tan kR' cos kr) cos kat 
= (AseckR’/r) sin k(r—R’) cos kat. . . (36) 


The condition to be satisfied at the closed end of the pipe 
is that the total flux across a portion of spherical surface of 
radius R, drawn inside the pipe is equal to the total flux into 
the Helmholtz resonator. If Q is the solid angle of the cone, 
this condition is expressed by the equation : 


i 2 OP _ dq : 
42) Or feta? ot BD 


Finally, if ¢ is the conductance of the neck of the 
Helmholtz resonator and Q is its volume, we have 


d 
ie ER WH = (HQ) gde.. . (38) 


Putting 47?n,?=a"-'Q, we have, from (38), 


dq r 
dt I= nia PRO ©... (39) 
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Whence, eliminating dg/dt, 


A 
e 
3 

Q) 
© 
| 


— r. . e (40) 


c 
LC Or J rer, 1—(n,2/n?) 


It is evident from (40) that in the expression for ġ given 
in (36) we may put AseckR’ equal to unity, so that the 
potential inside the cone may be taken to be 


$ = (1/r) sink(r—R’) cos kat. . . . (41) 


Substituting this value of @ in (40), we obtain, as the 
equation for the frequencies of the resonant tones, 


l TN c sin kL’ 
Q {sin kL'+ kR, cos kL'} = — = (7) RS 
or 1 _ OR, ny? | 
LEAR, cotALi =~ @ (a) = 42) 
Whence, corresponding with equation (1), § 2, 
sa uaa aE _—_ 27D? /n m . 
(a/2mnRy)+cot(2aaL'ja) ace ™ G n ) Bae, 


The length L’ is an acoustical length, and includes an end- 
correction which varies with the solid angle of the cone. 
The frequency equation for a cone closed at r= Rg is 


tankL/+kRo= 0... 2 2. (44) 


So that, if n, is the observed fundamental frequency of the 
cone, we have ` 


a 2 nR - 
Lye ftan1(— 2R], 5 


From (43) we easily return to the case of the Boys double 
resonator, with a parallel pipe. (43) is, in fact, more general 
than equation (1), § 2, and includes the parallel pipe as a 
special case. In order to return to the case of the parallel 
pipe, let Q ->0 and R,-> æ in such a way that the product 
OR, remains tinite and equal to the cross-sectional area at 
the closed end of the pipe. In these circumstances the first 
term in the denominator of the left side of (43) becomes 
negligible, and the equation may be rewritten in the form 


Imn L’ one n n 
WY 2. ni( See a i (46). 
a ac ny n 
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At the same time L’ becomes equal to a/4m) in accordance 
with (45), so that (46) is wholly equivalent to equation (1). 
The solution of (43) may be effected Pacey, as in the 
case of (11) and (32). As with the parallel pipe (fig. 3, 
m=1),the Y, curve, representing the left-hand side of (43), 
is divided into a number of branches by asymptotes perpen- 
dicular to the line y=0, these cutting it at points corre- 
sponding to the resonance frequencies of the cone without 
the Helmholtz resonator. The curve is non-periodic owing 
to the presence of the term a/2anR, in the denominator 
of Yı A numerical example of the solution of (43) is 
given in § 7. | 
It the resonator is placed so that its orifice enters through 
the side of the conical pipe an equation for the resonant 
tones can be deduced analogous to (11), § 2. This case is of 
some practical importance, since an attempt has been made 
to use auxiliary resonators in this way in order to remove 
' objectionable resonances from conical horns such as those 
used in “ loud-speakers ” and gramophones *. 
Let R, be the distance of the orifice of the resonator from 
the vertex, and let Ry and R' have the same meanings as 
before. Also let ¢, and ¢, be potentials of the general 
form (35), ¢, being the potential from r=R’ to r=R, and 
$: the potential from r=R, tor=R,. From the condition 
that 0¢,/0¢=0 when r=R' and 77(Q¢,/07)=0 when r=Ko, 


we find that suitable expressions for œ, and qz» are 


T ee: ee ' 
ġ = — z cos Ri P A(R’ —r) cos kat, | | 
: (47) 
$: = + } BOr ~ cos &(r— Ry— po) cos kat | 
: r sin k( Ry + po $ : 
where p, is a linear quantity such that cot tpo= k Ro. 
The conditions to be satisfied when r= R, are 


Òg: /ðt z Od: 04, 


Or? Od: = ots) e (48) 


= 1L—(n,7/n?) Pr: 


or or 
From the first of these conditions we find that 
sin (R’— R;) sin k(Ro + po) 
cos KR! cos k(Ry— Ry—py)  ¥ 


* Iam indebted for this information to Mr. P. Rothwell. The work 
is referred to in a letter to ‘Nature,’ Feb. 24th, 1923, pp. 254- 255, but a 
full account has not been vublished. 


Ag == 


796 Dr. E.T. Paris: Determination of Frequencies of 


so that the expressions for ¢; and ¢, may now be written, 


Qı TRN : sin k(R’—r) cos kat, | | 

49 
1 sin&(R’—R)) | (49) 
r cos k(Ri— Ro— po) k(x — Ro— po) cos kat. 


Q: = 


By substituting these values in the second of conditions (48) 
and rearranging the terms, we obtain the equation for deter- 
mining the resonant tones in the standard form, 


7 1 ee 27.0DR,? (" _ ") 
cot k(R'— R,)— tan (Ri; —Ro— po) ae Ny 
(50) 


Asa check on this result we may note that if R, is put equal 


to R,, (50) becomes identical with (43). 
If, instead of being truncated at r=R, the cone is con- 
tinued as far as the vertex, we have Rọ=0, and hence 


kpo = cot™! (kR,) = 7/2, 
so that (50) becomes 


3 
1 27DR, i ( n n, (51) 


One other arrangement may be noted—namely, that made 
by placing one Helmholtz resonator at r= KR, and another at 
r= Ro, the cone being closed at r= Ro except for the orifice 
of the resonator. Let nı be the frequency and e, the con- 
ductance of the orifice of the resonator at r=R,, and no, cy the 
frequency and conductance of the orifice of the one at r= Rs. 
Let $; be the potential between v=, and r=R, If the 
cone were completely closed at r= R, the condition to be 
satisfied by @, would be 


Òh: i 

Py 4 —— P 9 
fo N i= Os ‘ai on 2a ce “CO2) 
Whence, since 


$: = (1/r)(A, sin kr + B; cos kr) cos hut, 


cot k(R’—R,)+eotkRy ae 


ty 


A, cot (Rao +p) -B= 0,. . . . (53) 
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where, as before, po is a linear quantity such that 


cot kp, = kRo. 


When there is a resonator at ræ R, we have, instead 


of (52), 
' c : 
{on St = = Ta (ah ey Po e œ (54) 


raR,. 


from which we find 
Aa(1— $R cot AR,) + B; eo AR, +R,) 


Co 
~~ L— (ng in?) T (ATE Da COTAR: <2) (93) 
Let 
Co 1 
ool ky l— — (ng? ng) ‘Nq) OAR, 2° 


Then (55) may be rewritten in the form, 
Az {1—kR, (cot LR, + cot ky)} 


+B, {Ry + (cot Rj + Ro cot Aly cot hy) } = 0, 
ss A,cotkR—B,=0,. . . . . (56) 
where 


, kR, (cot Ra + cot ky) —1 a 
cole = ER oa a o o ON 


Comparing (56) with (53), we see that the equation for 
determining the resonant tones can be found by writing R 
in place of (Ry+py)) in (50). If kRa is small, we have 
approximately 
kR, cot kR, = 1, 
and in this case 
cot kR = cot A(T +p) . . . . (58) 


ii cot kT = cot kR, + cot ky. 

In the application of equations (50), (51), and similar 
forms it is necessary to bear in mind that if R, has certain 
values, the Helmholtz resonator in the side of sli cone may 
be situated at a loop of one of the overtones of the cone, or 
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cone and resonator combination. The remarks in § 2 con- 
cerning the effect on the position of the resonant tones when 
the Helmholtz resonator is at a loop of one of the overtones 
‘of a parallel pipe apply mutatis mutandis to the case of the 
‘conical pipe. 


§ 7. Experiment with Conical Horn and Helmholtz 
Resonator. 


In order to test equation (43), a conical horn was made 
‘from “ Fibre Sheet ” about 1 mm. thick. The slant length 
-of this horn was 122 cm., the diameter of the wide end 
30°5 cem., and of the narrow end 10°6 em., so that 

o=65 cm. The narrow end of the horn was closed with 
a flat plate of brass, into the middle of which could be 
-screwed the neck of a Helmholtz resonator, 

The fundamental resonance frequency (no) of the cone 
was found to be 994 vibrns. per sec. Putting these values 
-of ny and Ro in (45), we tind that L'=132 em. 

Two experiments were performed. In the first one a 
Helmholtz resonator of frequency 934 vibrns. per sec., with 
an orifice of conductance °127 cm., was attached to the cone. 
We have in this case 27QR,?/ac=12-1, the air-temperature 
at the time of the experiment being 4°°5 C. The resonance 
‘frequencies in the neighbourhood of the fundamental calcu- 
lated from (43) are 84 and 101 vibrns. per sec. The 
-observations showed that there was one resonant tone of 
drequency 87 vibrns. per sec. and another of frequency be- 
tween 98 and 103 vibrns. per sec. There was some doubt 
-as to the exact position of the upper tone, since the upper 
‘peak in the resonance curve was not of a simple kind, but 
was itself divided into two peaks, one at 98 and the other at 
103 vibrns. per sec. It seemed probable that this was due 
‘to a vibration in the wall of the horn, which was of a some- 
what flimsy nature. 

In the second experiment a Helmholtz resonator tuned to 
205 vibrns. per sec., with an orifice of conductance *167 cm., 
was used. This frequency is close to the first overtone of 
the horn, namely about 210 vibrns. per sec. The fre- 
quencies at which resonance would be expected to occur, 
-calculated from (43), are 192 and 218 vibrns. per sec., 
while the observed frequencies were 190 and 215 vibrns. 
;per sec. 

These results are sufficient to show that equation (43) is 
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substantially true, although (for the reason stated) the agree- 
ment between the calculated and observed values in the first 
part of the experiment was not very satisfactory. 


§ 8. Summary. 


Theoretical expressions are obtained by means of which 
the resonance frequencies of several types of compound 
resonator emploved in acoustical instruments can be calcu- 
lated by the use of graphical methods. ‘The types of 
resonator discussed are :— 


(1) The Boys double resonator, consisting of a Helm- 
holtz resonator combined with a stopped pipe. The 
theory previously given is extended to the case when the 
Helmholtz resonator is at some distance from the stopped 
end of the pipe, and the relation between the resonance 
frequencies and the distance of the Helmholtz resonator 
from the stopped end is discussed. This type of resonator is 
used in the Rayleigh disk and hot-wire instruments. 

(2) A compound resonator made from two Helmholtz 
resonators and a stopped pipe. This kind of resonator is 
used in hot-wire microphones which are to be employed with 
the “bridge” method of measurement, or which are to be 
sensitive throughout two distinct ranges of frequencies. 

(3) A combination of Helmholtz resonator and conical 
horn used for hot-wire microphones, and analogous to the 
diaphragm and horn combination in the phonodeik and 
similar instruments. 


Experiments are described which show a satisfactory 
agreement with the theoretical results. 


§ 9. Conclusion. 


The work described in this paper was performed in the 
Acoustical Research Section of the Signals Experimental 
Establishment, Woolwich, and is one of the investigations 
carried on in that Section with the assistance of the 
Department of Scientific and Industrial Research. 


Signals Experimental Establishment, 
Woolwich, 
May 1924, 
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LXXIX. Studies on the Deformation of Tungsten Single 
Crystals under Tensile Stress. By The Research Staff of 
the General Electric Co., Ltd.* (Work conducted by 
F. S. GOUCHER.) 


[Plates XVI.-XXIV.] 


Summary. 


A COMBINED X-ray and microscopic study is made of the deformed 
single crystals—in particular the fractured crystals—which are 
produced by the extension and fracture of fine tungsten . wires 
composed of crystals, many of which occupy locally the complete 
volume of the wire. 

The deformation may be accounted for in all cases by slip on the 
(112) planes aud in the [111] direction, with the single exception 
of a crystal subject to special constraints which slipped as well on 
the (100) planes and in the [100] direction. The [111] direction 
represents the line of densest packing of atoms for this type of 
lattice structure—the body-centred—the [100] direction being next 
in order. The results are therefore in accord with the direction of 
easiest slip in the case of single crystals of metals involving other 
types of lattice. 

Marked distortions of the crystal planes occur in the direction 
of slip equivalent to changes in inclination of the plane to this 
direction of from 10°-20° without any corresponding change in the 
atomic spacing; which leads to the view that such distorted crystals 
are no longer “single crystals” in the strict sense, and that such 
distortion is the cause of hardening due to slip. 

The most favourable crystal orientation for extension by slip is 
such that two sets of 112 planes are symmetrical to the stress, each 
making an angle of 35° with the direction of stress; in agreement 
with the most prevalent orientation in drawn tungsten wires and 
rolled tungsten foils. 

The most favourable orientation for slip on one set of planes is 
about 40° to the direction of stress, which accounts for the stability 
of crystal orientation when two sets of (112) planes are symmetrical 
to the stress. 


(1) Jnutroduction. 


T a previous paper f experiments were described dealing 
= with the strength of tungsten single crystals under such 
conditions that the crystals always fractured in the form of 
wedges approximately symmetrical to the axis of the speci- 
men and the direction of stress. This condition was obtained 
by the use of fine wires, so treated that many crystals 


* Communicated by the Director. 
t Phil. Mag. Aug. 1924, p. 229. 
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occupied locally the complete volume of the wire. On sub- 
mitting such wires to tensile stress, deformation occurred 
only in certain of these large crystals, and chance ensured 
that at least one of these would have an orientation very 
near to that offering the minimum resistance to deformation 
and fracture. 

It was shown by means of X-ray analysis that the 
crystals after deformation were still single crystals, and that 
the crystal orientation was the same within 10° for all frac- 
tured crystals. It was assumed that, in common with single 
ervstals of other metals, viz. aluminium *, zine t, and tin $,- 
deformation takes place by a process of slip on definite 
crystal planes. The crystal orientation with respect to the 
symmetrical wedge forms was such that the (112) planes 
were indicated as the slip planes, the direction of slip being 
the |111] direction. It was stated that experiments were in 
hand which definitely established this, It is the object of 
the present paper to describe these experiments. They in- 
clude, in addition to a further study of the crystal forms by 
means of X-rays, a microscopic study of the etching pits 
produced in these crystals which throws some light on the 
mechanism of their deformation. 

Information in regard to the exact mechanism of defor- 
mation of these crystals is desirable because of the interpre- 
tation of the strength measurements and their co-ordination 
with other physical properties as already described. Further, 
the determination of the slip plane and direction of slip is of 
interest because as yet no such determination has been made 
in the case of a metal having the body-centred type of lattice 
structure. 

(2) The Crystal Forms, 

The crystal forms studied were the fractured crystal 
wedges and the deformed crystals produced in the fractured 
wires in the manner described in detail in the previous paper. 
To minimize the experimental difficulties of X-ray analysis, 
angle measurements, and microscopic examination, only the 
largest wires—0Q:20 mm. in diameter—were used. The 
temperature at which these wires were fractured was about 
3000° K. unless otherwise stated, the stress being about 
1 kg./mm.? and the time of fracture about 1 minute. 

Photographs showing exterior views of typical crystal 


* G.I. Taylor and C. F. Elam, Proe. Roy. Soc. A, vol. cii. p. 643 
1923). 
( t Mark, Polanyi, Schmid, Zeit. f. Phys. xii. (1922), 
t Mark, Polanyi, Zeit. fe Phys. xvin. (1025), 


Phil. Mag. S. 6. Vol. 48. No. 287. Nov. 1924. 3 H 
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forms are shown in figs. 1-3 (Pl. AVI.), taken at a magnifi- 
cation of 50. Figs. 1 and 2 show two views of the same 
wire in perpendicular directions. They show a markedly 
symmetrical wedge-shaped fracture, and a partially formed 
wedge, slightly asymmetrical to the wire axis. It is to be 
noted that the edge of the wedge shown in fig. 2 is not a true 
representation of the form of this edge because at the moment 
of fracture an arc takes place—the wire being heated elee- 
trically—causing the metal near the end of the wedge tv 
melt. Fig. 3 shows another wedge form often obtained ; 
such wedges are shorter than those shown in figs. 1 and 2 
and have a larger wedge angle, 

Etched sections of such wires cut parallel to the wire axis 
so as to show the wedge forms are shown in figs. 4, 5, and 6, 
taken at a magnification of 70. The specimens were mounted 
in hard glass which has a coefficient of expansion very near] 
equal to that of tungsten, and which has the advantage that 
the specimen can be seen during the course of grinding. 
The etching was carried out in boiling hydrogen peroxide, 
the etching time being two minutes. Fig. 4 shows a typical 
long wedge slightly asymmetrical; fig. 5 a partially formed 
wedge; and fig. 6 a typical short wedge such as that shown 
in fig. 3. In all cases it is clear that deformation has taken 
place in large crystals occupying the full wire diameter. 

These crystal forms suggest that deformation has taken 
place by a process of slip on crystal planes in all cases, and 
in the particular case shown in fig. 5 it appears to have 
occurred almost entirely on one set of planes perpendicular 
to the plane of the section. 


(3) Direct Determination of Slip Plane and Direction 
of Slip. 

Since the direction of slip and the inclination of the slip 
plane can be directly measured in the case of certain forms, 
it only remains to determine the crystal orientation by means 
of X-ray analysis in order to identify the slip plane and the 
direction of slip for this particular case. 

Such a determination has been made for the crystal form 
shown in the photograph (fig. 7, Pl. XVII.) (x 50) ; the plane 
of slip is practically perpendicular to the plane contaming 
the wire axis and the direction of slip, and the inclination of 
this plane to the wire axis is very nearly 40°. 

The wire was mounted in hard glass as before, and a 
section cut as nearly as possible throngh the slipped portion 
of the crystal; this section was an elongated ellipse with its 
major axis inclined at about 7°—determined by careful 
measurement—to the direction of slip, and its minor axis 
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approximately perpendicular to the wire axis and the 
direction of slip. A determination of the crystal orientation 
with respect to the plane of this section was made by means 
‘of an X-ray spectrometer (such as that used in the measure- 
ments described in the previous paper). 

The results oť this analysis show that a set of (112) planes 
is inclined to the plane of the section at very nearly the same 
angle as the measured plane of slip. These (112) planes 
are, however, distorted; the nature of the distortion is 
such as to affect the inclination of the planes, but not 
apparently the atomic spacing. There is no variation, in 
inclination of these planes in directions parallel to the minor 
axis of the section, but there is a variation in the direction of 
the major axis. The mean inclination uf these planes with 
respect to the direction of the major axis was found to be 6°, 
and the inclination of these planes with respect to the 
minor axis was about 2°, which agrees very well with the 
inclination of the measured plane of slip to these two 
directions. It is therefore considered as established that the 
(112) planes are the planes of slip in this case. 


Some of the X-ray photographs used in the determination. 


are shown in fig. 8, Nos. JI, III, and IV (PI.XVII.). They 
were taken with a small Debye camera—3 cm. radius,—the 
‘specimen being mounted at the axis which was perpendicular 
to the direction of the X-ray beam. No. I shows the posi- 
tions of (110), (100), and (112) reflexions, obtained from 
undistorted crystals, when the corresponding planes approxi- 
mately intersect the spectrometer axis, and is merely given 
as a standard of reference. No. II shows a (112) reflexion 
obtained with the specimen in question mounted so that 
its minor axis intersects the spectrometer axis; it shows 
a spot of normal size and pattern characteristic of an 
nndistorted crystal. No. III shows the corresponding 
reflexion obtained when the major axis of the specimen 
‘intersects the spectrometer axis; the reflected spot is 
markedly elongated. Such a spot is equivalent to the 
effect of gradually inclining an undistorted ecrvstal to the 
spectrometer axis through an angle of about 10°, as calcu- 
lated from the constants of the spectrometer. No. IV shows 
the effect of actually inclining the minor axis from its 
position as shown in IT to one making an angle of 10° with 
the spectrometer axis. The distortion giving rise to the 
‘elongation need not, of course, he a uniform bending, and 
preliminary measurements on this point indicate that it is 
not, but rather of thy natare of a buckling up of the planes 
in the direction of slip. 
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The direction of slip along such a (112) plane was not 
determined in the case of this crystal, but other crystals 
having exactly the same form were examined for crystal 
orientation by cutting sections perpendicular to the slip plane 
and parallel to the wire axis, and examining them in the 
X-ray spectrometer. A number of these were studied, 
and all showed a (110) set of planes to be within a few 
degrees parallel with such a section. This limits the 
direction of slip to the [111] direction, viz. along the 
diagonal of the unit cube of the tungsten lattice. The 
dimensions referred to are more easily visualized by reference 
to the photographs of the model shown in figs. 9 and 10 
(PI. XVIII.). Fig. 9 shows the arrangement of atoms in a 
unit cube of the tungsten lattice which is of the body-centred 
type. The vertical plane of the model is a (110) plane, viz. 
the plane passing through atoms 1 2 3 4 5. A(112) plane is 
a plane passing through atoms 7, 8, and intersecting half the 
distance between 1 and 2, This is shown better in the 
model (fig. 10), which contains mofe atoms, the model being 
oriented so that the (112) planes are in the line of vision 
and are those parallel to the black lines : the atoms through 
which the lines are drawn lie in the [111] directions, 


(4) Wedge Forms—Theoretical. 


The possibility of explaining the form of the fractured 
crystals by slip on two sets of planes both inclined to the 
wire axis was briefly discussed in the previous paper. The 
crystal orientation with respect to the wedge forms was 
found to be such as to render it highiy probable that the 
(112) planes were the planes of slip, the direction of slip 
being the [111] direction, and the direct determination, of 
these in the case just discussed supports this view. It is 
proposed to test this supposition further by a comparison of 
the theoretical form assumed by a cylindrical specimen when 
slip occurs on two sets of planes inclined symmetrically to 
its axis with that actually found in the case of these wed: ges, 
Such a comparison should indicate the inclination of ‘the 
planes of slip. 

The manner of formation of a anea wedge by 
means of slip on two sets of planes is best understood by 
considering successive stages of the process as illustrated in 
the series of diagrams shown in fie. 11. 

Fig. 11, I, represents a section of a test-specimen which is 
perpendicul: ir to two sets of slip planes parallel to A D and 
BC respectively, and each inclined at an angle @ to the axis 
of the specimen, l-V represent successive slips on ae 
nate conjugate planes, with the result that the ervstal i 
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extended and at the same time reduced in diameter in the 
plane of the section. If the slips are small enough in com- 
parison with the dimensions of the specimen, and if there is, 
on the average, as much slipping on one set of planes as on 
the other, it is easy to see that a completely symmetrical 
fracture may be produced. It should be noted that no reason 
is assumed for the alternation of the slipping; this will be 
discussed later. 


K 
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It was shown in the previous paper that there is a perfectly 
definite relation between the resultant angle of such a 
symmetrical wedge and the angle 0. This relation will hold 
for any section of a cylindrical specimen cut parallel to its 
axis and perpendicular to the planes of slip, and it should 
therefore be possible to determine the complete form of a 
fractured cylinder for any given value of 8. 


Fig. 11. 


Let A BCD, fig. 12, represent a section through the axis 
of the cylinder of daner AB. Let AC and BD repre- 
sent the directions of two sets of slip planes in the cylinder 
perpendicular to the section. It was shown prev iously that 
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before fracture can occur the crystal must extend an amount 

CC’, such that CC'=BC. Then AC’ and BD’ will 
represent the contour of this section at the time of fracture, 
provided an equal amount of slipping has occurred on both 
sets of planes, the angle ġ being given by the relation 


p = 2 tan~! (4 tan) ..... (1) 


Any other section of the cylinder ata distance O P from the 
axis and parallel to it will have assumed the form G’ G K H H’, 
of which the angle GKH = ¢; there is obviously no 
slipping within the portion G’GLHH’. The locus of K 
for all such sections is shown in the projection as the curve 
LKF, which is a portion of an ellipse; the outline of 
the two wedges ig completed in the projection as shown. 
The two surtaces of the wedge will themselves be portions 
of cylinders the axes of which are inclined to the axis of 
the specimen. 

Models have been constructed which illustrate the on 
assumed by a cylindrical specimen when deformed by sym- 
metrical slip on two sets of planes. These were built up in 
accordance with the principle of alternate slip as illustrated 
in fig. 11, the angle of the slip planes with the axis of the 
cylinder being chosen as 35° to correspond to the (112). 
planes, and the extent of slipping regulated to give an angle 
of 39° as calculated from the theory. Photographs of these 
models are shown in figs. 13-16 (PI. XVIII.). Fig. 13 shows 
a wedge in process of formation; figs. 14 and 15 show two 
views of a completed wedge taken in perpendicular directions;: 
and fig. 16 shows the other view of the model shown in 
fig. 13. 


(5) Wedge Forms—Measurements. 


A determination of the wedge angle ¢ for a large number 
of the fractured crystals was made by] photographing the» edge- 
forms at a magnification of 100, and measuring the mean 
angle between the wedge surface throughout the main portion. 
of the wedge. The caved shoulders of the wedge where 
the cryst: als. are first reduced in diameter, and the irregular 
tips sometimes formed at the moment OE fracture through 
the formation of an arc or an evident distortion of the thin 
part of the wedge, were in all cases neglected. 

The results of Sach measurements are given in Table I. 
They clearly divide themselves intọ two groups; Group Í,. 
long wedges with a mean angle of 39° and a deviation from 
the mean of not more than 2° ; Group II, short wedges with. 
any angle from 50°-60°. 
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TaBLy I.— Wedge Angles. 


Group I. Group IT. 
Measured Angle. Measured Angle, 
| 
41° 38° 51° 52° 
u9 39 53 Ad 
38 38 50 hd | 
3T 36 55 ot 
39 40 55 GO 
i 
od 39 53 57 i 
52 56 ! 
Mean = 38° 24’ Mean = 54° 12’ 
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= Substituting the mean value ¢=38° 24’ in equation (1) of 
the last section, we get 


6=34° 51, 


which agrees well with the angle made by the (112) planes 
with the wire axis when the crystal orientation is symme- 
trical with this axis. i 

It therefore appears that this contour of the 39° wedges is 
accounted for by slip on the (112) planes, and in the [111] 
direction as before. The form of the other wedges having 
larger angles is still unexplained. This, as we shall see later, 
is due to unsymmetrical slip on the same set of planes and in 
the same direction. 

It was thought desirable to check the wedge shape of the 
39° wedges in other dimensions—in particular the theoretical 
contour of the wedve-edge as constructed in fig. 12, and as 
shown in the models. A symmetrical wedge comparatively 
free from end distortions and having comparatively straight 
wedge surfaces—such a one as shown in fig. 1 (PI. NVI.)-- 
was mounted in hard glass, and a series of sections made in 
planes perpendicular to the wire axis. Each section was 
photographed to show the contour, some of these being 
shown in the series I-VI (fig. 17, Pl. XIX.) (x 150). 

The horizontal dimensions of these sections as measured 
from the photographs were compared with the theoretical 
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values on the same scale as shown in fig. 19. The dotted 
line represents the theoretical contour, and the crosses the 
corresponding observed dimensions in this direction. The 
vertical dimensions of the sections were used to locate the 
positions of the sections on the horizontal scale by plotting 
them on the line A B, OA being one-half the wire diameter 
as determined from the photograph VI in a vertical direction, 
and OB being of such a length that A B makes an angle 
4h=19° 23! with the direction of the horizontal axis. The 
plieoretical contour was based on the wire diameter as deter- 
mined from the horizontal dimension of photograph VI. 


Fig. 19. 
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These measurements show that the wedge forms agree in 
other dimensions as well as wedge angle with the theoretical 
form, though even in this case ‘there are evidences of some 
distortion, in particular section IT, which is somewhat longer 
than the theoretical value. 


(6) Distortion of Crystal Planes by N-ray Analysis. 


Further evidence of distortion of these symmetrical wedge 
forms ix shown by means of X-ray analysis. Measurements 
carried out in the manner described in section (3) show that 
the crystal planes are distorted in the direction of slip, but 
not in the perpendicular direction, the extent of the dis- 
tortion being of the same order as that shown in the case of 
slip on one set of planes only. In this case the (110) planes 
were studied, sections being cut perpendicular to the wire 
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axis through the slipped portions of the wedge. Photographs 
such as those shown in fig. 18, I-IV (Pl. XVII.) were 
obtained, 

Fig. 18, I, shows the effect of an undistorted (110) 
reflexion for the case of a symmetrical wedge deformed at 
30002 K., the section being mounted so that its major axis 
—parallel to the wedge edge—intersected the spectrometer 
axis; [I shows the corresponding reflexion from the section 
mounted so that its minor axis intersects the spectrometer 
axis. Similar photographs were obtained with wedges 
deformed at 1000° K., of which III and IV are represen- 
tative. ‘The extent of the distortion amounts to about 10° 
in the case of photograph II and between 15° and 20° in the 
ease of IV. It was shown that the distortion in the case of 
IV was of the nature of a smooth curve throughout the 
section, the curvature being convex outward, viz. toward 
the wedge edge. This was done by covering up half of the 
specimen, the corresponding half of the reflected beam being 
in this case obliterated. 

(7) Microscopie Hxvamination. 

Having established the direction of the slip planes with 
respect to the symmetrical long wedge forms, it appeared 
desirable to examine microscopically sections of these wed ges 
cut along various erystal planes in order to co- <ordiiate if 
possible the shape of the etching pits with the orientation of 
the crystal. If such a co-ordination could be made, it might 
be expected to throw light on the nature of the distortion 
and the mechanism of deformation giving rise to the short 
wedge forms, which are stil] to be expl: ained. 

Sections were prepared as nearly as possible parallel to the 
main crystal planes within long symmetrical wedge forms. 
These sections were etched for 2 minutes in boiling 
hydrogen peroxide, and then for 45 seconds in alkaline 
potassium ferricyanide ; they were then photographed under 
vertical illumination with a 3-mm. oil-immersion lens (N.A. 
1:3). 

The effects diw in photographs (figs. 20-23, PI XX.) 
( x 250)are typical of those obtained for the three main crystal 
planes, the (110), the (100), and the (112) planes. Fies. 20 
and 21 show two views of a section cut nearly parallel to the 
(110) planes: such a section as would be obtained from the 
model shown in fig. 13 (Pl. XVIII.) when cut in a vertical 
plane perpendicular to the planes of slip. The photographs 
are mounted so that the axis of the wire is vertical in both 


$10 Research Staff of the G. E. C., London, on Deformation 


cases; fig. 20 is a view of the portion of the crystal through 
which the maximum amount of slip has taken place, and the 
lower part of fig. 21 is a view, near a grain boundary, of a 
portion of the same crystal w hich has not been deformed by 
slip. Both clearly show the same ty pe of lamella with sharply- 
marked edges inclined at approximately 110° with each other, 
and each making the same angle with the wire axis; suck 
markings correspond i in direction with the intersection of two- 
(112) planes with the plane of the section. It is notable 
that there is no evidence of any effect of slip on these 
markings. 

Fig. 22 shows a section cut nearly parallel to a (112) 
plane near the tip of a symmetrical wedge : such a section 
as would be obtained from the model shown in figs. 14 and 15- 
(Pl. XVIII.) when cut parallel to one of the planes of slip. 
The photograph is mounted so that the wire axis lies in the 
vertical plane perpendicular to the plane of the section. ‘Ihe 
etching effects in this case are markedly different from those 
shown in figs. 20 and 21 (Pl. XX.), the heaviest markings. 
being horizontal lines, though the absence of markings in the 
lower portion is particularly noticeable. These markings 
again correspond with the direction of the intersection of 
a (112) plane with the plane of the section, viz. the other 
slip plane inclined at 70° to the plane of the section. 

The photograph shown in fig. 23 (Pl. XX.) was taken from. 
a section cut nearly parallel to a (100) plane : such as would 
be obtained from the model (figs. 14 and 15, PI. XVIIL.) 
when cut parallel to its axis and parallel to the w ‘edge edge. 
The etching pits appear to have no marked orientation with 
respect to the dimensions of the section. It shouid be noted 
that the intersection of the (112) planes with the plane of 
the section in this case has four-fold symmetry. 

All these effects suggest that the etching reagents act 
more vigorously along “the (112) planes than in any other 
direction, which is not surprising considering that this is the 
plane of slip, and therefore presumably of weakest bonding 
between atomic lavers. The absence of markings in the 
lower part of the photograph (fig. 22, PI. XX.) suggests that 
here, near the edge of the specimen, the etching reagent was 
able to clear off all the crystalline material along the (112) 
plane, which is evidently slightly inclined to the surface of 
the section. 

On the strength ot these results the examination was 
extended to various sections made from wedge forms, with 
the object of obtaining any information which might lead to- 
a better understanding of the mechanism of their formation. 
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Photographs figs. 24-30 (Pls. XXI. & XXII.) were some 


of the most interesting of those obtained. These were taken 
at a magnification of 750 with the same lens as before. 

Fig. 24 shows the central portion of the crystal shown in 
fig. 20 (P1. XX.). It brings out the markings more clearly, 
and serves as a comparison for the photograph (fig. 25). 
showing the tip of the short wedge shown in fig. 6 (Pl. XVL). 
taken at low magnification ; these photographs are mounted: 
so that the wire axis is vertical in both cases. The markings 
shown in the photograph fig. 25 clearly suggest that tlie 
final fracture of this crystal has taken place by slip along 
a (112) plane from left to right, and it is to be noted that 
the angle made by this plane with the axis of tie wire is. 
about 40°. 

Fig. 26 shows the tip of another such short-wedge form, 
but this time from a wire fractured at 1000° K. and under a 
load of 14 kg./mm.? The photograph is again mounted so 
that the wire axis is vertical. The markings appear in every 
way the same as those shown in fig. 25, though there is 
evidence of greater distortion of the crystal. Again the 
final slip appears to have taken place along a (112) plane, 
the inclination of this plane to the direction of stress heing, 
as before, about 40°. These two forms are indeed typical of 
all the shurt wedges examined, and, as we shall see, give the 
clue to a possible explanation of their formation. 

Fig. 27 shows the tip of a very irregular wedge form, the 
photograph being mounted so that the wire axis is vertical. 
This form is such as to leave no doubt that slip has occurred: 
in the direction of the etch markings. The photograph is of 
special interest because both the 70° angles and the 110° 
ungles made by the (112) planes are to be seen. Marked 
curvatures of the planes are evident however, the planes 
having suffered a change of orientation of about 20° between 
successive slips in the last few large slips shown: such a 
distortion, though large, is not inconsistent with the results: 
of X-ray analysis already given. 

Fig. 25 (PI. XXII.) shows a section of a wedge almost 
parallel to the (110) plane but perpendicular to the wire 
axis: such a section as that shown in fig.17, III (P1 XIX), 
and similar to those used for X-ray analysis described in (6). 
The photograph is mounted so that the major axis is vertical. 
The markings are clearly similar to those obtained from other 
(110) sections, but—in agreement with the results of A-rav 
analysis—there is distinct evidence of distortion symmetrical 
with the major axis of the specimen. 

The photographs figs. 29 & 30 were obtained from the 
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two sections described in (6), of which the distortions were 
compared in fig. 18, I-IV (Pl. XVIIL.). The 70° markings 
are predominant in these sections, their asymmetry about 
the vertical axis, particularly in tig. 30, being most marked. 
The photograph fig. 31 (Pl. XXTI. ) is a view of one end of 
the section, described in (3), cut along the plane of slip ; 
it is mounted so that the major axis of the section 
corresponding to the direction of slip is nearly vertical. The 
markings clearly resemble those shown in fig. 22 (PI. XX.), 
and the evidence of distortion, especially near the bottom of 
the section, is clearly seen ; further, this distortion appears to 
be sy mmetrical about the horizontal direction in agreement 
with the results of X-ray analysis. 


(8) Affect of Orientation on Mode of Deformation. 


The sharpness of the markings indicating the direction of 
the slip planes in the etched sections of these er vstals 
suggests the possibility of determining by this means the 
ery ystal orientation in the various erystal forms produced by 
deformation. 

A study of the etfect of orientation on the shape of the 
deformed crystals, in particular those which have not frac- 
tured, should yield information concerning the relative 
tendency to slip under conditions of stress which are strictly 
comparable. Since these crystals were taken from test- 
wires which were actually fractured, the load, time of appli- 

cation of the load, and temperature were the same as were 
required for the fracture of the weakest crystal. 

Sections were cut as nearly as possible parallel to the (110) 
planes perpendicular to the planes of slip in the case of a 

variety of typical crystal forms. These were prepared in 
the usual way and were photographed at two magnifications, 
one at 70 and the other at 250. The direction of the wire 
axis in the case of the latter was determined by comparison 
with the direction of the wire axis as shown by the former. 
Measurements were made on the high magnification photo- 
graphs by drawing lines parallel to the etch markings and 
measuring the angles made by these lines with the direction 
of the wire axis ; a mean of at least 10 readings was taken 
in the case of the best photographs. Four of these photo- 
graphs are shown in figs. 32-35 (Pl. AATIT,), the photographs 
being mounted so that the wire axis is vertical in each case. 
Fig. 32 shows the somewhat drawn-out tip of a symmetrical 
long wedge; fig. 33, an unsymmetrical wedge; fig. 34, a 
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portion of a crystal which has slipped largelv, but not 
entirely, an one sct of planes ; fig. 35, one which has slipped 
almost entirely on one set of planes. 

The results of the measurements clearly show that the 
orientation of the crystal with respect to the wire axis 
determines the form assumed bv the crystal. The facts 
are represented diagrammatically in fig. 36. If we consider 
_the line bisecting the angle between the two sets of slip 
planes as representing the inclination B of the crystal to 
the wire axis, then, as 8 increases from zero, the crystal: 


Fig. 36. 
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forms change from the sy metrical form shown in I to the 
asymmetrical forms shown in II, HI and IV, a further 
increase resulting presumably in no deformation whatever. 
Such asy mmetrical forms can only be produced by differ- 
ences in the extent of slipping on the two sets of planes and 
the form shown in IIT indicates that the extent of slipping 
en the more oblique set of planes is greater than in any 
of the other forms since the obliquity of the surface here 
reaches a maximum. 

The most favourable angle for slip on any one set of planes 
mav, therefore, be determined by plotting the measured 

values of a—the angle between the more oblique crystal 
surface and the wire axis—avainst the corresponding values 
of @—the angle made by the slip planes with the wire axis. 
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The results are shown in fig. 37; the triangle represents the 
relation between @ as measured from the photograph fig. 7 
API. XVII.) and the mean values of 6 as determined by 
X-ray analysis. (Clearly æ rises to a maximum, the corres- 
ponding value of @ being about 40°. 


g Fig. 37. 


Though no great accuracy can be expected from such 
-measurements, they are considered as sutħciently represen- 
tative of the facts to warrant the general conclusion that the 
tendency for slip to occur on any one set of planes is greater 
the nearer the inclination of the set of planes with respect to 
‘the wire axis approaches an angle of about 40°. 


(9) The Mechanism of Wedge Formation. 


The effect of crystal orientation on the tendency to slip, 
-coupled with the facts of crystal distortion, suggest the 
explanation of the formation of the crystal wedges, in par- 
‘ticular the large angle short wedges which have not yet been 
explained. 

The photographs figs. 25 & 26 (Pl. XXI.) clearly indicate 
that fracture occurred by a final slip practically on one plane 
inclined at an angle of about 40° to the wire axis. On the 

-other hand, the inclination of the other surface forming the 
wedge angle shows that slip must have occurred previously 
on the conjugate set of planes, the inclination of which must 
have approached 40° at the time when slip took place. The 

‘suggested explanation is that the short wedges are produced 
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in crystals which are slightly inclined to the wire axis ; that, 
in consequence of this, slip in the beginning occurs mainly on 
one set of planes in the manner represented in diagram III 
(fig. 36) ; that the asymmetry of the form thus produced 
results in the re-orientation of the crystal in the region of 
reduced cross-sectional area, until the inclination of the con- 
jugate planes is sufficiently favourable to result in slip, the 
most favourable angle being about 40°. This accounts for 
the large angle of these wedges, the total angle being 40° 
plus the angle produced by the succession of slips on the 
conjugate planes. 

A similar process is no doubt involved in the formation of 
the long 39° wedges, the forms of which have been explained 
by assuming alternate slipping on two sets of conjugate 
planes symmetrically inclined to the wire axis in regions of 
progressively reduced cross-sectional area as represented in 
the series of diagrams shown in fig.11. In the discussion of 
these wedge forms (4), however, no reason was given tor the 
alternation of the slipping and the maintenance of the crystal 
stability during the process of deformation. The process of 
crystal distortion favouring slip on the alternate planes 
affords a possible explanation, especially since the amount of 
distortion required to change the balance in favour of slip 
on the conjugate planes need not be large. Fig. 27 (PI. XXI.) 
shows clearly that such an action does actually occur in the 
case of this somewhat irregular long wedge form. In the 
photographs (fig. 24, PI. XXI. and fig. 32, Pl. XXIII.) no 
evidence of the distortion appears, but it is to be expected 
that if the extent of slipping on each set of planes is small, 
the distortion would not be large, and, moreover, each 
successive distortion would tend to correct the previous one. 
It has been shown that the crystal wedges are distorted, the 
(110) planes—perpendicular to the wire axis—being convex 
toward the wedge edge. This can be acconnted for by the 
effect of distortion due to the successive slips, if we assume 
that the slip planes tend to become distorted near their edges, 
the distortion reaching a maximum in the region where the 
overlapping is greatest. It would be expected that these 
planes would be pulled more nearly into the line of stress 
owing to the disturbance in the balance of forces due to 
overlapping. - Under these conditions the crystal may be 
distorted momentarily, favouring slip in the conjugate planes 
until the process is reversed. 

It should be pointed out, however, that such a crystal 
re-orientation Is not necessary to explain the formation of 
these wedges, it being only necessary to assume that slipping, 
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once started on any plane, automatically stops, and that the 
next slip occurs ina new region of the crystal, Since slipping 
on one set of planes tends to reduce the volume of the 
crystal in which slips may occur on like planes of equal 
area, whereas it tends to increase the volume for conjugate 
planes of equal area (see diagrams, fig. 11), it follows that 
the probability of slip occurring in any volume of the crystal 
tends to favour the conjugate planes. The tendency for slip 
to be automatically limited finds a ready explanation in the 
distortion of the crystal planes in the direction of slip, 
especially near the edges, where there is a disturbance in the 
balance of forces due to overlapping ; such a distortion was 
shown to be produced in the zone of slip in the case of the 
crystal in fig. 7 (Pl. XVIT.), which was deformed by siipping 
on one set of planes. 


(10) Special Case of Slip on (100) Planes. 


In the course of the investigation on the strength of these 
crystals, a freak case of fracture was observed which is of 
some significance. Figs. 38 and 39 (Pl. XXIV.) show two 
views of this fracture taken in perpendicular directions. They 
show that two wedge forms are produced which are inclined 
to each other at 90°. One of these wedge forms is very 
‘much like the long 39° wedge: such a wedge is shown in 
fig. 40 (P1. XXIV.) for the sake of comparison. The other is 
of a much larger angle, measuring over 60°. A series of 
etched sections cut perpendicular to the wire axis and 
mounted with the proper relative orientation is shown in 
fig. 41, I-IV (Pl. XATV.). They clearly show that the 
double wedge was formed from the same crystal, and that the 
cause of this formation lay in the groove, produced by a split 
in the wire in which the crystal was grown. The inclination 
of this groove was such as to prevent s!ip in the normal way. 
It was shown by X-ray analysis that the crystal section as 
shown in IV was nearly parallel to the (110) planes. This 
makes it practically certain that the narrow wedge was due 
to slip on (112) planes, and that the other wedge was pro- 
‘duced by slip along (100) planes. The theoretical angle for 
this latter wedge would be 54°, but the actual angle is no 
doubt due, as in the case of short wedges, to asymmetrical 
slip accompanied. by distortion. It may be observed that 
the force required to produce this fracture was larger than 
that required for a normal fracture, the breaking stress being 
16 kg./mm.? at 1200° K. as compared with 12 kg./mm.? for 
a normal wire at the same temperature, 
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(11) Discussion of Results. 


It has now been established that all of the deformed 
crystals studied, in particular the fractured crystal wedges, 
can be accounted for by a process of slip on the (112) planes 
and in the [111] direction, with the single exception of the 
specially constrained crysti ll, in which slip also ovcur:ed on 
the (100) planes and in the [100] direction. All such 
deformed crystals showed distortions which affected the 
inclination of the erystal planes in the direction of slip, but 
which produced no marked change in the atomic spacings. 

Further, it has been shown that the most favourable 
crystal orientation for extension and fracture is such that 
two sets of 112 planes are inclined at 35° to the wire axis, 
whereas the most favourable orientation for slip on one set 
of planes is such that the planes make an angle of about 40° 
with the wire axis. 

a direction of slip, the [111] direction (viz. along the 
cube diagonal), is that of the densest packing of atoms for 
this type of crystal lattice (viz. the body-centred), the distance 
berween the atoms along this line being smaller than alone 
any other line of atoms in the crystal. “The result is there- 
fore in agreement with that obtaining in the case of the 
deformation of single crystals of other metals involving 
different lattice types, viz. zine, tin, bismuth, and aluminium, 
as pointed out by Polanyi *. The one case in which slip 
occurred in the [100] direction (viz. along the cube edge) 
demonstrates the fact that slip can occur along other lines of 
atoms as well; further, it is to be noted that this direction is 
next in order to the [111] in the density of atoms. The 
nature of the constraints induced by the peculiar form of 
this crystal and the extra stress required to produce the 
deformation suggest that, under suitable conditions, a crystal 
could be made to slip in still other directions, and that such 
is in fact the case when a crystal is deformed as part of an 
aggregate. 

The extent of the distortion produced by the deformation 
of these crystals is snch that they can no longer be considered 
as “single crystals?’ in the strict sense. It follows both 
from the X- -ray measurements and from the photographs 
that distortions of the erystal occur which would involve an 
atomic displacement of at least 10 per cent. in some cases, 
whereas no such displacement was observed: a displacement 
of 10 per cent. could easily be detected. It would appear 
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that the crystal must be considered as made up of small, more 
perfect crystals with similar but not the same orientations. 
The mechanism of deformation, which satisfactorily uccounts 
for the crystal forms, suggests that although the major portion 
of the slipping occurred before an appreciable amount. of 
distortion took place,—with the exception of the slips neur 
the point of fracture,—it is because of this distortion that 
slip is limited in extent along any one plane. If we take 
the view that slipping 1s merely a handing-on of atomic 
bonds, it is easy to see why a small curvature of the planes 
involving gaps or local changes in bonding in the chain of 
atoms would increase the resistance to slip. 

The most favourable crystal orientation for extension 
and fracture is that which has been found to occur most 
frequently in worked crystal aggregates of tungsten, in 
particular drawn tungsten wire and rolled tungsten foils *. 
In both cases one set of (110) planes tends “to set itself 
perpendicular to the direction of stress, and in the case of 
rolled foils the (100) crystal faces tend to lie in the plane of 
rolling. In the light of our experiments the reason for this 
becomes quite clear, in that extension can take place mainly 
by slip on the (112) planes inclined at 35° to the plane of 
rolling, and at the same time increase of width and some 
extension can take place by slip on the (100) planes. The 
fact that the tendency for slip to occur increases above 35° 
has been shown to account for the stability of ervstals during 
deformation by extension when in this favoured crystal 
orientation. This is in agreement with the hypothesis put 
forward by Polanyi f to nccount for the stability of the 
favoured crystal orientations in worked metals. The fact 
that the most favourable angle for slip on one set of planes 
is about 40° and not 45° is worthy of note. Since the 
theoretical orientation for maximum shearing stress is 45°, 
the result would appear to indicate that the perpendicular 
component of stress 1s effective in producing slip in this case, 
but further experiments will be necessary ‘In order to settle 
this point. 

These experimental results demonstrating that the mechan- 
ism of fracture is in all cases the same are of importance in 
connexion with the interpretation of the strength measure- 
ments described in the previous paper. Discontinnities were 
found to oceur in load-temperature curves at definite tempe- 
ratures which were co-ordinated with variations in other 


f* Polanyi, loc. cit. 
ł Poianyi, loe. cit. 


ae aio CA ————— E po — SE Po 
E a n S _  — E le lle eel el eee eee eee” —— ee ee 


Gey. Erec. Co. Phil. Mag. Ser. 6, Vol. 48, Pl. XVI. 


Fic. 1. Fre. 2. Fie. 3. 


Figs. 1, 2, 3. Exterior view of fractured wires showing deformed 
crystals (x50), 


iia, 4. Fig. 5, Fia. 6. 


Figs. 4, 5, 6. Etched sections of fractured wires showing deformed 
crystals (x70). 
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Fig. 7. Deformed crystal (left) which has slipped almost entirely 
on one set of planes ( X 50). 
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Fig. 8. X-ray photographs of (112) reflexions from planes of slip shown 
in crystal fig. 7 showing distortion of these planes, 
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Fra. 18. 


Fig. 18. X-ray photographs of (110) reflexions from sections of wedges 
perpendicular to wire axis showing distortion of these planes. 
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Fig. 9. Model of unit cube of tungsten lattice arranged with 
(110) plane—1245— vertical. 

Fig. 10. Model showing arrangement of atoms in tungsten 

crystal and directions of (112) planes, 


Fie. 14. Fig. 15. Fig. 16. 


Figs. 13, 14, 15, 16. Models showing forms assumed by a cylinder when deformed by sl; 
on two sets of planes symmetrically inclined tovits axis, 
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V wL 
Fic: 17. 
Fie. 17, I-VI. A series of sections cut from a svmmetrical wedge 
© ? f 2 J ; d © 
perpendicular to wire axis ( X 150). 
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Fic. 2O. Fie. 21. 


lic. 22. Iie. 23. 


Figs. 20, 21, 22, 23. Etched sections from wedge forms cut parallel to (110), (112), and (100) 
planes showing characteristic etching effects (x 250). 
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J5 : 97, Etched sections from we 
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Fig, 28. 


Fic. 30. Fro, $1. 


Figs. 28, 29, 30. Etched sections from wedge forms perpendicular to wire axis showin 
Fig. 31. Section along 


g distortions, 
slip plane showing distortion (x750). 
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Fig. 34. Fic. 35. 


‘tehed sections from typical crystal forms showing crystal 


Figs. 32, 33, 34, 35. | 
orientation ( X250). 
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lil IV 
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bigs. 38, 39. An abnormal fracture showing two wedge forms inclined at right 
angles (XTU). 

‘iy, 40. A normal fracture showing wedge angle (X70). 

‘ig. 41. A series of etched sections cut from abnormal wedge fracture showing 
that double wedge form was produced from same crystal. 
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physical properties, leading to the view that a new type of 
transformation was involved. The character of the curves 
in the neighbourhood of one of these discontinuities varied 
somewhat, depending apparently on the previous history of 
the wires in which the fractured crystals were grown. The 
present experiments establish that the measured forces have 
to do with the overcoming of atomic bonds of a perfectly 
definite type, and lend support to the view that this is merely 
a handing-on of atomic bonds—the atoms moving on to 
their new positions on the lattice; but they also show that 
the process is complicated by distortions which may very 
materially alter the strength measurements. It may well be 
that very slight differences in the perfection of the crystal 
before deformation will produce marked effect on the ability 
of the crystal to distort. 
Research Laboratory of the 
General Electric Company, 
August Ist, 1924. 


LXXX. The Radioactivity of Basalts and other Rocks. 
By J. H. J. Poour, Sc.D., and J. Jory, F.R.S. * 


T has been shown in several recent papers that the 
geological history of the earth’s crust depends very 
largely on the radioactivity of the sub-crustal magma. Itis 
accordingly important to determine, as far as possible, what 
the absolute radioactive content of the magma actually is, 
since the time-interval between successive geological revo- 
lutions will depend on its value, and may be roughly estimated 
when the value is known. [It is obviously impossible to deal 
with the problem directly, but, fortunately, it is now fairly 
well established that the magma is of a basic character, with 
a lower layer of possibly ultra-basic nature; and thus by 
determining the radioactivity of the basic and ultra-basic 
surface materials of the crust, we should be able to arrive at 
avery fair estimate of the radium content of the parent 
magma. 

In order to measure the total radivactivity of a rock, it is 
necessary to determine both its radium and thorium contents. 
The effect due to the actinium series is so small that it is 
negligible in comparison with the probable errors in deter- 
mining the small amounts of radium and thorium involved. 


* Communicated by the Authors. 
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The actinium content of a rock has never, as far as we are 
aware, been directly determined, but can, of course, be 
approximately calculated from its radium content. In all 
the results given in this paper the radium content has been 
measured by the electric furnace method, and the thorium 
content by the solution method, To obtain as fair a mean 
value for the radioactivity of the underlying magma as 
possible, all available specimens from different localities have 
been dealt with. It may be remarked that the results show 
that this precaution is necessary, as the various basaltic out- 
flows may differ appreciably in radioactivity. Thus, while 
the Hebridean outflow is rather below the average, the 
Coloradian is distinetly above it, and if we restricted our 
experiments to either we should obtain deceptive results. 

Turning to the actual technique of the experiments, the 
method of procedure in determining the radium content of 
a rock by the electric furnace has been fully described in 
previous papers*., The method briefly consists in fusing 
about 8 g. of the powdered rock with 24 g. of mixel 
alkali carbonates in an electric tube furnace eapable of 
giving a temperature of about 1100° C. The emanation 
which is liberated from the rock powder by the resulting 
chemical decomposition is transferred to an electroscope, 
where its effect on the rate of leak is measured. The eftect 
of a known amount of radium emanation on the electroscope 
being previously determined, we cean then calculate the 
amount of radium in the rock powder. For further details 
of the process the original papers may be consulted. The 
chief sources of uncertainty in the results may be summarized 
as follows. They are :— 


(1) Exact value of constant of electroscope. 

(2) Radioactive contamination of rock powder, 

(3) Radioactive contamination of carbonates ete. 

(4) Adsorption of radium emanation by soda-lime used 
for removal of CO. 

(5) Incomplete washout of furnace. 

(6) Presence of slight traces of water-vapour in the 
electroscope. 

(7) Irregularity in the natural leak of the electroscope. 


We will now deal with the methods adopted for reducing 
or eliminating these various sources of error. 
Considering first the determination of the constant of the 
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electroscope, a new and improved method has been devised, 
10 m.g. of uraninite of known uranium content were added 
to about 30 g. of radium-free borax glass, and the mixture 
fused, the melt being well stirred to ensure perfect mixing. 
The total w elvht of “the melt was carefully ascertained, and 
hence we could calculate its uranium content per gramme. 
The melt was then ground up, sifted from finest powder, and 
stored in a glass tube for future use. When it was desired 
to standardize the electroscope, a suitable quantity of this 
powder was added to a rock powder, whose effect on the 
electroscope had already been determined, and the effect of 
the resulting mixture determined in the ordinary way. The 
net increase in the rate of leak of the electroscope over the 
rate of leak due to the rock powder alone will then be due 
to the radium content of the amount of the standardizing 
mixture used; and as this quantity is known, we can 
wccordingiy calculate what amount of radium corresponds 
to a gain in leak of one scale-division per hour. The ad- 
vantages of this method are twofold—tfirst, we can obtain 
very small quantities of uraninite without any very delicate 
weighings ; and, secondly, the conditions under which the 
standardization experiment are conducted are practically 
identical with every other rock experiment. The object of 
having the rock present is that by its decomposition it may 
supply CO, to curry off the emanation from the melt. The 
amount of alindar ing mixture used was so chosen that its 
radium content might ‘ba as nearly as possible the same as 
that of the class of rock which was being dealt with at the 
time. The constant of the electroscope was frequently 
determined by this method. Its value was found to vary 
from about 0°65 to about 0-8 x 107! g. of radium per scale- 
division per hour, This alteration in the value of the 
constant is probably to be attributed to differences in the 
size of grain of the soda-lime used in the absorption tubes, 
which would probably lead to different amounts of emanation 
heing stopped by the tube. This point will be referred to 
again later, For some of the earlier experiments, in which 
the constant was determined by adding a weighed small 
quantity of uraninite directly to the rock powder, a rather 
lower value was obtained (05); but as the results, given by 
this constant, were subsequently confirmed when ‘working 
with the higher constant, they have been included in the 
published values. 

As far as the second error due to contamination of the 
rock powder is concerned, we may probably consider it as 
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eliminated. The rock was ground up immediately before an 
experiment in a room ia which no radium had ever heen 
handled ; and none of the various operators ever at any time 
during the course of the experiments came in contact with 
any possible source of contamination. The constancy of the 
results obtained is probably sufficient proof that no contami- 
nation could be taking place, as, if it had occurred, it would 
most certainly have ‘Jed to much larger variations in the 
results from day to day. The possible contamination or, 
rather, radioactive impurity of the alkali carbonates is, how- 
ever, a much more serious question, partaking as it does of 
the nature of a constant error, which will not be evident 
from mere inspection of the results, Several tests of the 
radium content of the carbonates were made, and although 
many of them gave null results, yet some seemed to indicate 
that they might contain small sporadic quantities of radium, 
which would vitiate the values obtained for the rock speci- 
mens. On this account a new method of dealing with the 
carbonates was adopted. Immediately before an experiment. 
the 24 ø. of alkali carbonates were dissolved in water, boiled, 
and then evaporated to dryness in an evaporating basin. 
The carbonates are then immediately mixed with the rock 
powder in the usual way, placed in the platinum beat, and 
the experiment proceeded with in the ordinary fashion. The 
effect of this procedure is that any ı radium emanation the 
carbonates may contain is driven off in the preliminary 
boiling, and hence the radium content, if any, of the carbo- 
nates cannot affect the final result. In some cases, as has 
been described in previous papers, it 1s necessary to use small 
quantities of boracic acid to encourage a free evolution of 
CO», and this material, when used, is de-emanated in a 
similar fashion. This plan of de-emanating the chemicals 
was only adopted fairly late on in the series of experiments, 
and accordingly it was thought advisable to check some of 
the earlier results. The results obtained by the two different 
methods are shown in separate columns in the lists published. 
It will be seen that in most cases the agreement between the 
two is quite gcod, showing that on the average the radio- 
active impurity of the chemicals must be small. 

The possibility of the soda-lime tube adsorbing some of the 
radium emanation is a troublesome one, and has not yet been 
overcome. The obvious way of dealing with the matter is to 
eliminate the soda-lime tube, and pass all the CQ, directly 
into the electroscope. Unfortunately this would involve 
using too large an electroscope if we employ the usual 8 g. of 
rock powder ; and if we reduce this amount much, we shall 
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not be able to measure the increase in rate of leak with any 
accuracy. Any other plan of preventing the CO, from 
reaching the electroscope, such as freezing it out, would also 
labour un‘ler the same suspicion that it prevented some of the 
emanation also from reaching the electroscope. It is hoped 
in future, however, to make the electrical measurements more 
sensitive by using a Lindemann Electrometer, and hence to 
be able to use a smaller quantity of rock and deal with the 
total volume of CO, evolved. Meanwhile there is, of course, 
good reason to expect that the effect of the adsorption, if any, 
will be practically eliminated by the comparison method 
adopted for standardizing the electroscope. 

As regards the possibility of the furnace not being com- 
pletely washed out of emanation, this point had been tested 
previously by filling a second  electroscope through the 
furnace immediately after the conclusion of an experiment. 
The second electroscope showed practically no increase in 
leak, showing that no emanation had been left in the furnace 
system. ‘This test does not, of course, prove that the soda- 
lim: had not adsorbed the emanation to a certain extent, as 
the latter would probably not be liberated by simply drawing 
air through the soda-lime tube. The effect of traces of 
moisture getting into the electroscope is troublesome, and on 
this account woud drying tubes must be used, and the electro- 
scope filled not too quickly. The danger is that there is 
usually a large amount of water evolved during the decom- 
position of the rock ; and if even a small pace of this gets 
into the electroscopr, it will give a spuriously high result if 
the latter is read immediately. However, we can fairly 
easily discriminate between this water-vapour effect and the 
true radioactive effect by rating the electroscope immediately 
after the transference and also three hours later. If the 
effect is truly radioactive, the net gain in leak should show 
about a 30-per-cent. increase at the end of three hours, but if 
itis partially due to water-vapour, there may be no increase, or 
even possibly a slight decrease at the end of the three hours. 
Thus experiments in which the correct increase is not shown 
have been excluded. It is, however, quite easy to avoid this 
error by renewing the drying materials fairly frequently. 

The irregularities sometimes observed in the natural leak 
of the elec etroscope were found to be due to two causes. One 
is the effect of light on the sulphur insulation of the gold- 
leaf system, which is quite large, and the other the accumu- 
lation of slight traces of radioactive products in the atmo- 
sphere of the laboratory unless a good circulation of air is 
maintained. The result is that the ‘electroscope must be kept 


824 Dr. J. H. J. Poole and Prof. J. Joly on the 


in the dark as much as possible and the room kept weil 
ventilated. When these precautions were observed, the 
natural rate of leak remained quite sufficiently constant. It 
was found also that under these conditions there was no 
advantage in filling the electroscope with air drawn in 
directly from outside the building. 

Turning next to the consideration of the thorium content, 
this was determined, as has already been mentioned, by the 
solution method. The details of this method have already 
been published in the ‘ Philosophical Magazine’ for May 1909. 
The solutions used were prepared from the melts obtained 
from the experiments with the electric furnace. These melts 
were carefully ground up and then treated with pure water. 
After standing for at least 6 hours, the resulting mixture was 
filtered. The filtrate is discarded, as it contains no thorium. 
and the residue dissolved in dilute pure HCI and tben made 
up to a convenient bulk with waier. It is usually possible to 
obtain a perfectly limpid rock solution by this method; but if 
too concentrated HCl is used, or if the decomposition is not 
complete owing to the furnace not having reached a 
sufficiently high temperature, we are apt to get a cloudy 
solution, owing to the presence of gelatinous silica. Previous 
experiments have, however, shown that this cloudiness has no 
very marked effect on the value obtained for the thorium 
content of the solution. 

The amount of thorium in the solution is determined by 
boiling it in a constant current of air, which is subsequently 
passed through a reflux condenser and set of drying tubes 
into an electroscope whose rate of leak any thorium emanation 
liberated from the solution will affect. In order to eliminate 
the radium emanation, the solution is previously boiled for 
about. twenty minutes ip an open flask. The electroscope is 
standardized in the ordinary way by using a solution con- 
taining a known amount of thorium. It is obvious that the 
constant of the electroscope will depend on the velocity of 
the air-current, and it is easy to show that there is a certain 
value of this velocity which will give the lowest value of the 
constant. Thus, if we let No =number of thorium emanation 
atoms escaping from the sahai per second, V=velocity of 
air-stream in c.e. per sec, a = volume of condenser erc.. 
b=volume of condenser and electroscope, and A=the radio- 
active constant for thorium, we see that, when a steady state 
has been attained, N, the number of atoms breaking up ver 
second in the clectroscope, will be equal to 
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This quantity will be a maximum when 
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The value for the volume of the condenser system which 
has to be inserted in this expression is not the actual total 
volume, but only that fraction of it which is not occupied by 
water-vapour. As this fraction is not known, we can only 
calculate approximately what the best value of the air- 
current should be. Putting in, however, a =50 c.c., which 
from the dimensions of the actual apparatus would appear to 
be a fairly reasonable value, V comes out to be about 3 c.c. 
per sec. In practice the best valne of V was determined by 
trial, and about 4 c.c. per sec. was found to give the best 
results, so the agreement with the theoretical value is satis- 
factory. The method used of obtaining a steady current of 
air through the electroscope has been previously fully 
described. The only alteration imade was to employ a glass 
capillary tube as an air-leak instead of a stopcock, as it 
was felt that the former was more likely to be constant in 
value. 

The chief uncertainty in the thorium determinations 
arises from the small increase in leak which the solution 
gives In many cases. The method adopted was to measure 
the natural leak of the electrosecope immediately before and 
after the rock solution. The air-supply was taken from out- 
side the building, as the air in the laboratory is usually 
slightly more ionized, due to gas burners ete. The danger of 
the solution becoming contaminated with thorium is much 
less than in the case of the radium determinations, as we are 
dealing with so much smaller quantities in the latter case. 
It is highly improbable that any of the more active elements 
of the thorium family could be accidentally introduced, since 
no mesothorium preparations have ever been used in this 
laboratory. For a fuller description of the experimental 
details and the precautions adopted, the reader may refer to 
the earlier papers, as no important alterations have been 
made in the method. 
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In the following tables, column II. contains results 
obtained with the use of de-emanated carbonates. 

The figures in the columns must be multiplied by 107! in 
the case of radinm and by 107° in the case of thorium, the 
results being the quantities found per gram of rock. 

In obtaining the mean values, the figures given in 
column |, have had to be employed in most cases. It will 
be seen from the results that, if de-emanated carbonates had 
been used in every case, the mean values would probably be 
reduced by about 0'1 x 107€; nota very important alteration. 
It may be noticed that no thorium could be detected in the 
carbonates. 


Basic Rocks. 


Western European. 


Rene Rapiumu Content. a 
I. II. 
Basaltic Lava, Iceland, near Hafna, 0°65 0:50 
Jordun, 
Vesicular Basalt, Iceland ............... 1:00 045 
Basalt, Arthur's Seat, Edinburgh ...... 112 1-00 
Ditto ae 1:40 
Basalt Staffa soea aiei 0-96 0-90 
Basalt) with Tachylite, Tobermory, 0:96 0-60 
Mull. g 
Basalt, Squire Hill, Belfast ........... 0:62 0°69 
Ditto =—— anweueeseras 0°75 0:56 
Ditto ©  '  aarpgisde 0:47 
Basait, Blackhead. Co. Antrim ......... 087 0:56 0-34 
Basalt, near Clegan, Co. Galway ...... 1°) 0-24 
Basalt, Giant's Causeway, Co. Antrim. — 0°50 O17 
Basalt, Lintz, Rhenish Prussia ......... 1:50 1:26 
Laminated Basalt, Striegan, Silesia ... 089 0°60 
Basalt, Pholberg, Saxony .........ccee0s 1-63 1:15 
Ditto —nesasssssssseos 1:72 1°60 
Basalt, Siebengeberge ......... A ste 1-17 1:10 
TIO age data ee 1:10 
Basalt, Vogelgiberge co.cc... cee cece ee ees 172 1-10 
Basalt, Drachenfels, Bonn ............... 1:50 09S 
Gabbro. Baxenstein. Radanthal, Hartz. 1:10 025 
Vesicular Basalt, Gravenoire Volcano, 1°25 1-19 1:12 
Clermont. 
Basalt, Murat-le-quaire ................0 1°38 0°87 
Pyroxene Basalt, Les Sources de Royat, {1°68 0:52 
Clermont. { 1:03 
Basalt. Mt. Rognon .......... cece ee eee 1:03 0°56 
Rowley Rag Basalt, near Birmingham. 1:13 UTi 
Mean Value (a) Hebridean Basalts ... 077 0:49 


(7) Other European Basalts 1:30 0-84 


Radioactivity of Basalts and other Rocks. 


U.S.A. (Western States). 


Rock. Rapium Content. 
I. Il. 
Vesicular Basalt, Chaffee Co., Colorado. 1-80 1:70 
Olivine Basalt, Jefferson Co , Colorado T56 
Olivine Basalt Porphyry, Border Co., | 1-46 
Colorado. 
Ditto usa 155 
Hornblende Basalt, Chaffee Co., Colorado 270 
Ditto ©. gavetad. ars 
Olivine Plagioclase Basalt, Huerfane, 1°00 
Co. Colorado. 
Ditto see 1:24 
Olivine Basalt, Mt. St. Helen’s, Wash- F44 1:40 
ington. 
Gabbro, Nye, Montanan .esssssssssssssse 1:12 
Mean Value.................. 1:69 


Diabase, Somerset Co., New Jersey ... 1:18 
Diabase, Upper Mt. Clair, New Jersey. Viz 


Ditto ae Lazy 

Diabase, Coluinnar, Mt. Toru, Massa- U85 
chusetts, 

Hornblende Gabbro, Albermarle Co., 0657 
Virginia. 

Ditto > usses 0:83 

Quartz Diabase, Sutfern, New York ... 122 

Mean Value. ................ 1:09 


Atlantic Islands. 


Stony Lava, St. Helena .................. 1-21 
Basalt, St. Helena ...............00eeeeeee O93 
Basalt, Ascension ........ cece cesses ences O76 
Ditto A E E ET DoT 
Olivine Basalt, Madeira ...............05. 1-38 
Basalt, Tenerife, Canary Islands ...... 277 
Basalt. Flores, Azores ..... EA 140 
Basalt. Cape Verde Islands ............ 0:36 
Olivine Basalt, Fernando Noronha... 120 
Ditto ee 1-04 

Mean Value ............ccc00e Lal 


0:80 
0:71 


Indian Ocean Islands. 


Basalt. Christmas Island ............... 1-05 
Basalt, Island of Rodriguez ............ 0-76 
Basalt, Kerguelen Island ............... OTT 


Mean Value .........cccceeees 0°86 


8 


Trorts 
CONTENT, 


1-70 
2-40 
O'U 


0:90 


05 


9 


oad 


7 
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Pacifie Islands. 


Rock. Rapium Context. ene 
I II. 
Basaltic Lava, Hawaiian Islands ...... 1-25 0-28 
Ropy Lava, Kilauea escoceses . 096 0°30 
Vesicular Basalt, Hawaiian Islands... 1°10 0:37 
Olivine Basalt, Juan Fernandez ...... 1:06 0:96 0:32 
Mean Valuo.................- 1:09 0:32 
Deccan Basalts. 
Index No , 
20/861, Loc. Kasara-Igatpure ......... 0:91 0:62 
20/855, Bombay, Nagpur Ry. ......... 0-75 0:43 
RSL rane e A NEEE 0-60 0°37 
D0) Boa: faces oarveswoseapieeun AE N 0:80 0:52 
HA ori ea cheainoowsuseeveause 0-82 0:56 
DU BIZ iren E EEES 0:72 0:24 
Mean Value .................. 0:77 0:46 
South African Dolerite. 
Karoo Dolerite, Teviot Borehole (1225 1:75 0-38 
feet deep), Cape Province. 
Karoo Dolerite, near Victoria, West 1°25 0:62 
Cape Province. 
Karoo Dolerite, Cape Province ......... 1°50 0-80 
Karoo Dolerite, Teviot Borehole (1025 1°25 0:79 
feet deep), Cape Province. 
Mean Value ..............0005 144 070 


ULTRA-BAsSIC ROCKS. 


Tuority 
Rapbium CONTENT. i 


Rock. CONTENT. 
I lI. 

Picrite, Cornwall 0.0.0... 22. cece cece eee U-43 0-60 
Picrite, Luchcolen, Firth of Forth ... 0:50 0:34 
Palæopicrite, Highweek, Devonshire .. 0:44 0:32 
Do. Nassau .....cc cece ees ceeees O50 0°32 
Limburygite, Kaiserstahl, Baden ...... 1-20 1-40 

Ditto assesses. ]-]4 

Ditto ©” “es esweoeae b ee 
Limburgite, Stuppelskuppe. Eisenach. 1-06 Oo 
Do. Hussenberg, Marklias, 1°08 1:32 

Lausitz. 

Lherzolite, Pyrenees ...........00e00 o 0:56 0:30 
Do. Piedmont ..............ccccees 0-39 0-30 
Amphibole Peridotite, Schreisheim, O99 58 


Baden. 
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Unrra-basitc Rocks (continued). 


Rock. RADIUM CONTENT. Tuogivs 
Content, 
I. II. 
Biotite Peridotite, Harzburg ............ 0°35 O10 
Wehrlite, Frankenstein, Odenwald ... 0°46 0-20 
Hornblende Olivine Peridotite, Syra- 1-75 1:58 
cuse, New York. 
Cumberlandite Peridotite. Rhode 1:08 0:21 
Island. 
Dunite. Krombal, Styria eesse 052 0:30 
Dunite, Dun Mts., New Zealand ...... 042 0:37 
Eulvsite, Tunaberg, Sweden ............ O74 0:13 
Augitite, Bohemia oo... eee ee 1-40 1:37 
Theralite, Sohla Mahren ...... ........ 0°96 1:12 
Mean Value .................- 0:80 0-61 
INTERMEDIATE Rocks. 
Rapium CONTENT. Tnoziws 
Roex. CONTENT. 
J. TI. 
Andesite, San Juan Co. Colorado 270 1°10 
Andesite Porphyry, Massachusetts ... 140 025 
Granodiorite, Minnesota ...........000- 315 1:57 
Diorite, Sassi, Finland .............. 4. . 806 O47 
Anorthosite, Wichita Mts., Oklahama. 175 0:10 
Anorthosite, New York ........ Kaaanee ens 1:52 0:28 
Mica Dacite, Border Co., Colorado ... 2-70 047 
Mean Value ...............00 2°26 OGI 
Acip Rocks. 
(Mostly Archzean Granites.) 
p . . Trontus 
Rock. Rapvicus Contest, E 
I. IJ. 
Rapakivi Granite, Finland............... ore | 570 
Ditto A Mee ea GGD 6-00 
Granite, Sornas, Finland ............... 3°98 1:75 
Hango. Finland ......... easa OTT Ta 
Zirkala, Finland oaos VOT POS 
x Haltula, Finland ............... 472 lao 
i Hanga Udd.. Finland... ...... 162 2:25 
F Tyterlaks, Finland ......0..... 4s] 1°37 
of Kajaloki. Finland ............ 24h 1°88 
» Orwen, Finland... 2:97 075 
ss Kuru, north of Tammerfors, TOO G30 4-00 
Finland. 
» Fnastila, Finland ............... $04 & 20 
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Acip Rocks (continued), 
Trortum 


Rock. Rapium Content. CONI 
ONTENT. 
I. II. 
Kugel Granite. Finland .................. 2:88 C:s6 
Granite, Flannan I-lands, W. of Lewis 1:75 0:90 
Granite, Loch Michard, Sutherland... IAS 0:51 
Granite, Cipe Wrath, Sutherland...... 227 1:73 
Mica Gneiss, north of Tammerfors, 1°75 1-00 
Finland. 
Adergneiss, Teisks, Finland ............ 2097 0:75 
Hornblende Orthogneiss (Lewisian), = 1°20 O64 
Tiree. 
Granogneiss, Island of Coll ............ 1-84 0°52 
r Ballyhaugh, Island of Coll 1'66 1:97 
Orthogneiss, Tiree ..............sseeeeeeee 1-60 163 
Mean Value sesse 3 23l 
Broadford Sill, Skye. 
Base (Basaltic) cscciiccssccsessdinesasseaes 0:96 0:50 
10 ft. from base (Granophyric) ......... 1-62 O75 
G ft. from top ROPA eteteak 1:49 052 
Top (Buswlt ic) ns o wee reiini 1-03 0:37 
Broadford Dyke, Skye. 
North Margin of Dyke (dark-coloured) 079 0:52 
Centre of Dyke (light-coloured) ...... 1-05 O94 
Ditto > e 175 1:05 
Dyke cast of Broadford 

Easterly light-coloured margin ......... 1:05 0 30 
Central dark-coloured portion ......... T92 O64 
Westerly light-coloured margin — ...... 1:05 0:62 


The general means for basaltic rocks are as follows :— 


Ravium, Tuericn. 
All basalts, dolerites, gabbros (98) ... 0.2.2... a 119 OTT 
Hebridean basalts (O) ace ees son OTT 049 
Kuropean A EE aneen 1°30 Ong 
Deccan s (OF serro OTT Oda 
Western U.S.A. basalts Cis oiaren ai Poy 152 
Atlautie [slunds ERI Cease eae lal ONT 
Indian Ocean Islands (O rea ONG 65 
Pacific D (E) oceanie 1-09 Oe 
Eastern U S. A. (lt eee eee 1-09 Wd 


N. African (A) cigdacateaveoes 1-44 OTU 
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Results previously available as determined by similar 
methods of analysis (Phil. Mag. October 1912 and April 
1915) :— 


Ranicy. Tuore, 
All basalts, dolerites, gabbros (31) ............... 1:28 0:51 
Hebridean basalts C OEE 0:50 0°38 
Basalts, Deccan and Antarctic (14) ............... 20 0-84 
Diabases and dolerites CS): eisasses eden 1:0 0:22 
Gabbros and norites (D) eetiline 13 0:50 
General basalts CLS) sus ceewdsdees 1-4 0°63 


On similar rocks, but determined by the Wet Method, the 
radium content was as follows :— 


GABBROS DOLERITES 
AND AND Basawrs. 

Noritrs. DIABASES, 
Strutt l a aena 0:63 (1) 0:59 (2) 0-44 (8) 
Farr and Florance? ......... 0°33 (2) O99 (3) O-8t (1) 
Buchner 3 ..........cccscccecceees 0-70 (1) OST (2) 0°50 (1) 
Pletcher siscineveawacsaueetuseds oe 5 0:71 (5) 


1 Strutt, Proc. R. S. lxxvii. & Ixxxiv. 

2 Farr & Florance, Phil. Mag. Nov. 1909. 

3 Buchner, Konink. Akad, Wet, Amsterdam, Oct. 1910 and April 1911. 
* Fletcher, Phil. Mag. July 1910 and Jan. & June 1911. 


Comparing the new results with the previous results 
obtained by similar procedure, there is little difference notice- 
able. Thus 58 basalts, dolerites, and gabbros give for the 
radium content 1:19 (recent), and 3L similar rocks formerly 
give 1:28. In the thorium content on the same specimens 
we have: recent 0°77 and former 0°31. The radium results 
by Wet Method are hardly comparable; they have been 
shown by direct comparison to give somewhat lower values. 
The published results show values ranging from 0°33 to 0°87 
for rocks of basaltic origin. 

The chief matter of interest is the values to be aseribed 
to the plateau basalts. Daly, Washington, and others have 
shown that there is close chemical resemblance between the 
chemical composition of the plateau lavas, and among these. 
the Decean, Thulean (Hebridean), and Oragonian (Western 
U.S.A.) are specifically cited by Washington. The radio- 
active constituents are closely alike in quantity in the 
ease of the Hebridean and Decean, but the basalts from the 
Western U.S.A. show appreciably greater quantities both of 
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radium and of thorium. If the latter specimens are authen- 
tically derived from the plateau basalt, this is difficult to 
account for. 

The point is of interest, for as we would naturally infer 
the plateau basalts to represent the general basaltic sub- 
stratum of the earth’s surface, the evaluation of their average 

radioactivity is of importance. On the other hand, the lavas 
of the oceanic islanus might be expected to proceed from 
pockets in the lava forming the ocean-floor which possibly do 
not take part in the phenomena of the cyclical changes and 
deformation of the earth’s surface crust. 

In short, we want to know, so far as may be attainable, 
what quantities of radioactive materials are to be taken into 
account in forming an estimate of the time-periods involved 
in the evolution of heat in the substratum. This is the most 
important constant connected with the geological influence of 
radioactivity. It is hoped to continue the present investi- 
gation, with a view to derive, if possible, further light on 
this point as well as on the subject of small errors possibly 
entering into the existing procedure. 

The ultra-busic rocks are somewhat lower in the mean 
than the basalts. These rocks have, hitherto, not been 
systematically investigated. 

A point of interest is the high values noticeable in the 
case of certain of the granites of Finland. There appears to 
be no doubt of the reliability of these results ; they apply to 
areas where intense thermal conditions prevailed in remote 
times. 

A comparison of the results for acid, intermediate, and 
basic rocks shows that the relation first found by Lord 
Ravleigh is sustained. 


We have to thank Dr. J. J. Sederholm for the specimens 
from Finland and for information most kindly supplied 
therewith. We desire to acknowledge also the kindness of 
Professor Harold 8. Palmer in sending lavas from Hawaii, 
and of the Trustees of the British Auscam in supplying 
specimens from tiie oceanic islands. 
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LXXXI. Crystal Structure and Absorption Spectra—The 
Cobaltous Compounds. By Rosin Hitt and Owen Rays 
HowELt *. 

[Plate XXV.] 
T red and blue colours of the cobaltous compounds 
have attracted much attention and many theories have 
been advanced to account for them and for the change from 
one to the other. 

Von Babo (Jahresber. 1857, p. 72) appears to have been 
the first to observe the change in colour of cobalt solutions 
on heating and on the addition of alcohol or of certain salts. 
He thought the transformation from red to blue was due to 
dehydration of the cobalt salt. Schiff (Liebig’s Ann. Chem. 
ex. p. 203, 1859) was of the same opinion. Gladstone 
(Journ. Chem. Soc. x. p. 79, 1858; ibid. xi. p. 36, 1859) 
after examining the spectra of cobalt solutions, and Vogel 
(Ber. xi. p. 913, 1878) after a more extended investigation, 
also inferred that the difference in colour was due to a 
difference in hydration. Russell (Proc. Roy. Soc. xxxii. 
p. 258, 1581) studied the absorption spectra of various 
cobalt solutions and of fused cobalt salts, and he concluded 
that the change in colour was due to the presence of hydrates. 
Tichborne (Chem. News, xxv. p. 133, 1872), Potilitzin (Ber. 
xvii. p. 276, 1884; Bull. Soc. Chim. (3) vi. p. 264, 1891), 
Lescoeur (Ann. Chim. Phys. (6) xix. p. 547, 1890 ; ibid. 
(7) iv. p. 213, 1895), Btard (Comptes Rendus, cxiii. p. 699, 
1891 ; ibid. cxx. p. 1057, 1895), Charpy (Comptes Rendus, 
exiii. p. 794, 1891), and Wyrouboff (Bull. Soc. Chim. (3) 
v. p. 460, 1891; ibid. vi. p. 3) studied the formation and 
range of stability of the hydrates of different cobalt salts. 
Thev argued from their results that the change in colour on 
heating was best explained by a change from one hydrate 
to another. A 

Hartley (Trans. Roy. Dub. Soc. (2) vil. p. 253, 1900 ; 
Journ. Chem. Soc. lxxxiii. p. 401, 1903) made a very ex- 
haustive investigation on the absorption spectra of cobalt 
solutions at different dilutions and ut different temperatures. 
He found that those salts which are anhydrous, or are not 
dehydrated below 100°, or do not change colour when de- 
hydrated, give solutions whose absorption spectra do not 
change on heating. Hydrated salts, however, give solutions 
whose absorption spectra undergo a marked change on 
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heating, and a similar change is generally produced by the 
addition of salts which act as dehydrating agents. Hartley 
therefore concluded that the change in colour is essentially 
an hydration phenomenon. Jones and Uhler (Amer. Chem. 
Journ, xxxvil. p. 126, 1907) have examined the absorption 
spectra and electrical conductivities of cobalt solutions in 
the presence of varying amounts of different salts. They 
found that ‘ the blue and red colours correspond, respectively, 
to wide and narrow bands; or, in terms of the theory, to 
small hydration and relatively large hydration.” 

This theory of hydration is sufficient to account for the 
colour changes within its limited application. It is, how- 
ever, not sufficiently embracing in that it makes no attempt 
to account for the colour of anhydrous compounds and of 
solids. 

Berch (Wien. Akad. Sitzungsber. (2) lvi. p. 724, 1867), 
thinking he observed a transformation of the red (‘oC],.6H.O 
to blue without change of composition, proposed to account 
for the change in colour of cobalt salts by postulating that 
there are two modifications of the hexahydrate, one red and 
the other blue. Potilitzin (loc. cit.) showed that the obser- 
vation was incorrect and thus disproved the theory. Notonly 
has this view no experimental justification, but it contributes 
nothing towards an explanation of the cause of the colour. 

Ostwald (Grundlinien der anorg. Chem. p. 620; Lehrbuch 
der allgem. Chemie) believes the red colour is due to the 
cobalt ion and the blue colour to the un-ionized salt. 
Whereas this may explain the change in colour from red to 
blue on the addition of certain salts to cobalt solutions, by 
consequent depression of the ionization of the cobalt salt, it 
fails to explain why some salts are ineffective in bringing 
about the change. It also fails to account for the change in 
colour on heating, since the ionization of the salt undergoes 
very little change in the process. 

Engel (Bull. Soc. Chim. (3) vi. p. 239, 1891 ; see also 
Le Chassevent and Le Chatelier, ibid. (3) vi. pp. 3. 84, 209, 
1891) considers that no general theory can explain all the 
colour changes. Each one must have a separate inter- 
pretation. The change in colour of cobalt chloride solution 
on the addition of hydrochloric acid or metallic chlorides is 
due to the formation of double chlorides in solution. 

Donnan and Bassett (Journ. Chem. Soc. Ixxxi. p. 939, 
1902) from a study of the coloured solutions, chiefly their 
behaviour on electrolysis, concluded that “the blue colour is 
largely due to complexes such as CoC], or CoCl;,” while the 
red colour is due to “the cobalt atom outside the immediate 
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sphere of the chlorine atoms.” The colour of a solution 
containing cobalt and another metal is consequently deter- 
mined by. the relative tendencies of the two metals to form 
complex anions. If the cobalt has the greater tendency, the 
solution is blue; if the other metal has the greater tendeney, 
the solution is red. 

Hantzseh and Shibata (Zeit. anory. Chem. lxxiii. p. 309, 
1912) determined the apparent molecular weight and the 
absorption spectrum of cobalt thiocyanate in various solvents. 
From the manner of ionization thus determined, they eon- 
cluded that the blue solutions contained compleces such as 
Co[ Co(SCN),] in which the cobalt atom in the complex is 
associated with four groups, and the red solutions con- 
tained complexes such as Co! Cl, (HgCle)o] or [Co(SCN) 
(H0), ]SCN in which the wobalt atom in the complex is 
a with six groups. 

The interest of the present authors was aroused in this 
subject by a chance observation through a direct vision 
spectroscope that the absorption spectra of cobalt spinel, 
cobalt blue, and the blue solution of cobalt oxide in potash 
were so very similar. In the present communication an 
account is given of the absorption spectra in the visible 
region of a “number of cobaltous solutions and of pigments 
derived from divalent cobalt. The latter are an important 
elass of compounds which do not appear to have been 
investigated hitherto in this way, nor does any attempt 
appear to have been made to account for the colour of 
cobalt solutions by comparing them with the solid compounds, 

Working along these lines, we have concluded that the 
blue colour is due to the direct association of the cobalt atom 
with four atoms or groups, and that the red colour is due to 
its direct association with six atoms or groups. We were 
led to this belief before we were aware of the paper by 
Hantzsch and Shibata (loc. cit.), who assign similar values to 
the number of groups forming their complexe s. As will 
appear, our idea of the nature ol the four and six associations 
is entirely different and is applicable generally. Thus, 
whereas the hvpothesis of Hantzseh and Shibata can hardly 
be used to account for the colour of the pigments, our own 
iden of the association in solution is founded on the con- 
stitution of these. Again, Hantzsch and Shibata assume 
that the addition of a metallic salt to a solution of a cobalt 
salt results in the formation of a complex between the two 
salts; we show that the function of the added salt is simply 
to force the cobalt atom from one type of association to the 
other. 
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EXPERIMENTAL. 


Preparation of Pigments.—A number of compounds in 
which cobaltous oxide is combined with certain colourless 
oxides are well known pigments. The essential method of 
preparation consists in heating a mixture of the oxides to 
obtain a homogeneous non-fused mass. It is, however, 
advantageous to use the sulphates, because on warming they 
melt in their water of crystallization giving a perfect mixture, 
and on further heating evolve sulphur dioxide yielding a 
friable and completely oxidized mass. Our method of pre- 
paration, therefore, consisted in making a mixture of the 
requisite quantities of the sulphates (or stannic oxide and 
silica where these enter the composition) and heating, gently 
at first and finally at about 1200° for half an hour. 

As ordinarily prepared for pigments, these compounds are 
too intensely coloured for examination. We therefore pre- 
pared “ diluted ” colours in which the cobalt. is replaced by 
other suitable metals such as magnesium or zine. In each 
case a series was prepared. The compound at the one end of 
the series, containing no cobalt, was used as a ‘ blank ” ; 
the compound at the other end of the series. containing the 
maximum possible amount, was prepared to see if it was of 
the same nature as the intermediate compounds, and it was 
compared with the corresponding commercial “artist's” 
colour. One of the intermediate compounds of suitable 
intensity was selected for examination. 

The following is a list of the pigments prepared, together 
with the composition of the “diluted” compound examined :— 


Thénard’s Blue or 
Cobalt Blue (a) CvOA1,0, 3? MrOALO, 


7" a (4)  CoOAl,O, 32 BeOAL O, 
‘a 4 (e) CoOAI_O, on ZuOAl,O, 
Cerulean Blue (a) CoOSn0,, 52 MgOSn0, 
7 n (b) — (CoO, SnO, 32X(MgO) SnO, 
T 5 (e) — (Co0), SnO, 32(ZnO),8n0, 
Cobalt o-silicate (a) (CoO), SiO, 4(MgO),Si0, 
M (b) (CoO), SiO0, 82(2nO). SiO, 
Rinmann’s Green CuO 256ZnO0 
Cobalt Pink CoO 8MyO 


Preparation of Svlutions.—The coloured solutions were 
made by adding the requisite quantity of a concentrated 
standard solution of cobalt sulphate to a solution of the 
potassium salt saturated at room temperature, or to hydro- 


chlorie acid saturated with the necessary metallic chloride. 
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The corresponding “blank” solution was made up in the 
sume Way using water Instead of the cobalt solution. Both 
solutions were allowed to stand in order that the precipitated 
potassium sulphate and suspended particles might settle. 

The “cobalt thiocyanate in ether” was made by extracting 
a solution containing a known amount of cobalt, treated with 
potassium thiocyanate, with ether containing 5 per cent. of 
amyl alcohol until colourless, and making up the extracts to 
a known volume, 

The concentration of each solution is given in brackets 
after it and is expressed as gram atoms of cobalt per litre. 

[nstrument.—All the measurements were mace by means of 
a Nutting photometer with a Hilger Wavelength Spectroscope. 

The pigments were examined by reflected light. Small 
boxes were made of cardboard in the form of a cube with 
two of its adjacent faces missing. One of these boxes was 
placed immediately against each of the photometer apertures 
with one of the open "sides next the aperture and the other 
open side up. The inside of one of the boxes was covered 
with a thick layer of the pigment and the other with a 
corresponding “ blank,” both prepared by mixing with 5 per 
cent. gum arabic solution to the necessary consistency. The 
source of light was a powerful half-watt lamp placed im- 
mediately above the photometer box. 

For the examination of the liquids the optical arrangement 
of the instrument as ordinarily employed was slightly 
modified by using as a light source a disk of opal glass 
placed in front of a 200 candle-power half-watt lamp, and 
by inserting a lens in each of the two beams (formed on 
division) to ‘bri ing the image of the light source into the plane 
of the rhomb, a suggestion kindly made by Dr. Hartridge. 
With this arrangement the relative intensities of the three 
fields did not vary with the position of the eye at the 
eyepiece ; moreover, the coincidence in the junction of the 
fields was rendered more perfect owing to elimination of 
diffraction. 

Cell.—It was deemed advisable, where the solubility of the 
substance allowed, to examine a thin laver of concentrated 
cobalt, solution in preference to a thick layer of dilute 
solution, for the following reasons :— 

(a) The effect of any impurities in the potassium salt used 
for making the solutions is ot less account. 

(b) The effect of oxidation or of other changes in the 
coloured solution is greatly reduced. 

(e) The loss of light due to suspended particles is of less 
consequence. 


J- 


38 Messrs. R. Hill and O. R. Howell on 


A special i was therefore designed and constructed as 
shown in fig. 1. A and C are two pieces of plate glass 
6 em.X3'7 cm.X7 mm. A has two holes each 1 cm. 
diameter bored through it, their centres being 2°3 cm. apart. 
B is a piece of window olass the same size as A and C, but 
onlv 2 mm. thick, and has a square hole 2:6 em. x 9 mm. cut 
in the middle. A Band Care put together face to face as 
shown, the faces in contact being smeared with a very little 

vaseline. The whole is held in a wooden frame made of two 
pieces D and E. D has a square hole 4:6 x 2 em. cut in it 


Fig. 1. 


oO 


D ABC E 


giving sufficient clearance to the two holes in A. B is 
provided with tour small bolts as shown ; it has a hole 8 mm. 
diameter bored through the middle. The assembled cell is 
placed in E, D is placed over it, and the whole screwed up. 

The holes in A are provided with rubber stoppers carrying 
glass tubes, the lower leading to a stoppered task containing 
the lation for ee ON and the upper to a receiver. 
The solution is blown over, filling the cell. The tubes are 
so arranged that the ein of light is uninterrupted ; it 
enters A between the two holes, traverses the layer of liquid 
and emerges through the holes in E which gives a beam of 
the requisite size without ¢ anv stray light. 
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Two such cells were mounted side by side on a stand, the 
distance between them being such that the two emerging 
beams coincided with the apertures of the photometer ‘box. 
One was filled with the cobalt solution and the other with 
the “ blank.” 

Method of Plotting.—All the curves are plotted with wave- 
lengths in Àngström units as abscissæ and fraction of light 
absorbed as ordinate 


Blue Compounds. 


The erystal structure of spinel (MgO Al,O3, or Mg Al,O,) 
has been elucidated by means of X-rays by W. H. Bragg 
(Phil. Mag. (2) xxx. p. 309, 1915), who oe that each 
magnesium atom is surrounded by four oxygen atoms. In 
this connexion it m: iy be noted that Dickinson (Journ. Amer. 
Chem. Soc. xliv. p. 774, 1922) has shown.trom an X- -ray ex- 
amination of the crystal structure of the double alkali evanides 
of cadmium and mercury (K Cd(CN)}, and Ky, »He(CN),) 
that the groups Cd(CN), and He(Cn), play the same part 
in the structure as the MgO, group in spinel. 

The magnesium atoms in spinel may be partly replaced 
hy cobalt, giving the blue cobalt spinel. We are indebted to 
Mr. A. Hutchinson, F.R.S., for a piece of the artificial gem 
which we used for examination. 

Tt will be seen that the curves for cobalt spinel (fig. 2 F) 
and cobalt blue (hg. 2 E) ure almost identical, the only 
difference in their form being that the maxima in the case of 
the spinel are sharper than in that of the cobalt blue, since 
the former is examined by transmitted light and the latter 
by reflected light, where some is seattered. It is therefore 
reasonable to conclu that the structure of cobalt blue is 
identical with that of cobalt spinel. Since cobalt spinel is a 
solid solution, it follows that in both cases the cobalt atom 
replaces the magtesium atom without change in structure 
and is therefore surrounded by four oxygen atoms. 

The absorption curve for cobalt blue with beryllium as 
diluent (fig. 2 D) is of precisely the same nature as with 
magnesium as diluent. On treating this substance with 
concentrated acids the cobalt is readily dissolved, leaving a 
perfectly white residue of beryllium aluminate (erysobery]). 
It follows that cobalt aluminate and beryllium aluminate 
are non-miscible and that the absorption spectrum of this 
pigment is due to the cobalt aluminate itself contained in it. 
Since the same absorption spectrum is obtained with cobalt 
blue, confirmatory evidence is thus obtained that in this 
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compound cobalt and magnesium are interchangeable without 
change in structure. 

Zine is known to form a spinel with the same structure as 
magnesium spinel, and it may be replaced by cobalt yielding 
a blue pigment just as magnesium is so replaceable. The 
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absorption spectrum of this compound (fig. 3 E) is strictly 
comparable with that of cobalt blue with magnesium as 
diluent (reproduced again for comparison in fig. 3 G). The 
absorption bands are exactly similar. The compound is of a 
more violet shade than the corresponding magnesium one. 
This is particularly noticeable in artificial light, the mag- 
nesium compound retaining more of the blue colour than the 
zine compound. This fact is interesting because it is stated 
that zine oxide is added in the manufacture of commercial 
cobalt blue. Its effect is not to introduce a tinge of green 
into the blue colour as is popularly supposed, but onlv to 
help in forming the spinel structure. The curves bring out 
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this point and show that the effect on the absorption spectrum 
of introducing zinc for magnesium is extremely slight, thus 
clearly revealing the CoO, group as a distinct entity. 
Cerulean blue is stated to be a compound of cobalt oxide 
and stannic oxide. It has been investigated by Hedvall 
(Arkiv. Kem. Min. Geol. (18) v. p. 1, 1914), who prepared 
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E. Cobalt Blue (c). (00 ALO, 382Zn0 ALO), 

F. Cerulean Blue (c). (CoO),SnO, 82(ZnO),8nO,, 

G. Cobalt Blue (a). CoO Al,O, 32MqO ALO. 


cobalt ortho-stannate Co,SnO, which he found was green, 
but that if more stannic oxide was used the product became 
bluer in proportion to the excess employed. We first tried 
using calcium as a diluent in this case and obtained a semi- 
fused greyish-blue mass. It was obvious that the compound 
was of a totally different type; calcium cannot replace 
cobalt without change in structure of the compound. 

By introducing an equivalent amount of magnesium for 
cobalt in the ortho-stannate, however, a perfectly blue 
product is obtained which corresponds exactly in colour and 
intensity with the artist’s pigment “cerulean blue.” It is 
seen that this compound (tig. 3 B) has precisely the same 
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absorption spectrum as one having double the amount of 
stannic oxide (fig. 3 C). It therefore follows that in both 
cases the cobalt is present as the ortho-stannate ; the function 
of the excess of stannic oxide must be the same as that of 
the magnesium oxide. 

By introducing zine instead of magnesium, a dull green 
compound is obtained. This would appear to correspond 
more nearly to the green pure ortho-stannate, since the 
atomic weight of zinc is approximately the same as that of 
cobalt. It will be seen, however, that the absorption 
spectruin of this compound (fig. 3 F) is exactly similar to 
that of the other two stannates with an additional absorption 
in the violet. 

The absorption spectrum of cobalt oxide in zine oxide 
(fig. 3 D) is of exactly the same shape as in the case of the 
stannates. The compound was examined against zine oxide 
as a “blank.” The zine oxide was prepar ed under the same 
conditions as the pigment and was a distinct yellow. 
Although the pigment is a bright green (Rinmann’s Green) 
its absorption spectrum examined in this way is precisely 
the same as that of the perfectly blue stannates. Further, 
the absorption spectra of all these compounds are exactly 
like those of the cobalt blues, the only difference being that 
they are a little more extended. 

Now the crystal structure of zine oxide has heen elucidated 
by W. L. Bragg (Phil. Mag. xxxix. p. 647, 1920) by A-ray 
measurements, ; “and he showed that the zine atomii is surrounded 
by four oxygen atoms. The cobalt atom replacing the zinc 
1s consequently similarly situated, and there seems no doubt, 
therefore, that in all these compounds the cobalt atom is 
surrounded by four other atoms. 


Cobalt hydroxide is readily soluble in hot concentrated 
potassium hydroxide, yielding an intense blue solution from 
which it crystallizes in pink microscopic crystals (de Schulten, 
Compt. Rend. cix. p. 266, 1889). It may be noted that 
magnesium hydroxide similarly dissolves in and crystallizes 
from hot concentrated potash (de Schulten, zed. ci. p. 72, 
1885). The absorption spectrum of the cobalt solution 
(tig. 2 B) is of exactly the same character as that of cobalt 
spinel and cobalt blue, so that the cobalt atom appears to be 
similarly enveloped in all cases. It is suggested that in the 
solution of cobalt oxide in potash the cobalt atom is also 
surrounded by four groups, probably hydroxyls. 

The persistence of a definite association of groups or a 
molecular structure in solution just as in solids seems to be 
very real. 
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The absorption spectrum of cobalt thiocyanate in potassium 
thiocvanate (fig. 2 C) bears a marked resemblance to that of 
the oxide in potash. The second and third bands are de- 
pressed but correspond exactly with those of the latter. 

In the case of the thiocvanate in ether (fig. 2 A) the 
second band has almost disappeared and the third “completely. 
A differeice is to be expected since this is a solution of a 
simple cobalt salt ; the cobalt atom is uncharged. The close 
similarity of this curve to that of the thioevanate in potassium 
thiocyanate i is therefore all the more striking. 

Both in the blue solids and blue solutions, therefore, the 
cobalt atum is in immediate association wilt four atoms or 
groups. 


Red Compounds. 


The structure of magnesium oxide has been investigated 
by Wyekoff (Amer. Journ. Nei. i. p. 138, 1921), who found 
it was of the same type as that of rock-salt; the magnesium 
atom is surrounded by sie oxygen atoms. Cobalt replaces 
the magnesium in the oxide, giving a red compound. The 
cobalt atom is here surrounded: by six oxygen atoms and the 
absorption spectrum (fig. + F) is of an entirely different type 
from that of the blue pigments. Tt is suggested that just as 
in the blue compounds the colour is due to the asscciation of 
the cobalt atom with four groups, so also in the red com- 
pounds the colour is due to its association with six. 

Although the absorption spectrum of potassium cobalto- 

‘amide K;Co(C N), has not been examined owing to the 
o with ahh it decomposes water, it is interesting to 
note that the solution is pink and that the compound 1s 
described as violet-red crystals. Here the cobalt atom is 
known to be associated with six eyanogen groups, 

The chloride, sulphate, and nitrate of cobalt give practi- 
caliv identical absorption spectra (tig. 4A) at the dilution 
used, and the form of the curve is exactly similar to that of 
cobalt oxide in magnesium oxide. It follows that. the cobalt 
atom is associated with six groups in these solutions. Since 
the salts are almost completely ionized, it would appear that 
the cobalt atom is in direct association with six molecules of 
water. 

The absorption spectra of the formate (fig. 4 E), oxalate 
(fig. 4D), and tartrate (fig. 4C) in the corresponding 
potassium salts are all strictly comparable with each other 
and with those of cobalt oxide in magnesinm oxide and the 
aqueous solutions of the chloride, sulphate, and nitrate. It 
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therefore appears that the cobalt atom is similarly associated 
with six groups in these solutions also. 

The cobalt ortho-silicate with magnesium as diluent is red 
and gives a very similar absorption spectrum (fig. 4 B) to 
that of cobalt oxide in magnesium oxide. With zine as 
diluent, however, the compound is blue and gives an absorp- 
tion spectrum (fig. 3 A) absolutely comparable with that of 
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cobalt blue. It is evident that the two compounds are of 
entirely different structure. It would appear that in the 
former the cobalt atom replacing the magnesium is associated 
with six groups. In the latter, the zine atom which has a 
strong tendency towards association with four groups is so 
situated and the cobalt atom replacing it takes the same 
structure, yielding a blue compound. 
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The absorption spectrum of cobalt in concentrated hydro- 
chloric acid (fig. 5 A) is of very similar shape to that of 
cobalt oxide in zine oxide (fig. 3 D) but shifted bodily into 
the red. It is therefore probable that the cobalt atom is 
similarly situated and associated with four atoms (or groups), 
possibly chlorine. The behaviour of the solution on the 
addition of other salts confirms this. 
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The addition of magnesium chloride to the solution causes 
no change of colour, and the absorption spectrum (fig. 5 B) 
is almost identical. The addition oť zinc chloride, however, 
changes the colour from blue to red, and the absorption 
spectrum (fig. 5 D) becomes exactly comparable with that of 
cobalt oxide in magnesium oxide. In other words, the 
cobalt atom which was previously associated with four atoms 
is now associated with six. The change would appear to be 
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due to the superior tendency of the zine to associate with 
four atoms ; there is a redistribution of the structure, whereby 
the zine atom takes to itself four groups and the cobalt 
atom, as a result, has six forced upon it. 

The same distribution occurs with zine chloride alone in 
the absence of hydrochloric ere and a precisely similar ab- 
sorption spectrum is shown (hg. 5E). With magnesium 
chloride alone in the absence ‘hydrochloric acid, eee ever, 
a particularly interesting result is obtained. Although the 
solution remains blue, the absorption spectrum (fig. 5C) 
shows that both the red and blue compounds are present 
together. The curve is composed of two distinct parts, the 
one being the typical curve obtained with the blue com- 
pounds and the other that with the red. Since the intensity 
of the blue compounds is far greater than that of the red, it 
will be seen trom the curve that very little blue is present 
compared with the red, although the solution looks blue. In 
the case of magnesium, therefore, which is not strictly 
limited to an association with four groups, as is zinc, the 
general structure as regards the cobalt atoms has not been 
displaced to one form alone ; ; in fact, both are seen to be 
present in equilibrium, 

Some representative spectra are reproduced in the Plate, 
and we are indebted to Mr. F. J. Stoakley for invaluable aid 
in preparing the photographs. 


SUMMARY. 


lL. By examining and comparing the absorption spectra of 
solutions with those of solid compounds of known crystalline 
structure, the nature of the association of the atoms in 
solution can be elucidated. 

2. Tne cobalt atom in the solid blue compounds is as- 
sociated with four other atoms or groups. The same ar- 
rangement accounts for the colour of the blue solutions. 

3. Similarly, in the solid ved compounds and in the red 
solutions the cobalt atom is associated with siz other atoms 
or groups. 

4. The blue compounds are more soluble than the red ; the 
latter usually separate from solution. 

5. The maximum absorption of the blue compounds is 
much greater than that of the red. 

6. Constitutions are given to the well known cobaltous 
pigments. 


We are deeply indebted to Mr. C. T. Heycock for placing 
at our disposal the necessary apparatus in the Goldsmiths’ 
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Laboratory for the preparation of the pigments, and to 
Professor T. M. Lowry for giving us exceptional facilities 
for making the spectroscopic measurements. One of us 
(O. R. H.) is indebted to the Royal Commissioners for the 
Exhibition of 1851 and the other (R. H.) to the Board of 
Scientific and Industrial Research, for grants held during 
this investigation. 


University Chemical Laboratory, 
Cambridge. 


LXXXII. The Damping of Torsional Vibrations in Air at 
Reduced Pressures. By Rusy V. WAGNER, M.Sc. * 


VENUE Law of Maxwell, that the viscosity of a vas is 

independent of the pressure, is known to hold only 
within certain limits of pressure, and to break down 
completely at exhaustions greater than about 1/60 atmo- 
sphere. A convenient method of investigating the relation 
between the viscosity and the pressure is by observation of 
the damping of torsional vibrations at different pressures, 
the logarithmic decrement for such vibrations being a 
function of the viscosity. This method was employ ed by 
Crookes, Maxwell, and others, various forms of vibrating 
body being used. 

In the experiments of Crookes f a mica vane was 
suspended in a vertical plane and made to oscillate about 
its vertical diameter, the damping being observed at pres- 
sures ranging from atmospheric to “02 x 1078 atmosphere, 

A different arrangement was used by Maxwell ¢ in the 
experiments made to test the validity of his law. He 
suspended a circular disk in a horizontal plane between two 
fixed plates, the disk oscillating in its own plane about the 
axis of the suspension, thus exposing a larger surface to the 
frictional forces. 

Experiments were made with similar apparatus by Kundt 
and Warburg §, and the deviations from the law at higher 


* Communicated by Prof. W. Wilson, Ph.D, The experimental work 
deseribed in this paper formed the subject of a thesis apuroved for the 
M.Sc. degree of the University of London, 

+ Crookes, Phil. Trans. elxxii. p. 387. 

t Clerk Maxwell, Scientific Papers, ii. p. 1. 

§ Kundt and W arburg, Pogg. Anun. cly. p. 340 (1875). 
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exhaustions were examined. In their earlier work no 
accurate measurements of pressure were made, and the 
apparent diminution in the gas viscosity was ascribed 
entirely to the sliding of the gaseous layers over the 
oscillating body, the coefficient of slip being inversely 
proportional to the pressure, and thus producing the same 
effect as a reduction in the viscosity. 

A modified form of this apparatus was used by Hogg *, 
who showed that the decrease in viscosity is a real effect, 
and that the reduction in damping cannot be accounted for 
entirely by the slip. He used a McLeod gauge for mea- 
surements of pressure, and obtained curves for various gases. 

More recently experiments have been carried out f in 
which the stationary deflexions of a body, caused by the 
rotation of a neighbouring body, were measured at different 

ressures. This method is open to the objection that for 

igh exhaustions large speeds of rotation are necessary, and 
these set up irregular conditions in the gas and increase the 
disturbing effects of slight deviations from parallelism ete. 

In the experiments here described the measurement of 
the logarithmic decrement was preferred, a hollow alu- 
minium cylinder being used as oscillating body in place of 
the mica or glass disks of earlier experiments. This 
evlinder is very light, and the damping due to the sus- 
pension should be very small in comparison with that due to 
air friction. 

A hollow aluminium cylinder was suspended by a bifilar 
silk suspension between two concentric brass cylinders, an 
air-gap of about 2 mm. separating the oscillating body from 
each of the stationary ones. The oscillations were started 
magnetically, and the damping observed by means of a 
beam of light reflected on to a scale by a small concave 
mirror above the cylinder. 

When the pressure is such that the mean free path of the 
molecules is small compared with the distance between the 
evlinders, the relation between the logarithmic decrement 
and the viscosity can be caleulated as for a liquid. The 
equation to the oscillation is 


Ld d,+d.\d@ 
Dah ee Ve = 
I de + (2ra hp rae Ja +0=0, . . (1) 


* J. L. Hogg, “On Friction in Gases at Low Pressures,” Amer. Acad. 
Proe. xlii. no. 6, pp. 115-146 (July 1906); xlv. no. 1, pp. 3-17 (Aug. 
1909). 

t Timiriazeff, “ Ueber die Innere Reibung Verduennter ee Ann, 
der Phys. xl. pp. 971-991. Langmuir, Phys. Rev. April 1913 
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where I=moment of inertia of the system, 
a=radius of oscillating cylinder, 
h=height of oscillating cylinder, 
p= coefficient of viscosity, 
d,dy=distance between the oscillating and each of 
the stationary cylinders, 
7 =the torsion constant. 


The logarithmic decrement 


y= Th pd, td), a ee 
Vn. did 


i. e. E ee e a a. (4) 


At low pressures, when the mean free path is com- 
parable with the distance d, it cannot be assumed that the 
velocity of the gas layer is the same as that of the solid in 
contact with it, and allowance must be made for the slip. 


Maxwell defines the coefficient of slip as the quantity 8 = = 
where p = the coefticient of viscosity and o = coefticient of 
external friction, i. e. the force required per unit area of 
plane to maintain a uniform relative velocity of 1 cm./sec. 

The resistance to the moving body is then the same as if 
the fixed surface was moved back a distance 28, and allow- 
ance can be made for the slip by writing (d+28) instead of 
d, the quantity 8 being inversely proportional to the pressure 
(Kundt and Warburg). 

The decrement A is then no longer proportional to the 
viscosity, for, substituting (d+c/p) for d in the expression 
(2 a), c being a constant, and p = pressure, 


] 1 ) 
A= — +: l 
App Pore pbk 


The suspended cylinder A (fig. 1) was of thin aluminium 
sheeting, 0°5 mm. thick, radius 2:05 cm., height 2°5 em., 
with struts across the top as in the figure (fig. 2), the struts 
and cylinder being cut from a spun eylindrical aluminium 
box, so that there were no joints. At the centre of the 
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cross formed by the struts a small hole was pierced, into 
which was fitted a thin aluminium rod (b, fig. 2) abou! 
2°5 cm. long, and shaped into a hook at the upper end. 
This rod was held in place by a small nut below the struts, 
and to it was fixed a small concave mirror (c), at the back 


of which was attached a very small piece of magnetized 
watch-spring. 


Fig. 1. 


The bifilar suspension (fig. 3) was the same as that used 
in the White pattern of the Kelvin quadrant electrometer. 
¿is a conical screw which can be moved in 
or out of its socket, thus separating or 
approaching the screws c, d. round which 
the fibre passes. By turning the pins a, b, the 
suspension can be lengthened or shortened, 
and the points of suspension can be moved 
forwards or backwards by means of the 
same screws. The silk fibre passed round 
the hook on b (fig. 2), which was grooved 
to prevent slipping. D i 

The upper part of the bifilar was fixed to 
a hollow brass cylinder (d, fig. 1) sliding over a second 
cylinder e, about 1 cm. diameter and 10 cm. long, through 
which the fibres passed. This cylinder was supported on a 
circular brass plate f standing on three legs with screw feet, 
the plate having a hole at the centre, 1 cm. in diameter, to 
allow the suspension to pass through. The bifilar could be 
made of suitable length by sliding the outer cylinder up or 
down, and final adjustments were made by means of the 


Fig. 3. 
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pins ¢, d. The bifilar was arranged to give a convenient 
period of oscillation, that finally used being 18 secs. 

. The stationary evlinders were also of brass, and stood 
on three legs with screw feet. The oscillating cylinder 
projected by about 2 mm., above and below the two brass 
evlinders, which were of equal height. This arrangement 
facilitated the adjustments and setting for parallelism, and 
made it possible to view the oscillating cylinder after the 
case was sealed down. 

The containing chamber was entirely of brass, and 
cylindrical in shape, as shown in fiz. 1. In the lower part 
a plate-glass window 3°5 em. by 6: 5 em. was sealed on to a 
ground rim with Faraday cement. The exit tube was in 
the upper part of the case, so that the oscillating system 
Was in some measure protected in case of a sudden inrush 
of air. 

The base consisted of a brass plate, in which grooves were 
cut for the screw feet, the plate being fixed to a wooden 
base, and the whole standing on a slate slab projecting from 
the wall. 

The evlinders were placed in position, and the bifilar so 
arranged that the addition of the small magnet. produced no 
change i in the zero reading. There was therefore no twist 
on the bifilar in the position of rest. The necessary adjust- 
ments of level were made by means of the screw feet, 

The general arrangement of the apparatus was as indicated 
in fig. A B, C are drying tubes tilled with phosphorus 
pentoxide, which could readily be renewed by opening the 
tubes A, $}. The tube D contains vegetable ‘charcoal, and 
E, F are McLeod gauges. G leads toa Fleuss-Geryk oil- 
pump. 

The joint to A was sealed with Faraday cement, and a 
pressure tubing sleeve was found satisfactory at the pump, 
as the tap T; was kept closed at higher exhaustions. The 
brass case and window were sealed down with cement. The 
tube H was drawn into a capillary and sealed off. Dry air 
was admitted when necessary through the wash-bottle K 
containing concentrated sulphuric acid. 

As a preliminary precaution, the apparatus was repeatedly 
evacuated and filled with dry air. It was then sealed 
up, evacuated to about 0'2 mm., and the charcoal in D 
alternately strongly heated and cooled in racuo. The oil- 
pump was worked by an electric motor, and pressures from 
atmospheric to 0°15 mm. could be obtained. Pressures 
below these were obtained by immersing the charcoal tube D 
in liquid oxygen. By means of the tap T, the charcoal tube 
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could be placed in communication with the rest of the 
apparatus for any requisite length of time, and the ex- 
haustion proceeded with by stages, pressures between 
0:015 em. and 0:00001 em. being readily obtained. 

The use of liquid oxygen has an advantage over that of 
liquid air in that the temperature of the boiling liquid 
remains constant, whereas in the case of liquid air a fresh 
supply, being richer in nitrogen, will have a lower tem- 
perature than a quantity that has been standing for some 
hours *. 


big. 4. 


For measurements of pressure between 76 em. of Hg and 
1 cm. Hg, the McLeod gauge F was replaced by an ordinary 
manometer. Pressures below 1 cm. were read by means of 
a McLeod gauge with a bulb of about 30 c.c capacity ; and 
for pressures below 0'015 cm., a McLeod with a 500 c.c. 
bulb was used. The upper readings of the gauge F could 
also be taken with the manometer, and the lower readings of 
F with the McLeod E, so that the readings on the various 
vauges could be made to overlap, and continuity was ensured. 
The decrement was measured at pressures ranging from 
atmospheric to 000001 cm. Hg. 

The required pressure was obtained by means of the pump 
or liquid oxygen, and the taps T;, Tọ were closed. The 
apparatus was then left for about ten minutes. (This was 


* J. L. Hogg, Amer. Acad. Proc. xlv. (Aug. 1909). 
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found necessary, as otherwise the pressure in A was not the 
same as that indicated by the gauge at the lower pressures, 
and unreliable readings resulted.) The pressure was then 
read on the McLeod gauge. The oscillations were started 
by bringing up a small magnet to the case A, and 20 com- 
plete oscillations read by means of a lamp and scale at a 
distance of 1] metre from A. The decrement was calculated 
from these. The pressure reading was then again taken, and 
if it varied from the earlier measurement, the readings were 
discarded. 

The experiments were carried out at room temperature, 
which was read at intervals, and accordingly it was desirable 
to cover as large a pressure range as possible each day. 
The small changes in temperature during the day did not 
appreciably atfect the results, and except at the highest 
exhaustions, curves obtained on davs when thie temperatures 
differed by 1° or 2° C. coincided. 

Two distinct sets of readings were taken. In one case 
the outer brass cylinder only, “and in the second case both 
outer and inner brass cylinders, were used. 

The results obtained are indicated in the accompanying 
tables and curves, the curves being drawn from readings 
taken on different days and selected so that, as far as 
possible, the temperature was constant throughout. For the 
section below 0-001 cm. two sets of readings only were 
used, when the temperature was the same as for the other 
readings, The logarithmic decrement=/ x log. 10, and the 
ordinates in the curves represent l. 

The entire range can be shown most conveniently by 
plotting logarithms of pressures as abscisse, and values of l 
ts ordinates (curve 1). Sections are shown in the following 
curves (pp. 856, 857). 


(A) For the case when the outer brase cylinder 
only was used. 


Kundt and Warburg state* that as long as the layer of 
gas has thickness gre: iter than fourteen times the mean free 
path, the retarding force does not vary by more than 1/1000 
part of its value. In the curves obtained, however, the 
decrement is seen to fall off quite decidedly from 76 cm. to 
about 30cm. Hg. This effect was noted by Crookes in the 
case of all gases except hydrogen. 


* Kundt and Warburg, Phil. Mag. July 1875, 
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Between 30 em. and 1°5 cm. the decrement is constant, 
then falls off slowly to 0°15 cm. and more rapidly afterwards. 
At about 0:015 cm. the mean free path becomes approxi- 
mately equal to the distance between the cylinders, and the 


TABLE (Curve A). 


P. (ems. Hg). L. log P. 
015 "03787 188733 
7375 03778 186777 
66:35 03751 1:82184 
55°05 03699 174075 
478A 03659 167989 
42°35 03635 1°62685 
38-05 "03615 1:53035 
PER 8598 142813 
14°35 03583 1: 1LdoteG 

eh 0:589 94201 

4°05 03578 "60745 

l 03555 "0O00 
‘O44 08543 1:96367 
‘BABA 0352 1°53577 
2002 0349 120240 
1357 03452 1:132689 
015763 "03305 2-B33014 
‘U28S2 02991 245983 
02236 ‘02579 2-3496 
“1548 0262] 218985 
Ol409 O28 214895 
01146 -02367 245022 
01112 02340 204621] 
‘A068 "02244 | 3-O8588 
O73? 0204 386392 
“QU6TR 0198 383108 
“(W442 ‘O164 304561 
(HOS ‘0136 BATAILO 
00220 "01221 334242 
‘OO140 00933 314516 
‘COLLIS "00545 3-047 25 
00076 0070 4°88080 
00059 0055 4-76938 
‘O00 41 00536 £61287 
‘00034 00483 453148 
“00016 00389 420412 
OOLOTS l 003815 89209 
100053 “00804 572423 
000034 00264 553148 
000] 84 00251 KBAR? 


"EONI I 00242 504287 


F v 
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TABLE (Curve B). 


P. (ems. Hg). l. log P. 
76:53 04250 188284 
60°73 ‘04240 1°78341 
36 2 04225 1°55871 
28:73 04221 1:45834 

8:13 ‘04207 ‘91909 
553 04206 74273 
263 04197 -$1996 
77366 04192 1:88855 
‘53159 04180 172558 
-28009 4155 1144730 
19276 "04109 128502 
U6045 02915 284167 
04769 03821 267839 
3143 03652 249723 
01989 02532 229859 
01616 03356 220845 
“01294 03044 2°11206 
-01099 ‘02842 204107 
C0973 (02710 398833 
O0GS0 02397 BR277 
00421 01937 3 62467 
00556 "01807 3-551189 
00282 O1596 345024 
00224 , "01392 335025 
COLTS C1199 324304 
"00124 00974 409202 
-00069 ‘00697 483885 
-000616 -00659 478058 
“00053 0601 472428 
"000316 0462 449969 
OWDI 00427 436173 
"000156 ‘GO348 419312 
OOOHS "00307 PR3ZÄIOS 
000064 00256 5 SOG18 
006052 60259 5-7 1600 
000036 00233 D55630 
00UODIY 00217 Fe2TR7H 
"000015 00212 518154 
Values for Curve 3 B (caleulated). 
P. (ems. Hg). l. 
‘O136 EID 
0103 O74 
0921 ‘0263 
(076G "GP 
0584 0225 
O44 “O200 
0339 OTD 
OOD ‘O15 
MOLLY Ol 


-(NK)729 UGT 


l and 


"03S 


"025 


‘O18 


-005 FY 
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Curve l. 


Curve D 


Curve A Outer statonary tylender ony. 


Curve B Outer and mner statunary cyundara 


4 3 2 i 


log p —————~~~ 


Curve 2. 


"005 
<—— Pin cms. Hg 


“Cl 


-DIS 


kaan 
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Curve 3. 


025 


l a 


‘O15 


© Observed valves 
X Values calculated trom the Equation 


“01 
on -1) pec 


oko) 


-OOt "005 0! -Q39 
P lin ems. Ha) 


Curve 4. 


O -000! -0002 -0003 -0004 -0005 -0006 -0007 -0008 -0009 -00) 
<—_—_ P in cms Hg. SP 


decrement then falls off very rapidly (curve 2). In the 
logarithmic curve there is a point of inflexion, and the 
decrement appears to approach a constant value, about °05 
of its value at atmospheric pressure. This residual damping 
will be due to the friction in the silk fibre, and possibly in a 
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very sinall degree to electromagnetic effects. Hogg takes 


the limiting value for l, as determined from his curves, to 
indicate the damping due to causes other than air friction, 
und allows for the viscosity of the suspension ete. in this 
way. 

Below about 0:0007 cm. the decrement is proportional to 
the pressure. This fact has been utilized * in the construction 
of gauges for the measurement of low pressures in cases 
where the use of a McLeod is undesirable. A gauge of the 
decrement type was first suggested by Sutherland t, and 
Various types have since been developed t. 


(B) For the case when the outer and inner brass cylinders 
were used. 


In this case, only a very slight decrease in the damping 
was observed at pressures just below atmospheric, and the 
decrement remained almost constant down to a pressure of 
about 15cm. Attempts were made to find whether the 
decrease noticeable in curve A occurred at slightly higher 
pressures in curve B. The brass case was soldered to the 
hase with Wood's fusible alloy, and the window wired on to 
the case. A manometer and pump were connected to the 
oscillation apparatus, and the readings thus carried up to 
about 130 cm. Hy. A slight increase in the decrement was 
found as indicated in Curve 1. 

The region between 0°01L5 em. and 0 0005 em. is shown in 
curve 2. The earlier equations of Maxwell and Sutherland 
were modified by Hogg to the expression 


f k _ 
I ea - -1 } pe, 


where $ and ¢ are constants, 


l=the total logarithmic decrement, 
=the decrement due to the suspension ete., 


which Hogg took as the lowest value of l obtained in his 
experiments, the constants being calculated from the curves. 

This equation holds very accurately for curve B for 
pressures below 0'015 em., suitable values, as determined 


* P. E. Shaw, Proc. Phys. Soc. Lond. xxix. pp. 171-175. Langmuir, 
Phys. Rev. April 1913. 

+ Sutherland, Phil. Mag. Feb. 1897. 

t S. Dushman, “ Production and Measurement of High Vacua.” 
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from the curves, being given to the constants k and e. The 
calculated and observed values are shown in curve 3, the 
values taken for the constants being 


k==O0372, c="0047, p='002. 


At pressures below ‘001 cm. the mean free path becomes 
greater than the distance d. Collisions between the mole- 
cules are infrequent, and they travel to and fro between the 
oscillating and stationary cylinders, the angular momentum 
of the oscillating cylinder being thereby reduced. The loss 
of momentum will be proportional to the number of mole- 
cules present, i. e. to the pressure, and to the mean molecular 
velocity, which is constant as long as the temperature is 
constant. The logarithmic decrement will accordingly be 
proportional to the pressure*. This was found to be the 
case, the linear relation holding for pressures about ‘0007 cm. 

Curve B crosses curve A in curve 1 at about ‘0002 cm. 
It would appear that at these and lower pressures a large 
proportion of the damping is due to the suspension, and the 
two curves would be expected ultimately to coincide. It 
was unfortunately not possible to employ the same suspension 
in the two sets of readings ; for curve B a new suspension 
was used, which was adjusted so that the decrement at 
atmospheric pressure was the same as for the previous 
suspension under the same conditions, The ditterence 
between the two suspensions would show more markedly at 
high exhaustions, and the fact that the lowest value of l in 
curve B is greater than in curve A can be accounted for by 
this difference. 


LXXXIII. A Note on the Theory of Artificial Telephone 
and Transmission Lines. By The Research Staff of the 
General Electric Co., Ltd.t (Work conducted by ALC. 
BARTLETT.) 


UNIFORM telephone line of length l having induc- 
tance L, resistance R, capacity C and leakage S per 
unit length can be replaced, as far as measurements at the 
two ends are concerned, by various simple networks, of 


* Dushman, “ Production and Measurement of High Vacua,” Part 4, 
General Electrical Review, Sept. 1920. 
t Communicated by the Director. 


560 Research Staff of the G. E. C., London, on the 


which one is illustrated in fig. 1, 


Fig. 1. 


In 
‘here >| 
where cei E l 
) 
b =Z, tanh Ae 


n= R+jpL/ VS + ipl, 
P=VR + ypl : VS + 7p, 


J being the frequency. 

In other networks of this kind impedances appear which 
are represented by hyperbolic sines and cosecants in addition 
to tangents and cotangents. The methods discussed in this 
note have not, so far, proved applicable to such networks. 


5 Pl 
The elements of these networks such as Zp tanh > ean be 


represented at any given frequency by a resistance in series 
with either a capacity or an inductance, but such a repre- 
sentation is not correct at all frequencies. 

In practice, when a long artificial line has to be simulated, 


it is usually split up into a number of short lengths . In 
> n 


ə7 is small so that 
n 


this case 
P! 


Dn 


Z, tanh x I 
2n 


; l 
=(R + jpl) 9)? 
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PE ; Rl. ; i Lu 
which is a resistance ,~ in series with an inductance ne 
áll Zn 


Ld » . l e 
the values are independent of frequeney, provided is 
: n 
sufficiently small. 
N bn, Tah E E Be oe oe 
The purpose of this note is to put forward an alternative 
method which does not require the line to be split into small 
sections; its Interest is perhaps theoretical rather than 
; E PE E 
practical. It depends on the expansion of Z, tanh 5 and 
9) 


Z coth 5 either as an infinite continued fraction or as an 


infinite series such that the terms of the fraction or series 
‘an be represented by simple arrangements of resistances, 
inductances, and capacities. 

First we have 


tanh e = A = Š PO 
1 + 3+5 
PE 
Z, tanh Pl a foy Per a 
n be gam L eee E ee 
= | ! co 
= 2 he Dal 


aet p tpe 8 
and so on. 


But this represents the impedance of the network, 


Fiy. 2. 


t, t2 


where 
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Now 
Z,P!=lR +)ph), 
and is therefore a resistance /R in series with an inductance 


lL; and 
1 


(S+ypv)’ 


a capacity IC shunted by a leak /S. 


Zag! Pl = 


» 
Thus Z, tan a can be represented by the network, 


2 
Fig. 3. 
Vi V2 
= D I 
D 5 
D <D <> 
q; <D > $ 
the shunt elements being given by 
bcc nil L 
a pay ee? 
the series elements by 
bee 2(4n—1) 
US ipl)’ 
Second we have 
c= Su 
‘ = SS er zi 
tanh = 5 Sine 
ae l 
Thus Zo tanh 
ay, /Rtipl AV Re ipl. VS+ypC 
ai S+ypUC (2r 1) r + PCR +ypL)(S + 7p) 
ee are E 
=? ane SEO - 


4(R+jpL)' 4 
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But the expression under the & is the impedance of the 
network, 

Fig. 4. 

r, L, 


MWY 


C, 
g 
where e oe HR 
m= (4n— lr? 
4/1, 
Ui (2n -1r 
l 
(= ie 
_ f 
oe ene 


) 


Thus Zytanh , can be represented by an infinite series of 


such networks connected in series. 
The other elements of the network of fig. 1 can be treated 
by applying the foregoing analysis to the admittance instead 


of to the impedance. 
a PI. ; ; ; . 
Z, coth » is equi ‘alent to the following network if the 


series expansion is used, 


~ xX ~ x x 
a) << D 
Yı Zi Ya Z2 Yz Z3 
-where R/ 
w = 4 3 
IL 
T= $ 9 
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= l 9 2,9 
I= gis: (2n—1)?xr?, 


HC 


2ie—— l)’r?" 


~ es 


~n — 


If the continued fraction expansion is used, it is equivalent 
to : 


Fig. 6. 
VW 
gı 9 G2 9 gə <> 
K, S K2 kes 
m, M2 m= 
where 
IC 
has 2.(4n—3)’ 
2(4n—3) 
= >- CIS T3 
lL 
ka= 2(4n—1) i 
R? 
hi = 


4n—1)" 


Thus all the elements of the “bridge” type of network 
shown in fig. 1 can be expanded into convergent forms that 
are physically realizable, and any desired approximation can 
be obtained by taking a sufficient number of terms. 

We have not succeeded in obtaining similar expansions 
for the impedance Z,/sinh Pl and Zosinh P/ that occur in 
the H and T types of artificial line illustrated in fig. 7. 
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Fig. 7. 


a 
b b 
II Section. T Section. 
a= sinh P/. a= Zo T 
I= Z coth i ; b=Z, ‘sinh Pl. 


In connexion with this it is interesting to note that 
l l f . 
Ly tanh E and Z, coth È have definite physical meanings, 


being the impedances of a line of length : short circuited 


and open circuited respectively at the far end, whereas 
Zysinh Pl and Z/sinh Pl have no such definite meaning. 


Note added later. 


The expansion 
l 22 
x L ENT 
can also be used and gives networks of the same general 


form for 
Zo coth A and Z, tanh = 
Thus both 
I l 
2 2 
can be expanded either in the form of a ladder network or 


as an infinite sequence of impedance elements connected in 
parallel or as an infinite sequence of impedances connected 


in series. 


Zo coth a and Zp, tanh 
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LXXXIV. On Air-wares of Finite Amplitude. By W.B. 
Morton, M.A., and Amy I. Woops, M.A., M.Sc., Queen's 
University, Belfast *. 


INTRODUCTION. 


Í ae classical memoir on this subject is that published in 

1910 by the late Lord Rayleigh f. In it a thorough 
examination is made of the conditions under which it is 
possible for a disturbance of finite amplitude to be propa- 
gated through a gas without change of type. After a 
summary and criticism of the earlier work of Poisson, 
Stokes, Earnshaw, Rankine, and Hugoniot, the conclusion 
is reached, by combining arguments of a mechanical and 
thermodynamic kind, that such propagation is only possible 
when the influence of dissipative forces is taken into account 
and when the wave is one of compression, bringing a higher 
density toa region of the gas. Further, the wave is of a 
very special type; an assigned ratio of initial and final 
pressures must be accompanied by a definite ratio of densities 
also, and therefore of temperatures, and there must be a 
definite relative velocity of the two masses of gas which 
are separated by the wave. 

Lastly, the possibility of the physical existence of the wave 
is conditional on the existence of a solution, satisfving the 
terminal conditions, of a certain rather complicated dif- 
ferential equation, involving the variation of the specific 
volume along the wave. An equation, exactly equivalent to 
this, but using the velocity as dependent variable, was arrived 
at independently by Mr. G. I. Taylor ¢ in a paper read at the 
same meeting of the Roval Society. 

In the earlier part of Lord Rayleigh’s paper the effects of 
heat-conduction and viscosity are considered separately, but 
both are taken into consideration in the final discussion which 
leads to the equation. It does not appear to be necessary to 
make the separation, since the two magnitudes are linked 
tovether by the theory of gases. 

Lord Rayleigh established the existence of the required 
solution by a closely-reasoned and rather difficult areument, 
based on an interpretation of the differential equation as an 
equation of motion of a particle. By way of confirmation 
he worked out two special cases arithmetically by the method 
of Runge. It seemed possible to discuss this matter ina 

* Communicated by the Authors, 

+ Proc. Roy, Soc. Ixxxiv. p. 44 (19105; Collected Papers, v. p. 573. 

t Proc. Roy. Soc. Ixxxiv. p. 871 (J910). 
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somew hr at broader way by means of the graphical method of 

“isoclines,? of which an account is given by M. D’Ocagne 
in his book ‘Calcul Graphique et Nomouraphie’ a whiere 
Massau is named as the originator of the method. This is 
done in the first part of the present paper. 

In the second part the physical characteristics of the 
“ Rayleigh wave” are examined in some detail. It seems 
worth while to do this in spite of the very special nature of 
this type of motion, and the improbability of the precise 
balance of terminal st: ites, needed. for its unchanging 
advance, being attained in practice. Actual explosion 
waves have often been photographed. Probably the obser- 
vation of a wave has not been extended through a sufticiently 
great distance to permit of the detection of change of form. 
It does not appear impossible that by some kind of adjust- 
ment the permanent type is approached as the wave proceeds, 
At any rate, this special type may present some features in 
common with the more general case of a wave initiated in an 
arbitrary manner, 


I. Tut RayLtericgu-TAYLor EQUATION. 
In Lord Ravleigh’s form the equation is 


,d ff ide pdr? f Biyt+1) titt 4 >} 
ral i.) + ne = a ae SE 
ade de (Cd y (A 
= f(y + Le r) ea) 
(loe. eita, eqn. US). 
v is the volume of unit mass, decreasing, as the wave passes, 
from v, to vg; y is the ratio of specitic heats and A the 
constant cu/k, where ¢ is the specific heat at constant volume, 
u the viscosity, and & the conductivity ; w’ is the viscosity 
divided by the mass-velocity m, i.e. the mass which crosses 
unit area per second at any point, when the wave is made 
stationary in space by superposiag the proper backward 
velocity on the gas asa whole. For the discussion which 
follows it is convenient to adopt a transformation of the 
equation differing slightly from Lord Rayleigh’s. We shall 
put 
pdt ide = een, V= tE, tpn = 8, 

so that & is the speeific volume expressed as a multiple of its 
ultimate value and s$ is used, asin Rayleigl’s payer, for the 
ratio of the final to the initial density. The dependent vari- 
able y is the rat: of increase of &? in the small distance p’, 


# P. 149. See also an article by Brodetsky in tle ‘Mathematical 
Gazette, 1919-20. 
3M2? 
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measured in the direction in which the wave is travelling. 
Rayleigh’s (£, U) correspond to our (v3, —v,’n). The 
equation now takes the form 


dn _ A&(E—-1)(s—£E) _ —¢ 
dé n AR 


where A = 3h(y+1), 
B=342h, 
= 3(y+1)(s+1)/4y(3 4 2h). 


The required solution is one for which n runs through posi- 
tive values from zero at E=1 to zero at F=s, and s may 
have any value from unity to the upper limit (y+1)/(y—1). 
The terminal points (1, 0) and (s,Q) are “singular points” 
at which the value of dy/dx becomes indeterminate. When 
the origin is transferred to such a point and terms of the 
second order are neglected the differential equation assumes 
in general the form 


dy ida = (ax + by)/(a x+ by). 
By putting y=me a quadratic equation 
b'm? + (a'—b)m—a = 0 


is found whose roots determine two special directions at the 
point. The arrangement of the curves which satisfy the dif- 
ferential equation depends on the nature of the roots of this 
quadratic *. 

The analysis is a good deal simplified in the present case 
owing to the special values, a’=0 and U'=1. We have 


dæjy = dyj(ax + by) = d(y — ma)! (b—m)y + az. 
If m isa root of m?—bm—a=0 then a=—m(b—m), and 
(b— m) is the other root, and so 
d(y— mx) ’m (y —m;x) = d(y— mx) /m (y — mat), 
giving as approximate integral near the origin the equation 
(y— mya) = C(y— mgr) 2 


When the roots mı ms are real and have the same sign the 
point is a “node.” An infinite number of solution-curves 
pass through the point, arranged like a family of parabolas 
having a common tangent which has the special direction of 


* See Picard, Traité d Analyse, ii, p. 206. 
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smaller slope. When the roots are real with opposite signs 
the point is a “col.” The curves are then like a family of 
hyperbolas with common asymptotes and two solution-curves 
only leave the point, one in each of the special directions. 
When the roots are complex the singular point is a “focus” 
and the solution-curves wind round it in the manner of a 
spiral. For purely imaginary roots we have a “centre,” the 
arrangement round it being similar to the case of concentric 
ellipses. 


Nature of the singular points. 


[t is necessary first to settle the character of the terminal 
points in the present case. When the reductions are ettected 
the quadratics are found to be: 


at F= 1, m?—Bie—l)m—A(s—1) = 0, 
at E= s, m?+4+Bis—c)mt+As(s—1) = 0. 


It is seen at once that the former point is always a “col,” 
but the nature of E==s requires some consideration. This is 
the more necessary because Lord Rayleigh, in his numerical 
work, took for the constant 4 the value of *4, in accordance 
with Maxwell’s law of the inverse fifth power for molecular 
repulsions. The values given by Meyer and Jeans for actual 
gases are in the neighbourhood of ‘6. One would like to be 
pestered of the possibility of the wave for any values of the 
constants Å and y. If the roots of the second quadratic are 
real the point is a node, because the constant term is essen- 
tially positive. The condition for this is 


B?(s —c)? —4Aa(s—1) > 0, 


which has to hold for all values of s from unity to 
(y+) /(y-1). For s=1 the left-hand side is a complete 
square, and when the other extreme value is put for s, and 
B and A replaced by their values, the expression again 
reduces to a complete square, viz. 


L(y +1)%h— 9) 
Therefore the expression is positive for all intermediate 
values of s, provided the quadratic in s has not two real roots 


lving in the interval. 
Written out in full the equation is 


fh byh? —AS(2Q4?@—y + Li yht9isy—1)?} s? 
+6 (y +1) {8(2y—Iyh—38(Ay—1)} s+ 0(y +1)? =0. 
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There are three critical values of h in ascending order of 
magnitude (when y>1), 


hy = 3(3y—1)/8y(2y— 1), 

he = 3/4ey, 

hg = BL 2 — y +1- 2y 1y (y+ 1)? 7 /dy.- 
For h=h, the coefficient of s changes sign, 


for h=h, the discriminant of the equation vanishes, 
for h= h; the coefficient of s? changes sign. 


oe 


For 0 <h<h, the coefticients are + — +, roots imaginary, 


hi<h<chy 9 ` FF Ta ” ” 

ha < h< h; <i o + + +, roots rel and both 
negative, 

h< h n i — + +, roots real and of 


opposite sign. 


Therefore in no case do both roots lie in the interval between 
the extreme values of s. We conclude that $= L1 is always 
a col and =s always a node. It remains to show that 
one of the infinite numbers ot solution-curves at (s, 0) runs, 
through positive values, to the point (1, 0). 


Geometrical discussion of the equation. 


A general idea as to the configuration in the plane of (En) 
of the curves whieh satisfy the differential equation is 
obtained by considering the “isoclines” along with the 
“inflexion-locus.” An isocline is the locus of points at 
which dy/d& has an assigned value, p. The inflexion-locus 
passes through the points where d?y/d&? vanishes ; on opposite 
sides of it the solution-curves have their concavities turned 
in opposite directions. At the intersection of the inflexion- 
locus with an isocline p, the isocline itself has the slope p * 

In the present case the isoclines are the cubic curves 


AR E—1)(s—&) = n i BE e) +p}. 
They all pass through the three singular points E=0, 1, s on 
the E-axis. This avis itself is the isocline PHO; the solution- 


curves cross it everywhere at right angles. Special import- 
ance attaches to the curve p=0, 


n = AEE DE) BE). 


* See P'Ocagne, lwe, cit. p. 155. 
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This has =e as asymptote. It will be found later that 
essential differences arise according as this does or does not 
lie in the section between E=1 and F=s. 

There are three special values of p for which the cubic 
breaks up into a straight line through one of the singular 
points and a parabola through the other two. These are 


p = Be, E=0, and Bn = A(E—1)(s—&); 
p=B(e-1), E=1, and Byn= A€(s—6&); 
p= Bees), F=s8, and Bn = —A(E-1). 
The equation of the inflexion-locus is 
Bn? + A {3E —2(s + 1)E+s}n?—AB(E— ¢/ E(E—1) (s—E)n 
+ A°E(E—1)*(s—£)? = 0. 


There is a node at each singular point and the tangents to 
the two branches of the curve have the “ special directions.” 

In order to examine the disposition of the branches with 
respect to the tangents it is necessary to take into account 
terms of the third degree, when the equation is referred to 
the double point as origin. The terms of second and third 
degree may be written 


(y—myv)(y-- Mgt) = uz. 
To find the side of the tangent y= mx on which the curve 
lies, it is only necessary to consider the sign of 
Ye = u; (y — mat) = uz (m)? (m,— mo), 
where u;(m) means that the values z=1, y=m have been 
Inserted in uz. 
In the present case, when account is taken of the quadratic 


equation satisfied by m, m, it is found that the expression 
for w3(m) can be written in the forms 


—B(1—c)m{ Bm + A(2—s)}/A(s—1) at EF=1; 
B(s—c)m{Bm+A(23—1)} As(s—1) at =s. 
Thus at E=1 critical values of s are those which make c=1 
or m= —A(2—s8)'/B. The former value is given at once by 
the meaning of the constant ¢ as 
s = {y(94+dh) —3} 3+1) =s, 


say. For y= 141, hed, s, is 1°96, and more generally it 
can be seen that the value lies within the range with which 
we are concerned. 
rye e,e e . ° . 
The other critical value is found by inserting the given 
value of m in the quadratic equation which gives the special 
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directions and solving the equation so obtained for s. In 
this case it is found on examination that for the actual range 
of values of y and A the roots do not correspond to values of s 
occurring in the question. One root is negative and the other 
positive but less than unity. Therefore s, is the only critical 
value found at £=1. It has been met with already, as the 
value for which the asymptote =c, of the zero isocline, 
passes within the range, from F=1 to €=s, inside which the 
relevant solutions of the differential equation lie. 

At —E=1 the slopes mı mg have opposite signs; we are 
concerned only with the positive value, and the above 
examination shows that the corresponding branch of the 
inflexion-locus lies below the tangent fer s<s, and above 
for s>3). 

Near the other terminal point, E=s, the critical cases are 
given by s=c and m= —A(2s—1)/B. 

It is found that the former condition leads to a value of s 
which is the reciprocal of that found above for c=1 and 
which therefore is less than unity and irrelevant. On the 
other hand, the quadratic for s got by using the second con- 
dition has one root lying in the range of the problem. Its 
expression in terms of y and h is lengthy and need not be 
written out here. We shall call it sẹ The value for y=1°41 
and A='4 is 2°24. At this point both the tangents have 

negative slopes, so that both branches of the inflexion-locus 
lie in the region 1< &<s,7>0, with which we are concerned. 
For s< s both branches are below the tangents, for s> s the 
curve lies above the tangent of smaller slope and below that 
of greater slope. Examples of these different configurations 
will be seen in the diagrams which follow. 

Another point of some importance is the relation to the 
special directions of the isocline of zero slope, where it passes 
through the singular points. Its equation is 


n = AE(E—1)(s—§&)/ BE e), 
SO dn'dë = A(s—1)/B(1—¢) at €=1, 
and =—As(s—1)/Bi(s—e) at E =s. 
When these values are inserted in the quadraties for m they 
make the left-hand side reduce to m?. It follows that the 


zero isocline lies outside the angle formed by the lines 
y=m,t, y= mex drawn in the direction of positive 2, 


Discussion of particular cases. 


Lord Rayleigh evaluated the coefficients of his equation, 
putting y= 1 41, h=-4. This value of y leads to 5°88 as 
the maximum s. By what appears to be an oversight 
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Lord Rayleigh replaces this by 6, which corresponds to 
A= 1:40, but the effect of this difference on the numerical 
values of the coefficients is negligible. It should be noted 
that there is nothing in the purely mathematical aspect of 
the question to indicate the existence of this upper limit 
to s. It arises physically, from the consideration of the 
pressure. The formal solution of the differential equation 
with y = 1°41 and s=6 would lead to infinite and negative 
pressures in the wave. 


Fig. 1. 


S=6 


Lord Rayleigh worked his way from point to point by 
Runge’s method, beginning at the col = 1 and starting off 
along the special direction of positive slope. He found that 
the path led to the node at €=6. Evidently this process 
could not have been applied in the reverse direction. 

It is convenient to begin with the extreme case s = 6. 
The distribution of the loci is shown on fig. 1, which is 
extended to the origin in order to complete the run of the 
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curves. The isocline for p=0 is drawn, having its asymptote 
along &=c= 2-36, and also the special isoclines which break 
up into a straight line and parabola. The inflexion-locus is 
drawn with a heavier line. It will be noticed that it passes 
through the intersections of line and parabola on the special 
isoclines. As already mentioned, the axis is the isocline 
p=%æ. The broken curve is the solution of the equation 
plotted from Lord Rayleigh’s numbers. The special direc- 
tions are the tangents to the inflexion-locus at the singular 
points. 


Fig. 2. 


S=? 


A study of these curves will make evident the existence of 
the required solution-curve. A family of curves leaves the 
singular point (6,0) all touching the special direction of 
smaller inclination to the axis and running in a region where 
d?n/d& is negative, i.e. the concavity is downwards. Since 
the locus p=0 makes a still smaller angle with the axis, 
the curves, in the domain of positive 7, encounter the locus 
and turn downwards before they meet the inflexion-locus, so 
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ene curve of the family passes downward through each point 
of the axis between (1,0) and (6,0), and we reach the 
required solution-curve as a limit. There is, of course, 
the same sort of ultimate discontinuity as is found in 
bringing hyperbolas up to the asymptotes. 

From a physical point of view one would expect that any 
doubt as to the existence of a solution would attach to the 
larger values of s; this is the opinion expressed by 
Lord Rayleigh. It is therefore somewhat surprising to 
find that when the diagram is modified in the way of 
diminishing s, the matter becomes not more, but less 
obvious. Progressive changes in the configuration of the 
field take place in the manner described below, and may 


Fig. 3. Fig. 4. 


FSS 


S=17 S=}6 


be followed in figs. 1-4, which have been drawn for 
s=0, 2, 1°7, 1:6. 

It will be enough to consider the zero isocline and the 
inflexion-locus. When s becomes less than 1°96 there is no 
asymptote to p=0 between the terminal points, the curve 
then runs in an are from one point to the other. 

At s=2°24 and s=1°6 respectively, the inner sides of the 
loops on the inflexion-locus pass across the tangents, but 
notwithstanding this, the loops at first persist, the branch of 
the curve crossing back over the tangent. (See fig. 3 for 
;= 1:7.) With continued decrease of s the two loops ap- 
proach each other, as if by a mutual attraction. For some 
value between 1*7 and 1°6 they meet, and this is followed by 
a complete change in the configuration, as shown on fig. 4. 
In this tangled arrangement of the two loci it is not so easy 
to follow the course of the solution-curves. We shall use 
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fig. 5 for s=1°5, on which the air-wave solution, calculated 
by Runge’s method, has been inserted as a broken line. 
Consider the eurves which cross p=0 between the singular 
point A and the highest point B, where it intersects the 
inflexion-locus. These at first turn upwards until they meet 
the inflexion-locus where the curvature is reversed, the slope 
then decreases and becomes zero again at some point on BC, 


Fig. 5. 


S =ð 


and thence the curves, remaining concave downwards, run into 
the node D, between thé broken line and the inflexion-locus. 
On the other hand, the curves which rise perpendicularly 
from the axis Dond. over to meet the zero isocline at points 
between CD and reach the node without encountering the 
inflexion-locus, filling up the region between the beskein line 
and the zero isocline. The curve required for the wave- 
solution is the limiting one which separates these two sets. 


IT. PROPERTIES oF THE WAVE. 
Summary of the Physical Theory. 


In the following outline of the argument by which the 
differential equation is reached the equations are numbered 
as in Lord Ravleigh’s paper. The motion is supposed to be 
stationary. The velocity of the air is abruptly decreased 
from the constant value u to the constant us in passing the 
wave. Conservation of mass gives w/t) =Us/ro=m (the 
‘mass-velocity”’). By means of this the specific volume v 
may be substituted for the velocity u in the equation of 
motion. When this is done the integral found is 


dv 
ae oe SoBe 
D+ mer — žm = const: 
} SMA y = con tant. 


: = py më = pot nër 2 (80) 


which enables p, and also @ the absolute temperature, at any 
point, to be expressed in terms of v. 
If the air in travelling a distance de undergoes a small 
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change of condition specified by dp, de, it must have received 
heat of amount given (in mechanical units) by 

(y—1)dQ = ypdv+ rdp. 


By use of (87) this can be expressed in terms of v only. 
Now dQ is made up of dQ), heat passing into the unit mass 
by conduction, and dQ, heat generated by viscosity. The 


latter part is equal to 
dv\* 
4, $ 
gnp 6A dz. ° ° . e e e (92) 


Subtracting this from the expression for dQ the remainder 
is found to be a complete differential and its integration 
gives for the total heat received by conduction between the 
initial state v; and the value v 


PN d 
(y—1)Q; = y(pi+ meee (y+ Lm + impe S +const. 


But the total heat conducted into the gas in passage from 
the one uniform condition to the other is nil. Expressing 
this fact we get the important relation 


(pı + nervy) = (Pe + n?ra) = (y + 1) m? (vy + ta) 2y. (86) 


By means of it the expression for the conducted heat can be 
put into the form 


9 d l 
(y¥—-1) Qa Sily t In (vi e) (eee) + Spe ~ (96) 


The last step is to connect Q, with the temperature 0=pr/R 


as given by (87) through the equation of conduction in the 
form 


mQ, = k dh jde. 2. 2. 1]. (TA) 


This gives the differential equation required. 


Relation between terminal states. 
From eqn. (86), putting s, as before, for v/v = p/p), 
porn = Art Ds- (y~ DA +1) — y- 1)si, 
0:10, = (y +1)s— (y— 1) isi(y+ 1) —(y—- Ds}. 


The pressure and temperature ratios are intinite for 
s=(y+1)/(y—1). On account of the limited range of s 
it is convenient to take it, rather than the pressure-ratio, as 
the varlable defining the amplitude of the wave. 
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Rate of propagation. 


The plan of making the wave stationary, although it is 
adapted to the mathematical investigation of the ‘motion. 
does not lend itself to a clear physical “conception. For this 
it is better to consider one of the two regions of air as being 
at rest. There is then a choice between two alternatives. 
We may think of a wind of high-pressure air moving with 
velocity (ui— u) into a region of low-pressure quiescent air. 
its front ədvancing through the latter at rate w,. Or we 
may imaginea moving mass of low-pressure air with veloeity 
(2; — uz) piling itself up against a block of high-pressure air 
as it comes to rest, the thickness added per second being və. 
In either case the process will continue indefinitely only 
when there is the special adjustment of pressure-ratio te 
density-ratio given above. We shall adopt the former con- 
ception as more like what happens in an explosion-wave, and 
we shall find the velocity of propagation a in terms of the 
ordinary velocity of sound in the quiescent low-pressure gas. 
which will be denoted by 1)’ = (ype). 

Equation (86) gives 


m? = 2ysp / tiy +1) — (y= Ds}, 


Pe a = m y) = silya) 
and uzi = [2 sily +1) (y 1)s} 
It will be seen that «ə has a minimum value for 

s = (y+ 1)/2(y—1) 


and that both velocities become u,’ for s=1. 

On fig. 6 the velocities, the pressure-ratio, and the tem- 
perature-ratio are plotted against s, for y=140. For 
convenience the ratios p/p.» 01/0 less than unity, are taken 
instead of their reciprocals. The vertical distance between 
the two velocity-curves gives the wind-velocity in the high- 
pressure region. 


Variation of prô within the wave. 


Once 7 has been determined as a function of E from the 
differential equation, by an arithmetical or geometrical 
method, it becomes possible to examine the state of affairs 
inside the narrow laver of transition which constitutes the 
Wave. 

In the first place (p, 0) are immediately connected with v. 
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For from eqnations (86) (87) we obtain 
pipi = {y+ 1)(s+ DE—29F — frat /EL(y + Ds—(y—-D}, 


and 6/6, is the same expression multiplied by v/r or §s. 
It remains to connect v or E with distance measured along 
the direction of propagation. This can be done by mechanical 
or arithmetical quadrature. By definition 


dæld = — 2y’E/n. 


Fig. 6. 


| 2 a. Ò 


The length p'=p/m will depend on the temperature at the 
point and on s. To geta definite unit, u’ must be expressed 
in terms of m the viscosity at temperature 6; and the limiting 
value of mass-velocity, m, applicable to sound-waves in the 
initial condition of the gas. The length 


m/m, = viscosity / sound-velocity x density 


has been shown by Lord Rayleigh to be of very small size, 
of the order } x 10~° cm. for air under ordinary conditions. 
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It we write p/u = /(6/0,) and use the expression already 
found for mas a function of s which gives 


mjm = [28/{(y +1) — (y— 1)s}]!?, 


we have 
dæjdg= -— 2 f(0/0:) . [{ (y+ 1) —(y—1)s}/2s]!?. (E/n) . (m/m). 


The expression on the right can be plotted against £, and the 
integral curve then gives us the power to associate each 
value of & witha value of 2, in terms vf the length-unit p/m. 
The origin of z is of course arbitrary. 

This work has been carried out for the two cases s=1°5 
and s=5, y=1-41. Runge’s process was used to find 7 for 
values of & at intervals of ‘02 and ‘2 respectively. The 


Fig. 7. 


5 lo Id 

theoretizal law for variation of viscosity was taken, by which 
{(6/0;) =(6/0,)!”. A Coradi Integraph was used. The 
results are shown on fig. 7. In order to compare the two 
cases the quantity plotted is the fractional rise in density 
(09—p;)/(p2—p:)- It will be seen that the larger increase of 
density takes place in a much shorter distance. The differ- 
ence is still more marked when one considers the time rather 
than the distance, because the five-fold condensation-wave 
travels at about four times the speed of the other. 

It is interesting to notice that the difference between the 
two graphs is purely one of horizontal scale. By multiplying 
the abscisse of the curve for s=5 by 11 it can be brought 
into coincidence with the other. This is shown on fig. 8, 
where the calculated points for s=5 and s=1-'5 are marked 
with a circle and cross respectively. 


an RPE as E 
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It does not seem worth while to reproduce the curves for 
the pressure, which are of the same general character as 
these. In connexion with the temperature, however, a point 
of some physical interest arises. 


Vig. 8 


K 


es L pesto a) 


Analysts of the temperature-rise. 


There are three different causes which bring about the 
heating of the gas :— 


(1) The adiabatic compression, which alone is operative 
on the ordinary theory of sound. 

(2) Conduction: the gas at first gains heat from warmer 
parts and then Josemi equal amount to colder 
parts. 

(3) Viscosity. 


The question of the retative importance of these three 
factors naturally suggests itself. It can be answered by 
rarrving the an: aly sis of Lord R: ivleigh a little farther, if we 
assume the specifie heat ¢ to be independent of the tempera- 
ture. Denote by Oa, Oa, 6, the temperatures which would be 
produced by the action of the three causes separately so that 
the actual rise ‘@—8,) at a point is the sum of (6,—@,) 
(0.—6,) (0. ~ @)). 
The ainal already given furnish (@—@,) and (0,—6,). 
The adiabatic heating is known, an i so all thies are eae 
can he separated. 


We have 
0.—0,=Q,/e=(y—-1) Q,/R=(y- 1)Q, @,/ Pitis 
Phil. Mag. S. 6. Vol. 48. No. 287. Nor. 1924. 3 N 
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which gives, by use of (96) and the expression for m’, 
(8.—4,)/0, 


=y{(y+1)(s—&) (E—1) — $n} /st (y+ D—(y—1)5}, 
while 


8/0, = {(yt+1)(s + 1) E— 248 — Syn} /s{(y+—(y—1)s} ; 

on subtraction the term in 7 disappears, and we obtain 
(9@—8@.)/0,= 

(yD {yP-—GtDEtDEt yt lst 3/silyt+)—(y—-1s} 


This expression combines the punted aa due to 
compression and viscosity. The former of these is given hy 


0.01 = (ijv) = (s/E). 


Fig. 9. 
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Thus the adiabatic and the viscosity effects separately are 
found to he functions purely of the density at the point. 
The calculations have been carried out for the two cases 
s=1°5 and s=5, and the resnlts are displayed on figs. 9 
avd 10. The horizontal scale of distance is opened up tenfold 
in the latter diagram. 


(4) 
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The ordinate of the highest curve gives the actual tempera- 
ture and the three segments into which it is divided by the 
other curves show how the total rise of temperature is made 
up, the order upwards being the adiabatic, conductivity, and 


Fig. 10. 
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viscosity parts. The central segment disappears at the 
limits of the wave. The diagrams present a striking con- 
trast. For the wave of small amplitude the greater part of 
the heating is due to the adiabatic compression. This was to 
be expected: but it is rather remarkable how with a high 
degree of compression the relation is reversed. The greater 
part of the permanent heating is then due to the action of 
Viscosity. 
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LXXXV, Stability of the Atom. By Prof. D. N. MALLIK, 
B.A, SeD., FRSA, Muslim University, Aligarh, 
India *. 


Summary. 


ARMOR has shown that in a permanently stable system 

of “electrons” (e. g.a system of electrons and a nucleus 

forming an atom) the vector sum jer! is constantly zero, 
2 er? 

the radiation of energy per unit time being 3? where 


tis the acceleration of an electron and c the velocity of light. 
These expressions are shown to be also deducible by direct 
integration of the field equation of the electron theory and 
to be alone consistent with the electron theory of dispersion. 
The principle of [permanent] stability thus established is 
proved then (on certain assumptions) to be the necessary 
consequence of the quantum conditions postulated by 
Sommerfeld in the case of a [Bohr] atom of Hydrogen. 

It is thus shown that the non-emission of radiation by a 
Bohr atom of Hydrogen and the usual quantum conditions 
as well as the proper choice of coordinates are all consistent 
with the classical theory interpreted in terms of quantum 
ideas. A tentative attempt is then made to extend the 
theory to more complex atoms. 


STABILITY OF THE ATOM. 


1. In the usual presentation of Behr’s theory of spectral 
series it is stated that in the stationary states no radiation 
is assumed to take place from the atoms themselves in 
contradistinction to the classical electromagnetic theory or 
ordinary electrodynamics. 

It should be observed, however, that in all cases of dyna- 
mical stability of a permanent type, there should not be any 
such radiation, and accordingly any theor ‘y that is to be 
consistent with the principle of conservation of energy must 
proceed on postulates suitable for the purpose. The 
principle that in a permanent dynamical system there 
should not be any radiation of energy was, in fact, clearly 
stated by Larmor, who was probably the first to investigate 
the mechanism of molecular radiation, For he says (‘ Aier 
and Matter, p. 225) :— 

n: fas appears that when the orbital motions in a 
molecule are so constituted that the vector sum jet! of the 


* Communicated by the Author. 
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accelerations of all the electrons (2. e. positive and negative 
charges) with due regard to their signs is constantly null, 
there will be no radiation or very little abstracted from it. 
and therefore this steady motion will be permanent. The 
condition that is thus necessary for absence of dissipation 
by radiation limits the number of types of motions otherwise 
steady in the molecules that can be permanent.” 

3. In order to analyse this statement further we may seek, 
in the first place, to derive the conditions specified above on 
the general electron theory and then see if this can be made 
to fit in with Bohr’s theory. 

4. We have, if (a, B, y) be the magnetic force, 


where smf À) — (2 so Fe 
A. B, C being the electric moment of electric charges due to 
a distribution of electrons of volume density p 
= —p{{r—.r,), (y—yo), (= —20)} per unit volume, 
3 C í h` 
and OA 4 OP, Op (4 Og 8"), 
ar OY à~ Oe Oy Ò: 


Henee we have 


= 498 Oy) de: Op! 
= e [v= 3) ( Be on 6) ay > on |. 
If +f 487 =0 
Ou ae 


(maenetic ae 


p= (ys -} TTEA x ca 


Wwe have 


This gives 


eo here D=“ 
= — . where D= ,, 
Der Loy Oe | dt 


oe ae dC — dB) 
2D ee: Peay oO: : 


= ò ONAT 1 f Io 
E (. OY Ji ð: 2D ir +y = are FC), 


where A, B,C = (U, m, n) E(9) 
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21) i D+cey ay D—cy \ SU) 
=o) ic \ eV EE) dt + e| eze Fae] 
1 ; oer 
5 nl [cosh e(t- tyy] F(t) di 
` T 
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Zaármre)]) y “P 


since c(t—t')=r, if dr=element of volume. 


[ Rayleigh’s ‘ Sound,’ vol. ii. ch. xiv. ] 


„apo, 


where ev=¢(t). 
=e(&, y, 2). 


Therefore, if H=(a« 8, y) and @ the inclination of r to the 
direction of electronic motion, 


H = sin o2 (E, 


amm -as e ? 
where ev is the value of ev at t— 


: evn ev 
= -sino ($ + =) 
p“ C: 


rJt=" 
Cc 


9 


5. Again, if the electric force is 


(X, Y, Z) = 4C, y, h), 


where p = V?g?(f+A) 
= y’ f 
(V = velocity in any medium), 
we have 


X= og Xare, (pè): 
¢ 
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whence 


: l E SOP 
à = ip LDz t ee { A TA 2 
X,Y,Z =—(l, m,n) (<) : 


t- 
[writing l. Ft) = 7 (pi) and proceeding as in (4)]. 


Hence, for an isolated electron, the radiation of energy, 
in eae with Poynting's iheorein: 


Rowe. 
l (e 


=-— | = sin? @dS_ over an infinite sphere 
wii ve 


Now the quantum condition for radiation of frequency v is 


W—W'= vh, 


where W is the total energy, 


which in this case becomes (in accordance with quantum 


ideas. ; 
) 2 e? j 1 e 


It the change in the potential energy of the electron is AV, 


W-W'= : Amv? + AV 


7. These conditions can evidently be satisfied on a suitable 
postulate as to the operation of the field, although for such 
an [isolated] electron, the equation 


tAm’ = vh, 


cannot be satisfied as has been pointed out by Jeans [Eighth 
Guthrie Lecture], so that if this were the only allowable 
equation, we should have to admit that an isolated electron 
cannot emit or absorb radiation. 

3. Now the electromagnetic energy expresses the energy 
residing in the field, so that the fact that the total energy is 
made up of the energy of electronic system (including the 
ease of an isolated electron) and the field is also clearly 
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brought out by the equation of art. 6. For the latter is 
included in V. | 

9. On this postulate by the application of Lagrange’s 
theorem I have, in a recent paper *, obtained the equations 
of an electronic system which are sufficient to explain dis- 
persion and aberration. They also lead to the expression for 
Lorentz transformations. 

10. In the case of a system of electrons forming a per- 
manently stable configuration we must have, in accordance 
with the above, the vector sam ¿eti = 0. This must then 
refer to the stationary states of Bohr’s atom. 

Now this condition is the same as 


“,--=0, t.e. the mean value of A=0, 


but since it can be shown that the A’s satisfy (for radiation) 
equations of the form 


AFPA = auf, 


neglecting terms depending on the induced magnetie field, 


and fie = V°y"( 7+ A), 


where the quantities have their mean values over a specified 
region, (say) the volume of an atom, we easily find that no 
radiation will result if (A, B,C) =0. 

11. We notice, incidentally, that this gives 


F? Fh) = 0, where h= (FHA), ete, 


which correlates to the usual equations of equilibrium of an 


elastic solid, viz., F 
V'(@:, Wy, ws) = 0, 


sort (fos dos hy) x (Wr, Wys wz), 
where @,, wp œw, may be defined as rotational strains of 
the medium or field, as in Mzaceullagh-Larmor theory of 
the æther or the steady rotation of a corpuscle about the 
nucleus or about the common centre of gravity of the nucleus 
and the corpuscles of the Bohr-Rutherford atom in a per- 
E stable configuration. 

In order to examire whether this condition for a 
Te stable configuration is implied in the Bohr- 
Sommerfeld theory, it would be useful to recall that this 


* “Electron Theory of Aberration and Lorentz Transformations,” 
Phil. Mag. Sept. 1924. 
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theory postulates, if account is taken of the motion of the 
nucleus, the two quantum conditions 


| “(mtd dg + meg dg) = nh eam 
; | 


s . 
re g , C=2er 
and (mi dr+MR dR) SW e a 12) 
` j F=0 
where m = mass of the electron, 


M = mass of the nucleus, 

r = distance of an electron from the common C.G. 
R = distance of the nucleus from the same point, 
@ = vectorial angle. 


From (1) and (2), we have 
(n+ n'h = f (m? + MRYp dh + | (mi dr+MR4R) 
= f onè de + MX dX) + { (my dy + MY dY) 


in cartesians. 
Now writing > R 


we have 
\ (mr? + MR) 6 dd = fueg dp = 2?rp 
if upd = p = const. (for a central orbit); . . . (3) 
similarly, 
\ Qnrdr+MRdR) = \ up dp, 
the equation of the relative orbit being 
lo 
"= l+ ecosoġ, 
p 
where eis the eccentricity of the orbit, and l the semi-latus 
rectum. We have, accordingly, 
w  sin? ¢ 


(nn h = 2mp èp ( eae oot 


= Ss oe Se ee a Ee Se 
V1—é (4) 


Hence we conclude that quantum conditions are necessarily 
satisfied for all central [ relative} orbits. 
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Moreover, 
ap a 
- ea mide + MX dX) )+) (my dy + MY dY) 
Vv 1l—eé 
= m | (t+ X) dat m \ (y+ Y) dy, 
if me = MA, ete. 
Differentiating this expression with regard to time, on tie 
supposition that the orbit remains unchanged, we have, 
since a 


| (Ede + n dy + Elz) 


(ur 


Dt 


du + ai I:) + + | Gleb ndnt glg 


D Di 


ee drt" y+, = as :) for a closed orbit, 

D ~ S +E tn +62 

and 1) T f 

E = p +X) = (+X) 

(assuming * this operation permissible in this case), 
0 = J më + X) de +) my + Y) dy, 

so that 


fr [ë +X) ‘i +(7+Y) x] ds = 0, 


“To ade x dy 
m| [+ X) ae + (7+ Y) A dn = 0 
(ds, an element of arc, and dn, an element of normal). 


Accordingly, since the coefficients of ds and dn must have 
the same sign throughout, 


+y =0, 


where & and V are the resultant accelerations of the electron 
and the nucleus respectively. 

Thus, so long as we are confined to the Bohr orbit of the 
hydrogen atom, Larmor’s condition jeb: = 0 is satisfied. 

13. Incidentally we observe that from (1), (2), and (4) 


* This assumption is involved in Lorentz’s theory, see art. 335, 
Poincaré’s ‘ Electricité et Optique.’ 
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we readily get the expression for the total energy (W) as 
required by theory. 
For from the property of the elliptic orbit, we have 


ee E . 
Lo ae 


HNP «a 


where wis the velocity in the orbit, and a the semi-major 
axis ; also 


l Ee dr? f 
or ar eee ee. e w ae O 
a l (ate pF 


which gives, remembering that 


W = bpe- = - E trom (5), 


— D 2 2 re ° 
W= u(i ee S o O (6), 
l 


where E is the charge of the nucleus. 

14. The quantum conditions of art. 12 are postulates of 
Bohr’s theory which thus seem to be capable of generalization, 
based on the present analysis. 

Fur since in the case of the hydrogen atom we have 
e[vu+ V ]=0, we have in any closed orbit, 

) (ëE+X)de+\(+Y)dy=0. 


Integrating for an interval A¢ in accordance with quantum 
ideas, we should have 


[ji (f+ X) de + (y+ Y) dy); = (N\—Najh, say, 


the integrations referring to two stationary orbits spanned 
in the interval Ag, ż. e. 


D m(.b+X) de +) my + Y) dy | = NA, 
for a particular stationary orbit (1); 
or \ (méde + MX dX) +) Quy dy + MY dX) = Nh, 
ice. \ (mr? + MR? pdh +\((nrdr+ MRAR) = Nih. 


If the orbit is central the first is a constant =2rp, say, which 
can be written =r, in accordance with quantum ideas. 
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It follows accordingly (as in art. 12) that 
\ Què dr+ MRAR) 


is a constant and can be written on the same principle =n'h. 
so that Ni=n+w. 

15. One of Sommerfeld’s reasons for taking r, @ as the 
variables is in one sense a purely analytical one: these 
coordinates allow the variables in the Hamilton-Jacobi 
differential equation of motion to be separated. He, how- 
ever, also suggests a dynamical explanation, whieh may 
be generalized as follows : 

The general quantum condition deduced from Larmor’s 
condition being 


f (mide + MX dX) +) (mý dy-+ MY dY) = Nh, 
if we write N =ne 
and find two variables such that 
F F$) do +F (y) dy 
=f (mède + MX dN) +) mý dy+ MÝ dY = (ntn’'ph, 
then, if on dynamical grounds we can prove that 
| F($) dp = const. = nh (say), 
it follows line 


SOP dp = n'h. 
16. In three dimensions, | 
(z,y,2, X,Y,Z, 7,6, 6, R, 6, ¢) 
for the hydrogen atom, we have 
| (net de + MX dX) +) (my dy + MY dY) + f (mide + MZ dZ) 
= \m (¢+X) ) de +\ mtg + Ý) dy +\ mr 2+2) dz 
= \(mrdr+MRadR) +f Oar? + MR?)Ê dd 
+\ (mr? + MR?) sin? Ob do 
=) up dp +) uo dO + È up? sin? O$ dp = Nh, 


since (@+NX, ğj+Y, 24 Z)=0, for permanent stability. 
Again, f 
oO = p = const. 


if the foree is radial. 
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Let 3 , 
i \ up’ 6 do = nh, 


up? sin? 0b = p' = const. 
\ up? sin? Od dd = nh = 27)". 
Accordingly (as in art. 12) 


\ up dp =ah, [N=ntnytny]. 


We have thus the spatial quantum conditions of Sommerfeld 
[p. 242, ete, * Atomic Structure and Spectral Lines 7]. 

These quantum conditions evidently impose a limitation 
on the inclination of the orbit of the electron to the 
invariable plane, conditioned by an external field which, 
however, must be such that the orbit is still practically 
central. 

17. When we proceed to apply the theory to more com- 
plex atoms, we are confronted with serious difficulties 
arising from the fact that the nature of the configuration 
cannot be worked out in any of these cases on dyt namical 
considerations. l 

We have, in fact, when there are N electrons und the 
nucleus, 


similarly 


| Gn Sidr, + MR aR) + fe S r é dp. + MR? ye dy) 
N N 


= \ (mÈ isde, + MX dX)+ l (m 5 ýe dys+ MY dY), 
, N - 


where Z, Ys, ts, Ọs define the position of the sth electron, and 
X, Y, R, y that of the nucleus, according to the scheme 


£ me = MX, 
X my = MY. 
Now 


\ [m > rod, ld + MR df | = const. = nh 


in accordance with quantum ideas, if the orbits are central, 
so that ; 
\ Qn Yredr+ MR AR) + nh 


= fm St Å drt (nS Gt N) dye 


18. The conditions of permanent stability, however, are 
S250, Sae 
for this gives vector sum 


| Ser, +EV | =0. 
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These conditions may be satisfied if we postulate 
FCn Sidr, +MRdaR) = n'h (say) 
and diys dtas s dy, = dyg=... 
as equations of constraints ; 
ie &+X=0, ü, +Üľ=0 (each term separately). 


In this event, it is reasonable to suppose that the quantum 
condition will split up into 


(o redr, + * R dh) = n'h, ete. 


This, of course, will involve the supposition that there is no 
interaction between the electrons themselves and that each 
electron, together with the corresponding portion of the 
nucleus, behaves like a hydrogen atom. This is probably 
approximately true for the neutral helium atom. 

19. Or, we may have the electrons arranged in groups ; 
for each group we should have dz;=...=dz,, and a quantum 
condition of the type 


fz mr,dr, + =i RaR = np h 
P 


(for a group of p electrons). 

Separation of these groups according to the nature of the 
bonds between them and the nucleus as well as the magni- 
tude of the interaction between the electrons will reqaire 
further consideration. 

20. For a number of electrons in three dimensions, we 
have {with obvious notation) 


(È m irde, + MX dX) +.. b oe 
=S mli +X) dire + REO H. 


= \mE(rdrs+r? bs òp. +° sin? Pops òy) 
+ (M (RaR +R? dy. X+ R? sin? x dd). 

The condition for permanent stability will be satisfied 
if (+X, j,+ Y, 3+2) = 0, separately or in groups. 
Accordingly either of these expressions is constant = Nh, 
savy, if the orbits are still central. But for a central orbit 


{ (> mrs p: ods + Mi? x dy) = const, = nih. Sav, 
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and 
2r [$ m r; sin? paps + MR? sin? xô] = const. = ngh, say ; 
a f Cm È rdr, +MR dR) = const. = ngh, 
so that N = ntn tng, 


where ni, m2, na may cach split up into a number of quantum 
numbers. 


In fact, if the independent coordinates defining the system 
are Pi, Psy... Pry ---, there will be quantum conditions of the 


type 
{ [m2 @+) ee eee ] dpi = ph, ete. 
OP 


This is of immediate application to the model of Helium 
atom as conceived by Landé and Bohr, and will be dealt 
with in a future paper. 


21. Again, if 2T = kinetic energy of tle system, 
OT = E mhi t 92+ 22) + M(X?+ V? +24) ; 
but since È m è, = MX, 
OT = m{E (e+ X) i +E (G+ Y) ECG +) 2}. 


or 2a To . fone 

JF m fz (a; + X) 3p +... Ponpes } e 
Now 

Ot n Òt, . 

Opr OPr 

or f yy Otr l 

ai =m 4 E(t, +X) Jn; +... +... fe 


Thus the quantum conditions postulated are of the type 


( Le eee ae 
a Pr = Np My 

e/ 
which may be shown to satisfy Larmor’s conditions for 
permanent stability on a proper choice of constraints which 
must for the present be a matter of speculation. 

A proof ot this theorem, as well as several other postu- 
lates of quantum theory, will be given in a paper on 
“The Postulates of the Quantum Theory” which is ready 
for publication. 
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LXXXVI. Curvature of the Spectral Lines ina Prism Spectro- 
scope. By G. SUBRAHMANIAM, M.A., and D. Guyyiaya, 
M.A.” 


“T is a matter of common observation that the spectral lines 
obtained witha prism spectroscope are curved with their 
convex sides turned towards the red end of the spectrum. 
This, no doubt, forms an important difference between the 
dispersion spectra and the diffraction spectra, Excepting a few 
incidental references scattered here and there, no systematic 
quantitative relation between the details of the spectrometer 
and the resulting curvature of the spectral lines seems to have 
been found out. In view of the extensive use of rocksalt 
prisms and linear thermopiles for the examination of the 
infra-red region, such an investigation is well worth an 


attempt. 


Fig. 1. 
A 


a 

In what follows it is assumed that the curvature of the 
spectral lines arises from the obliquity of the incident rays to 
the principal plane of the prism, and that the several optical 
parts are “ corrected.” The accompanying diagram (fig. 1) 
represents a prism with its edge AA‘ lying wholly i in, ‘and 
the principal plane perpendicular to, the plane of the paper. 
Let PO, bea ray not in the principal plane and @ the angle 
of E with the normal N,O,N,'. The path of the ray 
O10 within the prism makes an angle 6’ with the nor mal 
stich that sin@=psin ð. If y’, Yare angles of incidence 


* Communicated by the Authors. 
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and emergence at the second surface sin Y= p sin Y’. Since 
the edge AA’ lies in both the refri acting surfaces and the 
normals N,N,’ and NN,’ are perpendicular to the edge, it 
follows (see Herman’s ‘ Geometrie Optics,’ xxviii. p. 28) that 
the incident rav and the emergent ray are equally inclined to 
the edge. Ifthe rays PQ, O; Og, and OQ are projected on 
a great circle lying in the cipal plane with reterence to 
the edge of the prism as the pole, it is found that the actual 
deviation 6 is related to the deviation 6’ in the projected path 
by the equation : 

ee . 
vin, =sin 8.sin J 


where 8 is the inclination of the ray to the edge of the 
prism. 
Obviously, therefore, 6’ is always greater than & except 


when B=) when, however, the ray lies wholly in the 


principal plane and the two are equal. In the case of a 
prism placed in the minimum deviation, radiations from the 
centre of the slit lie, no doubl; in the principal plane, and 


those from the extremities do not. If 2l is the length of 

the slit and d the distance of the collimating lens from the 

slit, the maximuin possible divergence of the extreme ray 

is sin} (d4 : 3 , and therefore sin 8 under these conditions 
( 

; d 

(d? +E): 

To take the following particular examples :— 

(1) In the case of a spectrometer supplied by Adam 
Hilger & Co., length of the slit 2l = U00 em. and d=30 cm. 
about ; fora 60° angle prism of crown glass and for mean 
D line (5593 x 107” cm.) 


ô —ô=0° 1' 981, 
and in consequence the resulting curvature of the D line is 


0 0006785. 
Phil. Mag. S. 6. Vol. 48. No. 287. Nov. 1924. 30 
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(2) With the same instrument, but with a 60° angle prism 

of flint glass and for mean D line 
6 —8=0° 1’ 30°23, 
and the resulting curvature of the D line is 0°0008724. 

(3) In an infra-red spectrometer 2/=2 cm. and d the 
distance of the slit from the mirror is about 40 cm.; for a 
60° angle prism of rocksalt and for the infra-red region 
1420 x 107€ cm., w=1°5213 


ò —ò:=0° 4' 0°13, 
and the resulting curvature is 0°001163. 
H. H. The Maharaja’s Research 


Laboratories, Vizianagaram. 


LXXXVII. The Striated Discharge in Mercury Vapour. By 
W. H. McCurpy, M.A., 1851 Exhibition Scholar, Princeton 
University *. 


INTRODUCTION. 


Do the past half century a large amount of work 

has been done on the problem of electrical discharges 
in rarefied gases. The various parts of the discharge have 
been studied independently, the Crookes dark space probably 
receiving most attention, since in this region of the discharge 
occurs the very interesting phenomenon of the high cathode 
fall of potential. Mauch less attention has been given to ihe 
negative glow, Faraday dark space, and positive column, 
which are the subject of this investigation. 

Guided by certain theoretical considerations of space-charge 
and mobility, the experimental results to be described have 
led to a theory of the mechanism of current flow in the 
negative glow and Faraday dark space and an explanation of 
striations in the positive column, which seem satisfactorily 
to explain the essential features of the discharge. i 

In order to avoid confusion and unnecessary repetition, 
the following symbols will be used throughout the following 
discussion :— 

p, and p_ are mobilities of positive ions and electrons 
respectively ; M and m are the masses of positive ion and 
electron ; V is the average velocity of the electrons, U, is 
the terminal velocity of the positive ions, and Qis the velocity 
of thermal agitation of the atoms, all three being expressed 


* Communicated by Prof. K. T. Compton. 
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in equivalent volts ; l and L are the mean free paths of the 
electrons and the positive ions respectively ; E is the electric 
intensity ; ¢ and © are the square root mean square velocities 
of the electrons and positive ions respectively. 

Compton * gives, as the expression for the mobility of 
electrons, 


el 
p_=0815——. i. cis see E ope GED) 


On the same assumptions, the mobility of the positive ions is 
found to be 
el 


p= bligo soe ees @) 


the difference in numerical factor in the two expressions 
being due to the fact that the masses of the positive ion and 
the atom are equal. 

On the assumption of elastic collisions between the electrons 
and the gas molecules, Compton also finds that the terminal 
energy which an electron will attain, under the influence of 
an electric field, in the gas, is given by 


—— 
V= 2+ / 014 ank ae 


On the assumption that the collisions between the positive 
ions and the gas molecules are as if between elastic spheres 
and that the law of conservation of momentum holds for the 
collisions, it is found that, on the average, the positive ion 
will lose half of its energy on collision if the molecules are 
considered to be at rest compared with the positive ions. 
It, however, as is actually more nearly the case, the ions are 
moving with a velocity U and the molecules witha velocity Q, 
the average fraction of energy lost by a positive ion at a 


collision is given by 
Q 


From this the terminal energy of the positive ions is 

found to be 

eUr= [QAVLI] 2 6. (4) 
by the same reasoning as that by which Compton has obtained 
the terminal energy of the electrons, 

From these equations it is possible by very simple processes 
to obtain any of the quantities that may be referred to in the 
course of the present work. 

* Compton, Phys. Rev. xxii. p. 334 (1923). 
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THEORY OF THE POSITIVE COLUMN. 


Sir J. J. Thomson * has recently developed the mathe- 
matical theory of the striated positive column of the gaseous 
discharge. According to his theory, the condition for the 
occurrence of the striations in the positive column of the 
discharge is that the current density must be lower than a 
certain critical value which is determined by the rate of 
recombination of the electrons with positive ions, as well as 
other quantities which, so far as the author is aware, have 
not been determined. Consequently, to make further progress 
in the theory of the striated positive column it is necessary 
to approach the problem from a different angle. 

In experiments on discharges in the so-called “ noble 
gases,’ it has been found that a striated positive column 
cannot be obtained if the gas is carefully purified. The 
author has found the same to be true for mercury vapour, 
which is to be expected, since it is also a monatomic gas and 
would therefore be expected to be governed by the same 
laws. ‘This criterion probably cannot be extended generally 
to include the multiatomic gases, although the author 
understands that work done under the supervision of 
Sir J. J. Thomson in the Cavendish Laboratory points to the 
conclusion that it is also true for nitrogen. In some of 
the earliest experiments on gaseons discharges, it was found 
that mixtures of gases produced the most beautifully striated 
positive columns. Thus, in view of the fact that no 
striations occur In pure monatomic gases, it is natural to 
conclude that the striations are the direct result of the 
presence of impurities in the discharge. 

In order to account for the striations in the positive 
column, it is necessary to find conditions which favour 
ionization at definite regions in the discharge. A shortening 
of the life of an excited atom wiil lead directly to this result. 
In the uniform positive column, atoms exist in every state of 
excitation, so electrons of almost any speed may produce 
partial or complete ionization. If, now, the life of an excited 
atom is diminished by the presence of impurities, it will have 
to receive the two amounts of energy, necessary to produce 
ionization, in rapid succession, assuming cumulative ionization. 
If this is to occur at any point in the positive column, the 
number of electrons available to supply the energy must be 
verv large; consequently, in order to obtain a uniform 
positive column with impurities present, the current density 


# Thomson, Phil. Mag. xlii. p. 986 (1921). 
t J, J. Thomson, ‘Conduction of Ilectricity in Gases.’ 
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in the discharge would have to be large. If, however, the 
positions of ionization were so localized that a large pro- 
portion of the electrons had sufficient energy to produce 
ionization, considered as a cumulative effect, the probability 
of ionization would be greatly increased, and the dischar ge 
could be maintained at smaller current densities. On making o 
an inelastic collision, the mobility of the electrons is increased, 

and, as a result, they are drawn at high velocity towards the 
anode, leaving a positive space-charge where the inelastic 
collision occurred. A corresponding negative space-charge 
must exist at some other place, aud this will be on either side 
of the region of ionization. Few of the positive ions travel 
far before recombination ; so, to the cathode side of a region 
of ionization, a negative space-charg ve should be found, as 
there are fewer positive ions to neutralize the space-charge 
of electrons from the cathode or preceding striation. The 
resulting distribution of electric intensity tends to continue 
the ionization in the regions where it started. Thus we have 

a state which favours localization of ionization and resultant 
recombination and radiation; in other words, a striated 
positive column. 

The consequences of such a theory of the striations would 
include several points, which may be checked experi- 
mentally :— 

1. A higher concentration of excited atoms should exist 
in the striations than in the space between them. By 
experiments on the absorption of spectral lines, it should be 
possible to determine the relative concentrations of excited 
atoms in different parts of the discharge. This work has 
heen carried out by Compton, Turner, and McCurdy, and 
the results have been in accord with the theory. An account 
of this work will appear later. 

2. If striations are due to an effect of impurities, these 
must be of such nature that the energy of an excited atom 
may be sufficient to transform them into some state of 
excitation. Franck * has found that excited mercury atoms 
will dissociate molecular hydrogen; thus, if hydrogen is 
used to pron striations in mercury vapour, there should 
bea greater concentration of: atomichydrogen i in the striations 
than in the regions between them. Any gas whieh has no 
eritical potential below the lowest radiating potential of 
mercury should have no effect on the discharge i in mercury 
vapour. Both of these points have been checked experi- 
mentally by Compton, Turner, and McCurdy. The presence 
of atomic hydrogen was detected by the reduction of oxides 


* Franck, Zeit. f. Phys. xi. p. 761 (1922) 
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of metals and the occurrence of the mercury hydride band- 
spectra. 

3. IE the above theory is true, the potential difference 
between successive striations must be sufficient to give the 
electrons enough energy to produce ionization on tr avelling 
from one striation to the next. It was found that, in 
the case of hydrogen *, the potential difference between 
striations was somewhat greater than the ionization potential. 
Duffendack + found that, in hydrogen, an are could not be 
maintained below the ionizing potential; thus cumulative 
ionization cannot occur in hydrogen. In order to ionize, 
the electrons must have fallen through a potential equal to 
the ionizing potential. Also, as collisions of electrons in 
hydrogen mav not be perfectly elastic, the potential diference 
between str iations may be greater iian the ionizing potential. 
For mercury $ it has been found that the potential difference 
is about 5 volts. In this case, however, it was assumed that 
only excitation and not ionization occurred, the current 
being carried altogether by electrons emitted by the cathode. 
In the mercury discharge, however, when the current density 
is large, the density of excited atoms should be sufficient to 
make cumulative ionization possible. This would make a 
potential difference between striations of a little over 5 volts 
sufficient to produce the necessary ionization. 

4. ‘The next consequence of this theory is that the 

concentration of electrons and positive ions should be a 
maximum near the cathode side of a striation. The current 
density is the same atall points in the discharge. Thus 
the concentration of electrons, assuming that they carry 
practically all the current, should be inversely proportional 
to the velecity of drift, therefore directly proportional to the 
velocity of agitation. Also, the concentration of positive 
ions should be a maximum near the point where they are 
produced, since they disappear through recombination. 
5. The last point to be considered is the distribution of 
velocities of the electrons. If ionization oceurs in the 
striation, an excess of slow electrons should be found towards 
the anode side of the striation and in the space between 
striations. The closest approach toa Maxwellian distribution 
of velocities should occur just outside the cathode side of the 
striations, for there the time since the last inelastic collision 
is a Maximum. 


* McCurdy, Phil. Mag. xlvi. p. 531 (1923). 
+ Duffendack, Phys. Rey. xx. (6) p. 665. 
t Grotian, Zeit. f. Thys. v. p. 148 (1921). 
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THEORY OF FarapAY Dark SPACE AND NEGATIVE GLOW. 


E. Brose * has pointed out that the distinction between 
the negative elow and Crookes dark space is more apparent 
than real. He shows that the spectral lines occurring in the 
negative glow extend out into the Crookes dark space, though 
with diminishing intensity. The same condition holds for 
the negative slow and the Faraday dark space. Consequently 
any theory applying to the negative glow should apply 
equally well to the Faraday dark space. 

In the treatment of the positive column, it has been 
assumed that the current is due to the motion of electrons 
under the influence of the electric field. This cannot be 
true in the case of the negative glow and PFaradav dark 
space, for, under such conditions, there would be no logical 
reason for the marked difference in the appearance of the 
two regions. Furthermore, a consideration of the efficiency 
of ionization shows that the number of positive ions produced 
by the electrons which have fallen through the cathode drop 
is too large to be received by the cathode without producing 
impossibly large currents or a space-charge too large to 
conform to Poisson's equation. The same conclusion may 
be drawn from the absence of a strong negative space-charge 
in this region, Verv few positive ions would, under normal 
conditions, penetrate any great distance into the Faraday 
dark space from the positive column before being Jost by 
recombination, as is proved by the uniformity of the positive 
column. Therefore, unless positive ions move from the 
negative glow towards the anode, there should be a negative 
Space- P ge in the Faraday dark space which increases from 
the positive column towards the cathode. This is not found 
to be the case. 

The only alternative that can be postulated is that the 
current is carried by the diffusion towards the anode of 
the electrons and positive ions produced in large numbers in 
the negative iow. This alone cannot fully account for the 
conditions found in these regions, since the much more rapid 
diffusion of electrons would still cause a negative space-charge 
in the Paraday dark space. Therefore there must be an 
electric field tending to retard the flow of electrons and to 
accelerate that of the positive ions, A rough calculation of 
the field necessary to produce the observed results has been 
carried out; and although by no means rigorous, it shows 
that a very sii all field is sufficient to account for the observed 


* ese: Ann, d. Phys, Wiii. p. 751 (1919). 
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conditions. This field would be automatically set up and 
adjusted by the mobilities and rates of diffusion. 

The net current must be an electron current from the 
negative glow to the positive column, so, to get an estimate 
of the field which may exist, let us assume that the resultant 
current is the difference betw een an electron diffusion current. 
in the positive direction and an electron conduction current 
in the negative direction, This will give an upper limit to 
the field which can exist and still allow the observed current 
to flow. 


where i represents the current density, D the coefticient of 
diffusion and N the electron density. 
Since 
ae 
D=- (av" A ‘ — ` EN). 
=V HM i= pe \ dæ E 


v 


3 e . . dN e . 
This must be positive; and also a found experimentally 
dx 


to be of the same order of magnitude as N. Therefore 
E must be less than 2V. This is of the order of 1 volt, so 
the electric field must be less than 1 volt per E 
It is quite possible that small gradients of this order might 
not be detected, since in measurements it is diffieult to bta 
very constant conditions. 

Thus, to support the diffusion hypothesis, one should find 
a strong concentration of electrons and positive ions in the 
negative glow and Faradav dark space, and a strong con- 

centration gradient diminishing towards the positive column, 
and, possibly , a negative potential g vradient at the anode side 
of the negative glow. 

The following work was carried out in an attempt to 
confirm the theories just advanced concerning both positive 
column and Faraday dark space. Mercury vapour was used, 
as the simplest possible conditions should exist with a 
monatomic gas. Also more critical data are known for 
mercury than for most of the other gases. 


Merernon. 
Several methods have been emploved in the study of the 
discharge, the three most important of these being :— 
1. The study of potential distribution bv means of the 
deflexion of a beam of cathode rays developed by Aston * 


* Asten, Proc. Roy. Soe. A, Ixxxiv. p. 626 (1911). 
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This method, however, is limited in application, since it can 
be used only at low pressures. 

2. The Stark effect produced on lines of the spectrum 
emitted by atoms in an electric field *. This method is 
limited in application to the case of strong fields, since the 
effect is very small, 

3. The use of an exploring electrode introduced into the 
path of the discharge, and a measurement of the potential 
which it acquires t. Objections have been raised against 
this method on the grounds that it may not take up the 
potential of the gas surroundins it, due to the inequalities of 
velocities of electrons and positive ions and also ty non- 
uniform density of ions of the two signs. 

The method selected for the following work is a modifica- 
tion of the one last named. It was first suggested by 
Langmuir f, and applied to the study of the uniform positive 
column of the mercury-vapour discharge. 

If a wire is introduced into the path of a discharge and 
maintained at a potential negative to that of the surrounding 
vag, positive ions ure accelerated towards it and electrons 
are repelled. The result is that the wire is surrounded by 
a positive space-charge sheath. The outside of this sheath 
is at the potential of the surrounding space, and the inside at 
that ôE the wire. The positive ion current to the wire is 
limited by space-charge, and may to a first approximation be 
considered as a space-charge current between concentric 
cylinders. As the potential of the wire is raised, electrons 
reach the wire against the field until, finally, enough electrons 
get in to just neutralize the positive ion current, but not 
enough to neutralize the positive space-charge around the 
wire, so the positive ion current is still limited by space- 
charge. This gives the apparent potential of the space as 
determined by the old exploring electrode and electrometer 
method, but actually the wire is still negative with respect 
to the gas. As the potential of the wire is still further 
raised, the electron current to it increases. This current 
should be expressible as a function of the potential difference 
between the outside and inside of the space-charge sheath by 
the following equation, if there is a Maxwellian distribution 
of velocities of the electrons : 


(VaN) 


a a E) 


I = Noe ie AeA 
Sam 
# KE. Brose, loc. cit. 
t Thomson, Cond. in Gases, p. 530, 
t Langmuir, Journal of Franklin Inst. Dec. 1923; Gen. Elec. Rev. 
xxvi. p. 731 (1923). 
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Therefore log I as a function of Vọ— V should be a’ straight 
line, where I is the current density to the wire, snd Vo and 
V the potentials of the space and wire respectively. 

When the wire is at the potential of the space, the law 
regulating the current toit changes. Above this no positive 
ions can reach the wire, so now the wire will be surrounded 
by a negative space-charge sheath. The thickness of this 
sheath will change more rapidly in the case of the electrons 
than for the positive ions, and as a result no simple relation 
can be expected to exist between the current and the applied 
potential. However, since a change in condition occurs as 
the potential of the space is passed, a‘ break ` is found in 
the log I-voltage curve. The position of this ‘“ break” 
locates the true potential of the gas. 

From these I.-V. curves (of the exploring electrode) it is 
possible to obtain some very interesting data. 

Average Eneray of Electrous.— — Assuming a Maxwellian 
distribution of velocities of the electrons, it is readily seen 
from equation (5) that the average energy of the electrons 
may be determined directly from the current- voltage curves. 
Transforming the equation by taking the logar -ithms of both 
sides, 


Vo— V 


log I =| on Neq / eY —3 oo 2. tee (6) 


Samm 
Thus the slope of the curve log I as a function of V 
connected with the average velocity in volts by the relation 
V ae 3 x e e ° e ° . (7) 
2 tan @° 


If the distribution is not according to Maxwell’s law, the 
only method of determination of the average energy is by 
actual integration of the current curves. This process was 
carried out in a few cases. 

Concentration of Ilectrous-—Although not in all cases is 
the distribution of speeds according to Maxwell’s distribution 
law, still it is possible to obtain at least an approximate 

value for the electron concentration. From equation (5) it 
is observed that when V j= =() the electron concentration 
as a function of the current is given by 


I Srm 


N, = e aN . 7 . . . e (8) 


This serves as a ready means of obtaining the electron 
concentration, since all the quantities are either known or 
can be obtained from the curves. 
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Concentration of Positive Ions.—The determination of the 
positive ions is not so direct and simple as for electrons. 
More approximations have to be made in the calculation, 
and consequently the results cannot be expected to be 
quite so satisfactory. An approximate calculation may 
be carried out as follows :— 

Assuming that the positive ion current to the wire at a 
known negative potential V with respect to the surrounding 
space is a positive ion space-charge current between coaxial 
evlinders, Langmuir’s* space-charge equation 


LONA ye? 
be V E E 
O=- V Mr) (9) 


where C is the current per unit length of the wire and r is 
its radius, may be used. From this it is possible to calculate 
the value of the quantity (— 8°), and thus the radius of the 
outside surface of the space-charge sheath can be determined 
from the tables given by Langmuir. Thus, if a Maxwellian 
distribution is assumed, as has been done for electrons, it is 
possible to calculate the positive ion concentration directly. 
It is that concentration such that all positive ions striking 
the outer layer of the sheath contribute to the observed 
positive ion current. The equation involved is the same as 
that used for electrons with proper substitutions for the 
values of M and U. The method used for the determination 
of the energy of the positive ions is by calculation, using 
equation (4) for the terminal energy. 

Correction to be applied to the potential determinations by 
the electrometer method.—This is found directly by taking the 
difference between the voltage of the point where zero 
current arrives at the wire and that where the “ break ” in 
the current-voltage curve occurs. 


APPARATUS, - 


A diagram of che apparatas used in this work is given in 
fig. 1. The main tube, of 1°5 inch diameter, was enclosed 
in an electric furnace which extended about twelve inches 
below the level of the mercury in the two small tubes 
marked A on the diagram. These tubes dipped into mercury 
wells so adjusted as to bring the level of the mercury almost 
to the base of the discharge-tube. The mercury in these 
served as a source of vapour for the discharge, and also as a 


* Langmuir, Phys, Rev. xxii. p. 347 (1923). 


908 Mr. W. H. McCurdy on the Striated 


means of connecting the filament F which served as cathode 
for the discharge. The object of using the hot cathode was 
to obtain currents of considerable magnitude without the use 
of very high potentials. 

The filament F and anode B were fixed in a light glass 
frame which was movable inside the discharge-tube and so 
arranged that the length of the discharge could be easily 
adjusted by altering the position of the anode in the frame. 


Fig. 1. 


TO PUP 


The anode was an iron disk, electrically connected through 
the spiral shown at the top of the tube, and the position of 
the frame was adjusted by means of the fine wire communi- 
eating through the capillary tube C with a winch not shown 
on the diagram. The capillary was inserted to allow as 
nearly constant pressure conditions in the discharge-tube 
as possible. 

The exploring electrode was a piece of 4 mil tungsten wire, 
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and was covered with glass to within a few millimetres of 
the end and placed as near as possible to the centre of the 
discharve-tube. 

Tue electrical connexions are shown in fig. 2. The 
resistance Ky served as a potentiometer to vary the potential 
of the exploring electrode. The current to the electrode 
was measured on the microammeter A; and its potential by 
the voltmeter V3. 


Fig. 2. 
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Readings of the current to the electrode were made at 
intervals of O5 volt from about 1 volt below the point 
where the current changed sign to several volts above.. 
The results were plotted on semi-log. paper to make the 
calculations involved easier. 

In plotting, only the electron current was wanted; therefore 
the positive ion current at a definite voltage below that of 
the space was added to the negative current as indicated by 
the ammeter, for this was considered to give the electron 
current near enouch to the true value to satisfy other 
conditions of the work. Care was taken, however, to 
measure the positive ion current at a voltage sufficiently 
below that of the space to insure that no appreciable number 
of electrons reached the wire. 


RESULTS. 


A set of four typical curves representing the current- 
voltage relation found in the various parts of a striation are 
sown in fig. 3. 
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be Tle values of the potential distribution in a striation 
cannot be taken from fig. 3. It was necessary to so arrange 
the curves as to make them as distinct as possible rather 
than to give the distribution of potential over a striation. 


Tig. 3. 


Curve No. I. was taken with the exploring electrode between two 
striations ; 

Curve No. Il. at the anode side of a striation ; 

Curve No. IIL. in the middle of a striation; and 

Curve No. LV. at the cathode side of the striation. 

The circles represent the potential of the space as given by the old 
exploring electrode method, The arrows represent the true potential 
of the space. 


It will be observed from the figure that the discontinuity 
giving the true potential of the space, indicated by the 
arrow, does not occur in the same direction in all cases. 
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The reason for this is not very clear. In order to determine 
whether or not the correct point was chosen, the potential 
of the space was determined also by means of a hot- filament 
exploring electrode, the true potential of the space being 
given by the highest potential which can be applied to the 
hot filament without stopping its thermionic emission. 
This method has been shown to give correct values, even in 
the electric field with no discharge flowing. The two 
methods checked within the experimental accuracy of the 
work. 

Fig. 4 gives the general character of the distribution of 
potential in the discharge, and the broken curve gives the 


i Í i E 


Tig. 4. 


P- 
ww 
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difference between the results of the current method and 
the usual, but less accurate, electrometer method of measuring 
potentials. 

It will be observed that the potential distribution curves 
show the general characteristics of the distribution curves 
found in any work on gaseous conduction. They indicate a 
positive space-charge near the cathode face of the striations, 
and a negative space-charge between the striations. It will 
further be observed that the correction that must be applied 
to the electrometer determination of potential changes from 
place to place in the striations. It is a maximum near the 
cathode side of the striation and a minimum in the space 
between the striations. This is what would be expected 


91? Mr. W. B. McCurdy on the Striated 


on the theory advanced to explain the striations and the 
processes occurring in the discharge. 

Fig. 5 shows the variation in the concentration of the 
electrons and the positive ions at various points in the 
striations. ln agreement with the theory, it is found that 
the concentration of both positive ions and electrons is a 
maximum near the cathode side of the striation and a minimum 
in the space between them. No claim to great accuracy is 
made regarding the numerical values of these concentrations, 
since too many approximations are necessary in the determi- 
nations. Still, as the conditions are comparatively constant, 


Fig. Ə. 
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the relative values shown should be comparable and the 
order of magnitude of the results should be reliable. The 
positive ion concentnition is in all cases too large, and some 
ot the sources of error will be discussed later. 

Table I. shows the numerical results of a typical run, and 
the energies of the electrons as calculated from the curves. 


Discussion oF RESULTS. 


As has been already pointed out, very small accuracy can 
be claimed for work of this nature. The discharge itself is 
too sensitive to small changes of conditions of the tube ; 
also the assumptions which underlie the calculations of the 
quantities given cannot be accurately fulfilled. However, 
as an approximation to the true values, the results may be 
considered to be of some importance. The more important 
sources of error will be taken up separately. 
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TABLE I, 
Ee a ee ee ie N | 
Vo V,—V. i+. | Ge, | V. _ N-. rs. N+. Position. | 
10-6 | x10-5. I x10. | xlo- xlo, | | 
DTA 29 49 1-5 r2 | -38 8-0 10-0 | Between striations. 
573 | 837 50 3°5 , 1:5 | ‘75 74 118 Anode side of striation. 
56°6 | 4°7 57 60 | 1+ 1°30 | T5 Dg Middle of striation, | 
542 | 4'0 52 T6 ` 17 r55 | ce | 11-0 Cathode side of striation. 
51:7 | 34 29 3:0 15 63 | 8:5 56 l-3 mm. into F. D.S. 
49:2 | 11 50 50 “40 21:0 ot ! 155 13 mm. into F. D.S. | 
496 | 9 72 , 100 H 535 l 46 | 262 | 20 mm. into F.D.. | 
50:0 | 1'1 | 95 | 250 | 40 | 1010 1'8 a Anode side of negative glow, | 
OL | 13 | 475 | 470 | ‘91 | 130:0 9 900:0 | Middle of negative glow. | 


Discharge at temperature 85°, mercury-vapour pressure = 0°12 mm. 
Current in discharge was 12:5 mil amperes: potential across tube 86 volts. 


V is potential of space by old method; Vy, the true potential of space; i+. the positive ion current to the wire 
at a known voltage below V,; i—, the electron-current to the electrode at Vo; N—, the electron concentration ; 
ro the ra tins of the sheath: and Np, the positive ion concentration. 
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Initial Velocities of the Positive Jons.—The positive ions on 
passing into the region of the space-charge sheath from the 
surrounding gas will have an initial velocity. The ettect of 
this will be two-fold : (1) the positive ion current will 
somewhat exceed the value limited by Langmuir’s original 
space-charge equation, which assumed zero initial velocity : 
and (2) all the ions that pass into the sheath may not reach 
the wire. In the determination of the positive ion density 
it was assumed that all ions reached the wire. An approxi- 
mate calculation of the number of ions which fail to reach 
the electrode has been carried out based on the assumption 
that no collisions of the ions with gas molecules oceur, which 
is the most unfavourable condition, Tf an ion passes into the 
positive ion sheath with a velocity U in a direction making 
an angle @ with the radius of the cylinder to the point, and 
the laws of (1) conservation of energy, (2) conservation of 
angular momentum are applied, it is t found that the condition 
for the ion to reach the wire is given by the relation 


singe? a/i—¥, 


where V is the potential difference between the wire and the 
outside of the sheath, a and b the radii of the outside of 
the sheath and the wire respectively. From this it is seen 
at once that if V is of the order of 20 volts, and since U is 
of the order of 0°05 volt as calculated from the terminal 
velocity of the positive ions, all the ions will reach the wire 
srovided that the ratio of the radii of the wire to the outside 
of the sheath is 1:20. If the sheath becomes larger than 
this, some of the ions which pass inside it will not reach the 
wire owing to their angular momentum. Care was taken in 
the calculations to see that this condition was satisfied. 

The efect of the ends of the wire on the calculation of 
concentration.—If the radius of the sheath becomes large, 
the area of the two hemispherical ends which close the 
assumed cylindrical volume may become important. this 
factor was taken into consideration by assuming that the 
current density across the boundary of the sheath was 
the current to the wire divided by the total area of the sheath. 
This factor would also affect the calculation of the thickness 
of the sheath from the space-charge current equation. 
However, as the area of the ends was only about 20 per cent. 
of the area of the sides, this should not be an important 


source of error. 
Velocity of Drift of the Positive Tons.— From the expressions 
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for the mobility and the terminal velocity of the positive 
ions it is found that, under the conditions ap plying to the 
discharge, the velocity of drift of the positive ions is com- 
parable ‘with that of thermal agitation. The above equations 
were based on the assumption of no velocity of drift. In 
order to arrive at an estimate of the error introduced by 
this, we may consider that the ions are made up of two 
groups: -— 


(1) Those which have a velocity of thermal agitation 
only, and 
(2) Those which have a velocity of drift. 


The relative numbers of ions in the two groups will be in the 
ratio of the velocities; the effective collecting areas of 
the two will be in the ratio of the area of the outside of the 
sheath to the area of the section of the sheath by a plane 
alone the axis of the wire and at right angles to the axis of 
the sube—i. e.,3 in the ratio of 2mris: DL. Bune fact has been 
taken into account in the calculations of the concentrations 
given. 

This, of course, cannot be considered to represent the 
actual facts of ‘lie case, for what really oceurs is that the 
ions must be considered to have a Maxwellian distribution of 
velocities abont a velocity of drift. However, statistically 
the two conditions would produce about the same results. 

Lhe ejject oj drawing the Positive lons out oj the Discharae. = 
The calculated value of the positive ion’ concentration is 
found still to be larger than that of the clectrons after the 
above corrections have been made. A possible explanation 
of this may be found in the fact that all the positive ions 
which pass into the sheath are lost to the gas. Thus a 
negative space-charge should build ap around the sheath, 
since electrons are reflected from the space by the electric 
field. This condition complicates the problem by the addition 
of an extra space-charge sheath between the wire and the 
undisturbed gas, and thus the positive ions which reach 
the wire do not arrive there simply by thermal motion, but 
are also drawn in by the electric field due to the negative 
space-charge. A m: athematical treatment of this appears to 
involve so many unknown quantities that it is hopeless 
to attempt to obtain a satisfactory solution of the problem. 
However, it can re adily be seen that the result will be a 
reduction i in the positive ion concentration, though the amount 
of this reduction cannot readily be tated. 

Concentration of the Fiectrons.—The most obvious source 


of error in the determination of the concentration of the 
3P 2 
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electrons is the absence of an exact Maxwellian distribution 
of velocities. There seems to be no simple way of correcting 
for this factor, though it is probably not very important for 
small departures. Another source of difficulty is the fact 
that the glass covering of the exploring electrode becomes 
coated with a semi-conducting film after it has been in the 
discharge for some time. Successive runs under as nearly 
similar conditions as possible show that this error is not 
very serious. 

A check on the electron concentration is possible on the 
assumption that the current in the positive column is totally 
one of conduction and carried entirely by the electrons. 
Making use of the mobility of the electrons as given above 
and the electric intensity as measured, it is possible to 
calculate the electron concentration necessary to account for 
the current. By carrying out a determination of this sort, 
it has been found that the result gives an electron concen- 
tration about three times that calculated from the other 
method. This agreement is probably as good as can be 
expected from work of this sort. 


SUMMARY. 


The theory is advanced that the striations which occur in 
the positive column of the discharge in a monatomic gas 
under low pressure are due to the presence of impurities ; 
and also that the current in the positive column of the 
discharge is due to the motion of electrons under the influence 
of the electric field, while that in the Faraday dark space 
and the negative glow is due to diffusion of electrons and 
positive ions produced in the negative glow by the fast 
electrons from the Crookes dark space. 

The experimental results confirm the theories advanced in 
the following important respects :— 

(1) The potential distribution in the discharge satisfies the 
theory as regards the distribution of space-charge. 

(2) The concentration of the electrons is found to be a 
maximum near the cathode side of the striations. Also that 
of the positive ions, but the variation in the case is not so 
marked. 

Further, it is found that the corrections that must be 
applied to the determination of potential in the discharge by 
the old exploding electrode method vary from point to point 
in the striations and are a maximum near the cathode side 
of the striation. 

(3) A reverse field may exist in part of the negative glow, 
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but the concentration gradient of the electrons in the negative 
glow and Faraday dark space is found to be amply acini 
to account, by ditfusion, for the currents observed in the 
discharge. 


In conclusion, I wish to express my sincere thanks to 
Professor K. T Compton, under whose supervision this 
work was carried out, for the interest he has taken and the 
assistance rendered throughout the course of the work ; 
also to Dr. Irving Lanemuir, who suggested the method for 
using the exploring electrode in advance of his publication, 
and who cave other valuable suggestions. 

Palmer Physical Laboratory, 

Princeton University, 


LXXXVIII. The Relations between Antisymmetric Tensors 
and Tensor-Densities. By P. Du Vau*. 


T object of this paper is to point out certain relations, 

not apparent in the usual treatment of the subject, 
between antisymmetrie tensors and tensor-densities of 
various ranks. The four-dimensional case only will be 
discussed, though similar considerations apply to the tensor 
analysis in any number of dimensions, 


$1. Change of Coordinates. 


[n the four-dimensional world let the coordinates, in two 
different. systems, of the field-point be ta and v'as let 
AF, CAF be the components, in the same two systems, 
of a contravariant vector; then the law of transformation of 


vec!or-componenuts with change of coordinates is 
aen On i . 
A DTA p an a e te a tle) 
Or, 
where the summation convention gives one term on the 
richt for each suffix 4. 
Similarly, if 'A“” be an antisymmetric contravariant 
tensor of the seeond rank, 
I A 
Or, 02", , 


"qv 
A = Or, 023 


* Communicated by the Author. 
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where the summation on the right is with respect to æ and 8 
independently—z. e., there is one term for each of the sixteen 
permutations 28. Four of these terms vanish, however, and 


since "At + “ABA =), the _— becomes 


A'W”) = Ow Fy ACB) | . . . i) 
Olta 
where the enclosure of (a8) in brackets indicates that the 
summation is to give one term for each of tha six such 
combinations. Only antisymmetric groups of suffixes will 
be enclosed in this w av. 
In the same way, "AMP be an antisymmetric contra- 
variant tensor of the ye rank, 


Ò (2 py) cf wp) 


° " p) = 
A wrp Ò (tas Vg ly 


"ACBY), |. (i) 


and if “V#"?? be one of the fourth rank, 
l ’ J g 
"Yerpo) — Ol ps yr Ups Ë a) y (ay) 
Olas V3 tyo ae) 


In this case, as there is only one component we may 
represent its magnitude (for a positive permutation of the 
suthxes 1234) by *V, finding 


y n OC D Va B'a By) ‘V 
olan Uo, 3, d) 


= D'V. oaa aaa we iv 


The corresponding equations for antisymmetric covariant 
e m v 
tensors are, of course, 


Olt ay T mae ne $ T a) 


, ° 3 ays 
(urpe) = PICA a? a! 3? a y? al! a) Ca; ro 


Vo aD NV. . oaa a (iii 


N: 
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It is clear, moreover, that a tensor density undergoes the 
sume transformations as the corresponding tensor, and is in 
addition multiplied by Dv. 2. eee IX.) 


$2. General Transformation of Linear Tensors. 


We now make the definition of a linear tensor of typer: 
we suppose r to be expressed in the two forms 


r= 4m+p =—(dn+9), 


where m and v are integers and O}p}4, OFgH4. This 
gives that p+q=4. If p=l, 3, we call the tensor 
a displacement-tensor ; if p=q=2, we call it a surface- 
tensor ; if p=3, g= 1, a space-tensor; and if p=0, g=+4t 
or p=4, 4=0, a scalar. 
j 
A linear tensor of the rth type has T. components, 


which may be distinguished by antisymmetric combinations 
either of p upper suthixes or of the remaining q lower 
suffixes, One more than the highest (positive or negative) 
multiple of 4 which occurs in ris “indicated by the number of 
(upper or lower) dots which precede the symbol; thus, 
ik w... p... be a positive — of 1234, with 
p suthixes y... and qy suffixes p. 

dt | a 

A! = iced oe: 
is a linear tensor of type r. [Here ™t! and 44: are 
used to indicate m+] upper and n+1 lower dots; this 
will in general be unnecessary, as more than two dots 
do not ordinarily oceur.] In any change of coordinates 
the corresponding transformation is 


mar ue A(x", +) MAA ) 
uA H... 2 D Ne ‘ i] A ae ; i 
a i f , X 

OC eaaa) | 


E poe 
nw a D BICHE tbe. J 


The equivalence of these two equations follows immediately 
from the identity 


Op, ---) L OCE p o/e 


le'e) Dla 


It is easily seen that the equations (i) .. (ix.) are all 
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cases of (x.), and hence that antisymmetric tensors and 
tensor densities of all ranks are by definition linear tensors, 
in accordance with the following table :— 


Antisymmetric 


Type. Antisymmetric Tensors. Menso Densities: 
+4 Contravariant. 4th rank. 
+3 i srd rank. 
+2 2nd rank. 
+1 3» lst rank. 

0 TiVOTIAb so cictedsyessdeiakertens Contrayariant, dth rank. 
-—1 Covariaut, lst rank............ K ord rank. 
—2 si 2nd rank ......... s 2nd rank. 
--8 5 Brd rank ......... 5 Ist rank. 
—4 si 4th rank ......... Invariant-Density. 
=0 ureei Covariant, Ist rank. 
= jg- ‘Sureatiivaas X 2nd rank. 
a O ROR n 3rd rank. 
SIRC OOO unek r 4th rank. 


§ 3. The Grassmann Product. 


Clearly, in multiplying two linear tensors the summation 
will act differently aecording as we use upper or lower 
suffixes. It will thus be convenient to have a notation 
for products independent of the summation-convention and 
the position of the suttxes. 

In general, we define the Grassmann product of two linear 
tensors as that obtained by writing the first with p, upper 
suffixes and the second with y lower suffixes, and contracting ; 
if pı< q, we make the p; upper the same as the first p, lower 
suffixes ; if »,=2, we make each upper the same as the cor- 
responding lower suffix : if »,>g., we make the 7. lower the 
same as the last q» upper suffixes ; both the p, and the y» 
suffixes being in brackets, so that the summation is by combin- 
ations of suffixes. The three types of products corresponding 
to P< Gos P= qa > Je are called progressive, scalar, and 
regressive respectively. 

The Grassmann product is conveniently represented by 
enclosing the two factors within square brackets, the suffixes 
being replaced by an upper dot for a displacement tensor, 
a lower dot fur a space tensor, and one in an intermediate 
position for a surface tensor. 

Tt is easily verified that the Grassmann product is 
commutative if at least one of the factors is a surface 
tensor; but if neither is a surface tensor, the product 
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is anticommutative. Moreover, the product of three or 
four displacement or space tensors, or of two displacement 
or space tensors and one surface tensor, is associative. 

Expressions for progressive products where both factors 
are written with upper suffixes, and for regressive where 
both ure written with lower suffixes, are Important. 


l. Progressive : 


ES p= [B Ae” AF A” | l 
| ee ee 


| BË B” | 
[A BJU” — [B Aa] = A" BP + A’ BPA AP BF”, 
[a B e= AM A AP oy 
| Be B” Be |. oe. (sili) 
| 
, CF OY CF | 
[AaB DD] = Al A? A At. 
OBB Be B B | 
. (xìv.) 


II. Regressive : 

[A B Jam 0B. A.J =] An A | 
l B, B, 

LA. B-J pro) =< LB A.J (uve) =A B atA Bt Apb 


(xv.) 


py? 


(xvi.) 


ABG =~ | Ap Ap A; 
Ba B, Bah o = e (xvii) 
E) 

[A.B.C D] = 0 A A, A; A, 


B; Ba B, B, se . . . (xviii) 
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In these formulæ the preceding dots are omitted, as the 
expressions are just the same whatever the arrangement of 
these may be. 


§ 4. Other Tensors. 


A tensor of type (4m + pi + pet... —9ı—92—...) is one 
which has components with È(p) upper suttixes, of which 
the first group of pn, the next group of pg, etc., are each 
antisymmetric amongst themselves, and 3 (q) lower suffixes, 
of which the first group of g,, the next group of qs, etc., are 
each antisymmetric amongst themselves ; 7.¢., it there are 
pı suffixes (p...), pz suffixes (p...), -s qı suffixes (@...), 


qa suffixes (c...), etc., then W aah ae preceded by dots 


corresponding to one more than the highest multiple of 
4 contained in 4m+2(p)—X(q), is such a tensor. It is 
transformed according to the law (cf. the law (x.)) : 


rp Hee MO deer pm Ops) Olt ps 7, 
(@...)(0...)... Ol Ta ss) BICA a.) ees 


(ta, Bs o) O (Tas ee) pi Pte odes 
O(2’z, 0.) CAS Gedo 


We may, of course, replace any group of p, upper suffixes 
by a lower group of the remaining 4—p,,and each lower 
group of q, by an upper group of the remaining 4—¢,, 
altering m so as to keep the sum 4m+3(p)—Z(g) un- 
changed. In general, also, it will be necessary to 
distinguish the order of the suffix-groups, upper. and 


lower together ; thus ae _ is different from 


(pt... p.s) ids L. ry sie wae 
te MP (0...(a...) > OF from Lo. aa k ete. 


The n-ple product of two tensors is formed by taking the 
last » suffix-groups of the first, and the first n groups of 
the second, each with each, 2. e. (if there are m+n groups in 
the first tensor) the (m-+1)th of the first with the 1st of the 
second, the (m+ 2)th of the first with the 2nd of the second. 
etc., and treating these pairs of groups separately as though to 
form a Grassmann product. 

Thus, to take an instance at random, the double product 


(uv) (ad . 
of re P aid Enep) is 

we p er) (a) piur) (ay) (uv) (a 
(TEBA So Eiga A BYE 


pen a p(8y? 


(uv) (a3y)y, 
+T np k Baggy) 
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ae (oo) and E, is Tb, 
mn apy » G By) 
í an 

st re Oe al ee and that of T d E; gg) İS T Egy) 

A tensor of the second rank, ghela contravariant or 
covariant, . gives by repeated double multiplication into 
itself otlier tensors ; t take, for instance, any covariant tensor 
of the second rank, .P from it we de rive : 


since the Grassmann product of T 


pa > 


Powys) = LP. BT] an | 
= P E 


pa 


> > ? 
JA va l r3 


Panpa ™ 3P- Pe] Jurar 


= j| Paa Pp Pay 
Fia Pig vy s (xx ) 
P P | 


=i((.P....Po]) =a/LP- PJ] 
= Pi Ais is Pig 
Pa Pa Pos 
Pa Pa 
AP Pie Pe Pig | 


Serge aaaea 


Now, by interchanging the two groups of suftixes of each 
of theses: writing them with contravariant instead of co- 
variant suffixes, “and dividing by ..; P], we obtain a new 
series : 


ARIST E 
i 


a ) 
eoue (POA) 
R 
Qa) Parapo | 
me tg 
poe (xx1.) 
(ture aBy) = Por ' 
a) | 
| 
H 
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and these we find form a sequence of exactly the same kind 
as the P sequence ; to wit 


'Qur)X(a) =1[°Q” L en \ 
= 4 QAS “(hs 
Qa oe 

QRY rQ ee 
= R QP Q 


i 
oa “yd ewy 
E QA QF |, (xxii) 


| 


? 


(yen Q QY | 


SQ = AER O] = aCe OT] 
= j ‘QU QL "QB ‘gis 
| "Qt "(22 CQB “Qs 

QE Qe "QB CQA ? 
Qe Qe Qe QH 


The relations between these two sets of tensors, con- 
sidered as linear tensor operators, are important. If 
? 


° a is a 

p T B =. Y p ye C = 4,’ 
e a fr Y e pa r e 

P cpt=.W r then also Q A e Aw ete. 3 moreover, 


pa 
epea epe (ays , 7 
Paysyap) CA BT = LX. Y J 
a EEN. Y qaa = [A B”, etc. . 


e s a 
for instance, „Pua A =.X 


and 


e e se e syre aiv) z. 7 r 
Pourpyasy) [A BUC TY = LX. Y. Z Juro 
and 


QUPD | XY. Laine LA Bl", ete; 
(PEA B O D]=[.X..Y..Z..W.] 
“1Q).0.X..Y..Z. Wy= ABCC CD] 


and 


Each Q-tensor is in fact the reciprocal of the corresponding 
P-tensor = 
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In the case of the metric tensor, Jua and ‘g#*, the 
interchange of the two suffix-vroups is inoperative, on 
account of the symmetry of the tensor. Between .9(y,y4,3) 


x . J 
and 'g(aXy®) the geometric mean  9(yy)ag) e PaB 
Š “(Po )76) r i i Vv — Ig 
SNE aa is of importance ; its type-number 
P 
is 0. 


§5. Applications. 


The present discussion affects, of course, every branch and 
application of the tensor calculus ; but some indication of 
its more striking applications may be of interest. Its chief 
interest certainly lies in the fact that it re-introduces into 
electrodynamics that similarity between electric and magnetic 
phenomena which does not fully appear in the usual tensor 
statement of the laws; since the tensor Le and the tensor- 
density H#”, on which Mie’s electrodynamics rests, are both 
linear tensors ot type —2; the tensor Farot F ppp tPF ppv 
and the vector density (H#”), being derived from them 
in exactly the same manner, by Grassmann multiplication 
with the symbolic vector of covariant differentiation—the 
tensor equivalent of Hamilton’s operator, which we may 


conveniently write .V,. In fact, if .6, be the potential, 
Maxwell's equations become : 


Fev. $] 3 
A= [.V: Fy =0 identically, 
Cav 


© (xxiii.) 
„€ =.[|.V. Cl = 0 identically, 


where the vanishing vector-density K” has for time and 
space components the density and conduction flux of 
‘“magneticity,’ and the vanishing invariant density € 
represents the departure from conservation of electricity. 

Similarly, if the ponderomotive force be given by the 
covariant vector-density P, we have i 


„P, = [E.C], 


. (xxiv.) 
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while the relation between field and induction is given by 
d L= [Hed FI, oo ge ee a ANN) 


where the invariant-density L is the density of the action- 
integral ; this leads to the expression for P,, as the divergence 


of a mixed tensor-density Ey 


PL =o f.y. EB’). 


HE, = AF, tL, 


(xxvi.) 


Y . . . . 
ô, being the idemfactor, which has its four components 


in the principal diagonal each =1, and the other twelve 
each =0.75 


seyv- ~- 


In empty space 
S 1, (py)ía) ~ A 
L= ay Feur) Fian) 
so that ce o (XENI) 
H” = gee) Taa 
or 


H- = iy" F-J 


A further interesting point is the general law that the 
Grassmann product of ,V, into any linear tensor is the 


same as if V= ~~, and is consequently independent of 


0. 
the particular acai or affine relationship by which the 
covariant derivative may be defined. 

The simple form assumed by Stekes’s theorem is 
worth noting :—That whatever the operand ay be, and 
whether the operators be applied in open or Grassmann 
multiplication, if d?°S- be an element of a very small 
surface, and d'o’ one of its bounding curves, the following 
operations are equivalent : 


Í gig ({c- S.v]. 


If the Grassmann product of each of these into a tensor 
operand of type —1 be formed, we have 


firex] = (f[es-v. x], 
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which no longer applies only to very small circuits, since 
both sides are invariant. ' 

Green’s so-called “divergence theorem” is capable of 
similar treatment. 

Enough has now been said to make clear the importance 
of the concept which we have called the Grassmann product. 
The many forms in which it can arise in the usual tensor 
notation make some clear indication of this type of product 
as such almost a necessity if the tensor analysis is to attain 
to the clarity and vigour of the old vector analyses, such as 
that of Gibbs ; that indicated here is only intended as a 
suggestion, but it is hoped that it may serve to bring the 
point into relief more clearly than has formerly been 
the case. 


- æ mm 


LXXXIX. On the Seat of the Electromotire Force in the 


(ralranie Cell. By J. A. V. BurLerR, M.Sc., University 
College of Swansca*¥. 


O` of the most disputed and discussed questions of the 

last century has been the seat and origin of the electro- 
motive force of the galvanic cell and its connexion with the 
Volta P.D. of metals. OF the reality of the latter there is 
now no doubt. Jn the nineteenth century the centre of the 
controversy was whether the Volta P.D. is an intrinsic 
property of the metals themselves or due to other causes, 
e.g. chemical action between the metals and air at their 
surfaces at the moment of breaking contact. The earlier 
arguments have been summarized in the classical report of 
Lodget. The upholders of the intrinsic P.D. view, led by 
Lord Kelvin t, could point out that the Volta potential was 
not markedly affected by replacing air by other gases or in 
the best vacuum obtainable. They differentiated rightly 
between the true contact P.D. and the comparatively minute 
Peltier effect. The chemical theorists, whose position was 
stated most cogently by Sir Oliver Lodge §, were able to 
adduce the close correspondence between the Volta series 
and the heats of oxidation of the metals. They held that the 
true contact P.D. between two metals was merely the equiva- 
lent of the Peltier effect. The apparent P.D. in a bath of 


* Communicated by the Author. 

+ B. A. Reports, Montreal, 1884; Phil. Mag. n xix. 1835. 

t Phil. Mag. xlvi. p. 82 (1898); Collected Works, vi. p. 110. 

§ Phil. Mag. xlix. p. 351 (1900), and Proc. Phys. Soc. Lond. xvii. p. 369 
(1900). 
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oxygen or other “ oxidizing’ medium was due to the differ- 
ential attraction of the metals for the electro-negative oxygen. 
In the galvanic cell in which the oxyg gen was replaced by an 
aqueous solution, an “ oxidizing liquid,” a very similar state 
of affairs was supposed to hold. 

The chemical theory of the galvanic cell was greatly 
strengthened by the discovery in the Gibbs-Helmholtz 
equation of the exact relation between the energy of the 
chemical process occurring in the cell and the electrical 
energy produced, The physico-chemical theory of Nernst, 
in referring the K.M.F. to processes at the electrodes 
analogous to solubility, served further to focus attention on 
these junctions as the main seat of the b. M.F., and the success 
of this theory in accounting for the effect of concentration 
and the extensive use of the galvanic cell for determining 
the maximum work of chemical reactions led for a time to an 
almost universal belief in its sufficiency. 

The investigation of photoelectrie phenomena has, how- 
ever, resulted in the complete establishment of the reality of 
an intrinsic P.D. between metals of substantially the same 
magnitude as the measured Volta P.D The necessity for 
taking this into account in photoelectric experiments was 
first recognized by Richardson and Compton *, and ina series 
of particularly elegant experiments Millikan and his co- 
workers f conclusively demonstrated its existence by showing 
that, provided it is taken into account, the Einstein equation 


mv = Ve=hv—¢ 


universally holds; further, that the contact P.D. measured 
under the best conditions { closely approximates to the 
relation : 


C.P.D. =$,—¢,=h(V,— Vo), 


where ¢, and dy» are the “electronic work functions,’ 

the amounts of work necessary to remove an electron Goin 
the metals, expressed in volts, and V,, V; the “threshold 
frequencies.” 

We shall regard the existence of a contact P.D. between 
metals of substantially this magnitude as established. The 
contact P.D. does in fact ditter from the quantity 6; —@~ by 
an amount corresponding to the Peltier effect. The relation 
has been discussed in another paper §. But the Peltier 

* Phil. May. xxiv. p. 592 (1912). 

+ Phys. Rev. vii. p. 18 (1916); xviii. p. 236 (1921), 
t Hennings & Kadeseh, Phys. Rev. viii. p. 217 (1916), 
§ Phil. Mag. October 1924, 
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effect never exceeds a few millivolts in magnitude and for 
present purposes may be neglected. 

The bearing of the existence of large metal contact P.D.’s 
on the theory of the galvanic cell has been discussed at some 
length by Langmuir §. We shall here pursue a different 
line of thought. 

In Table I. are given some representative values of the 
electronic work functions of the metals, which are taken 


TABLE Í. 


Heat of Heat ot Authority 


Metal. ġ.* oyt Pp Pag) solution, solution, for heat of 
kgm. cals. volts. solution. $ 

KE uia 145 202 2°95 45t 197 Mean. 

Nil reer 1:82 271 26 43T 1:89 Mean. 

LE aasa 2°30 2-96 21 51:2 2929 Monn. 

Cis tics Lay 2:5 1'8 65 282 G 

Mg ...... oT 1-49 17 551 2°39 R 

Al ...... 30 1°34 1'4 42:3 I8 R 

Zi ives ont “6 1:0 18:2 "79 R 

Cd ..... 349 40 ‘9 86 “37 R 

Be Syin BT “44 7 10:4 "do R 

DIL criti 38S 'l4 6 2:3 10 T 

DB: scien 342 12 1-0 

Cur aid +0 —'34 '4 —82 — 36 Ind, 

T ssaa —'S) — 

VE. oris +1 — ‘50 3 

Pi ac 44 — 


* Langmuir and Hughes, loe. cit. 

t Lewis and Randall, ‘Thermodynamics, p. 433, except Ca and Mg from 
Abegg, Auerbach and Luther, Messungen Electromotorischen Krafte'; Al, 
Heyrovsky, J. Chem, Soe. exvii. p. 27 (1920). 

t Mean = mean of values given in Landolt-Bornstein, 4th edition, @ = 
Guutz, R = Richards, T = Thomson. Value for Cu bused on reaction 
CuSO aq Fe= Fes8O,ag+Cu+s72 cals. (T). 


chiefly from a table compiled by Langmuir || from the 
measurements available (1916) and in a few cases from 
Hughes T. More recent work has not made it possible to 


§ Trans. Amer. Electrochem. Soc. xxix. p. 125 (1916). 
| Lee. cit. 
€ ‘ Photoelectricity, p. 40. 


Phil. Mag. S. 6. Vol. 43. No. 287. Vor. 1924. 3Q 
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undertake a thorough revision of these data *. Owing to the 
extreme sensitiveness of thermionic and photoelectric effects 
to minute disturbing causes, the values of this important 
quantity are still barely known. The figures given can hardly 
be regarded as numerical data, they give merely a general 
idea of the order of magnitude of the quantity in question 
and the trend of its variations. 

In the third column are the electrolytic normal potentials 
of the metals measured against the normal hydrogen electrode. 
The electrode material in this case is platinum and the metal 
junction that between the metal and platinum. The fourth 
column gives the values of this metal contact P.D. estimated 
from the figures in the first column. 

The two sets of values exhibit a very marked corre- 
spondence, and if the figures in the first column are anything 
like correct, it must be concluded that the metal contact P.D. 
is largely responsible for the E.M.I*. of the complete cell. 
The sum of the electrode P.D.’s, which is equal to the differ- 
ence between the E.M.F. of the whole cell and the metal 
contact P.D., appears in most cases to be comparatively small. 

It is necessary to reconcile this conclusion with the corre- 
spondence between the E.M.F. of the cell and the energy of 
the chemical reaction atthe electrodes. This correspondence 
is illustrated by the last two columns of Table 1., which give 
the heat of reaction (2. e, of solution of the metal with the 
liberation of hydrogen) per equivalent, expressed in kilo- 
gram calories and in volts. 

Now in the cell the reaction M + H'aq=M ‘aq + 3H, is 
located as follows. At the metal electrode the process is 
simply the passage of metal ions from the metal lattice into 
the solution. At the metal junction the transfer of electrons 
from one metal to the other occurs, and at the hydrogen 
electrode the electrons discharge hydrogen ions, and the 
hydrogen atoms so formed yield diatomic hydrogen. Let the 
total energy changes of these processes be as follows f: 


M—>M'aq 9 U,, 


EM, >t » Us=(ġı—¢:)F, 
H’aqg+ e—>4H,;, U. 


# Some recent determinations may be quoted :— 

Roy (Phil. Mag. xlvii. p. 561, 1924): Na 2°15 (T), 226 (P); Ca 
2'86 (T), 334 (P); Pt +25 (T), 442 (P). Young (Proc. Roy. Soe. A, 
civ. p. 611): K 1:1 (T), 1'98 (P). 

T = thermionic measurements. 
P = photoelectric measurements. 


t Convention as to sign: U is written positive if the total energy 
increases in the process, t. e. heat absorbed. 
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It may be as well to point out that by the “total energy 
change” at a junction is meant the heat effect when no 
electrical work is done. In the galvanic cell only a small 
part of the energy of the reaction is liberated in the cell as 
heat. 

The sum of the total energy changes throughout the cell 
is equal to the heat of the reaction Q; 2. e., 


U=—Q=U, + (¢i— $2) + Us. 


The sum of the energy changes at the two electrodes (U, + U2) 
might be got by subtracting the electronic work difference 
of the metals from the whole heat of the reaction. But a 
partly independent estimate of the energy change in the 
passage of metal ions into solution can be obtained according 
to the following scheme :— 

The metal is vapourized (heat absorbed S) and the metal 
vapour thereupon ionized (heat of ionization J). The 


DF 


[m] eee ee (M'aq ) 


electrons are returned to the metal (heat evolved ġ i) and the 
metal ions dissolved in water (heat of hydration H). 

The total energy change in the passage of metal ions 
from the metal into the solution is evidently 


Q,=H+¢F—J-S. 


Table II. gives the data for the calculation of Q, for a 
number of metals. 
3Q2 
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TABLE IT. 
S. H. J. nọF. Q, +Hcr. 

K>K' on, 26-9 134 99 33 91 
Na->Na...... 30 204 117 42 99 
Li>Li ...... 50 237 123-1 54 118 
Ca->Ca...... 35 570 411 2x59 72 =121 
Mg->Mg ... 50 672 519 2x 62 AT =113 
ZnZn... 358 731 666 2x78 SD = 91 
Cà->Ci...... 312 €78. 634 2x80 1 =87 
Pb->Pb...... 57-4 598 548 2x79 it =76 
Cu->Cu...... 83-4 %47 177 2x92 41 =86 
Ag->Ag...... 633 200 173 94 67 


The values of J and S are those of Grim * and are the 
same as those employed in the calculation of H. The heat of 
hydration of any single metal ion is not known with any 
certainty, but the sum of the heats of hydration of the two 
ions constituting a salt can be easily obtained when the 
lattice energy and heat of solution are knownt. The figures 
given refer to the chloride and differ from the true heat of 
hydration by a constant amount per equivalent, namely the 
heat of hydration of the chloride ion. 

Owing to the great uncertainties about the value of ¢ the 
final figures can only be taken as indicating the general 
order ot magnitude of the effect. It has been estimated, 
assuming that the absolute P.D. of the normal calomel 
electrode is +°56, that the heat of hydration of the chloride 
ion is 77. If this value is approximately correct, it will be 
seen that the energy of the process occurring at. metal elec- 
trodes is in most cases comparatively small and not in 
general greater than the heats of solution of metal salts. It 
may also be observed that the values show a general trend in 
the direction of the voltaic series. 

No stress can be laid on the figures themselves, but it is 
evident that from the point of view of the energy changes 
concerned there is no difficulty in regarding the metal 
metal P.D. as an important contributor to the E.M.F. of the 
galvanic cell, and the forces operating at the metal electrode 


® Zeits. Phys. Chem. cii. p. 118 (1922). 
+ The heats of hydration are taken froma paper by the author which 
will appear shortly in Zeits. Phys. Cherm. 
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essentially the same as those concerned in the solubility of 
salts. 


It remains to coordinate the statistical expressions for the 
P.D. at the different types of junctions in such a cell as that 
which has been considered which have been worked out in 
previous papers. 


The Statistical Theory of the Galvanic Cell. 
Consider the cell 


(C 
u| M'aq | Hugh] Pt 
A B 


(1) Metal solution junction A. The passage of metal ions 
from the metal electrode into the solution is regarded as a 
process in every respect. similar and involving similar forces 
to those coming into play in the ionic equilibrium between a 
salt crystal and solution. From this point of view * it can 
be shown that the Nernst conception does not involve any 
physical impossibility such as has been supposed in connexion 
with the calculated “solution pressures.” The following 
equation is obtained expressing the P.D. at the surface at 
equilibrium, z.e. when metal ions reach and leave the surface 
at the same rate :— 


U, RT . RT. 
a= optiop log. K, + „F 108C, PEE O À 


where K,=a constant determined by the “statistical con- 
ditions,” 
C = metal ion concentration in the solution. 


(2) Hydrogen electrode B. The mechanism of the inter- 
change of electrons between substances in two states of 
oxidation has also been considered f, and an analogous 
equation has been deduced : 


= U, RT RT i 
RE tp Oke Bat r E 


where c, and ¢, are the concentrations of the reduced and 
oxidized molecules concerned respectively. The case of gas 
* “The Kinetic Interpretation of the Nernst Theory of .M.I.,” Trans, 
Faraday Soc. xix. p. 729 (1924). 
+ “A Kinetic Theory of Reversible Oxidation Potentials at Inert 
Electrodes,” Trans. Faraday Soc. xix. p. 734 (1924). 
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electrodes is rather more complex, involving the dissociation 
of the diatomic gas, the mechanism of which is obscure. 
But it is not unreasonable to assume that the relation between 
the P.D. and the total energy change is of the same form as 
(2), i.e., we shall write 


U; RT H 
C= = et, nF lon nE op ri L. j ° (2) 


(3) Metal-metal junction C. Finally an expression has 
been deduced * for the P.D. at metal junctions : 
bade: va +i OAKS. naus 
where U; = (¢,—¢.) F, dis sada energy change in the passage 
of electrons from the one metal to the other. 
Summing the equations for the P.D.’s at the three junctions 
we obtain for the E.M.F. of the whole cell 
U RT 


K=e,— ¢:—¢3 ==. x +p log 


= [H] 1 
ne CH, p+; t log. K, EE 9. 


U dE 


It is thus possible on these lines to reconcile completely 
the different theories which emerged in the long controversy 
about the seat of the E.M.F. in the galvanic cell. The 
“contact” and “chemical ”? theorists each laid stress on one 
aspect of the truth, and their conceptions are mutually com- 
plementary and in no way inconsistent. The correspondence 
between the energy of the chemical reaction going on in the 
cell and the E.M.F. is adequately accounted for, while the 
Nernst conception of the origin of the E.M.F. remains a 
fairly accurate representation of the process at soluble metal 
electrodes. 

In conclusion two consequences of this theory may be 
noted. In the first place the expression (2) for the P.D. of 
an oxidation-reduction process at an inert electrode involves 
the electronic work function of the electrode metal +. The 


* Phil. Mag. October 1924. 
+ Since U,=(V—@)F+ Hy. - Hyp, where V=“ ionization potential” 
of reduced substance in solution, Tyg and Hype the heats of hydration of 
the two molecules concerned. 
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effect of varying the material of the electrode metal on 
oxidation potentials has not been extensively investigated, 
although several metals of the platinum group have been 
employ ved by various investigators and no difference has been 
observed. It is evident that when the metal-metal junction 
is taken into account any variation in the nature of the 
electrode metal will equally affect the P.D.’s at its two ends. 
Therefore the E.M.F. of u cell involving a reversible oxida- 
tion process at an inert electrode is not dependent on the 
electrode material *. 

Secondly, in attempts which have been made to determine 
the absolute P.D.’s at electrodes the possibility of metal 
contact P.D’s between the standard and the experimental 
electrode metals has not been taken into account. By means 
of different methods involving the preparation of null solutions 
at mercury electrodes the P.D.of the normal calomel elec- 
tro le has been located at about +0°56 voltf.. On the other 
hand, using silver powder in the dropping electrode Billitzer $ 
found a different value, about +01 volt. It has been 
objected that silver ina tinely divided form may not exhibit 
its true electrolytic P.D., but recently Garrison §, making 
use of a method to which this objection does not apply, has 
obtained a result in substantial agreement with Billitzer’s. 
It is suggested that the metal contact P.D. between silver 
and mercury might account for the discrepancy. Unfortu- 
nately, it is not possible at present to estimate this P.D. from 
the available data with any assurance. 


= 
Summary. 


It is shown that the existence of large metal contact P. D.'s 
is in no way inconsistent with the correspondence between 
the E M.F. of a galvanic cell and the energy of the chemical 
reaction oecurring therein, The statistical expressions 
deduced in previous papers for the different junctions are 
coordinated, anda theory of a typical galvanic cell is outlined 
which includes as ditferent aspects of the whole truth (1) the 
metal contact P.D. theory, (2) the “chemical” theory, (3) 
the Nernst theory of metal electrode P.D.’s, (4) the re lation 
between EMF. and total energy change expressed in the 
Gibbs- Helmholtz equation. 

* Experiments to test this deduction are in progress, 

+ Ostwald and Paschen, Zerts. Phys. Chem. i, p. 083 (1937); Palmaar, 
ibid. Nix. p. 129 (1907). 

t Zeit. Phys, Chem. xlviii. p. 513 (1904); li. p. 165 11905). Zerta. 
Electrochem. viii. p. 633 (1902); also Ienndiich and Muakelt, Zeits. 
Electrochem. xv. p. 161 OT 

§ J. Amer. Chem, Soc. xlv. p. 37 (1923). 
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XC. Contribution to the Kinetic Theory of Vaporization. 
By Samvuet Cuiement BRADFORD, D.Sc., The Science 
Museum, London, S.W.7 *. 


ODERN research on the electrical structure of matter 
has confirmed the view of van der Waals that 
molecules are surrounded by fields of force. And in previous 
papers ł preliminary attempts have been made to study the 
properties of solutions in relation to molecular attraction, or 
cohesion pressure, and motion. Strong evidence has been 
obtained that solution is due to the diminution of the surface 
energy of the solute by the counter attraction of the solvent, 
so that a larger number of solute particles have sufficient 
energy normal to the surface to enable them to overcome 
the attraction of the solute and escape into the solvent. A 
general formula was deduced for the force opposing solution, 
by means of which, the majority of substances can be 
arranged in the order of their solubility, and, as a necessary 
consequence, in the order of all the other properties of 
solutions. For not only do such properties as solubility, 
degree of hydration, heat of solution, molecular volume, and 
compressibility follow the order of cohesion pressures, but so 
also do the depression of the freezing-point, elevation of the 
boiling-point, diminution of vapour-pressure, and electrical 
conductivity. It was possible to calculate the effect, on the 
freezing-point of aqueous salt solutions, of the altered cohesion 
pressure due to the different field of force of the solute 
particles ; and this effect was found to be the same as the 
observed increase in the depression below the normal de- 
pression caused by the presence of a solute with a cohesion 
not differing greatly from that of water. This appears to 
be a possible explanation of the so-called anomaly of the 
strong electrolytes. 

It was pointed out that, if the work done by a particle of 
solute escaping into solution could be calculated, the critical 
velocity, normal to the surface, necessary to carry it into the 
solution could be determined. This supposes that it should 
be possible to calculate the effects of any redistribution of 
forces between the molecules of the two kinds in a solution, 
and to allow for any change in the aggregation of the 
particles of either kind. 

Having deduced an expression for the critical velocity, it 
should he possible to determine the distribution of particles 
between the solute and its solution and obtain a formula for 


æ Communicated by the Author. 
t Phil. Mag. xxxviii. p. 696 (1919) ; xliv. p. 897 (1922). 
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the solubility of a given substance in a given solute. This 
distribuiion should be of the same nature as the distribution 
of particles between a liquid and its vapour. However, 
Dieterici’s attempt to deduce a formula for the latter case 
was unsuccessful, and this simpler equilibrium needs further 
study before attempting to obtain a formula for solubility. 
The present paper, -therefore, is devoted to the consider- 
ation of the vaporization of a liquid. 

We will suppose that the liquid, in contact with its vapour 
only, is maintained within an enclosure at a constant 
temperature under ordinary laboratory conditions; so that, 
if heat be abstracted from the liquid by the escaping particles 
of vapour, it will be supplied immediately from the enclosure, 
while simultaneously any gain of temperature by the vapour 
will be compensated. 

According to Maxwell’s law of the distribution of velo- 
cities, the number of particles in unit volume of the liquid 
that have velocities whose vertical components lie between 
uand u+du is 


Dee pè du, ° . . . ‘ ° (i) 


where n, is the concentration of liquid particles, and Vps 
Maxwell’s most probable speed of the particles. The number 
of particles in unit volume of vapour in the same condition 
İs 


už 

—" e lis ©... . G) 

Vol VYT 
nı being the concentration of the vapour, and V, Maxwell’s 
constant for the vapour phase. Therefore, the number of 
liquid particles per unit volume, having velocities normal to 
the surface between uw and du, that strike the surface from 
below is 


n uz 
s Tyōy ił 
-ze Vo”udu. 


VoeN 
But, of all the particles that strike unit area of the surface 
of the liquid from below, only those that have velocities 
normal to the surface equal to, or greater than, a certain 
critical velocity, s, will be able to escape from the attraction 
of the liquid and pass into the vapour. The total number of 
such particles is 
o n, _ w NV ps = A 


<, e udu se oe Ë., (iii) 
« 3 Vi VT IYr 
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Now, the total number of particles from the vapour that 
strike the same area is, from (ii), 


( tg Vite du GA .. . (iv) 
e0 Vol NVT 24% 
and the greater attraction of the liquid phase ensures that 
all these return to it. | 

In equilibrium the number of particles escaping from the 
liquid must be equal to the number returning, so that, 
from (iii) and (iv), 


. 2 7 
N,V ps ea mV pt 
2 yT 207 
Ve 
= ps Vio? i 
or a Pe ee ee ge ae UE) 


It has been assumed that because the particles in a pure 
liquid are surrounded on all sides by similar particles, the 
resultant attraction at any point in the interior of a liquid 
is zero. From which it has been inferred that the average 
kinetic energy of a particle in a liquid is the same as in the 
perfectly gaseous state at the same temperature. However, 
Kleeman * has shown that this is not the case, because the 
particles in a liqaid do not remain at equal distances apart, 
and, except when passing through points at which the 
molecular forces vanish, the particles are under the influence 
of attraction. Therefore in equation (v) we may not write 
Vos= V pt, but 

VaT ANa co. ay ee a TO) 


where A is a factor that will vary with the nature of the 
substance. Let v: be the volume occupied by the number, N, 

-of molecules in a gramme molecule of the substance in the 
vapour state, and v, the volume of the same number of 
molecules in the liquid condition, then 


where b and J, are the apparent volumes of the molecules in 
either state, defined by Kleeman f as the quantities whose 
magnitudes affect the external pressure at constant tem- 
perature and volume, but not the average velocity of 
translation of the molecules. 


* Phi. Mag, xxiv. p. 101 (1912). 
t ‘A Kinetic Theory of Gases and Liquids.’ New York, 1920. 
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Equation (v) may then be written 


o 
he 


v,-b,= (vy, — bie ater 1 7 


or, putting u—h =P, and u- b, == p, 


a2 


D= pe S, 2. LL. (vii) 


As a first approximation we may take Vp, the most 
probable speed of the particles in the vapour, as equal to Vp, 
the most probable speed in a perfect gas, so that 


TEOR 
V= (p35) > 


where V is the average kinetic energy velocity in the 
gaseous state and fulfils the condition that 


dmV?=2:012 x 107 "T, 


m being the absolute weight of a particle and T the absolute 
temperature. 

ny . : 

To determine s we have 


gms = W, 


where W is the work done by a particle in passing from the- 
liquid into the vapour. From these relations we find that. 
the index of e in (vii) is 
æ 13 r 
3? 752K 107W 
eV XT j 
and, therefore, 
TI2xI0ŽW 
p; = p,e A-T x @ . e e e (vill), 
The pressure of the vapour in dynes per sq. em. is given by 
the equation 


= V° Ob, 9 X Vor * = (ix) 


where V is Kleeman’s total average velocity of a molecule: 
inthe vapour. Again approximately, we may take V;= V, so 
that, from (viii) and (ix), and remembering that 1 atmosphere 
= 1-016 x 10° dynes per sq. em., the vapour-pressure in. 
atmospheres is 

1 _?v 52y al ay 


past dT ge AE eg SO ee (R) 


We now have to determine W, the work done against the 
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attraction of the liquid by a particle escaping from the 
liquid into the vapour. 

If all the molecules of the liquid are in continual rapid 
motion, their rotational velocity will insure that a spherical 
space of diameter 6is kept clear around the centre of rotation 
of each molecule. Two molecules collide when their centres 
come to a distance 6 apart*. Since the molecules are 
electrically neutral, they will repel in some orientations and 
attract in others. The attractions will preponderate over 
the repulsions because the duration of the attractive en- 
counters is greater. If we consider a space element dv at a 
definite position relative to a given molecule, the molecules 
with their centres within dv will be continually changing 
their position and attractive forces. In a sufficiently long 
interval of time, any point within de will have been occupied 
by a molecular centre as often as any other point, and the 
average value of the force at that point will be the same as 
at any other point. We are concerned, not with the instan- 
taneous values of the attraction, but only with the average 
attraction during a reasonably long interval of time. The 
space element dv may be situated at any distance from the 
attracted molecule equal to or greater than 6. Itdser f 
has shown that the properties of liquids are explained by the 
assumption that the average attraction between two molecules. 
whose centres are at a distance r is 


S 
6K 8 bio ie Coa eo 
where c= aN?’ K being the cohesion of the liquid, and N 


the number of molecules per unit volume. 


In the figure above, let P, represent the centre of a molecule 


* Actual collision may not be the rule, and 8 may be the mean of the 
nearest distances of the centres during a considerable number of 
encounters. 

t “Molecular Attraction and the Physical Properties of Liquids,” 
Brit. Assoc. 4th Report on Colloid Chemistry, p. 40 (1922). 
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at a distance x below the surface AB of the liquid, where < > 6. 
The attraction of the liquid on P may be taken as equal and 
opposite to the attraction that would be exerted by a con- 
tinuous mass of liquid above AB. Describe two planes 
parallel to AB at distances & and &+d£ above AB. Then 
the molecules whose centres would lie between these planes. 
would exert on P, a resultant attraction equal to 


2meNdky ERNE 

(e +E) No T(a + &)° ` 
The attraction per unit area exerted on P, by all the molecules. 
whose centres would lie above AB would be equal to 


BN (* dE _ Peck = 
T Jh GEST 35e tO ool t 


When the distance below AB of the escaping molecule- 
becomes less than 6, as at P,, the procedure needs to be 
modified. Around P, describe a sphere of radius 8; the 
section of this sphere above the plane AB will contain no 
centres of attracting molecules. With P, as centre describe 
spheres with radii x and r+dr, where r>6. The resultant 


attraction by molecules whose centres lie between these 
spheres is 


‘ p g—~l(z 
ao B G) cos 0 sin ô d0 = TRA (1 — 3 


cos’ sin 0 d0 = 


6 2 
T rT 
n e 9 


and the total attraction on P, by all molecules whose centres 
would lie above AB is 


oo 1 uv = 1 x 
NI, (ai) me | sa} 


The work done by the molecule at P in escaping to the 
surface of the liquid is, therefore, 


| Dare N p? dr 7 (* ( 1 a _ 290arceN ve 
wy wt TA Yb Fa) ine 


An equal amount of work must be done in escaping 
completely from the surface to infinitv. So that, neglecting 
the small attraction of the vapour, the total work done by a 
particle of liquid passing into the vapour is 

29areN 


W=- psa poan a ve w XIV) 
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6KS > p 

aa — 6-9: 23 P. 

c= We and N=6:23~x 10 M? 

where p is the density of the liquid and M its molecular 
weight, we have 


W =2°66 x 1972 RM 


and therefore from (x) 


T  _ 2000x107 ®KM 
p=818i—7-e wero, ww (XV) 


In this formula there is one variable, A, that is practically 
unknown. Kleeman has attempted to calculate the ratio 
of V, to Va for CO, at 112 atmospheres, and finds it equal to 
about 1:6. This figure is rather too high for use in the 
present formula, though probably more accurate analysis 
would introduce other factors. Moreover, we have to allow 
for the variation of A with the nature of the liquid. It is 
mecessary to make an assumption. Accordingly we suppose 
that, for densities between about 0°6 and 1:0, A? is pro- 
portional to the density of the liquid, or 

Mapp. o . . a 6 (xvi) 
If p is given the value 2°012, very good agreement of the 
calculated with the experimental data is obtained. 

There is, then, the further difficulty that different methods 
of calculating K give values for the same liquid at the 
same temperature which are altogether incompatible. For 
instance, the following figures for K x 10~® have been found 
by different workers to three places of decimals :— 


Taluene..........00... 1:554 
2426 
1:710 
2:210 
3:570 
Acetic acid ......... 2:977 
1:919 
4:786 
2:100 
5:960 
7:140 


Water yavexcesince: 6:375 
3645 

11:600 

17:300 
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Since the cohesion occurs exponentially in the formula, it 
is obvious that such methods of determining K are useless 
for the present purpose. Fortunately. however, Edser has 
obtained a relation between surface tension and cohesion, 


KS 
S= 


which he has shown to give values of S as near the 
experimental results as could be expected, considering 
the uncertainty attaching to the magnitude of the cohesion. 
And, if surface tension is indeed the outward expression of 
the internal molecular forces, it is likely that the cohesion 
of liquids can he calculated with considerable accuracy from 
the observed values of their surface tensions. Consequently, 
in the present paper, the cohesion has been determined from 
the formula 


48 Boost 
K=- eos a w ww) EX) 
And the figures given in the table at the end confirm tbe 
expectation that this is by far the best means known of 
determining this quantity. 
To calculate 6, Edser uses the formula 


324M \ 13 
= a) x 10-° em., 


where M is the molecular weight, and pn the density near to 
the freezing-point. 

Finally, to reduce the vapour-pressnre formula to a form 
suitable for calculation, the factor A must be introduced to 
allow for the molecular aggregation of the liquid. Then 
by making use of the relations (xvi) and (xvii), and 
putting 


var and 8'=8x 10°, 


we obtain 

T —ssoss a2 a 
P, pA Tip» + « (xvin) 

In this expression the values of all the variables can be 
ascertained with tolerable accuracy, excepting those of ®, or 
(:—b) and A. ‘This indicates the need for further research 
on co-volume and association. 

As the former does not occur exponentially, its importance 
is not so great in the present instance, and it is possible to 
use a tentative expression for its evaluation, which is 


p=56'47 
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deduced as follows. Kleeman suggests that the apparent 
molecular volume, to, at absolute zero is a superior limit of 
the apparent volume, b, at higher temperatures. He obtains 
approximate values of ro from the coefficient of expansion. 
For carbon dioxide and benzene he finds r¿=25:5 and 
706 c.e. respectively. The corresponding figures for a 
single molecule are vy =41°1x10-*% and 114x 107°% c.c. 
The following table shows the molecular diameters 
(vo )}3?x 107* for these substances as well as for ether 
and carbon tetrachloride. For comparison, the third 
column gives Edser’s values of 6, and the fourth column 


151/3 
` n 
the ie o) ‘ 
Ò 
Substance. (1) x 1078, éx1078. Ratio. | 
Carbon dioxide aisses: 344 | 4144 852 
i Benzene .. oes Se ean 4'84 | 5-192 932 
i Ether tecotteasauemuces Bre eked 4'87 | 5'277 925 
i 
| Carbon tetrachloride ..... 4 88 5313 920 


t 


It will be seen that 6 is somewhat larger than Kleeman’s 
superior limit of b, and that the ratio for the three liquid 
substances is practically constant at 0°926. It is inferred 
that 0:9268 is the superior limit of b. In another place 
Kleeman makes an estimate of the actual size of b for 
carbon dioxide from determinations of n, the number of 
molecules crossing a square centimetre from one side to 
the other in a second, and V, the total average velocity 
of a molecule. This second estimate is likely to be 
more accurate than the former. For carbon dioxide at 0° 
he finds b=12°2 c.c. instead of 25°5 as determined from the 
coefticient of expansion, It is probable, therefore, that 
0-926 is about twice the true volume of b for a single 
molecule, or for a gramme molecule 


b= 4(0°9268)3 x 10-7% x 6:23 x 10% 
= 024883, 


It does not seem possible yet to allow for change of b with 
temperature. In the present paper, therefore, the co-volume 
is taken as 

53 


so a oes se ee RIN) 
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Although some modification will be necessary in the light 
of greater knowledge of the nature of liquids and more 
capable analysis, it seems probable that the mechanism ot 
vaporization is very much as has been suggested above. 
On applying the formula (xviii) to substances such as ether, 
n-hexane, and p-xylene, which are practically unassociated 
and for which A is therefore nearly unity, values for the 
yapour-pressure at any temperature are obtained which 
agree extraordinarily well with the experimental figures and 
become equal to one atmosphere at the boiling-point, as shown 
in columns eleven and twelve of the table which follows. If 
the calculated and observed vapour-pressures differ, association 
is indicated. Unfortunately, again, molecular aggregation 
has been studied very little. Most methods of calculating 
association have slight theoretical basis, and the various 
processes give values differing by fifty or a hundred per 
cent. Since the present formula is particularly sensitive to 
slight differences in association, the expression may be used ` 
as a means of calculating A. This has been done in the 
table. It will be seen that the values given in column nine 
differ very little from those calculated by Ramsay and 
Shields *, or Traube t, which are added in column ten for 
comparison. For instance, Ramsay and Shields’s figure, 1°05, 
for benzene corresponds to a vapour-pressure of 82 mm. instead 
of 74, as observed by Young and Regnault, which requires A 
to be equal to 1:065. This agreement is further confirmation 
of the truth of the vapour-pressure formula. It may be 
noted that the figures obtained by Ramsay and Shields 
were modified subsequently, but it is probable that the 
earlier values are nearer the truth. The theory will 
be of use in calculating the effects of the cohesions of 
sults on the vapour-pressures of their solutions. And it will 
be possible to ascertain whether the observed increases in 
the diminution of the vapour-pressure or elevation of the 
hoiling-point, like the increases in the depression of the 
freeziny-point, beyond those due to a neutral solute, are due 
merely to the cohesions of the salt particles being greater 
than that of the solvent. 

The data for the surface-tensions and densities were taken 
where possible from Jaeger’sf results; the other figures 
from the new edition of Landolt and Bornstein’s Zabeslen. 
The higher temperatures given in the third column of the table 
are the boiling-points of the respective liquids ; the densities 
at these temperatures were extrapolated from Jaeger’s data. 
The rather low boiling-point quoted for toluene suggests that 
this substance was slightly impure or moist. 

* J, ©. S. Ixiii. p. 1089 (1893). + Ber, xxx. p. 265 (1897). 
+ Zeitsch. anory. Chemie, ci. p. 1 (1917). 
Phil. Mag. S. 6. Vol. 48. No. 287. Nor. 1924. 8R 
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Summary. 


The kinetic theory has been applied to obtain a quanti- 
tative expression for the vapour-pressure of liquids in the 
form 

T _ 3:8068V A? 3 
Tô’p 


p= 56:47 ppi 7A“ 


9 
where 
T is the absolute temperature, 
P the co-volume, 
p the density, 
A the devree of association, 
S the surface-tension, 
V the volume of a gramme molecule, and 
ò x 10° the nearest distance of approach of the 
centres of two molecules of the liquid. 


Vapour-pressures calculated by means of the formula 
agree very well with the values observed at given tempera- 
tures, and become equal to an atmosphere at the boiling- 
points of the liquids, K 

Edser’s formula S = 4 may be used to calculate the 


cohesion of liquids with considerable accuracy. 


XCI. Investigations on the Latent Photographic Image.— 
Part I. The Relation between the Light Frequency and 
Number of Developable Centres. By F. C. Toy, D.Se., 
Fiulnst.P., and H. A. EvGerton*, 


(Communication No, 39 from the British Photographic 
Research Association Laboratories. ) 


HE relation between the number of developable centres 
(2) ina photographic emulsion and the wave-length (A) 
or frequency (v) of the light which produces them is one of 
the most important problems in the development of photo- 
graphic theory. Not many attempts have yet been made 
along this line. The relationships between n and A which 
are vital to the light dart theory as developed by Silber- 
stein (Phil. Mag. p. 207, xliv. p. 956, 1922; xlv. 
p. 1062, 1923) havé been shown definitely not to hold (Trans. 
Faraday Soc. xix p. 290, 1923). The experimental values 
of n at ditterer~ values of A and at constant intensity, all 
* CommunicAted by Dr. T. Slater Price, O.B.E., D.Se., F.R.S. 
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other factors being constant, have been shown to be widely 
different from those which the light dart theory demands, 
and it seems that the latter can no longer be seriously con- 
sidered as a basis for theoretical considerations. 

In a paper read before the Faraday Society (ibid.) it was 
suggested by one of us that the true relation between n anil 
à could not be established without a consideration of the 
quantity of energy which is absorbed by the silver halide 
itself ; especially is this so in view of the fact that the light 
absorption by the silver halides varies enormously with the 
frequency. Consider for a moment a given intensity of 
radiation falling on the silver halide grains. Under certain 
fixed conditions a given number of centres is produced. 
Now, if the frequency of the radiation is changed without 
changing anything else, the alteration in the number of 
centres produced may be due to two causes :— 


(1) It is certainly due mainly to the great change in the 
quantity of energy available for their formation (i.e. the 
amount absorbed). 

(2) It may also he due to the change in frequency, as 
such, which would be expected on the quantum hypothesis. 


The object of this investigation is to determine whether 
the observed relation between the frequency and number of 
centres produced (with incident intensity and all other 
variables constant) can be explained by these two factors. 


The first problem, then, is to find what fraction of the 
total amount of incident energy of different frequencies is 
absorbed by the grains when equal intensity of each light is 
incident on the surface of the single layer photographic 
plate. This can be calculated, at any rate approximately, 
since the refractive indices and extinction coeflicients of the 
gelatin and silver halide crystal are known. The problem 
divides itself into two parts .— 


(2) The determination of the reflexion and absorption 
losses due to the gelatin. 

(b) The reflexion from, and absorption by, the silver 
halide grains. 


We shall consider in this paper only the case of a pure 
silver bromide emulsion (2. e. one containing silver bromide 
as the only silver halide) with uniform flat grains. Tho 
radiations which will be used are the blue, violet, and ultra- 
violet lines of the mercury are, with mean wave-length 4358, 
4062, and 3650 A.U. For simplicity all quantities relating 
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to X%=4358 will be denoted by suffix 1, those relating to 
X%¥=4062 by suffix 2, and those relating to X=3650 by 
sufhx 3. The crystals are assumed to he large enough for 
the ordinary laws of reflexion and refraction largely to hold. 


(a) Reflexion from and Absorption by Gelatin. 


Let the intensity of al] wave-lengths incident at the surface 
of the gelatin be Ig. The fraction reflected from the surface 
may then be taken as given by 


sarees at, Sue we. ae ae ve IGE) 


where p = refractive index from air to gelatin, and K = 
specific absorption-coefficient of the gelatin. The fraction 
transmitted is given by 


du/[(w+1)?+K). 2. . . . (2) 


For the gelatin used, the absorption from %=3600 A.U. into 
the visible region was very small; at least it was small enough 
for any differences in the amounts transmitted to be neglected 
in onr experiments. (This was proved by exposing single- 
layer plates behind different thicknesses of gelatin and finding 
no difference in the photographic eftect.) The fraction of 
the incident intensity transmitted through the gelatin layer 


is therefore . 
duf(wtl)?.. 2. 2. 7 we 3) 


In order, therefore, to ascertain the relative transmissions 
through the gelatin, we have to determine the values of y for 
the three wave-leneths which are used. An approximate 
determination of this was carried ont as follows:—A piece 
of dry gelatin was taken, and at a certain point on it fine 
lines were made on both surfaces. The apparent distance 
hetween these was then determined for the mercury lines in 
the vellow, green, blue-green, blue, and violet, using a 1/12 
oil-immersion objective. If the apparent relative distances 
at wave-lengths A, A, ete. are denoted by a, a, ete., then the 
relative refractive indices are given by 


Hai E fo... :: la DETE 


Chapman Jones has shown (Phot. Journ. li. p. 163, 1911) 
that the refractive index of air-dried gelatin for yellow light 
(sodium) is 1:53. Taking this as a starting-point and using 
the relative values obtained as above, the actual values of 
the refractive index at different wave-lengths were obtained. 
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These were plotted on a graph, and the value for the ultra- 
violet line found by extrapolation, a procedure which is 
justified since this wave-length is still remote from the 
position of the ultra-violet : absorption band of gelatin. From 
this curve we get for the three values of the refractive index 
which we require 


y= 1539,  p=1543,  pm=1549. 


Applying these values to equation (3), we obtain for the 
intensities transmitted through the gelatin on to the crystal 
face : 

blue = 0°955 I, D 

violet arite a . . » (4) 

ultra-violet = 0-953 Ip J 


and these may be regarded as equal to well within the 
accuracy possible or required. 

If, therefore, equal intensities are incident on the plate 
surfuce, approximately equal intensities will also be incident on 
the face of the crystals. 


(b) Reflexion from Crystal Surface and Absorption 
by Crystal, 


To determine this we must know the refractive index of 
silver bromide relative to air. This has been determined by 
Wernicke (Pogg. Ann. exxxix. p. 132, 1870). Plotting a 
curve of p against A, and proceeding in the same way a3 
before, we obtain the following values : 


fy = 2°30, fg = 2°40, po3 = 2°48, 
from which, with the values given above for gelatin, the 


following v: alge for the celiaci ve index from gelatin to 
silver Wonde are obtained : 


fy, = 1°35, m= 1:55, p;=1 60. 


Now, since the silver bromide absorbs «ll the lights used 
very ‘strongly , equation (3) cannot be applied to finding the 
intensities just inside the crystal] face without first deter- 
mining whether K may be neglected or not. 
The. absorption of silver bromide has been determined by 
Slade and Toy (Proc. Rov. Soe. A, xevii. pp. 181-190, 1920), 
who give the ‘values of k in the equation 


T,=T,e7™, 


where I, and I, are the intensities at two points d cm. apart 
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in the silver bromide. The values given are: 
ky =4°86x 107, kp=16°28x10?, &£,=59°0x 10°. 
K and & are connected by the relation 
K=J, 


whence by calculation K, =0:0017, K,=0°0053, K;=0°0172. 
Even in this case K is negligible, the value of the fraction 
of ultra-violet transmitted with K included being only 
0'2 per cent. less than the value calculated if K is neglected. 
The fractions transmitted through the upper face of the 
crystal are : 


blue 0:956, violet 0°953, ultra-violet 0°9-45, 


so that combining these with (4), we get as the intensities 
just inside the crystal face (I’), in terms of the incident 
intensities I,: 


blue (0:955 x 0°956) x Ih, 
violet (0:954 x 0:953) x Io 


ultra-violet (0°953 x 0:945) x I) ; 
that is, 
I,’ = 0:912 . I, L = 0:909 . Iz 1; =0:901 . Ip. e (5) 


Absorption by the Crystal. 


The energy absorbed by a crystal of thickness d cm. on 
the passage through it of light of wave-length à and ex- 
tinction coefficient kis given by 


Teee ae oa a a a O) 


where I’ is the intensity when d=0 (i.e. just inside the 
upper face of the crystal). The expansion of this may be 
written : 

l kd ke 


Now, according to Sheppard (‘ Photography as a Scientific 
Instrument,’ p. 133), the thickness of tat crystals in a 
photographic emulsion is usually not more than 1/14 of 
their diameter. The crystals used in the experiments to be 
described were less than 1 in linear dimensions, so that we 
may take an upper limit for d of about O'l p. This gives 
a maximum value for kd (taking k for ultra-violet) of 
59x 103?x O1x1074, =0°06 (approx.). Retaining only 
two terms in (7) therefore gives an accuracy greater than 
1 per cent. at all wave-lengths. With sufficient accuracy 
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we may therefore put the energy absorbed by the crystal per 
sec. equal to 


Ve gtd. 2. 8) 


If we consider I’ the same for each light used, as thev are 
to within about 1 per cent. (equation (5)), then the relative 
quantities of energy (E) of different wave-lengths absorbed 
by the grain are as follows : 


Big/E = ka(2— hyd) /ki (2 — kid), 9 
E,/E,=hy(2 -hdhdh S 7 o 


In considering what value to give to d, it must be re- 
membered that the developable centres are, in all probability, 
formed on the surface of the grain, and it is unlikely that 
the absorption of energy by atoms in the interior of the 
crystal has any effect on the latent image formation (a 
thickness of 1 u corresponds to about 300 layers of atoms). 
It is therefore improbable that d should be taken as anything 
like the whole thickness of the grain; rather is it probable 
that the absorption only by two extremely thin layers at the 
grain surfaces should be considered. But fortunately the 
exact value of d is immaterial, for since kd is small compared 
with 2, the values of E,/E, and E;/E, change very little with 
large changes in d. ‘Thus, if we assume d so small that Ad is 
negligible compared with 2, we get 


KE, : E: BE; ::1:3°35:12°1, 
while, if we put d=0-06 p, we get 
E: Be: EBg::1:3°35:11°9; 


and the difference between these is negligible considering 
the approximate nature of the calculation. Taking as a 
sufficiently accurate ratio 


E, : E: Bs ::1:3°35: 12:0, 
we get 


B,/E,=3'35 and E;/E,=3'59. . . (10) 


These values are calculated on the assumption that the 
unit of energy is the same in each case—that is, for each 
frequency. But on the quantum hypothesis it is to be 
expected that the effectiveness of E, as regards the formation 
of centres, depends on the number of quanta it contains and 
not on the total energy. The ratio of the number of quanta 


the Latent Photographic Image. 953 
absorbed (q) for equal times of exposure is given by 
91292 2932:1:3°35 x v/v.: 12:0 x niv; 
2:1:3°12 :10°1 
qalq =3'12 and g3/qg=3°24. . . . (11) 


The object of the experiments now to be described is to 
determine whether there is any similarity between these 
figures and the relative number of developable centres 


produced. 


i.e. 


or 


vaperimental. 


Light through the monochromatic illuminator, indicated 
by the prism and lens at M in the figure, is brought to a 


M es ea DP : 
SEP 
a 


> 


> 


e= P 


P PEE ee ee Se ea 


ty 


focus at the slit SS. After passing through this slit, the 
light falls on a parallel plate of fused silica W, which is 
placed at 45° to the direction of the beam, Part of the latter 
is reflected through the quartz lens L,, and forms a very 
much enlarged image of the face of the prism at P; the other 
part of the beam, after passing through the quartz lens L, 
forms a very much diminished image of the prism face at T. 
C and Dare shutters, C placed so that all the light can be 
cut off, and D so that the light reaching T can be cut 
off without interfering with continuous illumination of P. 
In the concentrated light at T is placed a Hilger linear 
thermopile, connected with a suitable moving-coil galvano- 
meter, and at P are placed the single layer photographic plates 
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used in the experiments. The whole of the apparatus as 
shown in the figure (except the prism) is movable about the 
prism as centre, “and by this movement any desired colour 
can be passed through the slit SS. The special carrier for 
the plates P is mov able between the two points A and B, the 
reason for this being explained in a moment. 

Knowing the intensities incident on the thermopile, the 
intensities in the other beam must be adjustable so that 
equal intensities of each light shall be incident on the plate. 
The first step is to find the relation between the intensity of 
the light measured by the thermopile and the part reflected 
from the silica plate and used photographically. 

Let the total amount of light falling per second on the silica 
plate = E and the fraction transmitted =a. Then the amount 
transmitted is aE, and this falls on the quartz lens L,, which 
transmits a fraction 8 of it, and therefore an amount aß E, part 
of which is measured by the thermopile. Since the absorption 
by the silica plate is negligible, the amount reflected is 


E(1—a), 
and this is incident upon a quartz lens L,, the transmission 


of which is practically identical with that of L}. Therefore the 
amount of light in the beam which is active photographically is 


E(1l—a). 
If the size of the image formed at T is a,, then the 
intensity measured by the thermopile (I,) is given by 


I,=a8K/a,. 
Similarly, the intensity on the plate P (I,) 
I, = BK(1— a) /as, 


where a =size of image at P. 
Therefore the ratio 1,/]; is 


L/U= n See CY) 


do 


By means of this we can find the intensity incident on the 
plate if the intensity on the thermopile be known. 

The next thing is to find how æ and the ratio a,/ug vary 
with the frequency of the light. That verv little change 
of « with vy is to be expected can be shown by calculating 
the approximate values of æ from the theoretical equation 


sin? (è - 7) [1+ cos?(i +7] 


“sin? (2 +7) cos*(2—r) J’ 


F= 


tuj 


where F = fraction of incident light reflected at a single 
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surface, and ¿ and r are the angles of incidence and refraction 
respectively. Taking the angle of incidence on the first 
surface of the silica as 45° (which was only approximate), a 
value of a =0:910 was obtained for the blue, and a,=0°908 
for the ultra-violet. The experimental values were then 
found directly by measuring the deflexion of the thermopile 
with and without the silica in position, and the following 
values found :— 


a =0903, a=0-901, a,=0°896. 


It is sufficiently accurate to take these all as equal to 0-9U0 
for our present purpose, so that the value of (1— @)/e in (12) 
may be taken as 0'111. 

The thermopile was fixed in position as nearly as possible 
at the focus of the violet light, so that, since the lenses are 
uncorrected, the blue and ultra-violet were slightly out of 
focus ; but the want of focus was so small that the edges of 
the image, area aj, when photographed appeared almost 
equally sharp to the eye in each case, and its actual dimen- 
sions could be very accurately measured. Similarly, with the 
enlarged image, area az, formed on the photographic plate. 
The following values of a,/ag were found : 


[a/a {p= 3°91 x 10-3, 
laaa] =3 TT x 107%, 
[aJa] =3 15 x 107%, 


The violet and ultra-violet values may be taken as each equal 
to 3°76 x 10-3, so that we get finally for the relation between 
the intensity on the thermopile and on the plate 


[I ple], = 3°91 x 10-3 x OLLI = 4-34 x 1074, 
[1L] = [Ip]; =376 x 1073 x OLIL= 4:17 x 10-* J 


Now the intensities of the blue, violet, and ultra-violet on 
the thermopile were not all equal, but were approximately in 
the ratio 2: 1: 1:2, so that, from (13), the ratios which exist 
at P, on the photographic plate, can be calculated. But 
what we require is eyual intensity on the plate, and this is 
obtained in the following way. As has been said, P is mov- 
able between two points A and B, the size of the image of the 
prism face depending on the position of P. For only one of 
these positions is the image strictly in focus, but the depth 
of focus is so large that the imave appeared fairly sharply 
defined at all points between A and B. Thus, by moving P 
we have a means of varying the intensity on the plate without 


(13) 
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altering the total energy in either beam. After exposure of 
the plate to the blue, in order to make the violet intensity 
equal to the blue, on the plate, the latter is moved towards A 
until the area of the patch of light is reduced in the required 
proportion. Similarly for the ultra-violet. 

In order to test whether this method was accurate, the 
following experiments were curried out, using only one light. 
With the plate placed at B, an exposure was made and the 
thermopile deflexion noted. The intensity of the beam 
passing through the monochromatic illuminator was then cut 
down by placing a neutral wedge across the original slit, the 
wedge being adjusted so that the thermopile deflexion was 
reduced about half—that is, the intensity at B was reduced to 
half also. The plate was then moved towards A until the 
area of the image of the prism face formed on the plate was 
reduced in such a ratio that the intensity should be the same 
at it was originally at B. Another portion of the plate was 
now exposed for the same time. On counting the percentage 
changed, it was found to be the same at both positions of the 
plate, thus showing that the method adopted was sound. 

To get the absolute values of the intensities, the thermopile 
was standardized by means of a Hefner lamp. According to 
Coblentz (Bull. Bur, Standards, xi. p. 89, 1915), if a dia- 
phragm 14x 50cm. is placed in front of the Hefner flame 
at a distance of 10cm., the intensity of total radiation ata 
distance of 1 metre from the flame is 23:2 x 10-6 calorie per 
square centimetre per second. This radiation produced on 
the galvanometer a deflexion of 45:0 mm. ; and since it was 
known that over the range used the deflexion was strictly 
proportional to the intensity, it was very easy to interpret all 
deflexions in absolute intensities. 

The single-layer plates used were 44 in. long x 1 in. wide, 
and by means of a special plate-holder small patches about 
1 x 0°75 cm. were exposed along the centre. The plates were 
developed for 1°5 minutes in amidol developer consisting 
of 0'4 gm. amidol, 6 c.c. of 10 per cent. KBr, 100 c.c. 
saturated NaSO}. 

The percentage of the grains changed was determined by 
direct microscopic counting, the average number of develop- 
able centres per grain (n) being calculated from the equation 


n=log, 100/(100—z2), 
where z is the percentage of grains developed. To obtain a 
very accurate value of z, about 1500 grains were counted in 


every case. The emulsions used varied greatly in speed, but 
were all extremely slow, even compared with the ordinary 
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process type of emulsion. This is a very important point, 
the significance of which will be discussed later. 

TABLE I. 
Blus and Violet only. 


Time of Intensity of light Average No. 
Plate 9 Exposure falling on platein centres per 


Reference in calories per sq. grain (obs). niin, n/n, 
No. minutes. cm. per second. m (obs.). (cale.). 

E 6(viii)..... 5 525x10- 0-013 0-328 ~ \ 

E 6(x) we 15 419 0089 0419 wa 

E 9I) we 5 4:06, O135 0-683 

E13 (¥) wee. 10 $58 ,, 0-301 0933 Pa 

E16(ii) ...... 10 425 no  O281 1098 3492 | 

E Q(iv) oc. 7 +19 , 0318 1195 

E 9(ii) ...... 6 449, 0-358 1:338 ay 

E 9(vi) ses. 10 419, 0-344 1386 a. gds 

E (iii)... 8 432, 0:532 1580  299* 

E15 (i) a. 25 +O, 0-468 1690 361 

E 9(¥) see 10 $27, 0:533 1735 326 

E Q(ix) a 15 435, 0791 1815 307 

E 15 (v1) ae 35 404 ,, 0655 2018 314 | 

E15 (iii) ...... 35 418 , 0710 2104 298 | 

E15 (iv) ...... 30 HIR n ORK? 2:440 2°83 


* Irregular, probably due to some experimental error, 


TABLE II. 


Violet and Ultra-Violet only. 
Time of Intensity of light = Average No. 


Plate Exposure falling on platein centres per 
Reterence in calories per sq. cn. grain (ubs.). nyn, Ny/n, 
No. minutes. per second. =n (obs.). (cale.). 
E 6(vili)...... 8 452x107? OOK OBL 633 \ 
EGG)... 6 tlo ,, U:103 0623 603 
E 6(xil) ...... 20 43+ ,, 0187 1120 5:99 
6 (Vii)... 6 525 p U328 190 363 | 
E 6(x) ..... 15 +19 ,, 0419 1370 327 $324 
E 15 (vii)... 8 434, 0521 2640 321 | 
EISi sess 10 458, 0933 2999 320 | 
E 6 (ix) ...... 20 O04 p O42 3-60 325 | 
E 1l0(ii) ...... 10 F29 j 1:098 3:550 323 | 


ica) 
qn 
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All the experimental data obtained so far are given in the 
tables. Table I. gives the results for the blue and violet, 
and ‘Table II. those for the violet and ultra-violet. The first 
column merely gives the reference numbers of the emulsion 
used, column 2 the time of exposure in minutes, column 3 
the light intensity in calories per square cm. per second 
falling. on the gelatin surface of the plate. Columns 4 and 3 
give ‘the observed average number of centres per grain, 
obtained as shown above, and column 6 the calculated ratio 
of the number of centres formed, on the assumption that 
this is proportional to the number of quanta absorbed 
(equation 11). Now the first thing to notice about these 
figures is that when the photographic effect (number of 
centres} is small, the ratios n/n, and nz/ng are both large, and 
that as the effect i increases, these ratios decrease and tend to 
become constant at values of n greater than about 0-4 for the 
less effective light of the pair, i.e. about 33 per cent. of the 
grains changed. The constant value of the ratio can be 
obtained in each case by taking the average of the last five 

‘atios given, as can be seen by inspection of the tables. 
On comparing these constant ratios with the relative number 
of T absorbed (see equation 11), we see at once that 
the agreement is good ; in the case of the violet-ultra-violet 
the agreement between 1z; lig and 13/2 is almost perfect. 
For convenience these results are given in summarized form 
below :— 


(a) Blue, Violet.—Hqual incident intensity and time of 
er posure. 


Relative no. of quanta absorbed Soay =a 
Relative no, of centres produced (if n >05) = nafn == 3°06 


(b) Violet, Ultra-violet.—KFyual incident intensity and time of 
CU posure. 


Relative to, of quanta absorbed = 173°4_ = 324 
Relative no. of centres produced (if ng > 0'4) = 17g/ng=3°25 


Now these results fit in extremely well with the recent 
very important work of Eggert and Noddack on the “ Proof 
of ‘the Law of Photochemical Equivalence and the Dry 
Plate? (Z. Physik, xx. p. 299, 1923). They consider that 
they have proved conclusively that this law Folie, and their 
experiments are certainly very strong evidence in its favour. 
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There are two important differences between the methods 
used by Eggert and Noddack and by us :— 


(a) They used ordinary thick plates, containing many 
layers of grains, and found experimentally the : absorption by 
the total silver bromide: The values finally obtamed for the 
same three wave-leneths as we have used were very nearly 
equal, whereas in our case the absorption of the ultra-violet 
is about twelve times that of the blue. This is because the 
effective thickness of silver bromide through which the light 
passed was very much greater in the plates used by Eggert 
and Noddack than in our single layer plates, and as d 
increases, E/E, and E/E do decrease towards unity, 7. e. 
E,, Ep and Es become more nearly equal as the thickness of 
silver bromide increases. 

(b) They measured what was the 
did not use a developer. 


“print out” effect, and 


The main conclusions at whieh they arrived are these :— 


(1) The primary elementary process (in the formation of 
the latent image) consists in the absorption of one 
quantum of energy by the silver bromide. 

(2) For each absorbed Av a silver atom is liberated. 

(3) The mass of the latent image is determined by the 
number of absorbed quanta. 


These conclusions can be applicd at once to explain the 
results we have obtained above, if we remember that we are 
detecting the amount of light action, not by measuring 
directly the mass of silver produced, but by means of a 
developer. Now it is practically certain that the formation 
of the developable latent image is a surjace phenomenon, 
and that any change brought “about by the light in the 
interior of the grain produces no developable effect. Rearing 
this in mind, we may siightly modify Hegert and Noddack’s 


conclusions, thus :— 


(a) The primary elementary process (in the formation of 
the derelopable latent image) consists in the absorption 
of a quantum of energy by the surface layer or lavers 
of the s:lver-bromide crystal. 

(b) The number of silver atoms liberated is proportional to 
the number of Av absorbed by the surface layers. 


(c) The number of developable centres formed is propor- 
tional to the number of silver atoms liberated in the 
surface layers, i.e. to the number of Av absorbed by 
the surface layers. 
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If these are true, then the values obtained for n/n, and 
n3/n9, when constant, are explained, and there remains the 
problem of the rapid increase of these ratios with decreasing 
exposure when the latter is small. A very simple explana- 
tion of this follows at once if we accept the idea, originally 
due to Svedberg (Phot. Journ. lxi. p. 332, 1921), of a 
minimum area of light-affected silver halide capable of acting 
as a developable centre. We can then picture the process to 
be somewhat as follows:—As soon as the light strikes the 
grains, silver atoms are liberated at isolated points on the 
grains’ surface, the number of atoms formed being propor- 
tioned to the time and intensity. Only after a certain 
interval are there sufficient silver atoms formed within a 
certain minimum area on which the developer can act. Now, 
as we have said, the role of the developer is really that of a 
“ detector” of the amount of light action ; and since there 
may be an appreciable light effect without a developable 
centre being formed, the developer gives a false record of the 
extent of the light action at low exposures, when assumption 
(c) is not true. In other words, the “induction” effect, in 
the photographic process, is purely a development phe- 
nomenon, there being no induction with the true light action, 
just as there is none in the case of photoelectric substances. 
The ratios n/n, and n3/ng begin to increase as soon as the 
exposure falls low enough for the number of centres formed 
by the less absorbed light to be within the induction period. 
In fact, an exposure can be given so that the less absorbed 
light gives no developable effect corresponding to a slight 
developable effect produced by equal intensity of the light 
more strongly absorbed, and the ratios 1/n, and 73/n, then 
become infinite. 

The idea that the ‘‘induction” period is only a develop- 
ment effect is strikingly supported by Eggert and Noddack’s 
results, that, at low exposures, the total number of silver atoms 
produced is directly proportional to the incident intensity. 

It must be borne in mind that the conclusions at which 
we have arrived are not incompatible with the now well- 
established facts of the great part played by absorption 
phenomena in controlling the sensitivity of emulsions. For 
instance, we know that slight ‘ contamination” has an enor- 
mous effect on the photoelectric activity of a metallic surface; 
and Langmuir’s work on the catalytic poisoning of thermionic 
emission by absorbed gases leads us to believe that the light 
sensitivity of the emulsion is naturally vitally connected with 
the adsorption processes which have taken place on the grain 
surface. Thus there is nothing in the conclusions we have 
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drawn to contradict the statement made by one of us in a 
previous paper (Trans. Far. Soc. xix. pp. 290-295, 1923) that 
“ the extreme light sensitiveness of the grain is due primarily 
to the presence of some substance “which is not silver 
bromide.” 

The results given in this paper have been obtained with 
extremely slow emulsions. Evidence exists that with emul- 
sions of any appreciable speed the values of n/n, etc. are 
always much less than the theoretical values given in this 
paper, und decrease as the speed increases. It is possible 
that the explanation of this is the occurrence of “ reversal ” 
within the normal portion of the characteristic curve, as 
suggested recently by Svedberg (Phot. Journ. lxiv. pp. 972- 
274, 1924), and we hope to investigate this question. 
Further, by using emulsions with larger grains, the ordinary 
laws of reflexion and absorption will be applicable with less 
uncertainty. 


In conclusion, we wish to express our thanks to Mr. Bloch, 
of the Ilford Research Laboratories, for much care and 
trouble in the preparation of suitable emulsions; to the 
National Physical Laboratory for information regarding 
the thermopile calibration ; and to the Director of Research 
of the British Photographic Research Association for his 
interest and advice. 


Summary. 


L. By applying the laws of reflexion and absorption to 
the case of a “single layer” photographic plate, the relative 
quantities of light ¢ energy, of different frequencies, absorbed 
by the grains when equal intensities of each are incident, are 
ealeul: ited | ; hence the relative number of quanta absorbed is 
determined. 

2, It is shown experimentally that, except at low expo- 
sures, the relative number of developable centres produced 
by different frequencies is equal to the relative number of 
quanta absorbed. 

3. It is suggested that the departure from this equality at 
low exposures is due to the fact that development does not 
then give a true record of the extent of the light action. 

4. The results are in good agreement with the recent work 
of Eggert and Noddack on the proof of the Law of Photo- 
chemical Equivalence in the case of the photographic dry 
plate. 
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XCII. On the Measurement of the Natural Frequency of an 
Inductance Coil at Audio-Frequency. By H. Nuxkryama, 
Professor, Tohoku Imperial University, Japan, and K. 
KoBaYasHI * 


Abstract. 


E measure the frequency of the alternating current by 
the known mutual inductance and capacity with 
Campbell’s frequency bridge. The same circuit can be 
utilized to determine the natural frequency of a coil used 
as the primary of the mutual inductance, if we know the 
i ln of the current and the capacity which gives 
the alance. In the experiment described in this paper the 
frequency is determined by standard tuning-forks. A theory 
by which the natural frequency and the self-capacity of the 
primary coil can be obtained by taking balance at two 
known frequencies is worked out. The “actual method of 
experiment and the experimental check of this theory are 
also described. When the sharpness of the balance is 
greatly affected by the presence of the self-cupacity, it ean 
be improved by a simple modification of the cirenit as 
shown in fig. 6. 


(1) Campbells frequency bridge. 


W hen an alternating current of the angular velocity 

2mf is transmitted to Campbells frequency bridge, as 

pee in fig. 1. the condition in which the receiver current 

disappears is (Bibliography 1, 2, 3, 4) 

—_— __. 1 Di 

E OR Bes (1) 

If the primary coil L of the mutual induetance M is 

shunted by capacity Cy, as shown in fig. 2, the above 
conditions must be g 

eon, a 2) 

VMCIL S ee 

wC R=0, 2... ‘a A 


where Lis the self-induetance of the primary coil and R 
its resistance. 

Although condition (2) can be satistied by adjusting 
Mo C, “condition (3) can not be satistied strictly, and 


* Communicated by the Authora, 


Measurement of Natural Frequency of an Inductance Coil. 963 


Fig. 1. 


Campbell’s frequency bridge. 


bine. 


Campbell’s frequency bridge with a shunt condenser at the primary. 


35 2 
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the balance is not perfect. But in the case of the minimum 


sound, condition (2) must be satisfied, so that expressing 
this in the form of eq. (1), 
1 
= — l = — =.. . . . (A) 
VMC+LC, VM'C 

M' may be called the “apparent mutual inductance,” and 
CL 2 
oe. G 

y $ . LC, 

That is, M may be considered to be corrected by “Gon 
account of its self-capacity Co. 


M'=M+ 


(2) Self-capacity of a coil. 


Considering that the capacity distributed along the con- 
ductors of the coil is externally equivalent to the concentrated 
capacity shunted across the terminals of the coil, we call the 
latter the “ self-capacity ” of the coil. By the theory above 
described, Campbell’s frequency bridge can be utilized to 
determine the self-capacity of the coil. 

If the self-capacity of a coil is to be determined, we con- 
struct a mutual inductance, using that coil as its primary, 
and a coil as its secondary of which the self-capacity cor- 
rection is very slight compared with that in the primary. 
Campbell’s frequency bridge is made of the mutual in- 
ductance and a standard condenser; the latter has either 
a known correction due to frequency, or a negligible per- 
centage of it when compared with the correction of coil L due 
to its xelf-capacity. Then, determining the frequency of the 
current by tuning-forks, we have by (4) at its balance 


l 1 . 
M'= Cow’ ° . e e ® ° ° (6) 

Thus the apparent mutual inductance can be determined. 
Tf the apparent mutual inductances M,’ and My at two 
known frequencies, and the capacities Ci, Cy which give 
the balance, are measured, we have by eq. (5) 


weie i 
C 
{+ 
M =M+ Hi 
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and from these equations we have 


M/—M,’ 


LC = . . . . . . ( 
E SS tee " 
G ©, 
A 
iea , (5) 
ENE 
and, finally, the natural frequency of the coil 
| 1 
= - pea se e ak ome. we, ACS 
CUS ei oe 


The self-capacity Cy may be obtained by a similar experi- 
ment to that mentioned above, by shunting the coil by a 
known capacity Co. In this case, by eq. (5), apparent 
mutual inductances M,", M,” and the capacities C3, Cy at 
two known frequencies must satisfy the following condition : 


Cot Cy) L 
Mi=) (Uo Feo 
I, M+ c, 

I eM ce (Co + Coi) L 

2 Y 

From these equations i 

f ; M," =M," 

(C tC L= cares i ©... (10) 
T 


Eliminating L from both (7) and (10), we have 
Cu —_ 
sens ds oe a 1 
-M(E =) 
ute, wane: Naha. y 


ae 2 ae 
(MI) (o-i, 


4 
Co = 


(3) Aeperiments. 


We measured the LCy of the primary coil of the mutual 
inductance as shown in fig. 3. Experiments were worked 
out on several coils of a different number of turns, of which 
we shall describe one case as an example. An alternating 
current was supplied to circuit B, containing Campbell’s 


966 Prof. > Nukiyama and Mr. Kobayashi on Measurement 


frequency bridge, from a triode valve oscillator, as shown in 
fig. 4. For condenser ( ', Siemens’ standard mica condenser 
and ealibrated dial ty pe pireundebacr r were used, the latter 
for fine adjustment. The frequency of the alternating 
current was determined by tuning the sound of the 
telephone receiver with Max Kohl’s standard tuning-forks, 
adjusting the condenser C’ of the triode valve oscillator. 


Fig. 5. 


o.fcem > 
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m 
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Mutual Inductance. 


The secondary of the mutual inductance may be rotated 
round the common axis of the primary, and ‘the position 
angle of the secondary coil was measured from the position 
at which both coils were in the same plane. In Table I. 
the column marked “degree” denotes this angle, C the 
capacity which gives the balance, and M’ the apparent 
mutual inductance calculated by eq. (4) using C and the 
angular velocity determined by tuning-forks. LC) and M 
calculated by (7) and (8), using the values of M' and C at 
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Tasie I.—Apparent Mutual Inductance. 


f=704. 
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C pf. 
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f=320 and f=2048 of Table I., are shown in Table II. 
Tie apparent mutual inductances, calculated by fa) using 
M and the mean value of LCo= 10:46 x 107! sec.?, both ob- 
tained in Table II., are compared with its actually measured 
values in fig. 5. Coincidence of both values shows that the 


Fig. 4 
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Circuit arrangement. 


above-mentioned distributed capacity can be replaced by a 
concentrated capacity across the terminals in the range of 
our frequencies. As shown in Table II., the decrease of LCo 
with decreasing M may be the effect of the selt-capacity of 
the secondary coil. 
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(4) Method for perject balance. 


Of the conditions of the balance, eq. (2) and eq. (3%, the 
latter cannot be satisfied in the connexion as shown in fig. 2. 
When the sharpness of the balance is greatly affected by the 
resistance of tne primary, it can be improved by a simple 


S 
‘N 

À, 
X 


Apparent mutual inductance in mil; -henry 


aco Lec Erc Sao Joco {2eo foe /Ooe0 (Eee wove .'’20e@ 24ee ee Zhe 3000 


Frequency in cycles per sec. 


Change of the apparent mutual inductance by the frequency. 


modification of the connexion, in which the condenser C 
is divided into two parts C, and Cs, and a non-inductive 
resistance r is inserted in series with C,, as shown in 
fig. 6. (This method was tried by our collaborator, Mr. M. 
Matsudaira.) 


In this circuit, the conditions in which the receiver current 
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becomes zero are, putting C=C, + C, 


1 
= 7 (12 
. VY MC+ LC oe) 
1 _ C,C,Mr a 
a er 
bie. 6. 
® © 
Co 
C, 
L R 
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Modification of the Campbell’s frequency bridge to obtain 
a perfect balance. 


Then, both equations can be satisfied at the same time by 
adjusting Cı, Ca, and r, and the balance will be perfect. 
Yet in this case the method for determining M and LC, 
stands unchanged, as the equation (12) remains the same as 
eq. (2). Using M and LC, obtained by (12), C\R can be 
calculated by (J3); accordingly the effective resistance of 
coil R can be determined if we know Co. 


(5) Conclusion. 


In an ordinary laboratory the greatest difficulty in this 
method for determining the self-capacity of the coil may 
be that a standard set of tuning-forks is needed. But if we 
were trained to calibrate the frequency of the alternating 
current as a multiple of the frequency of a tuning-fork, 
only one tuning-fork would be needed. It is a merit of 
this method that the sources of error due to the change 
of apparent constants of the circuit element are greatly 
eliminated by the simplicity of the circuit. 
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ACH. Lhe Zhermal Conductivity of Bismuth in a Trans- 
verse Magnetic Field. Dy F. A. Warp, /3.S8c.(Lond.), 
A.lnst.P.* 


NVESTIGATIONS of the thermal conductivity of bismuth 
ina magnetic field when the lines of force are perpen- 
dicular to the direction of heat-flow have been made by 
various observers. Ledue t found a decrease of 5'7 per cent. 
a field of 7800 c.g.s. units. Nernst $ in 1887 could detect 
no mele ange. Ettingshau: sen $ found a diminution from 2 to 9 
per cent. in a field of 9000 e. vs, units. Van Everdingen | 
od per cent. in a field of 6000, and Blyth f a diminution of 
0°05 per cent. in a field of 3500 ¢.g.s. units. Livens **, 
assuming the free electron theory, has dev eloped a formula 
according to whieh the thermal conductivity of solids should 
Increase “in the magnetic field. This is contrary to the 
experimental results. 

The material used in the present investigation was pure 
bismuth supplied by Messrs. Johnson & Matthey. Some of 
the metal was powdered and placed in a glass tube about 
4 mm. in diameter from which the air was withdrawn. 
While evacuated, the tube was heated until the whole of the 
metal was melted. It was then allowed to cool slowly, and 
on solidification the glass tube was broken, a fairly uniform 
cast rod being obtained: in this wav. From a number of 
rods prepared in this manner two were selected for the 
investigation. 


* (Communicated by Dr. L. Lownds. 
t C. R. cil. p. 958 (1556). 

t Wied. Ann. xxxi. p. 760 (1587). 

§ Wied. Ann. xxxiii. p. 129 (188%). 

1 Journ, de Phys. (3) x. p. 217 (1901), 
€ Phil. Mag. (6) v. p. 529 (1903). 

+# Phil. Mag. (6) xxx. p. 526 (1915). 
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The dimensions of the selected rods were: (1) length 
7°6 cm., diameter 0°35 cm.; (2) length 7°6 cm., diameter 
0°40 cm. 

The specific electrical resistance of these rods was 
119 x 197° ohm-em. and 119:2 x 107° ohm-cm. respectively. 

The rods were fixed between copper blocks A, B, C (fig. 1). 


Fig. 1. 
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Heat was supplied at a constant rate to the central block A 
by means of a small coil carrying a current and embedded 
in the centre of this block. Water circulated through the 
outer coppers B and C. The whole was well lagged, and 
when steady conditions obtained, the temperature gradient 
on each bar was determined by the copper-constantan-thermo- 
couples (1, 2, 3, 4). The apparatus was mounted so that 
either of the bars could be placed in an intense uniform 
magnetic field. 
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If W denote the rate of supply of heat to the heating coil, 
K and K, the thermal conductivities of bismuth without anid 
with the field ; 

A; and Ay, the sectional areas of the rods containing 
Junctions (1) and (2), and (3) and (4) respectively ; 

gı the temperature gradient between the . 

when there is 
thermo-junctions between the pole-pieces, | 
no magnetic 
gz the temperature gradient between the felis © 
thermo-junctions outside the pole-pieces, | 

Gy, Ga the corresponding gradients when the magnetic 
field is impressed ; 

X the heat-losses due to radiation ete., which may be 
assumed the same in both cases. 


Then 
W = KAjg,+KA.9, +X, 


W =h,A,G,+ KA.G.+4 X, 
whence 
K, Ayn + Aogg— Az ota 
Kk ~ AG 


The heating-coil was of nichrome wire (gauge 40), wound 
on slate and insulated from the copper block. It was firmly 
cemented in the cavity, and the leads from it, insulated by 
glass beads, passed through holes in the fibre cross-piece 
forming the top of the framework which carried the rods 
and copper blocks. The heating current was supplied by a 
battery of accumulators, this circuit containing regulating 
resistance and milliameter. The bismuth rods fitted into 
heles in the copper blocks, and were secured in position by 
means of set screws. The thermocouples were of copper 
constantan (gauge 36). Small holes were drilled in the rods 
to receive the junctions, and they were soldered in position 
with a little powdered bismuth to secure good thermal 
contact. 

The distance between junctions (1) and (2) was 1°89 em., 
and between (3) and (4) 1°08 em. The rods were lagged 
with lightly-packed cotton-wool, which was kept in position 
by rectangular fibre strips screwed to the copper blocks, 

The thermocouple wires passed through slits cut in the 
upper fibre strips and thence through holes in the fibre cross- 
piece. The whole was screwed to a brass bar of rectangular 
section, from which it was insulated. Tie bar was supported 
by guides i in an outer copper shield, and could move through 
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2nd Series. Junctions 3 and 4 between the pole-nieces. 
Expt. Nos. 1i. 12. 13: 14. 


STONA 2618 262 2105 2044 

ERIN 2570 2578 2028 2034 

s EE 2643 2643 2082 203-2 

| ee 202 202 2062 206-2 

3rd Series. Junctions 1 and 2 between the pole-pieces. 

Field reversed. 

Expt. Nos. 15. 16. 

eee 2720 2896 

eiie 2117 2245 

ne QT7 2952 

yi a ETR 2155 226:8 


These numbers were converted into values for 91, 72, Gy, Go 
by dividing by the distance between the junctions concerned, 
and the average value of K,/K deduced by combining the 
observations as follows :— 


Espi: Woe: 1 Obie ai 96°28 \ 
A A EE 96°20!) 
| EET 96:52 
968 aana 96:55 f A T 96:78 
Pesani 96-95 
RIT RETETE 97:05 / j 
ET (| EEE 97-01 
Meet Neel O lads T 4 S98 96°80 
Expt. No. 15, 16 ..... oe a ase d enad 96°70 
DOOR RORA K,/K = 96°78 


The average diminution of the thermal conductivity of 
bismuth is 3°22 per cent. in a transverse magnetic field of 
5370 c.g.s. units. With a field of 6260 c.g.s. units the 
heating of the electromagnet became excessive, so that 
prolonged observations could not be carried through. ‘The 
decrease in this case was of the order 5 per cent. 


My thanks are due to Dr. Lownds for suggesting this 
work to me and for his advice and help during its progress. 


Physics Department, 
Chelsea Polytechnic, 
June 1924. 
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these so as to place either bismuth rod between the poles 
(fig. 2). 

To ensure steady conditions, it was found necessary to 
protect the apparatus from the heating effects of the current 
circulating in the electromagnet coils. This was done by 
building round the apparatus a shield of stout sheet copper. 
This was made in sections (see fig. 2), which could be firmly 
bolted to one another. The water after circulating through 
the end coppers was led to the base of the shield, which was 
a hollow metal box, and thence through copper formers 


Fig, 2. 


fitting the pole-pieces and in good contact with tne vertical 
sides of the shield. This water, before entering the copper 
blocks, passed through a metal worm 60 ft. long, contained 
in a large tank of water to secure uniformity of temperature. 

Fig. 3 shows diagrammatically the arrangement for 
measuring the E.M.Fs. of the thermocouples. W is a 
standard cadmium cell, R, a resistance of 1013 ohms in 
series with four accurately adjusted ohm coils and a manganin 
wire (1 m. long), also adjusted to 1 ohm by a resistance in 
parallel with it. A is an accumulator. By connecting 
(1) and (2) to the galvanometer terminals and adjusting R,, 
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the potential drop along the manganin wire when no current 
flows through the galvanometer is made 1 microvolt per mm. 
E and F are mercury cups connecting to the hot and cold 
junctions of the several thermocouples. To balance the 
E.M.F. of a couple, connexions cih, to E and F are made, 
(3) and (4) are connected to the galvanometer, and (1) and 
(2) are broken. The slider on the manganin wire is then 
adjusted till there is no deflexion in the galvanometer. To 
avoid disturbing thermal effects at the contact maker a second 
manganin wire ran alongside the bridge wire, and the contact 
maker bridging the two wires was of manganin. The 
apparatus was sensitive to less than 0°5 microvolt. 


Fig. 3. 


The electromagnet was of the split toroid type, with 
conical pole-pieces shaped to give a uniform field. The 
diameter of the pole-pieces was 5 cm., and they were adjusted 
by means of a distance-piece to a gap width of 2 em. This 
was the minimum distance which would accommodate the 
apparatus. The field strengths were measured ballistically 
hy means of a search coil and standardizing solenoid. The 
magnetizing field used in the experiments was 5370 c.g.s. 
units, 

The method of a typical experiment was as follows :— 
The water circuit, heating current, and electromagnet current 
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were started at about 10 a.m. The magnetizing current at 
first circulated in opposite directions through the two limbs 
of the magnet, so that the field was not excited. Theammeters 
were observed at intervals, and kept at constant values by 
regulating resistances. Observations were usually commenced 
after an interval of atout 6 hours, after which time conditions 
were usually steady. Readings of the thermocouples were 
taken with no field, and then the field was impressed. After 
about 14 hours the thermocouple temperatures were again 
steady and were recorded. The current was apain reversed 
in one of the limbs, and a third set of thermocouple observa- 
tions taken after a further period of 14 hours. 

Table I. shows a typical set of observations. ¢, is the 
difference between balance points in mm. on the potentio- 
meter wire for the junctions between the pole-pieces ; tg the 
difference for those outside, when there is no field ; T,, T; 
the corresponding data when the field is excited. 


TABLE I. 

Time ............ 4.54. 5.06. 5.15. 5.24. 5.41. 5.42. 6.00. 
E 212 213 2)1 210 213 213 213 
bs, aa 11 21 #4211 £4211 211 21 2 

Time .........06. = — 6.41. 7.04. 7.16. 7.27. 7.26. 
OD EEE T ae — 216 216 215 £215 214 
(ere REENA ae -- 16 216 216 2815 215 

Time oee. ae = — 836. 841. 8.53. 9.14. 
AET = sa -- 214 214 ?13 218 
A adn = ka — 273 21 20 221 


In all, sixteen experiments were performed, giving the 
following average values :— 


lst Series. Junctions 1 and 2 between the pole-preces. 


Expt. Nos. 1l. 2 ə. 4. dD. 6. T 8. 9. 
ena 8076 2198 218:8 2062 2054 2126 2135 2982 2782 27T% 
ETE 3148 2182 2198 2063 2042 2110 211:2 2990 280:8 2798 
Ti 8182 2229 2229 209 2050 2152 2152 3010 2804 280d 
Toer 817-8 2245 2245 2108 2076 2156 2156 8041 2840 2310 
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Dnd Series. Junctions 3 and 4 between the pole-vieves. 
Expt. Nos. li. 12. 13. L. 


ARN 261:8 261-2 WF5 Wr 
EEN 257-0 2578 2028 2034 
Tonies 2643 2643 2082 208-2 
ETE 260:2 2602 206-2 206-2 


3rd Series. Junctions 1 and 2 between the pole-pieces. 
Field reversed. 
Expt. Nos. 15. 16. 


eee 2720 2896 
PEE 2117 2245 
Mireia 277 2952 
ETEN 2155 226-8 


These numbers were converted into values for 9, 93, Gi, Ge 
by dividing by the distance between the junctions concerned, 
and the average value of K,/K deduced by combining the 
observations as follows :— 


Expt. Nos. 1 to6......... ..... a 
ZOE eonan 96°20 \ 
ata bese 96°52 
BtoB oe 96-55 | 96:78 
Pu 96:95 
VETE: ee 97:05 / | 
5 to 10... 9701 
Expt. Nos. 11, 12, 13, 14... 000.000 nane 96°80 
Expt. No. 15, L6 ..... Spa teas ae + R 96:70 
Mean......... K,/K = 96°78 


The average diminution of the thermal conductivity of 
bismuth is 3°22 per cent. in a transverse magnetic field of 
5370 e.g.s. units. With a field of 6260 c.g.s. units the 
heating of the electromagnet became excessive, so that 
prolonged observations could not be carried through. ‘The 
decrease in this case was of the order 5 per cent. 


My thanks are due to Dr. Lownds for suggesting this 
work to me and for his advice and help during its progress. 


Physics Department, 
Chelsea Polytechnic, 
June 1924, 
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XCIV. Low-Voltage Glows in Hydrogen. By G. STEAD, 
M.A., Reader in Physics in the University of London, 
and B. TREVELYAN, B.A., Yarrow Research Student, 
Girton College, Cambridge *. 


INTRODUCTION. 
T type of discharge-tube employed in the present 


investigation, and described in a previous paper t, 
shows peculiarities not found in the more usual forms of two- 
and three-electrode thermionic tubes. The essential features 
are (1) the use of a very open grid close to the filament, 
(2) the absence of an anode, and (3) the large volume on 
the side of the grid remote from the filament. Under these 
conditions a large emission can take place from the filament 
when the difference of potential between the grid and the 
filament is quite low, and a considerable proportion of 
the emitted electrons passes through the grid into the space 
beyond, giving rise to intense ionization in a large volume of 
gas. Some of the positive ions so formed are drawn into 
the region between the grid and filament, some are repelled 
bv the grid to the walls of the tube, which mav thus 
become charged to a considerable potential, whilst others 
must recombine before reaching either the filament or the 
walls. Itis only those positives which reach the neighbour- 
hood of the flament before recombining that are effective in 
reducing the negative space-charge and causing an increase 
in the filament-grid current. 

The present investigation is concerned chiefly with hydre- 
gen. The results obtained seein to indicate (1) some kind of 
action between hydrogen and a glowing tungsten filament : 
(2) the formation in the discharge-tube of a substance which 
shows no evidence of ionization below 40-50 volts, whereas 
ordinary hydrogen in the same tube ionizes at 20-27 volts ; 
(3) the formation of some compound, [ possibly identical with 
(1)], which is condensable in liquid air, but unstable at 
ordinary temperatures. 

The large-volume ionization in the region bevond the 
grid renders this type of tube particularly suitable for 
studying chemical actions. It also seems likely that 
this form of tube would favour the formation of negative 
ions, and these would probably show considerable chemical 
activity. Itis known (from J. J. Thomson’s experiments on 
positive rays) that hydrogen is capable of forming H, and H. 


* Communicated by the Authors. 
f Stead & Stoner, Proc. Camb. Phil. Soc. xxi. p. 66 (1922). 
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Electro-positive elements, such as mercury, nickel, and 
tungsten, would perhaps be more likely to combine with 
negative hydrogen ions than with positive ions, and also a 
molecule such as H; might be produced Ly a combination of 


— + 
H, with H. 


The following investigations were a continuation of the 
work of Stead and Stoner * on low-voltage glows obtained 
in mercury vapour by means of a thermionic tube of special 
design. 


CADMIUM.— Preliminary experiments were performed with 
cadmium vapour in a tube of the same form as that used 
for mercury (fig. 1). The grid was an open one of zigzag 


Fig. 1. 


Cadmium. 


pattern, with about three turns, and of length just less than 
the diameter of the tube ; there was no anode, the grid being 
connected to the positive end of the high-tension battery. 
The tungsten filament (about *0089 em. diameter) was about 
15mm. from the grid. A small stick of pure cadmium 
was placed in the tube, which was evacuated and baked in 
the usual way ; the pressure on sealing off, as measured by 
the McLeod gauge, was less than 0001 mm. of mercury. 
Different pressures of cadmium vapour could be maintained 
in the tube by keeping it as nearly as possible at different 
constant temperatures by means of an electric furnace. 


OBSERVATIONS. 

The same type of characteristic curve was obtained as in 
the case of mercury vapour (fig. 2). The following points 
were observed :— 

(1) The sudden jump to saturation again occurred, synchro- 
nous with the appearance of the glow, and the corresponding 
fall of current trom the saturation value occurred at a lower 


voltage than the rise. 
* Loe. cit. 


3 T 2 
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(2) The striking potential again decreased with increasing 
pressure till an optimum pressure was reached, at which the 
striking potential was a minimum (it increased with further 
increase of pressure). 

(3) At the point of minimum striking potential, the area 
of the hysteresis loop was a maximum, and with sufficiently 
high pressure the hysteresis loop disappeared entirely and 
the currents were very small. 

(4) The glow, as before, could be made to move up and 
down the tube by increasing or decreasing the voltage 
within limits ; the spectrum of the glow was not examined in 


detail, but the ordinary line spectrum of cadmium was 
prominent. 


Fig. 2. 
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It seems likely that, since cadmium and mercury show 
similar results under similar conditions, other monatomic 
gases and vapours would behave in the same kind of way. 


Hyprocen.—The valve used in the experiments on 
hydrogen was identical in design with the cadmium and 
mercury valves, except that it had two outlet tubes, one 
attached to the evacuating apparatus, and the other to the 
source of hydrogen, which was, at first, a strong solution of 
phosphorus pentoxide in water. This was electrolyzed, and 
the hydrogen was passed over dry phosphorus pentoxide 
and through a trap immersed in liquid air. In later 
experiments a palladium tube was used as a source of 
hydrogen, but it was found that the change did not affect 
the observations. The discharge-tuhe was baked out as usual, 
and was evacuated each day before experimenting : a trap 
immersed in liquid air was placed between the main tube 
and the pump, to condense as much mercury vapour as 
possible. | 
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OBSERVATIONS. 
I. OSCILLATIONS. 


A small amount of hydrogen at a pressure of about 
05mm. was let into the main tube, and the characteristic 
curve, grid current/grid potential, was plotted. ‘The type of 
curve obtained was quite different from that shown by the 
monatomic vapours. There was no sudden jump to satura- 
tion, but the curve appeared quite continuous, giving a 
gradual increase of current till a potential of about 30 volts 
was reached. At this point a small jump occurred in the 
current, and then a curious instability was observed. Instead 
of remaining at a steady value for constant voltage, the 
current rose slowly and regularly to a maximum, and then 
fell again to a minimum, then increased again, and so 
on with a regular oscillatory movement of definite period. 


Fig. 3. 
Filament current 1°18 amp. Filament current 1'0 amp. 
Pressure ‘057 mwm, Pressure ‘03 mm, 
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The rise and fall of the current corresponded to a motion of 
the glow up and down the tube. The small jump at the 
minimum voltage for this oscillatory condition (about 27- 
30 volts) probably coincided with the first appearance of 
the glow, though it was difficult to observe the latter, as it 
was very faint at first, the intensity increasing gradually 
with the extension of the glow along the tube. On plotting 
the logarithms of the current and potential up to the 
oscillating point, it was seen that a rise in the power 
curve occurred at about 20-25 volts; the exact point 
varied with the conditions (filament current, pressure, etc.) 


(fig. 3). 
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Preliminary experiments indicated that in general the 
time of oscillation decreased with increasing voltage. Under 
favourable conditions, with an optimum pressure of about 
‘04 mm., oscillations could be observed up to at least 
80 volts on the grid, but to obtain oscillations at these higher 
potentials it was s essential to perform a step-up process. "The 
oscillatory state was first produced at a low potential, e. g. 
at about 40 volts, and the voltage then increased by steps of 
about 2 volts, the system being allowed to settle into the 
oscillatory state at each step, which it would do if left alone 
for a few minutes. The oscillations were followed bv 
watching the pointer of the milliammeter, and on some 
occasions it was possible, by means of the step-up process, to 
observe an oscillation (at a grid potential of about 80 volts) 
which was so rapid that it was only shown by a trembling 
of the pointer. Ifa high voltage was applied to the grid at 
first, without the step-up process, a fairly steady current 
was shown with no oscillations. : 

Rough observations made on the spectrum of the glow by 
means of a Hilger spectroscope showed that in the latter 
case the Balmer lines were the most prominent and the 
secondary spectrum faint; but when the glow grew to a 
maximum at low voltages, there was a corresponding gradual 
increase in intensity of the secondary spectrum. "IE the 
glow was thus allowed to grow to a maximum, and the high 
voltage then applied to the grid, without any intermediate 
steps, a momentarily very large current was obtained, with 
a brilliant secondary spectrum, but this decreased very 
rapidly to a minimum, and the secondary spectrum again 
became faint, leaving the Balmer lines prominent. 

The oscillations were studied in more detail, and thie 
following results were obtained :— 

(1) The frequency of oscillation increased regularly with 
increasing voltage. If the lovarithm of the time of oscillation 
is plotted a against the logarithm of the grid voltage, the points 
seem to lie: ‘approximately ona straight line (fig. 4a). The 
extreme values for high and low voltages are somewhat off 
the line, but it was impossible to keep the pressure constant 
during a series of observations extending over any length of 
time. The three lines corresponding to the three series 
taken gave a mean slope of 3'9. The frequency of oscilla- 
tion was therefore approximately proportional to the fourth 
power of the grid voltage. Pressure changes during 
the oscillations could not be investigated, as there was 
a general pressure decrease all the time, which made 
observations on a slow oscillation unreliable, and it was 
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impossible to follow the rapid oscilliations with the Me Leod 
gauge, but changes of pressure accompanying similar changes 
of current were observed (see later) with another form of 
tube. 


Fiz. 4a. 
Filament current 1:19 amp. Filament current 1:19 amp. 
Initial pressure 0°33 mm. Initial pressure ‘027 mun. 
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(2) Variation of Current with Time.—During the fall of 
one oscillation from maximum to minimum, the current 
decreased with the time; the curve was approximately 
exponential in form, but with irregularities near the 
maximum and minimum (fig. 4b). The maximum currents 
often reached several hundred milliamperes. 


Fig. 4 6. Fig. 4c. 
Filament current 1:17 amp. 
Initial pressure ‘05 min. 
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(3) The range of oscillation varied directly with the grid 
voltage when the oscillation had reached a steady condition 
(fig. 4¢). Each time the grid potential was increased, the 
range of oscillation was at first rather irregular, but settled 
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down to a fairly constant value. This was most easily seen 
with slow oscillations of large amplitude, the range 
decreasing from the initial value, while the time of oscilla- 
tion showed a slow increase, and may probably be largely 
accounted for by the general pressure decrease due to 
absorption of hydrogen into the walls. With rapid oscilla- 
tions the steady condition was reached more quickly, 
though there was a subsequent slow increase in the time of 
oscillation, again probably due to change of pressure ; for 
instance, an oscillation of approximately constant period 
was maintained for ten minutes, and the change of period 
was only appreciable after this time. 


TABLE I. 
Initial pressure, Final pressure. Fil. current. Grid volts. 
°0385 mm. *033 mm. 1:2 amps. 80 


Number of oscillations in successive intervals of 10 seconds. 
11, 10, 11, 31, 11, 12, 12, 12, 12, 12, 12, 12, 11, 11, 11, 11, 11, 11, 12, 
12, 10, 10, 10, 11, 10, 10, 10, 11, 9, 9, 10, 10, 10, 10, 10, 10, 11, 10, 11, 
10, 10, 10, 11, 10, 12, 14, 18, 12, 12, 12, 11, 12, 12, 11, 10, 11, 11, 11, 
11, 8, 10, 12, 8, 9, 10, 9, 10, 9, 8, 9, 9, 10, 10, 8. 


There is not much change here for at least ten minutes. 

It may therefore be assumed that the time of oscillation 
would be constant for constant pressure. Greater changes 
of pressure had a marked effect on the time of oscillation. 

(4) The form of oscillation, when fairly rapid, was a 
gradual rise, then a jump to the maximum, then a gradual 
fall and a jump to the minimum. 

(5) An attempt to obtain an oscillatory glow with a 
stream of hydrogen passing through the tube was unsuc- 
cessful. 

In case the oscillatory phenomena were due to the periodic 
charging up and discharging of the walls of the tube, the 
experiments were performed with a tube whose walls were 
silvered internally and connected to the negative end of the 
filament, but it was still possible to obtain the oscillating 
glow under these conditions. 

An attempt was made to exclude mercury as far as 
possible by haking the main tube, with liquid air round traps 
on either side, till the mercury lines were no longer visible 
in the spectrum of the glow. The oscillations could still be 
obtained, though not so easily as before. Of course it was 
impossible to remove all the mereury by this means, but the 
experiments seemed to indicate that mercury was not an 
essential factor for the production of the oscillations. 
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Later experiments with other tubes of as nearly as possible 
the sume design, and used under approximately the same 
conditions,were unsuccessful in producing regularoscillations, 
though at low pressures irregular oscillations were shown. 
It seems likely, therefore, that in the first case an optimum 
spacing ot the grid wires had occurred accidentally. The 
same electrodes were used for the silvered and unsilvered 
tubes, but were afterwards unfortunately broken. Further | 
attempts will be made to reproduce the oscillations with grids 
of various spacings. It is also probably necessary vy 
carbon vapour present (from tap grease) to produce the 
oscillations, but this alone is not sufficient. 


II. Errecr oF Liquip AIR. 


Another tube of slightly different design was prepared, 
with a collecting tube at right angles to the main tube below 
the filament (fig. 5). This collecting tube was immersed in 


Fig. 5. 
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liquid air, in order to collect any condensible gases. At the 
same time another McLeod gauge was attached near the 
main tube, so that the gauge and tube could be shut off 
by taps from the rest of the apparatus. The main results 
with this tube were as follows :— 

(1) Disappearance of Hydrogen.——Very brilliant glows 
were obtained ; these showed intense secondary spectra, and 
very large currents up to 700 milliamps. The glow did not 
oscillate, but grew to a maximum, and gradually increased 
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in brightness, then fell back slowly and disappeared when 
close to the filament; it could not b- produced again by 
increasing the filament current, and it was found that nearly 
all the hydrogen had disappeared into the collecting-tube. 
The process could be repeated any number of times. Some- 
times the glow could be temporarily regenerated by a slight 
decrease in filament current, but would soon disappear 
again. 

*(2) Appearance? and Disappearance of the Glow.— When 
the Bee had run back, it could also be regenerated by 
increasing the grid potential, and by a step- up process 
be made to disappear at successive increasing grid potentials. 

(3) Variation of Pressure with Current.—Oscillations 
could not be obtained with this tube, either with or without 
liquid air on the collecting-tube. The nearest approach to 
the oscillating condition. was shown by allowing the glow 
to grow and the current to increase while there was a 
low potential on the grid, say 35 volts, and the pressure 
noted at the maximum; a ‘high potential, say 80 volts, was 
then put on the grid, the current diminished rapidly, and 
it was found that the pressure rose. A typical example is 
shown in the following table. 


TABLE lII. 


Pressure. Position Grid current. 
(300 mark of gauge.) of glow. Grid volts. (milliamps.) 
277 max, 30:5 grows to 55 
281:5 min. 81a falls to 6 
258:5 max. 80:5 grows to 46 
274 min. 81-5 falls to 6°25 
256:5 max. 32 grows to 42 
263 min. &2 falls to 6:1 


(4) Return of Pressure.—Yet another pressure effect was 
observed. Readings of the McLeod gauge when the filament 
was put on showed the usual fall of pressure, but on 
switching off the filament a rise in pressure took place. some- 
times to “nearly the initial value. This was a verv definite 
effect, usually more marked the greater the current to the 
grid. Sev eral series of readings were taken, of which one 
is given below. The pressure readings were taken as 
quickly as the McLeod gauge would allow, so that about one 
minute elapsed between P and P} The time between 
P, and P, varied, but was generally of the order of 10 to 60 
seconds, 
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l Initial pressure, Pressure on Pressure on 
Grid volts. Poa switching off, standing, 
! f P, man, P, mm. 
(a) 29 0545 OATS 05 
0505 046 "05 
OO O46 “O49 
049 “046 053 
(h) 49 Oda 0495 055 
"055 O50 03 
(c) 60 057 Ool 059 
059 Vor Oo” 
(d) 90 063 059 063 
(e) 127 ‘O64 060 ‘O64 


a, b,c, d, e, are examples selected from a longer series ; 
some intermediate voltages are not given, so that for a change 
of voltage in the table the pressure readings are not 
consecutive, 

This return of pressure must be distinguished (as quite 
diferent) from tne changes of pressure observed during the 
variation of the glow. For the latter effect it was essential 
that the filament should be on continuously ; but the former 
effect was not apparent unless the filament was switched off, 
and the tube allowed to stand for at least half a minute. 

(9) The gas liberated on removing the liquid air from 
i collecting-tube was investigated, The method first 
employed was that of sparking in a quartz capillary tube 
substituted for the glass capillary above the bulb of the 
second McLeod gauge. External tinfoil electrodes were 
used, and the discharge from the secondary of an induction 
coil passed through “the gas trapped in the gauge. The 
observations were made on the change of pressure : at constant 
volume. Very Irregular results were obtained ; the ratio ot 
the volume after sparking to the volume before sparking 
varied between extremes of about seven and one. The 
spectrum of the discharge showed strong carbon bands in 
addition to the hy drogen spectrum. Control experiments 
with ordinary hy drogen gave a ratio less than one, though 
carbon lines were still present in the spectrum, probably due 
in this case to impurities on the surface of the gauge and 
mercury, but they were much less prominent. Control 
experiments with hydrocarbons such as methane and ethane 
gave an increase in volume on sparking, and bright carbon 
and hydrogen lines. 
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It seems probable that in these experiments very active 
hydrogen was formed in the tube, and this combined readily 
with carbon impurities. The most likely source of the latter 
was tap grease ; although it has a small vapour-pressure, it 
could distil over into the main tube at night. Another 
source might be the carbonates of the glass itself. The taps 
were replaced by mercury barometer columns, and after 
running the tubs for some time under thess conditions, the 
sparking ratio decreased und was sometimes less than one. 
The hydrogen also did not disappear so readily ; but even 
after prolonged use it did not seem possible to eliminate the 
cirbon lines from the glow and spark spectrum of the 
liberated gas, part of which appeared to be non-recondensible. 


III. Quartz TUBE. 


In order to eliminate the carbon impurities as far as 
possible, a quartz tube was constructed. It was similar to 
the glass tnbe, except that it had one outlet only, opposite 
the collecting-tube, and the electrodes were so arranged that 
the axis of the filament was in a straight line with the axis 
of the collecting and outlet tubes. The quartz was heated 
red hot every day, with liquid air surrounding a trap between 
it and the pump and nearest mercury cut-off, so that it 
might be ussumed that after prolonged use there was very 
little carbon left ; a large part of the mercury present would 
also be removed by heating, though a certain amount 
would still be left on the electrodes etc. 

With liquid air round the collecting-tube, the glow did 
not run back as before, except at very low pressures. In the 
latter case a faint secondary glow was left after the bright 
primary one had disappeared ; this secondary glow had also 
been seen with the glass tube. At higher pressures large 
currents were obtained up to about 500 milliamperes. They 
were accompanied by bright glows, showing a marked 
secondary spectrum of hydrogen. The optimum atts for 
this condition was of the order of ‘(07 mm., and the optimum 
voltage about 38 volts ; a definite time was required for the 
glow to grow toa maximum. Further points were observed 
on experimenting with this tube :— 

(1) Disappearing Glow.—In place of the run back and 
disappearance of the glow, which were obtained easily with 
the glass tube, another type of disappearing glow was seen. 
Under favourable conditions of pressure, and when the 
current had been allowed to grow slowly to a maximum, if 
the potential lead was removed from the battery for a few 
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seconds and then replaced, the current was smaller than 
before, and the glow had disappeared. If the potential was 
then increased by a few volts, the glow and large current 
would appear again, and could once more be made to 
disappear, and the process could be repeated up to the limit 
of the battery. This effect is similar to that observed with 
the glass tube (2). It seems that this “artificial dis- 
appearance ” is not a simple pressure effect, for though it is 
more easily produced at low pressures, it can also occur at 
pressures quite sufficient to show the ordinary ionization glow 
under ordinary conditions. OË course at low pressures thie 
glow is very faint, and might then appear to be absent, but 
other evidence supports the conclusion that the gas in the 
tube is in an abnormal condition. 

(a) The disappearance cannot occur without liquid air 
round the collecting-tube. Without it, a somewhat similar 
effect could sometimes be produced at very low pressures, 
but only up to about 47 volts. In this case the pressure was 
probably diminished by absorption into the walls, and became 
too low to maintain a glow at the lower voltages. With 
liquid air round the tube the glow would disappear easily at 
higher pressures and up to at least 80 volts. The experi- 
ments were not usually carried further, though it was possible 
at low pressures to carry it up to at least 180 volts on the 
grid ; the upper limit of disappearance was apparently higher 
the lower the pressure. 

(b) When the glow had disappeared, it could be regenerated 
by removing the liquid air from the collecting-tube, though 
this involved very little general pressure change. . 

(c) When the glow had disappeared at one voltage, and 
was regenerated at a higher, if the lead was put back in the 
first position, the glow would sometimes appear again, 
the next removal causing it to disappear once more, so that 
the first disappearance could not have been simply due toa 
fall of pressure. 

(d) If the characteristic curve for the tube (grid current/ 
grid voltage) was plotted when liquid air was not on the 
collecting-tube, the upward bend in the log curve due to 
ionization occurred at about 20-27 volts (the exact point 
depending on filament current, pressure, ete.) (fig. 64). If, 
however, the characteristic was plotted for the tube in the 
“ disappeared ”? condition, at the same order of pressure, the 
upward bend did not occur until the grid potential had a 
much higher value, such as 40, 50, or 60 volts, the position 
of the bend depending upon the potential at which the glow 
had been made to disappear (fig. 60). 
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Fig. 6a. 
Ordinary hydrogen. 
Quartz tube. 
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In general the bend occurs at a higher value for a higher 
appearing potential. Table V. gives the position of the 
ionization bend in a series of curves, and in each case the 
corresponding potential at which the glow appeared. The 


TABLE YV. 
Ionization break. 
Voits. Appearing Voltage. 
ol 63 
39 49 
n2 73 
54 — 
50 5T 
53 63 
48 55 
58 12 
49 55 
53 57 
59 80 
General order of pressure ...... "01-05 mm. 


average value for the upper limit lies between 48 and 54 volts ; 
there are two higher values at 58 and 59 volts, corresponding 
to high appearing voltages, but in both eases the pressure 
was low. It is impossible to say, from the curves already 
obtained, whether there is a definite upper limit to the 
voltage at which ionization takes place, since the position of 
the bend can be shifted through two or three volts by changes 
of pressure, filament current, etc. ; it would be necessary to 
perform experiments with a linear source of constant velocity 
electrons to establish this point. Table V., however, indicates 
that possibly there is such an upper linit. 

When the glow finally did appear, the currents were large : 
often about 180 milliamperes. Characteristic curves at the 
same order of pressure for the tube in the ordinary conditions, 
with or without liquid air near the filament, showed quite a 
different form of curve (fig.6c). Even at very low pressures, 
the potential at which ionization was detectable was much 
lower than that observed for the “ disappeared ” state. 

(e) The disappearance was much more easily obtained 
when the level of the liquid air was high round the collecting- 
tube, and when there was therefore a sharp temperature 
gradient near the filament. Also the current could be made 
to increase by pressing cotton-wool soaked in liquid air on 
to the outside of the main tube next to the upper end of 
the filament; this sometimes caused an increase of about 
10 milliamperes. The cooling was more effective the nearer 
the cold spot was to the filament. 

(f) Before disappearance the glow was much fainter over 
the liquid air than behind the filament. 
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(g) With this type of disappearaace the secondary glow 
was never seen. 

(h) The “ disappeared” state would persist for hours unless 
the liquid air was removed. 

(i) The characteristic curve showed the hysteresis effect 
in the region of the glow striking potential. 

(j) The difference between the currents before and after 
the disappearance of the glow was greater the greater the 
ionization ; for instance, a current of 100 milliamperes 
would drop to about 10 milliamperes. 

(2) Absorption of Gas.—Gas was absorbed into the walls 
of the tube even when there was no potential on the grid, 
but this was more marked the greater the ionization. 
A certain amount was restored on heating to red heat, and, 
when tested, behaved like ordinary hydrogen. The dis- 
crepancy between the amount disappeared and the amount 
restored was always greater with large ionization currents. 
The following table gives an example :— 


Taste VI, 
disa Pees ab Se Grid voa: merece ia 
255/87 up to 75 up to 459 
125/71 34 — 
67/59 32 30 
191/80 up to 80 200 


(3) Fluorescence of the Quartz.—After experiments in 
which an intense glow had been in the tube for some time, 
on switching off the filament the tube glowed with a whitish 
phosphorescence, and when heated gave out a bright green 
fluorescence, which was destroyed by heating to red heat 
and was only recovered by leaving the glow on again. It 
was an internal effect, and not due to the flame with which 
the tube was heated, as it also showed on the small quartz 
tubes covering the electrodes inside the main tube. A similar 
effect has been noted by other workers with quartz tubes, 
and has been shown by Ludlam and West * to be due to 
small impurities in the quartz, which absorb radiation from 
a glowing gas and show an accelerated phosphorescence on 
heating. It was probably strong ultraviolet radiation that 
was absorbed in this case; as far as could be seen with a 
direct-vision spectroscope, the spectrum of the fluorescent 
light was a continuous band in the green. 


* Ludlam and West, ‘ Nature,’ March 15, 1924. 
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(4) Return of Pressure.c—The return of pressure on 
switching off the filament (as with the glass tube (I1. 4)) was 
very marked in the quartz tube. It occurred with or without 
liquid air on the collecting-tube, and also, thongh to a less 
extent, when there was no “potential on the grid. 

The filament in the quartz tube burnt out, and was replaced 
bv another, arranged so thatit was just behind the collecting- 
tube instead of immediately over it. Though the results 
observed before were all reproduced, they were on a smaller 
seale, and the currents were not so large. lt was not so 
easv to vet the disappearing glow, and a lower pressure, of 
the order of -Ol mm., was necessary to observe it at the higher 
voltages, The green fluorescence was not visible, Ta by 
this time there was a considerable metallic deposit on the 

ralls. 

(a) Lfect of charging the Walls. —This deposit was examined, 
and was found to consist in part of a fine layer of tungsten, 
and in part of a flaky metallic deposit all round the tube just 
behind the grid. Ou analysis this proved to be chiefly nickel 
with perhaps just a trace of mereury. The grid must 
therefore have been sufliciently hot to drive out any occluded 
gas. Connexion was made to the deposit by inserting a 
stranded copper wire with a brush of wires at the end down 
the outlet tube ; the wire was bent so that the brush pressed 
against the upper wall of the main tube. The end of the 
wire was sealed in through a T-piece above the outlet tube. 
The deposit was very uniform, and formed an efhictent internal 
metulte coating. Experiments were then carried out to see 
how far the foregoing results were affected by a positive or 
negative potential on the walls. 

ta) The return of pressure was not affected by either 
earthing or putting a negative potential on the walls 5 it 
also occurred when the glow was in a “disappeared ” state. 
With a positive potential on the walls, it was shown up to a 
certain point when the nature of the dischar ve changed, and 
nearly all the current went to the walls; on switching off 
the Hlament then, the pressure either remained the same or 
decreased, 

(b) Curves were plotted showing the relation between 
grid current and wall potential, and current to the walls 
and wall potential, for constant orid potential (fig. 7a). 

With the grid above the ionizing potential, as would be 
expected, one curve is the mirror image of the other. Very 
little effect is observed on charging “the walls negatively ; 
both the grid and wall currents have practic: lly” constant 

Values, tlio latter negative A en es by interchanging the 
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grid and wall leads and reversing the connexions to the 
milliammeter). The negative current is obviously due to 
the accumulation of positive ions. The kink in the curve at 
0 volts shows the potential acquired by the insulated walls. 
When the walls are charged positively, with increasing 
charge they take more and more positive current from the 
grid. The potential on the insulated walls may be read off 
the curve by drawing a horizontal line from the point giving 
the current for insulation to the curve on the positive side, 
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Fig. 7b. Fig. 7e. 


and the point at which the curve cuts this line corresponds 
to a certain potential, which is also that of the insulated 
walls. The same type of curve was shown whcether liquid 
air was on or oft the collecting-tube. 

With the grid below the ionizing potential, the tube acts 
us a three-electrode valve. The curves are of the form 
shown in fig. 7b. The grid current gradually increases as 
the wall potential is increased from a negative value. With 
a positive potential on the walls, the grid current. approaches 
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a saturation value, but decreases again at about 19 volts, 
owing tothe production of positive ions. A second saturation 
is shown later ; the grid current is then negative, as positive 
ions are driven into it. 

The apparatus was arranged at one time so that the 
potential of the insulated walls could be read for increasing 
grid potential, Fig. 7e shows this relation. There is zero 
current to the walls till ionization takes place. The point 
where the curve breaks away from the line of zero current 
indicates the potential at which positive ions appear. A 
current of ‘OU1 milliampere could be detected by the 
milliammeter, and a sensitive galvanometer could be deflected 
by much less. With sufficient increase of grid potentia’, 
the current to the insulated walls and the potential of the 
walls reached constant values. When the vlow was bright 
and there was a large current to the grid, for instance about 

120 milliamperes, the potential of the jisulated walls was 
small, of the order of 2 or 3 volts ; when the grid current was 
small (4 or 5 milliamperes) the potential of the insulated walls 
was large (15, 20, or even on one oceasion 40 volts) ; the grid 
voltage in the latter case was 80 volts. The potential on the 
walls was increased hy putting liquid air on the collecting- 
tube. Just before the glow disappeared, the wall potential 
Fell slowly and then gave a jump to zero. 

(e) Barthing the walls or charging them negatively did 
a prevent the disappearing glow, nor did a positive charge 
up to a certain limit at which a very large proportion of the 
electrons went to the walls instead of the grid. TE the vlow 
was first made to disappear and a sufficient positive potential 
then put on the walls, it would reaspear, and on removing 
the lead from the walls, the grid current increased above its 
former value. 

(6) Spectroscopic Observations—Rough observations were 
made on the spectrum of intense glows. which accompanied 
large currents at low voltages; a Hilger spectroscope was 
used. The most prominent lines in the second: ary spectrum 
were those placed by Fulcher * in Group L. of his classitiea- 
tion—those which do not show the Zeeman effect. No 
photographs have vet been taken, 

(7) Liberated Gas.—TVhe products condensed in the 
collecting-tube by liquid air were again examined. The 
following methods were used : 

le) On sparking the iorra gas in the McLeod gauge, 
it decreased in volume. 


* Fulcher, Astrophys. Journ. xxxvii. p. 69 (1913 
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(b) On the examination of the glow spectrum of the 
liberated gas as it passed the filament, the momentary flash 
showed bright hydrogen lines and bands, and in the case of 
the glass tube strong carbon bands as well, but these were not 
noticeable in the quartz tube. 

(c) The gas was also investigated by means of the Pirani 
gauge *. An Osram lamp was sealed on to the aparatus near 
the main tube; the lamp filament formed one of four arms 
of a Wheatstone bridge. When gas was liberated from the 
collecting-tube, the resistance of the lamp filament altered, 
and the balance was regained by adjusting the total potential 
round the bridge. The temperature of the collecting-tube 
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was roughly determined by means of a direct-reading thermo- 
pile inserted in a tube of ether round the colleeting-tube, the 
whole being immersed in liquid air, The temperatare was 
plotted against the total potential round the bridge. When 
no gas was being given off, the curve had a slight upward slope, 
since the volume of the collecting-tube was comparable to 
the volume of the part of the apparatus into which the eas 
could expand. When gas was given off, the curve rose more 
steeply till all the particular gas had been given off : it then 


_ 


continued nearly horizontal till the next eas was liberated, 
The curves obtained with the glass tube were irregular, and 
showed that several gases were present. The curves for the 
quartz tube (fig. X) showed that certainly one, and possibly 


* General Electric Co., Proe. Phys. See. 1921, p. 257. 
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two, non-recondensible gases were present, besides a certain 
amount of mercury which could not be removed, and was 
recondensible in the upper liquid-air trap, as the fall at the 
end of the curve shows. The other product or products 
were given off between the temperature of —174° and — 140° 
centigrade. The exact temperature could not be determined, 
as the position of the thermopile varied, and only gave a 
rough approximation of the temperature of the collecting- 
tube ; also this form of gauge takes about a minute to settle 
for each reading, so that it is very difficult to get an accurate 
continuous series. Fig. 8 also shows the results of a control 
experiment in which “ordinary hydrogen in the collecting- 
tube was warmed up from the temperature of liquid air. 

(d) The characteristic curve for the liberated gas was 
plotted from readings taken in the quartz tube when there 
was an insulated rod electrode opposite the grid (see below). 
The curve (fig. 9) was very similar indeed to one taken for 
hydrogen at very much the same low pressure. 

(3) “Egect of extra Electrode. —V arious experiments were 
performed when the tube had this extra electrode. The 
main results noted were as follows :— 

(a) The currents were not nearly so large as had been 
observed in the tube before. 

(b) At no time was the secondary spectrum any more than 
faint ; the Balmer lines were always the most prominent. 

(c) The disappearing glow could not be produced except 
at very low pressure, when it is probable that there was not 
enough gas to maintain the ionization current. 

(d) The return of pressure with the tilament off was 
unaffected. 

(e) The characteristic curve was somewhat altered in form. 
It showed a sharp rise at about 18 volts, which was marked 
even ata pressure of *(003 mm.; with the tube in its former 
condition no noticeable rise could be seen at this order of 
pressure, 

(f) The hysteresis effect was well marked. 


SUMMARY OF RESULTS. 


(1) The evlindrical tube with open grid and no anode is 
favourable for the production of large. currents and glows 
showing intense secondary spectra ; these show a time-effect 
in their growth to a maximum, 

(2) With an optimum spacing of grid wires and in 
the presence of carbon vapour, the glow shows regular 
oscillations. 
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(3) In the presence of carbon vapour, a very large propor- 
tion of the hydrogen present can be made to condense at a 
temperature of liquid air. If carbon is eliminated as far as 
possible by using a quartz tube ete., a small but definite 
amount of the hydrogen still condenses, either by itself or in 
the form of a compound. The liberated gas is non-recon- 
densible and behaves like ordinary hydrogen. 

(4) When there is a sharp fall of temperature close to the 
filament, by suitable treatment the gas in the tube may be 
brought to a condition where there is no detectable ionization, 
even “though the grid potential is above the ionizing potential 
of hydrogen. This condition is stable for at least an hour, 
probably Ton ger. The gas may be brought back to the ionized 
condition by removing the liquid air or "by giving a sufficient 
positive charge to the walls of the tube. 

(5) When the filament is bright, hydrogen is absorbed by 
the walls whether there isa potential on the grid or not, 
though more is absorbed in the first case. The absorption 
also occurs whether the walls are earthed, charged positively 
or negatively. Only part of the gas is liberated on heating 
the walls to red heat. 

(6) When the walls are insulated they acquire a consider- 
able positive charge, which is greater for small grid currents 
and less for large grid currents. 

(7) On heating the filament there is a decrease in pressure, 
but there is a certain return of pressure on switching off the 
filament and allowing the tube to stand for about half-a- 
minute. This effect is independent of the charge on the walls, 
the potential on the grid, and the presence of another 
insulated electrode ; provided the nature of the discharge does 
not change, the magnitude of the effect is in general greater 
for greater ionization. 

(8) The insertion of an insulated-rod electrode opposite the 
grid modifies the characteristic curves, reduces the currents, 
and prevents the occurrence of the disappearing glow. It 
also intensifies the Balmer lines in comparison with the 
secondary spectrum. 


Discussion OF RESULTS. 
(1) Return of Pressure. 


The pressure changes described in paragraphs IT. 4, ITI. 4, 
and III. 5a seem to be chiefly an effect due to the filament, 
since they occur when the grid potential is not on. The 
pressure is smaller when the filament is glowing than when it 
is cold, and this probably indicates absorption of gas by the 
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hot filament with subsequent re-emission when the filament 
current is cut off. This may be associated with the fall of 
current from the initial value observed when the filament is 
switched on, if there is a sufticient potential on the grid to make 
a considerable quantity of positive ions. There is at first a 
definite decrease of current from the initial value, independent 
of any subsequent growth; the fall-back can be reproduced 
after allowing the tube to stand for a short time with the 
filament off. 

It appears likely that this is due to the formation of an 
endothermic compound of hydrogen and tungsten which 
depresses the emission of the filament. Such a compound 
might be quite stable at 2500° K. and extremely unstable at 
ordinary temperatures. Langmuir® states that all the atomic 
and 65 per cent. of the molecular hydrogen which strikes a 
heated tungsten filament is absorbed by it, and that further 
dissociation of the hydrogen takes place within the filament. 
The increase of pressure occurs more readily when there has 
been a positive potential on the grid sufficient to ionize the 
hydrogen, so that probably hydrogen ions (Ht or H,t) 
combine with tungsten more readily than neutral hydrogen 
molecules. The electric field in the tube will cause the 
filament to be bombarded by positiveions. The ouly condition 
so far observed under which the return of pressure does not 
occur, is when there isa large positive potential (considerably? 
larger than the grid potential) on the walls of the tube. In 
this case the grid current has either a negative ora very small 
positive value, which indicates that positive ions are being 
driven into it. Normally the field in the tube drives the 
positive ions into the filament, but under these conditions, 
since the grid has a much larger surface area and is at a con- 
siderably lower potential than the walls, it probably eollects 
most of the positive ions and acts asa screen to the filament. 
Calculation of the mean free path in hydrogen sl owed that 
it was of the order of the distance between the filament and 
grid (about 1:5 mm.) at a pressure of about ‘08 mm. The 
mean free path of an electron is certainly greater; and as the 
experiments were generally carried out at a pressure less 
than OS mm., the grid would effectively screen the filament 
from most of the positive ions formed. 


(2) Nature of the liberated (ras. 
In the glass tube there can be little doubt that the gas 


released when the liquid air is removed from the collecting- 
tube consists largely of compounds containing carbon and 


* Langmuir, Journ. Amer. Chem. Soc. xxxvii. p. £51 (1915). 
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hydrogen. This is shown by (a) the presence of strong 
carbon-monoxide bands along with hydrogen lines in the 
spectrum of the gas ; (b) the large, but irregular, increase in 
volume when the gas is sparked. It seems probable that 
hydrocarbons would be formed by the action of hydrogen ions 
on carbon compounds from the glass, and it is known that 
such compounds as ethane are decomposed by an electric 
discharge. 

The curve obtained with the Pirani gauge shows thata 
number of different substances are present in the collecting- 
tube, and that these substances evaporate one by one as the 
tube is allowed to warm up after the liquid air is removed. 

In the quartz tube it is unlikely that carbon compounds 
can exist in appreciable quantities after the tube has been in 
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use for some time. The quartz was heated red hot bya Llow- 
pipe each morning before experiments were started, and the 
liberated gas was pumped out by a Gaede pump and by 
charcoal and liquid air. The electrodes constituted the only 
other available source of carbon, and these were always at a 
high temperature when the tube was in use, the grid being 
kept at red heat bv electron bombardment. Any carbon 
originally present would probably disappear in a few hours 
under these conditions. 

The spectrum of the gas liberated from the quartz tube 
showed only hydrogen lines aud bands, though this by itself 
cannot be taken as a proof of the absence of carbon. The 
characteristic curve of the liberated gas closely resemhied 
that obtained under similar conditions with hydrogen at iow 
pressure (fig. 9). Also the liberated gas, like hydrogen in 
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control experiments, showed a diminution in volume when 
sparked in a quartz capillary tube, whereas hydrocarbons 
give a large increase in volume. The Pirani gauge experi- 
ments showed that the gas in the collecting-tube came off 
when the temperature was between — 174° C. and —140° C; 
and was non-recondensible in liquid air. It therefore seems 
very probable that the liberated gas is hydrogen, and three 
possible hypotheses suggest themselves :— 

(a) That hydrogen in the atomie state is absorbed by the 
walls of the collecting- -tube. This would correspond to 
Lanemuir’s * NR gas. 

(b) That a condensed .form of hydrogen, such as Hg, is 
present in the collecting-tube, stable at the temperature of 
liquid air, but dissociating at higher temperatures. 

(e) That active hydrogen formsa compound with me:cury, 
nickel, or tungsten, and that this compound is unstable 
except at very low temperatures. 

The fact that the gas is non-recondensible is satisfied by all 
three possibilities. 

The first hvpothesis does not seem consistent with the form 
of the Pirani gauge curves. If the gas was absorbed by the 
walls of the collecting-tube, the amount absorbed would be 
greater the lower the temperature. Some gas would be given 
off directly the liquid air was removed, and the curve would 
immediately show an upward slope ; whereas the initial part 
of the curve is nearly horizontal, and the spot of light on the 

galvanometer scale was practically steady until the thermo- 
pile, which was inserted next to the coldest part of the 
collecting-tube, read about — 170° ©. The spot of light then 
moved on the ele. and the curve took a definite “upward 
bend. On either of the other two hypotheses, the liberation 
of the gas on removal of the liquid air is a dissociation, and not 
simple « evaporation, The glow spectrum of the liberated gas, 
obtained as it passed the filament, showed at first marked 
hydrogen secondary lines and bands; these gradually faded 
away, Teavi ing the Balmer lines most prominent. This change 
may have been simply due to lowering of pressure as the gas 
diffused into the other parts of the apparatus, but it is unlikely 
that atomic hydrogen would show a marked secondary 
spectrum = immedi: itely on liberation into a practicallv 
evacuated tube. Also the pressure during the experiments 
was higher than that (‘001-01 mm.) at which Lanemuir 
found that the atomic form of hydrogen (NR gas) was 
present in large quantities near a clowing filament, so that 
these conclusions are not necessarily in conflict with his. 


* Langmnir, Journ. Amer. Chem. Soe. xxxiv. p. 860 (1912). 
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It does not seem possible to differentiate between hypo- 
theses (b) and (c) without further data. 


(3) The disappearing Glow. 


Any theory of the disappearing glow must account for 
(a) the necessity of having liquid air close to the filament ; 
(L) the step-up process; (c) the marked difference in the 
potential at which ionization appears in ordinary hydrogen, 
and in hydrogen in which the glow has been made to 
disappear ; (d) the time factor. 

The gradual hardening-up of the tube during the discharge 
is not capable of accounting for (a) or (e), since ordinary 
hydrogen at approximately the same pressure behaves 
normally (fig. oa). The discrepancy between the two 
voltages at which ionization takes place in the two cases 
is mach too great to be accounted for by changes of pressure, 
filament current, ete. The ionization potential observed 
in the ordinary case is probably the critical potential that 
exists at about 16 volts, since the fall of potential down the 
filament was from 4 to 6 volts. The corrected potential at 
which the abnormal gas is ionized would be roughly between 
42 and 51 volts. Smyth * has deduced from his experiments 
that under certain conditions H,*+ is formed at 16°5 volts 
and is not accompanied by disssociation. Horton and Daviest 
also assign a critical potential at 15:9 volts to the molecule, 
thoneh Olmstead { considers that the molecule is dissoci- 
ated and one atom ionized at this point. It seems, 
however, quite certain that we are here dealing chiefly with 
a molecular action. The growth of the glow is accompanied 
by a gradual intensification of the secondary spectrum. 
Other workers have found similar phenomena at liquid-air 
temperatures, and all ascribed it to some kind of molecular 
action §. 

The change in the form of the characteristic on inserting 
a third insulated electrode shows that the latter modities the 
dV 
z- =0 nearer 


dx 
the filament, thereby reducing the negative space-charge ; 
with the tube in this condition it was impossible to obtain 
the large currents and disappearing glow. 


fieid in the tube and shifts the region where 


* Smyth, Proc. Roy. Soc. cv. pp. 116-128 (1924). 

+ Horton & Davies, Phil. Mag. Nov. 1923. 

t Olmstead, Phys. Rev. p. 613 (1922). 

§ Wendt & Landauer, Journ. Amer. Chem. Soc. xliv. p. 510 (1922) ; 
Lemon, Astrophys. Journ. xxxv. p. 109 (1912). 
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We have therefore, as essentials for the production of the 
abnormal condition, (a) the presence of liquid air near the 
filament, (b) a very dense electron stream resulting in a 
large negative space-charge, (c) a considerable time factor. 

These conditions result in the growth of very large 
currents, sufficient to maintain the grid at red heat and 
to cause a large amount of nickel to sputter on the walls, 
and the gradual intensification of the secondary spectrum, 
especially the Fulcher Group I. bands. This slate must first 
be acquired at a low potential, but may be observed at 
a high potential by a step-up process; it does not occur 
if the high potential is applied in the tirst place. 

We put forward the following tentative explanation :— 

The conditions seem favourable for the formation of some 
substance with a large molecule, such as either H} or a 
compound of hydrogen with mercury, nickel, or tungsten, or 
thev may all be formed. The very dense clectron stream 
would increase the chances of production of negative atoms or 
molecules, and the presence of these would probably favour 
the formation of such compounds. The gradual grow ‘th of the 
current and the time-effect involved indicate that the chief 
action of the liquid air is to slow down the heavy positive ions 
which tend to collect near the filament and in some way form 
larger neutral molecules by combination with negative ions, 
the | process of accumulation taking a considerable time. This 
will reduce the partial pressure of H, so that when the grid 
potential is momentarily disconnected and then put on again, 
the glow is unable to start up until the potential has been 
raised afew volts. The heavy neutral molecules continue to 
accumulate, and the partial pressure is again reduced. In 
this way the appearing voltage of the glow is gradually 
stepped up, until the accumulation is very considerable. 
This idea of the gradual reduction of the partial pressure of 
H, is supported by the fact, frequently observed, that when 
the glow has been on for some time in the quartz tube, the 
portion of the glow over the liquid air just in front of the 
grid is definitely fainter than the part at the back of 
the tube behind the electrodes. When the step-up process 
has been accomplished, the gas is then in the curious con- 
dition in which the characteristics show no evidence of 
ionization below 42-51 volts. 

It seems that there are two possible explanations of the 
high ionizing potential :— 

(a) The substance which accumulates is a neutral molecule 
which posseses considerable stability, and the upper limit of 
the values found for the high ionizing potential represents 
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the voltage required to decompose it, when the partial 
pressure of H, is too low to produce an appreciable number 
of positive ions at a lower voltage. 

(b) In some way the emission of the filament is depressed, 
either by increasing the negative space-charge or by action 
on the filament itself, and that to overcome this condition, 
electrons of much higher velocity are required. It appears 
that the only way of increasing the negative space-charge 
would be by the aceumalation of a large number of nega- 
tively-charged molecules or atoms which are known to be 
sometimes present in hydrogen subjected to discharges of 

various kinds *. However, “the abnormal condition is not 
destroved by switching off the filament ; so that it does not 
seem likely that this “hy pothesis is the right one. It also 
seems improbable that the emission of the filament can be 
seriously impaired by chemical action, since there are enough 
electrons emitted to give éoisidetilie grid currents, up to 30 
milliamperes, before ‘there is any detectable ionization, when 
the tube is in the abnormal state. We therefore conclude 
that (a) is the more likely explanation. 

It remains to decide whether the larve neutral molecule is 
an aggrevate of hydrogen, such as H}. or a compound of 
hydrogen with one of the metals present — nickel, mereury, or 
tungsten. 

The abnormally large currents are similar to those obtained 
by Compton and Duffendack t in their experiments on 
nitrogen. They found a very active form of nitrogen at 70 
volts or more; this condition was accompanied by a large 
clean-up and by very big currents up to 4 amperes, which 
caused the appearance of globules of nickel ; the electrodes 
finally fused. They suggest the possibility that nickel is al 
catalytic agent in an “action of this sort. Ganger t finds 
indication of the existence of a nickel- hydrogen complex by 
observation of the critical potentials of hydroge m in the 
presence of nickel, and so acconnts for the catalytic influence 
of nickel in the chemical reactions of hydrogen, 

Compton and Turner § have found spectroscopic evidence 
of the existence of a mercury hydride in a discharge-tube 
containing mereary and hydrogen. 

It seems most probable that the gas which colleets in the 
liquid air is to be identified with some kind of hydrogen-metal 


* J. J. Thomson, ‘Ravs of Positive Electricity’; Foote & Mohler, 
Bureau of Standards, 400, p. 669, vol. xvi. 

t Compton & Duaffendack, Phys. Rev. May 1924, p. 85. 

t Ganger, Journ. Amer. Chem, Soc. March 1924. 

§ Compton & Turner, Phil. Mav, August 1924. 
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compound, and is stable at low temperatures, but dissociates 
spontaneously when the temperature is raised, for the vas 
which is liberated appears to be ordinary hydrogen. It is 
not likely that an unstable compound oi this description 
would show the definite ionization effects seen in the tube ; 
also gas is condensed in the collecting-tube in the absence of 
the disappearing glow effect. It therefore seems reasonabie 
to conclude that several actions occur in the tube simul- 
taneously : 

(4) ET acts on the filament to form an endothermic 
so with tungsten, stable at high temperatures. 
(Return of pressure.) 

(>) The conditions favour the production of negative ions, 
which combine with 

(1) one or several of the metals present, to form a 
compound or compounds stable at liquid-air temperature 
but unstable at ordinary temperatures (possibly identical 
with (a)) ; 

(2) positive hydrogen ions, to form a large hydrogen 
molecule such as H,. which is not ionized until the grid 
potential reaches a value between 42 and SL volts. On ‘this 
view. H} must be considerably stable under these conditions, 
and must be more difficult to ionize than Ha. This is 
surprising, but is in aecordance with the deductions of 
H. S. Allen * from his static models of H, and H}. Ie 
calculates that a potential of 46 volts would be necessary for 
the complete disintegration of a molecule of H}. Smyth t, 
in his recent work on positive rays, has found idee certain 
conditions a preponderance of H.7~ ions, and at the same time 
distinct evidence of a considerable number of H.+ ions. 


(4) Oscillations. 


Tt does not seem possible at present to find a satisfactory 
explanation of the oscillations with only the results we have 
so far obtained ; further investigations are necessary. It is 

certain that large quantities of carbon compounds are in the 
oscillating- tube, since they show their presence in the other 
glass tube by their condensation in liquid air and decom- 
position by a high voltage, giving an increase in gas-pressure 
(Table III.). The slow oscillation at low voltage would 
suggest chat it was due to the periodic fomai. and de- 
Com: position of such substances, but it is difficult to reconcile 
this hypothesis with the very rapid oscillations at high 


* II S. Allen, Proc. Rov. Soe. Edin. xlii. No. 13 (1922-23), 
t H. D. Sinyth, ‘t Nature, July 26th, 1924. 
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voltage. The latter suggest some kind of oscillation due to 
the fall of potential bstween the grid and filament as a result 
of the large current, but again it is dithcult to apply such a 
hy pothesis to a slow oscillation with a period of several 
minutes, when the glow is already present. It seems 
necessary to investigate more fully the conditions for the 
production of these oscillations, and why they were only 
produced with one set of electrodes. We shall be glad if 
other investigators can throw light on their mechanism. 
Cavendish Laboratory, 
Cambridze, 


August 1924. 


ACV. On the Coeficient of Performance of Refrigerating 
Machines employing Throttle Ewpansion, By ALFRED 
W. Porter, D.Sc, PRS, Fst. P., Professor of Physics 
in the University of London * 


HEN comparison is made between two cases of 

mechanical refrigeration in one of which the cooling 

is produced by cylinder expansion and in the other by throttle 

expansion but in which all else is the same in both, the co- 

ethcient of performance is less in the throttle case than in the 
other for two reasons: 


More work is required to keep the fluid in circulation. 
Less heat can be removed from the cold stores. 


This can be explained by aid of pressure-volume and 
temperature-entropy diagrams. 

Sketch diagrams are shown in figs. Land 2. The points in 
fiz. 2 which correspond to points in fig. l are marked with 
accented letters. 

When cylinder expansion is used the refrigeration per 


DA 


eyele is S x latent heatat Te or D'A'x T, where 1)’ is 
vertically below C’; while the work required for circulation 
Is area DABC or D'A'BIC'. 

ilence the coefficient of performance is 


Area D'A B'O’ 
If, however, expansion through a throttle takes place at 


# Communicated by the Author. 
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C the state after expansion is indicated by a point H' (or H) 
where H’ and H are to the right of D' and D, since the 
entropy increases in the expansion, although the change is 


Fig. 1.—Pressure-volume diagram. 


aliabatic, by an amount calculable from the frictional heat 
in the throttle. The refrigeration per cycle is now only 


HA 


KE X Jatent heat at T, 


or H'A’ x T}. 
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It is not quite so obvious how the work of circulation is 
increased, but an examination of the heat entry round the 
evcle will make it clear. 

Let the heat given out to the condenser in each case be H, 
while the refrigeration is Hin the cylinder case and H,’ 
when the throtile is used. Then by applving the law of the 
conservation of energy to the complete eyele we have, since 


the paths AB and CD or CH are adiabatic 
'ylinder case: W = work of circulation = H, — H}. 
Throttle case: W= „ >» j H, — Hy. 
jut Hy being less than Hs it follows that W’ is greater 


than W by an equal amount. If this excess W'—W =w (say) 
we have 


Cylinder case. Throttle case. 


i x , H., H, — w 
Coeff. of performance W Wace" 


Thus it appears that w plays a two-fold function detrimental! 
to effectiveness. 
Calculation of w. 


The principal part of this note is concerned with the exact 
calculation of w. It is usually stated that the point H’ can 
be determined by making D'H'x T, equal to the approxi- 
mately triangular area H'C'D!" In a contribution whieh I 
made to Hal Williams’ ¢ Mechanical Refrigeration” ( Whit- 
taker & Co., 1903) I indicated that this is not correct and may 
only give about balf the true value of the correcting term e. 
No prooť was given of this and I now supply this proof. 
The characteristie of adiabatic throttle expansion is that 
H+ pris the same before and after the expansion, where E is 
the internal energy, p the pressure, and v the specific volume. 
Tho external work done in the expansion is therefore 
PWa— pwi In the evlinder case, the external work is repre- 
sented by the area underlying the path traversed on the pr 
diagram. Hence 
External work. 


Cylinder CDHNM 
Throttle 0.0 pote piri = P:-HNO -P,CMO. 
The ditference w equals 
CDHNM+P,CMO+ONHIP,. =P, CDP.. 


Now this is greater than ECD (the value usually taken) by 
hie area PC “EP >» Hence to determine the point H, on the 
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entropy diagram we must make D'H' x T,= area P,CDP, on 
the p—v diagram. This area is bounded on one side by the 
cylinder adiabatic CD. To avoid calculating the form of 
such an adiabatic the area can be represented us 


P,CEP,+ CDE. 


But CDE =C'D'E' because both these areas correspond to 
the work done in the same possible reversible cvele. But 
the path C’D’ on the entropy diagram is vertical and conse- 
quently the point D’ is easily determined. 

The area P,CEP, must however be obtained froma p,e 
chart. Using Behn’s values for the border curve of carbon 
dioxide I obtain the following values for the area, reckoning 
from 0° F. as origin. The values are given both in British 
and in C.G.S. units. 


Area P,CEP,. 


Temp. F. 2 = Temp. C. ee 
70 1:85 20 93 
60 1-48 15 ‘81 
5O 119 10 ‘67 
40 87 5 2 
32 “GD 0 "BD 
30 ‘61 -5 22 
20 "36 —10 "12 
10 15 =e bk 
0 U — 20 0 


The area P CEP, corresponding to any particular range 
of temperature is obtained from the above by taking the 
difference of the values for the extreme temperatures. For 


example :— 
Condenser temp. ... ie = Area =1:85 —-075 
Refrigerator ,, ... 5°F. = 1-775 B.T.U. per lb. 


Condenser temp. ... ae es Aes eGeacge 
Refrigerator ,, © — 15°C. =0:92 gr.cal. per gr. 


To the value calculated in this way must be added the 
thermal equivalent of the area U'D'E’ which is the area 
usually taken into account. From the temperature-entropy 
chart of Jenkins and Pye (Trans. Roy. Soc. Lond. A, 215. 
p. 361) this can be calculated with sufticient accuracy for any 
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fall of temperature lying between + 20°C. and — 20°C. (or 
+ 70° F. and 0° F.) by the following simple formule : 


in cal. per gram ... *00106 (fall of temp. C.F. 
Ar CDE Y por g p 
ii in B.T.U. per lb. . *00059 (fall of temp. F.)?. 
Example: 
Condenser temp. 70°F. Refrigerator temp. 5° F. 


Area P,CEP, ...... 1-775 B.T.U. per Ib. 
Area C'D'E' ...... a th a ss 
Total a0? - cxoccttessinn 4°268 
Cylinder coefficient of performance sees =7'15, 
H, 53 n, 
or W = T41 = í 15, 


as read off an entropy chart. 

In the case of throttle expansion we have instead 
Hy—w 58-497 _ 
Ww 7414427 

The usual calculation would give 5'1 instead, that is 
21 per cent. in excess of the true value. 


coeff. of performance = 42. 


— S Fi <a Six oe 


XCVI. Quantum Defect and Atomic Number.—IT. The 
Ionizing Potentials of the Rare Gases and of the Haloyen 
Acids. By Louis A. Turser, M.A., Ph.D., Charlotte 
Elizabeth Procter Fellow in Physics, Princeton University *. 


T v is the value of a spectroscopic term, the quantity x 

defined by the equation v= R/z?, where R is the Rydberg 
constant, is called the effective quantum number, by analogy 
with Bohr’s theory of the hydrogen atom. If n be the total 
quantum number of the electron orbit corresponding to the 
term, the difference n—z=q is defined as the quantum 
defect. 

In a previous paper t I have shown that the asymptotic 
valne of this quantum defect, which it approaches for the 
smaller term values of a series of terms, is a linear function 
of the atomic number for corresponding series of elements of 
the same chemical sub-group, provided that the quantum 


* Communicated by the Author. 
t Louis A, Turner, Phil. Mag. xlviii. p. 384 (1924). 
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numbers assigned by Bohr be inereased for elements of high 
atomic number. An approximate relationship of the same 
sort holds for the quantum defects computed from the largest 
terms of the series, since these do not differ greatly from the 
asymptotic value and the deviation is usually in the same 
direction. These largest term values are the ones, however, 
which are proportional to the ionizing potentials of tho 
elements considered, The value of x, the ettective quantum 
number for the largest term, can be computed from the 
relation V;=13°53/0?, V; being the ionizing potential, and 
13°53 being the value of the Rydberg constant expressed in 
volts, i.e. the ionizing potential of the hydrogen atom. 
Recent measurements of the ionizing potentials of the rare 
gases by Hertz * and Dejardin ł present the opportunity for 
a further test of the linear relation between the quantum 
defects. Their results for the ionizing potentials are piven 


in Table I. 


Tage I. 
Ionizing Potentials. 
Hertz. Déjardin. 
N Gorisse 2913+012 
ÅP. 1533+012 1524+02 
E P 127 +02 
Xe... ous 10°9+0°2 


The values of x and g computed from these data are given 
In Table II. Bohrs quantum numbers are used for Ne and 
Ar, but that for Kr has been increased by 1 and that for Xe 
by 2, in accord with the changes made in the quantum 
numbers for the neighbouring ‘elements, discussed in the 
previous paper. 


Taste IT, 


Element. At. No. V. T. n q. 
Neo ...... 10 21°5+0°12 0:792 + 0:003 2 1-208 +0003 
År aeeoe . 18 1152+02 094240006 3 — 2058+006 
KE oies 36 12702 1:050 +0009 5 DOTU OCOY 
Xo naei 54 10:9 +02 1:111 +0010 7 5:899 +0010 


These values of q are plotted in the diagram, the line AA’ 
being drawn through them. It has the slope 1:065. The 
corresponding line ohinine d from the asvmptotic values of the 
quantum defect of the series of the alkali metals has the slope 
1068. A point corresponding to the ionizing potential of 


G. Hertz, Zeit. f. Lhuys. xviii. p- ROT (Pea), 
t G. Dejardin, Co A. elxxviii p. 1069 (1921). 
3X2 
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helinm does not lie on the line, as would be expected. By 
extrapolation the ionizing potential of Nt of atomic number 
86 can be predicted. The quantum defect predicted is 
9°30 +0°02, which corresponds to an ionizing potential of 
27°5+1°5 volts if the quantum number is taken to be 10 in 
agreement with the quantum number of 11 found to be best 
for the valence electron of Ra. IF the quantum number for 
Nt is taken to be 1L the ionizing potential predicted is 
4°66+0°11 volts. An experimental determination of this 


quantity is greatly to be desired. It would show whether or 
not this great extrapolation of the linear relation 13 valid. 
Radiating potentials for these elements have been deter- 

mined by Hertz * and Sponer f. The difference between the 
ionizing potential and a radiating potential of an element 
gives the value in volts of the spectroscopic term corre- 
sponding to the upper level involved in the radiating potential 
transfer. I have tried to find relations between the quantum 
defects calculated for these higher levels, but without success. 
Apparently the transitions are not entirely analogous for all 
these atoms. It should be noted that experimental errors 
would introduce very large relative discrepancies in these 

* G. Hertz, loc. cit. 

Tt H. Sponer, Zeit. f. Phys. xviii. p. 249 (1923). 
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term values hecause of the relatively small differences 
between the radiating and ionizing potentials. 

Deéjardin has also determined the critical potential for the 
appearance of the blue spectrum of Ar, and for the analogous 
phenomena with Kr and Xe. He attributes the production 
of these spectra to the double ionization of the atoms. I£ 
that hypothesis be correct, the difference between this second 
critical potential and the ionizing potential of the atom gives 
the ionizing potential corresponding to the removal of the 
second electron after the first has already been removed. 
Table ITI. gives the data and the quantum defects computed 
from them. In this computation a value of the Rydberg 
constant four times that for neutral atoms has been used. 


Taste III. 
Second Second 
Element. critical s z. n. q. 
potential. t 
År aana 34°U+U'5 18:8+0:5 1:691 +0020 3 1:309 + 0:020 
Kr a 2832+05 15:5 +0°5 1:866 +0:030 5 3°134+0°030 
Xe ...... 24:2+0°3 13'3+0°5 2041+ 0-046 7 4936 +0° 0416 


These data are plotted in the figure, the line BB’ being drawn 
through the points. The slope of the line BB’ is slightly less 
than that of AA’. It comes much further below AA’ than 
was the case with similar pairs of lines from the spectrum 
data discussed in the previous paper. 

By extrapolation the second ionizing potential of Ne is 
predicted to be 23:7 + 1*2 volts, and the potential for double 
ionization or appearance of a second spectrum 45:2 + 12 volts. 
Deéjardin points out that this second critical potential is 
within experimental error equal to 2°22 times the first 
ionizing potential for Ar, Kr, and Xe. Using that relation, 
one can predict a value of 47°7+0°5 for Ne. Experiment 
will have to decide whether either of these predicted values 
is correct. 

C. A. Mackay * has recently determined values of the 
ionizing potentials of the halogen acid molecules HCl, HBr, 
and HI. His data and the quantum defects computed from 
them are given in Table IV. 


Taske LV. 


Atomic 
Molecule. No. V;. r. n. q. 
HEOL... 17 158 +02 0:959 +0008 3 2:011 + 0:008 
Hr... 35 «1B2+02  Loloteos 5 3-990 £0008 
HI ... 5.5 128 +02 1:027 -+ 0UUS 7 5-973 +0: 008 


* C. A. Mackay, Phil, Mag. xlvi. p. 828 (1923). 
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The quantum numbers are the same as those used for the 
corresponding rare gasese The values of qare plotted in the 
figure and the line CU’ drawn through the points. The fact 
that the line lies so close to the line AA” for the noble gases 
may bə taken to be one more bit of evidence favouring the 
hypothesis that the ionization of one of these molecules 
consists in the removal of one of the electrons of the halogen 
atom rather than the splitting up of the molecule into a 
positive H ion and a negative halogen ion. By extrapolation 
the ionizing potential of HF is computed to be 17:9+0:5 


volts. 
Summary. 


Tt is shown that there is a linear relation between the 
atomic number and the quantum defects computed from the 
ionizing potentials of the rare gases, from the second ionizing 
potentials of the rare gases, and from the ionizing potentials 
vf the hydrogen halide molecules. 

The following critical potentials are predicted on the basis 
af these relations : ionizing potential of Nt, 27:5 +1°5 volts 
appearance of a “blue” spectrum of Ne, 45°2+ 12 volts 
ionizing potential of HF, 17°940°5 volts. 

Palmer Physical Laboratory, 


Princeton, New Jersey, U.S.A, 
May 25, 1924. 


we oe 


ACWIHT. The Effectof a Hole ina Bent Plate. By W.G. 
Bick Ley, M.Se., Lecturer in Mathematics, Battersea 
Polytechnic g 

1. 
i a recent paper t the effect of a circular hole in a tension 
member on the distribution of stress is studied experi- 
mentally, and it is found that the stresses are considerably 
enhanced (to about three times the average) at points on the 
boundary of the hole. In an appendix, a mathematical 

Investigation, limited to the case of an infinitely wide plate, 

is given, and ‘the « experimental results are in close agreement 

with this, notwithstanding the use of members of finite width. 

It occurred to the author that a corres ponding mathematical 

investigation of the stresses near a hole in a bent plate might 

also be of some importance as similarly enhanced values of 
the stresses are to be expected, and some indication of their 
amount would be obtained. The present paper contains the 
results of this investigation. 

* Communicated by the Author. 


t Coker, Chakko, and Satake, Trans. Inst. of Engineers and Ship- 
builders in "Scotland, 1919. 
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Referred to polar coordinates, r, 0, in the plane of the 
plate, and denoting by z the distance from the central 
surface, the equations for the stresses, i in terms of w, the 
displacement of the central surface, are * 


V2w=0, .. eee ON 


ee = rf rol! “i om) $ 


= (ey: NG ue ra a)y | (2.21) 
ae re ee | 


OO oe 9 on aoe 
= (12— say 2) 2 a w, (2.22) 
p—_ Bz ò 1 ð 
Eao D 
2 —o 1 ð 
-H (e-e) aY Jw, . (2.23) 
~ R: 
a a i ST’ De as a aa aa a a (2.24) 
om _ E-l 3 os : 
25 yj 2 ap Os S 6. Ra: oe 1029) 
N=-D 2 (9%), ke ke RE a w 3D 
G=-—DV*w 
1 ð? 2) 8+o _ 
+ D(L=0)( 5 Se + | -Ð Ca aes vy? w), 
(2.32) 
8+0- 
eniai Slot wae eve). . (2.33) 
where E = Young’s Modulus, | 


o = Poisson’s ratio, 
2h = thickness of plate, 
D = 2bh7/3(1—o"). 
è Love, ‘ Mathematical Theory of Elasticity, 3rd ed., p. 479. 
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These formulz assume that the plate is bent to a state of 
“ generalized plane stress,” i.e. that 2z vanishes everywhere, 


and that 73 and 8z vanish at the surface,z=+h. They are 
not sufficiently general to ensure that the cylindrical 
boundary is entirely free from stress; but these residual 
stresses are small, and it is possible to obtain a solution 
which makes the resultant force and couple on any small 
element of the boundary, standing on an are 60, vanish. To 
secure this, the boundary conditions are 


G=0, 
_ldH_,f - + +: > (2.4) 
r dd 


If the plate is complete, and bent so that the curvature of 
the z axis is k, the y axis will, in the absence of any bending 
couple in the yz plane, have an “anticlastic ” curvature of. 
(x and y are rectangular courdinates.) We shall then have 
for w the formula 

w= }k(r?— 0y? 

1 : y`) , (2.5) 
= thr} (1—0) + (142) cos 20}, ] 
and then 

av=—kEz, gy=0=.y, 

so that the maximum tensile or compressive stress is FER. 
The contonr lines ot the bent middle surface given by (2.5) 
are a family of hyperbolas with the common asymptotes 
t= + Voy. 

We may also consider the case of a plate bent into a 
cylinder of curvature k, in which case 

wy =the? =} kr (1 +cos 20). . . . (2.51) 
This necessitates a couple in the yz plane as well as in the 
«xz plane. Both cases may be included in the formula 


` w =}kP (a+ B cos 20). . . . . (2.52) 


3. 


Denoting the radius of the hole by a, we have a solution of 
2.1 which tends to 2.52 when r is large, 


W =U, + We 
4 
=}k | ai? + Au*, log rja + cos 28 (a0 + Ca?+F ~) 
D r* 
kow @ & al) 
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from which we derive, by equations 2.3 ... 


a? f 
G=-#D|4(1—0)-(1—0)A $; “ + cos 20.) 28(L—0) 


ù 
2 
—10(0%, + 2040) <P) +6F(1-0)%) clean 
dH cos 26 
N- =p E [480 —0) 
, (8+0) Pa? 
-104 3—0) —= -` — — \— 1270 (1—0 
(3—a) 5 zp ai 
; nes 
The identical vanishing of these when r=a leads to :— 
92(1—c) —(l—o)A=0, q 
28(1—c) | 
3(8 n h? 
-4C f ot e at 6F(1—0)=0, | 
T nee X, (3.31) 
48(L—a) | 


—4C { (3-2) 5 ee te eade 


Solving these, we obtain :— 


A= 2a(l + a). C= 28(1—2), ) 
l—o 3ro 
r= 80-0) : 4B(8 +0) 1? pa Ao?) 
3+o 5ta) a?’ 
Thus the displacement due to the hole is :— 
Dx 
wWo= Ak | ~ (l+o) a?. log r/a + { 2B(1—- 9) 2 
l—o = 3+ 


Bil—oa) at 48 8+) hka 


9 
3+¢6 7 Bro) * e 20 |. k eet) 

Some concern may be felt upon noticing that this makes 
w infinite at infinity ; but a moment’s reflexion will show 
that our formula also makes wz, infinite there, and that we is 
small compared with 2, for moderate or large values of v/a ; 
the formula may be relied upon near the hole, and the stresses 
derived from it accepted as valid. 

By means of this formula, the “ relative contours” (w,== 
constant) may be plotted, and they are given in figs. 1 and 2 
for the anticlastic and cylindrical cases respectively. The 
value of æ used in the calculations is 0°28 (i.e. a common 
value for steel), and the unit chosen is the displacement at 
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(a, 0) in the absence of the hole, §ka?. The actual contour 
lines, w=constant, are given in figs. 3 and 4 respectively, 
and the values of w along the x and y axes are plotted in 
fig. 5. In the last, curves I. are for a complete plate, II. for 
the anticlastic case, and III. for the cylindrical case. 


Fig. 1. 


“ Relative ” contours near a hole in a plate bent anticlastically. 


4. 

We now turn to the consideration of the stresses as cal- 
culated from these displacement formule. For the anticlastic 
case, using the appropriate values of æ and 8 in (3.4) and 
inserting in equations (2.2) ...., we get 


~ pha” _ 2s g 
r= kE: | 4(1 T + cos 204 4 34673 


_ 3(1—c) at 6(2—a) “(= =) | 
Sea) dee (gH) + EMD 
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7 = —b02 | 4( Am 9 2 a 
00=—kE: |2 be 4 cos 20 {44 460 r 
3(l—a)a*  6(2—c) A 3 ] 9 
2(3+¢) rí jå 34o \5 3 } k Ee) 
Fig. 2. 
l'6 


J 


“ Relatıve ” contours near a hole in a plate bent into a cylinder, 
l—aa® | 3(1—c) a* 
ð+:  2(3+¢0) r 


xt 6(2—a) = 6 = I . (1.13) 


rO=kEz . sin 20 E 


Ita F \o 3 
OLW(],2—-2) 72 
= E E E cos 28, Se ee Sd a 
©) T 
= O77 a A EE, 3 
0:=— i x sin 20. ae ae ae a E (4.15) 
3 2 


These stresses do not vanish identically when r=a, i e. at 


N » Google 
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In fact, the values there are :— 


1020 


the edge of the hole. 
6(2—a) (i? 3) 20 


Sre \5 3 


g o] 
a? 


Tre=kE: 


ag 5 
66, > o [1- OTT cos 20 
Ito 


Contours near a hole in a Ny bent anticlastically. 


po (2-—oc)/h? = 
° — > yr 71 €) 
16,=kisz sin 20 se So (E z) Hla 


2h (h? —2z*) cos 20 
Tegma 1e i 
j 3 +o a 


—~ Yk (h? — 2°) sin 20 


0:.=-— is 
V+t do a 
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From an examination of these formule, the general effect of 
the hole can be obtained, and also the limitations of the 
solution which are, of course, due to the simplifying assump- 
tion of a state of “ generalized plane stress.” 

rr is seen to be of the order h?/a?, compared with the 
stress in the absence of the hole. In fact, its greatest 
value, which occurs on the boundary of the hole where @=0, 


Fig. 4. 


Contours near a hole in a plate bent into a cylinder. 


and on the surface, is 0°308 h*/a? times this. (¢=(0*28, as 
before.) 
00 is comparatively large when @= +90° There, 


neglecting the h? term, its value is — 84E:/(3 +ø), i. e. more 
than twice (2°44 times, if c=0-28) the stress in the absence 
of the hole. For a plate of finite width this value would 
probably be modified, but it is certain that the maximum 


Digitized by Google 
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stress would still be much greater at the edge of the hole than 
that calculated upon the assumption of a uniform distribution 
along the radius perpendicular to the straight edges. In 


fig. 6 the values of 00. for values of z/h are plotted (I.) 
without taking into account the hole, (II.) neglecting A/a, 
and (III.) for 4/a=4, i.e. radius of hole equal to thickness 
of plate. The effect of the 4? term is seen to be very small. 
In fig. 7 the maximum stresses along the axes, neglecting the 
h? term, are given as fractions of the maximum stress, EA, 
in the absence of the hole. 


Fig. 5, 


Displacements of the central surface of bent plates containing 
a circular hole, 


5. 


It remains to devote a small space to the consideration of 
the residual stresses at the edge of the hole, and to show that 
they form a system of zero resultant, to which St. Venant’s 
Principle may therefore be applied. Consider the resultant 
tractions on an element 60 of the boundary. It is easy to 
verify that :— 


frre .dz=0, i.e. there is no resultant radial traction. 


7r,.2.dz=0, i.e. there is no bending couple about a 
tangent to the circumference. 


\-78, .dz=0, i. e. there is no resultant tangential traction, 


Siain » Google 
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f -10,.2.dz= —2Dkh(1—o7) sin 20/(3+0). This is a 

torsional couple, of amount H= —2Dé£h(1—¢7) sin 29/(3 +0) 
per unit length. 

\ re .dz = —4ADkh(1—o?) cos 24/(3+a)a. This is a 

resultant shearing force per unit length. Now the torsional 


Fig. 6. 
m 
08, 
kEz 
2 G 
I 
I 
0 2 4 ‘6 8 t0 


z 
h 
Stress 66, at 90°. 
couple H can be considered as applied * by a distribution of 
shearing force 
N'=—dH/a . d0 = + 4Dkh(1—o") cos 26/(34+0)a 

per unit length. This exactly neutralizes N. We thus see 
that the residual tractions form a system in equilibrium for 


any soxvill element 0 of the boundary, and consequently 
their effect is negligible at a small distance from the edge, 


* See, for instance, Love, luc. cit. p. 406, 
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A further investigation, eliminating these residuals, might 
be interesting mathematically, but would be of little practical 
importance. 


Fie. 7. 


D’ 


Maximum stresses along the axes. 


A similar detailed treatment of the plate bent into a 
cylinder would lead to similar results, but we content our- 
selves with the contours and displacements along the axes, 
already given. 


London, 
February 1924. 
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XCVIII. Why Wireless Electric Rays can bend round the 
Earth. By Sir JosePH Larmor, F.R.S.* 


FEXHE earliest announcement that electric signals through 

free ather had been successfully detected as far as 
America by the Marconi operators, gave rise to a prompt 
query from the late Lord Rayleigh as to how the rays could 
manage to bend round the protuberance of the curved earth. 
In fact, in a single medium propagating waves without 
absorption or dispersion, all features remain similar when 
the scales of space and time are altered in the same ratio: 
thus waves of length A bending round the earth of radius a 
will behave similarly to waves of length 44 bending round 
a smaller sphere of like quality of radius da. To change 
from electric waves 10* em. long to waves of light 1074 em. 
long, k would be 107; hence the radius of the sphere 
corresponding to the earth would be 107*. 10*/Sa or 6 em. ; 
and familiar experience indicates that visible light could 
hardly creep to a sensible degree round one-tenth of the 
circumference of a sphere of that radius. To elucidate this 
subject quantitatively in those early days involved difficult 
and extensive calculations of the problem of diffraction of 
waves by a boundary, conducting or dielectric, of con- 
tinuous curvature; and investigations by Lord Rayleigh, 


H. M. Maedonald, A. E. H. Love, J. W. Nicholson, 


æ Read at the Cambridge Philosophical Society, Oct. 27. Com- 
municated by Sir Oliver Lodge. 
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G. N. Watson and others have widely extended that domain 
of mathematical optics. 

But nowadays, when ray-signals are readily received at 
the antipodes, all shadow of uncertainty as to the facts 
is removed. The rays could not travel free, except in 
straight lines, in a medium of practically uniform speed 
of propagation such as ordinary air; either they must be 
guided by being linked to the surface of the earth, much 
as cylindrical Hertzian waves follow a guiding central wire, 
or else the speed of propagation must for some cause increase 
notably upwards so as to bend them down. Very early 
observations by Admiral (then Captain) Jackson with the 
help of British cruising squadrons, showed that the high 
table-land of Spain was not an effective obstacle, which 
perhaps already pointed to transmission of the rays high in 
the atmosphere. 

The ultra-rarefied upper atmosphere with its long free path 
must be subject to strong ionization by the incident ultra- 
violet solar radiation, the effect persisting after daytime, 
and appeal has been generally made to such a conducting 
layer to provide the necessary increase of velovity of the rays. 
But ordinary electric conduction operates by introducing a 
frictional term causing absorption into the equations, and it 
is a familiar principle that when the absorption is of the 
first order the change of speed is only of the second order, 
so that if the latter change is to be adequate, the rays 
would be damped out immediately instead of being sen- 
sibly transmitted. In rough illustration, the usual type 
(including the optical) of equation of propagation with fric- 
tional resistance of modulus « 


07d | Od _ 0$ 
Be tE GeT ga 
is satisfied by 


$ = Ae7 iz emt, 


where n?—«ni=m’c’, so that, for a real period 2a/n, 
œ l 
me=(n"—ien}=n( 1—4 S ah 


Thus, retaining real parts, we arrive at a simple wave-train 


of type 
= lejr 
þp=Ae 2c cosn d t— (1+ sate f 
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with extinction modulus 4æ/c and velocity of propagation 


-e l «?\-! 1 l? 
v=e( Eaa) , or say e( au) 


thus smaller than c, but only to the second order in x. 

(On the principle of ray-curvature as infra, a ray of 
assigned period will adapt itself to the curvature of the 
earth only when 

s_ d l d 
PTU ~ dh Oogt ~ 8 dh 

The attenuation would vary inversely as the wave-length. 
If the wave-length is one kilometre, 2m/n=A/c==4 1075: so 
that if the rays are thus adapted over a vertical breadth of 
only a thousand metres the modulus of attenuation 4«/e 
must increase downward across it, so that at the lower 
boundary it mounts to at least 10-6, which means decay of 
amplitude in ratio e~} after travelling only ten kilometres.) 

To produce sensible bending of the rays without extinc- 
tion, all action by conductive or other dissipation must thus be 
excluded. It would not suffice to say that the conductance 
has to become perfect, for then no waves could travel: the 
influence must be of dielectric type. A theory satisfying 
this criterion was hammered out in class-lectures at Cam- 
bridge on electric waves last February, and has been, in fact, 
already expounded in answers in the Mathematical Tripos 
much as it is proposed here to present it. The attention now 
excited by long-range free electric transmission, the most 
wonderful sudden practical evolution since the telephone, 
may attract the interest of a wider audience. 

A sufficient cause for the increase of velocity, without 
dissipation, for waves travelling horizontally is, in fact, 
afforded by the free oscillations of ions even sparsely dis- 
tributed in the very high regions of the atmosphere ; though 
lower down their energy would be dissipated by collisions 
with the atoms and the travelling waves would be gradually 
quenched. Current is transmitted without any frictional 
loss across the vacuum of an electric valve by the jet of 
free electrons. On the other hand, in conduction in a metal 
the electrons or light ions get up speed at very rapid rate 
under the electric field, but at the end of each short free 
path they render up by collision part of the energy so 
acquired to the obstructing atoms of the metal, and this 
dissipation of the energy of the field is the measure of the 
electric resistance. For electric fields alternating at one- 
tenth of the rate of the waves of visible light, this process 

3 Y 2 
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of conduction is, as Rubens showed, fully established at each 
instant in metal—a fact which leads to some information as 
to the lengths of the free paths*. But for ions travelling 
in an intensely rarefied upper atmosphere the free path will 
be long, so that many alternations of the electric force of the 
field of radiation, even for long electric waves traversing 
the medium, may occur within the time of one ionic path. 
This involves that the travelling ions will in the main swing 
free under the influence of the waves and thus interact 
without dissipation of their energy, scattering by secondary 
radiation from the slowly oscillating ions being negligible : 
there will thus be an influence on thie velocity of the waves 
without absorption. To suit the present explanation the 
change ought to be a substantial increase, notwithstanding 
the small number of the ions contr ibuting to it in the ultra- 
rarefied upper atmosphere. And the reason is simple. The 
influence of an ion is measured (jointly with the time) by 
the mean value of the alternating velocity excited in it, ‘and 
this for a given intensity of field is proportional to the period 
of the waves, so that for long electric waves the effect may 
be millions of times as great as for short waves of comparable 
energy—in fact, it involves the square of the wave-length. 
Waves of alioxter length could travel in a lower layer without 
excessive absorption, where a greater number of ions may 
make up for their weaker oscillatory motion f. 

In passing, one may note that the same principle will 
apply in general terms to the penetration of X-rays of high 
frequency across metals, especially of low atomic mass; when 
the time over a free path amounts to several periods of the 
radiation, the absorption, which must be due mainly to free 
ions, will be much diminished and the radiation can penetrate 


i Cf. Phil. Mag. August 1907. 
+t The only theoretical discussion which the writer has been able to 

find is by Dr. W. H. Eecles (Proc. Roy. Soc. p. 86, June 1912). 
A “Heaviside layer” above, so sharply bounded and so intensely 
conducting as to reflect the rays without penetration, is assumed, 
combined with an ionization of the middle atmosphere which bends 
them, but “in forming the equations it has been implicitly assumed 
that the ions are so heavy that they acquire only small velocities and 
make very small excursions under the action of the waves.” A viscous 
term is inserted in the equation of motion of an ion; if that term is 
annulled the formule must agree in form with those justified here for 
light ions of very long free path. The treatment is mainly by rays, and 
contains full discussion of the relevant observational material of that 
date, especially as regards stray radiations. 

The diffraction theory of G. N. Watson (Proc. Roy. Soc. 1918, more 
recently studied) seems to make it unlikely that the ground can take 
any part in the actual transmission, 
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deeply—to a limit imposed mainly by simple dispersal or 
scattering, so proportional to the density of the atomic 
electrons: the Rubens experiments on reflexion of ultra-red 
light indicate a like result. 

On general grounds the transparency of air for long 
elec trie: waves Waak be expected to be great as compared 
with light; on account of the slow period molecular scat- 
tering is practically absent, and the mirage effects of local 
irrevularities are negligible unless their extent is comparable 
with the wave-ler veth (er. p. 1032 infra). 

The remark presents itself to contrast the finite free 
swayings of electrons or light ions in the ultra-rarefied 

gas of the upper atmosphere, which augment the speed of 
the exciting waves, with the finite swavings under the 
alternating attraction of the erid of a stream of electrons 
across a triode valve, which are thus partially trapped 
systematically by the prid and so establish its relay action. 

There must thus he a laver high almost beyond the 
sensible atmosphere, within the auroral dom: ain, in which 
a sheaf of horizontal electric rays, provided they are long 
enough, will travel without loss by absorption or se attering, 
concentration in this stratum heing due to the potent 
influence exerted on the velocity of long waves by the free 
ions of small inertia interaciing with tlie wm. But we have 
to suppose that the energy transmitted in this high stratum 
is being shed down to senble degree all along the path, 
for the slynals to be everywhere “received. [Introducing 
optical imagery, we can contemplate a special component 
ray-sheaf connecting the transmitter to every receiver 
situated along the path of the beam ; these rays ‘all gather 
together into a sort of caustic curve or layer up aloft, and 
SO “Jong as thev are in it the energy travels onward without 
Joss except hy ‘sidew: ay spreading. 

The question arises whether there ean be enough energy 
to be thus showered down to receivers all over ‘the eiii: 
By a known principle a receiver collects energy over a range 
of order A?; thus the total energy put into the transmitting 
oe is reduced at the receiver in the order of maenitude 

Attra’, so that for a wave-length of a kilometre the 
pude of vibration is reduced to the order 1074, which 
is not excessive. 


Propagation of Long Electrie Waves in Ionized [Highly 
Rarejied Gas.—One notes in the first place that the aurora 
borealis, due somehow to free ions, is display ed at a height 
of the onler of fifty miles; this is ten times the height of 
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the homogeneous atmosphere, so putting aside effects of 
smaller order arising from change of temperature, the mean 
free path of the atoms would at that height be e” times the 
value at the earth's surface, thus of the order of several 
centimetres. The number of molecules per cubic cm. would 
be 3.10%e-!°, or say 10%. 

Let us then consider the motion of an ion of charge e and 
mass m, with free oscillation superposed on its translatory 
motion, due to the alternating electric field of radiation 
passing over it expressed locally by an electric force 


F=A cos pt, 21/p=X/c. 


For the oscillation thus superposed, al] quantities being in 
electrodynamic units, 


mei=eAcospt, mx=ep-'Asin pt, 


so that the amplitude is ep~?A/m. There are, say, No effective 
similar ions per unit volume, each supplying its contribution 
ec to the electric flux; all ions, positive and negative, con- 
tribute in the same ‘direction, but massive ones may be 
neglected. An electric current is thus produced of density 
C expressed in terms of the field F as 


e dF 

C=—-No =. 5, « 

mp? dt 
This current, of precisely the same type, adds, in the electro- 
dynamic circuital equations of the exciting wave-train, to the 
usual Maxwellian dielectric “total current” of density 
K dF . ; i f À 
——, ~>, in which K is the static dielectric modulus of 
dne dit 
the medium and is practically unity for ordinary air. On 
adding them it comes out that the effective K is diminished 
to 


2,2 
K’=K-N,y TE, 


If c’ is the velocity of propagation, c’~? is thereby altered 
from the value Kje , or say c—* in the absence of ionization, 


to K'/ ; so that 
i -2(1-X0 y EN ). 
0 min 


This increase of speed from ¢ to ec’ arising from free ions 
mounts with A, so for long electric waves it w vould be sensible, 
notwithstanding extreme tenuity of the gaseous ions It 
would usually ‘be of no account except in metals (or the 
short waves of light. 
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Roughly the ionic charge e is of order §10-* electro- 
magnetic ; taking a wave-length of, one kilometre, N is 10° ; 
and if the effective ions are electrons e/m is 310’; the 
multiplier of c~? on the right then becomes 1—10-*No. 

What we are concerned for is that the rays should have a 
curvature exactly equal to that_of the earth. The index of 

oe c eN E 
refraction is p= a =31— No arm? OF? SAY here, 1—$10-®N,. 
So the curvature of the rays, which is —dy/dh (as infra) or 

dN 

1107? Te is not to fall short of 47r10-*. For the present 
assumed data this condition of curvature requires aot to be 
about 3.1078, a value which must extend over the effective 
layer, which may be a considerable range of h, say 10° cm.; 
and this mounts up for the terminal value of N, to only about 
‘3 electrons or 5.10? hydrogen ions per cubic cm., whereas 
at the height of 50 miles there are still 10° molecules of gas 
per cubic cn. 


Bending of Optical Rays.—The directions of the wave- 
fronts are transverse to the rays, and consecutive rays meet 
at their centre of curvature: thus, considering as usual two 
adjacent rays of the coherent beam, at distance òn, as the 
time of transit is the same for both from one front to the 
next, and the element of path of the ray is vòt, we have 
duju=6n/R, so that the curvature R~? of the ray is d log u/dn, 
or here simply —dy/dn. Ordinary atmospheric refraction 
by the action of the molecules, according to this formula, as 
applicable to horizontal rays of light or electric rays, would 
he negligible at the heights here in question of the order of 
fifty miles; but at sea-level, where it is mainly due to 
temperature gradient, it would give a very substantial though 
insufficient contribution to the required amount of bending. 
For the refractive index of air for ordinary light, and 
also for long waves, is at sea-level 1°0003 ; and the curva- 


ture of a horizontal ray is ~ which as p—l1<p is 
=3.10-¢ 7 if there is no gradient of temperature, or 
d 


1/2 
3.1074 wherein the speed of sound is 1-42) 
= 32400 cm./sec. at 0°C., giving P =7(7)710° ; so that 
— BR is 3.1074/2109. 10-3 or 5.10-, which as the earth’s 
bit 


9) 

e e ond 
radius is — 10°? amounts to as much as one-quarter of the 

T 
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curvature of the earth. But actually the gradient of 
temperature d@/dh affects this result by a factor 14 30d0/dh 
it h is measured in metres, and is the chief cause of mirage 
effects: for instance, the curvatare of the ray would agree 
with tiat of the earth if the temperature inereased upward 
by 1°C. for 9 metres*. These temperature variations of the 
ordinary index of refraction in the lower atmosphere would 
likewise affect long electric waves, were it not for the saving 
limitation that irregularities occupying only a small part of 
a wave-length would be of no account; while at a height 
say of 15 kilometres, where the density of the air is reduced 
seven times, the effect is in any case very slight. As already 
remarked, the effective stratum is too high for meteorological 
E to affect it. But it will not, o course, be ex xactly 
horizontal: its height may be expected to be some function 
of the loeal solar time at the place. 


Amplitude of Oscillations of Free Tons.— We have still to 
verify that the amplitude and time of the oscillation of an 
ion would not be too great, in comparison with its free 
path, to allow a large degree of freedom ~ its vibrations. 


E 
is the amplitude of vibration of the discrrie force in the 
waves. If this field of force is V volts per em. (which com- 
pares with ten volts per em. for the field of full sunlight if it 
were coherent +) so that A=10*®V, the amplitude for an 
electron, with wave-length 10° em. or one kilometre as 
above, is about $10°V. It increases as the square of the 
wave-length. Fora hydrogen ion it would be 1700 times 
smaller. ” Actually V is so small that even for an electron it 
fits amply within the gaseous free path at a height of fifty 
miles, where it is several em. as above. But sufticient time 


. e l 
The value of the amplitude is —, A, or ; A, where A 
n c“ 


* Cf. Everett's exposition of James Thomson's theory, Phil. Mag. 
p. 169, Mar. 1873: or Rayleigh, ‘Theory of Sound,’ ii. § 258. | 

t Maxwell (Treatise, § 793) seems to have miscalculated the results. 
Solar radiation is 2 cal./miu, where ] cal.=4'18 x 107 ergs: for this iv- 
tensity, if the radiation were coherent, the amplitude of its electric field 
would be as high as 10 volts/em., and of its magnetic field ‘034 or } of 
the mean horizontal force in Britain. The pressure of the solar radiation 
is 500 grammes weight per square kilometre. But the solar natural 
radiation differs from the artificial radiations here discussed (which 
hardly occur at all in nature) in being a statistical aggregation from 
molecular origins and not one coherent undulation ; for it, energy is the 
surviving fundamental datum, definite amplitudes of oscillation must 
be replaced by deviations from a steady average state of disturbance 
measured by a statistical mean square, and theory would be of entirely 
different form—that of natural radiation. 
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as well as space must be provided for this octane regular 
forced oscillation of the ions. The period of a wav e-length 
of one km. is $1075 see.: the time for a molecular free path 
of 3 em. would be of order rather more than 2 em. divided 
by velocity of sound in the gas, which is, say. twenty times 
longer. But this is for air; for a hydrogen ion the time 
would be divided by at least 5, for an electron in thermal 
equilibrium perhaps by 200, ames its path were lengthened 
hy passa ge through the atoms without much disturbance of 
its motion, Thus it is only in the ultra-rarefied upper atmo- 
sphere that the slow alternations of material ions under the 
influence of long electric waves would have time or space 
for many complete oscillations on one free path ; and there 
Ohin’s law would be wholly inapplicable. 

If there are Ny ions per cubic em., each M times the mass 
of an electron, and the time in the free path is » times the 
period of the waves, of electric amplitude Iu. then in one 


9 


F, 4 . . . . 
second energy gg € passes across one Sq. Cm., while within 
a’ arc?" 


e No e“ A 9 IA e . . e 
one cubic em. energy ~~ 3-4 a ly" is dissipated in one 
n Same? ic 


. . . i » . 
second : Dy Siege the modulus of absorption per em. 


v 


comes out - A 10- 13> [n the circumstances illustrated above 


ou "M 
n may be 10, Nọ is 2.10% hydrogen ions for which M is 
1740, the wave-length A is 10° em., so that plane radiation 
would be reduced by i ionic absorption acting alone in ratio e7! 
ina path of ten thousand kilometres. This compares with 
the estimate given earlier of the effect of conductance. 

We infer that the present type of explanation by a velocity 
of propagation increasing with height, which bends down the 
rays without undue absorption, i is > eon and reasonable tor 
electric waves of the lengths usually employed, if only a very 
small proportion of the molecules of the Upper air were 
ionized, so as to provide electrons or light ions, by the intense 
ultra- role solar radiation, Across ie recion ‘of the dawn 
the strata of ionization may be deranged : they may be 
deformed loeally so much as to throw Ae concentrated hori- 
zontal sheaf of rays upward into space or else downwards to 
the earth so far that it cannot recover the horizontal 
direction in the new effective stratum. But if that stratum 
is deep, say a kilometre, such dislocation need not he com- 
plete. These considerations retain general validity when the 
strata of equal ionization are not exactly horizontal. 

There seems to be some call here for closer scrutiny of 
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statistics as to the relation of range to wave-length: also as 
to whether reception is better or worse, or simply irregular, 
at times of dawn or sunset *. It is perhaps significant that 
“ atmospherics” ure reported to predominate at sunrise and 
sunset. It appears also f that there is increase of strength 
but diminished direction-finding at night: that in both 
respects North-South is superior to East-West: that winter 
is favourable in the Atlantic, and transmission over sea easier 
than over land. 

Scrutiny of the induced electric moment of a molecule in 
a strong field is here incidentally suggested. For air at 
standard density the refractive index is ot order 1+3.107*: 


thus the induced polarity s F in electrostatic measure is 


$10-4F distributed over 34 10!9 molecules. If F is 410° volts 
per cm. (corresponding to a spark of 5 em.), which is 60 
electrostatic units, this gives a moment 2. 10-22 for each mole- 
cule. As e is 5.10- electrostatic, the arm of the moment 
would be 4.10-" em., while the molecular radius is as much 
as 10-8. Thus K would hardly fall away from being constant 
before the field approached 108 electrostatic, and disruption 
would have set in long before. 


Undulatory Propagation for a Thin Unchanging Sheaf of 
Rays.—The electric radiation to great distances thus involves 
a sheaf of rays whose breadth may be only a fraction of one 
of its long wave-lengths, which travels along a surface of 
constant index, while it has to remain concentrated without 
spreading either by refraction or by diffraction. The subject 
thus invites examination dynamically. The equation of 
propagation, neglecting now the terrestrial curvature of the 
strata, is of type 


acta l Poe Pato) 


where ¢' is the speed along the mid-front at which ẹ(2) 
vanishes. The type of waves here contemplated, with ampli- 
tude changing along the front as f(z), is expressed by 


b=/()F(w—e't): 


* It appears (Eccles, loc. cit. p.97) that in transatlantic signalling the 
response, ìn fact, does attain a high maximum when either the receiver or 
the transmitter is in the dawn or the sunset: and other sigaiticant 
features are found. 

t Cf. Prof. E. V. Appleton, Noval Institution Lecture, in ‘ Engineering, 
May 30, p. 709. 
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but this must be further specialized for the analysis, into 
harmonic trains each of type 


p= f (2) cos m(x — i't, m= 2a/)X. 
2 
Then of —mif= -m {l1 +y4(:)}; 
I mip), wal tye) 
or ga vey, H = y(z). 
For a disturbance with its parts keeping together as it travels, 
7(z) must fall off on both sides of a maximum along z=0: 
that is, the graph of f(2) must be concave to the axis of z, the 
condition for which is 9?//9:? negative; so that as the 
amplitude fis positive, y(z) must be positive on both sides 
of the central plane. This is simply the familiar condition 
that the stratum is to be one of minimal index, close to 
which the rays must cling by virtue of the principle of 
minimal time of transit. 
Over small range of z we may illustrate by taking 
p=14-A2’: 

the equation to determine the law of transverse intensity for 
such an unchanging layer of the wave-train is 


o'f 

0J 24 »2 f— 

3z +2m?Az*f=0, 

which is amenable to simple graphical treatment. 

The actual effective atmospheric stratum must, however, 
be curved to the earth’s radius a, and the equation of wave- 
propagation of the curved sheaf of rays travelling along it is 
of type 

9 ‘ 
O° 186,13 _ paan 
Or "rar | 907 ° ‘ad D? 5 
where co is the velocity along 2=0 and p is the index relative 
to that layer. 

The typo of waves travelling along it without spreading 
may as before be restricted to the harmonic form 


p =f (2) cos m(aO— cot), m= 27/2. 
As r=a +: this gives 

077 1 of ma? , 3a 

322 a+: a: 7 laa cy Te 


Thus if g=(atc)¥f, p= 1+4(:), 
0°49 1 ~ -2 7 
244 (pas —1) (14 z) +14y(2) bm'y=o. 


+ 
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As before, the laver of transmission extends over the values 
of z which make the coefficient of gin this equation positive ; 
for z small it approximates to 

9 


new? Laas Ia I =) 
(n a a” lür? a? 


Thus substitutine 
m 


H= Ht Ba) +4 (2 9 Z+., 


& 


this equation in y takes the same form as the previous one 
in f, found as the analytical expression of the concentra- 
tion of the rays for flat strata towards the straight ray of 
absolutely least time of transit, ve that wien ==0 


the curvature a7! is a to -(“ ) , as before obtained, 
de 
ee n 
and also uo > 13 positive. 


It may be ae that treatment of the cognate subject 
of optical mirage involves a like analysis * 


ets Ce a S - ee ee 


XCIX. On Sommerseld’s and Landes Rules for Classification 
of Terms and Zeeman Patterns in Spectra. By W. M. 
Hicks, F.R.S., Emeritus Professor of Physics, Shejiield t. 


ITHOUT doubt one of the most important advances 
in the analysis of spectra since Rydberg’s discovery 
of the combination law is the recent extension? of 
Sommerfeld’s system of enumeration of species of term- 
types by Landé, combined with the completion of the latter's 
rules for predetermination of Zeeman patterns by the 
discovery of a formula for the splitting factor a, and the 
experimental establishment 9 of these rules by Back, and by 
Gieseler. The present communication contains I. a suggested 
change in form of the enumeration and the rules, aid ll.a 
discussion of the evidence for and against a rule, accepted 
by Landé, supposed to give the ratios of the separations in 
multiplets. 
* Cf. Everett, loc. cit. 
t Communicated by the Author. 
t Sommerfeld, Ann. d. Physik, lxx. p. 32 (1923); Lande, Zerts. f. 
Phys. xv. p. 159 (1923). 
§ Back, Zeits. f. Phys. xv. p. 206 (1923); Gieseler, Ann. d. Phys. 
lxix. p. 147 (1922). 
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In order to bring out the essential nature of this method 
of classification I ‘begin by recalling, in a quasi-historical 
order, the evidence by which the present enumeration has 
heen arrived at. In doing this I assume the reader to be 
already acquainted with the classification itself. 

It was early recognized that the observed series depended 
almost wholly on combinations of—or transitions between— 
selected sequences. In fact only combinations sp, pd, df, ... 
or, in other words, if written in order s, p, d, f transitions 
only take place between neighbouring letters. This may be 
regarded as a true statement of normal conditions, if by 
“normal ” is understood those transitions which take place 
most frequently. Transitions between terms of the same 
sequence are also common in certain types, e.g., p, p andd,d*. 
But transitions s, df or p, f are rare, and seem to require a 
more severe excitation and in some cases the presence of an 
electric or magnetic field. 

When Sommerfeld gave his extended theory of quantization 
of the generalized coordinates of a system, and applied it 
toa special model of a single electron circulating round a 
sheathed nucleus, he Po as is well known, the term- 
tormula N/{m+p+a/(m-+ p)?}*, in which m is the sum of 
the radial and azimuthal numbers and p, æ are functions 
of the azimuthal alone. It was natural therefore at once 
to draw the inference that the ditferent tvpes were determined 
by their azimuthal quanta. The possibility of a zero value 
of m was excluded as it was supposed that an electron 
oscillating in a line through the nucleus was impossible. 
Hence a zero azimuthal number is also excluded. Conse- 
quently s, p, d, J or succeeding g, h,... were supposed to 


æ pl—pm sets are so common in are spectra as to be expected when 
searching a spectrum for P series, for which they are used to establish 
doubtful P allocations, or to extend the series bevond observed regions. 
All multiplets whose lines show a common Z.P = 0/3.2—L category of 
mv ‘Antlysis’—are due to transitions between terms of the same type, 
and they occur as strong sets not only in all the spectra of the alkaline 
earths, but in many others (Popow) whose series relations are not vet 
fully established, Similarly d, d multiplets occur in all the alkaline 

earths. As striking instances may be adduced a dd multiplet in Mn 
and 0,3/2 multiplet in Cr. Their lines occur in the lowest temperature 
furnace spectra of King. 

t Messrs. Foote, Mohler, and Meggers (Phil. Mag. xliii. p. 459) find 
strong lines sl-«2in Na and K in cases where electric or magnetic 
felda. are excluded, also seen by Datta (Proc. Roy. Noe. 101. p. 545) as 
absorption lines. But although showing that the exclusion of such 
transitions is not absolute, they do not atk et the general statement that 
such are rare, i e. abnormal in the sense above. 
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depend on successive azimuthal numbers 1, 2,3 .... Thusa 
term-type is definitely fixed by an expression ng. We need 
not stop to consider difficulties in connexion with assignation 
of azimuthal quanta to term-ty pe, as that is outside our present 
subject, but if we decide to enumerate types by successive 
numbers, these numbers 1, 2, ... are the simplest. In this 
case the observational facts referred to above give the normal 
transitions by 


k—>»k—1, or k+1 and k—+k (restricted cases). Rule I. 


Bohr deduces from his principle of correspondence that 
k—>k is impossible if k ig an azimuthal number. The 
experimental facts indicated above would seem to require 
some modification either in the principle of correspondence 
or in the azimuthal quality of the &. 

The next step is to classify the satellite effect, which shows 
the existence of more than one species ina type. Thus in 
doublets there are one s, two p, d, f, and in triplets one s, 
three p, d, f—at least in elements of group II. Sommerfeld 
co-ordinates these by a new set of successive integers *— 
now written j—an individual term being now represented 
by nz; Here the experimental fact ruling conditions is that 
we never find transitions from more than three species of 
one type to one of another (see, however, Note at end). In 
other words, in the arrangement of any multiplet in regular 
order the lines appear in sets of three only. Thus, ¿f we 
decide to use successive integers in classifying species of 
types, we get Sommerfeld’s transition rule 


j—>j+l, j}, j-l. . . . «Rule II. 


We might equally well decide to use say successive even 
numbers, when the rule would be j —>j+ 2, j, j—2, or any 
other regular succession. The important. fact now emerges, 
that after settling this successive order, all the j of all the 
types depend uniquely on the value chosen for one, say 
ne singiet or doublet s, which is a type of only one species. 
It will be sufficient here to indicate how this results without 
going into actual details. Consider first the case of elements 
which have an even number of external or removable 
electrons and which produce singlets, triplets —(Rvdberg’s 
rule).—In the singlet all the terms are single. We decide 
(i.e. Sommerfeld) to give 7 = 0 to s. We find a relation 

* The attempts of Sommerfeld and his associates to explain these 
numbers by picture models are anotber matter, and, however usetul and 
suggestive, tend to obscure their experimental origin. We shall refer 


to them as j values instead of internal quanta, thus leaving their real 
origin an open question, as indeed it is. 
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between singlets and triplets by the s’—p,'" lines, with no 
s'—p,'" and with s'—p,'” weak or requiring excitation by 
the spark, i.e. not normally radiated. It is necessary then, 
if rule II. holds, that the j for pı.23* should run 2,1, 0. 
This excludes the combination s'p,” but allows the others. 
To meet the exclusion of sp,” Landé has added an 
additional rule 


j = 0 —>j = 0 forbidden, . . . . Iae 


and it is suggestive that in the new manifolds recently 
discovered the corresponding two lines—e. g. #*— př23, where 
no 7 = 0 can be in question, both exist as strong lines in the 
arc. The rule is justified also as it is required to reproduce 
the observed combinations in the L—or 0/3/2—multiplets in 
which p3—p3 (i.e. j = 0 to j =0) is not observed. With 
p” settled as 2.1.0, the D sets necessitate 3.2.1 for d}, do, dz 
and the F 4,3,2 for fi, fo, fz} in order that rule II. may 
exclude p dy, pg di, pa dg and allow the others, etc. 

{t will be noticed that where p is single so are d, f, when 
p is double so are d, f, and when p is triple so are d, f. 
This fact led Sommerfeld to formulate a statement which he 
called the “ permanency of multiplicity,” which represented 
facts as known at the time. But in the spectrum of Mn 
and Cr Catalan in 1922 found series in which s was single, 
p triple, and d fivefold. These discoveries revolutionized 
ideas in spectral classification and at the hands of Landé 
have given us for the first time definite tests of term 
character, and the power of predetermining Zeeman patterns. 

Catalan’s disecovery—at once extended by other investi- 
gators—showed that we must add yet another category of 
spectral terms, and that groups of s.p.d... exist other than 
those of singlet, doublet, and triplet groups. Landé gave 
precision to Sommerfeld’s “ permanency of multiplicity ” by 
referring the statements to the particular multiple group. 
The multiplicity of the terms increases by two successively 
up to a permanent value determined by the attainment of a 
j value = 0. Thus in the quintet system s is single, p triple, 
d fivefold (here 7 = 0 for d;) with f and all terms beyond 
fivefold. Thus each group can be classed according to its 
permanent multiplicity. Landé denotes this by r—the term 
by nj, say n (k,j7,7)—and again attached a name, Rumpfquan- 
tumzahl, which depended on a picture model which may 
possibly be discarded with further knowledge. T shall refer 

è We keep the old numeration where p, is the term which gives the 


most intense line and which corresponds to the highest energy level, or 
lowest energy value. 
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to it as its r class, and propose to denote the group as a 
manifold *. Thus a fivefold group contains s with singlet, 
p with triplet, d.f.g ... with quintic multiplicities. The 
transition rule is 

r—>r+2, r, r—2. . . . Rule III. 

It may be noted that Lande’s j classification is uniquely 
determined (subject to choice of 7 for s in the four and five 
folds) by observed data. Just as the relations between those 
of the one and three folds are related by the intercombinations 
s!— př, so those of the five and seven folds, and those of the 
six and eight folds are connec ted by intercombinations of 
$#— p3 in Cr and s*&—p*3 in Mn. At present there are no 
observational data to relate the three and five folds, but 
Lande’s classification meets this by choosing j for s° by 
analogy. We may note that in group II. with two external 
electrons we have one- and three-fold groups, in group VI. 
(Cr, Mn*) with six, five- and seven-folds, in group VII. 
(Mn, O*) with seven, six- and eight-folds, in group I. with 
one, no- and two-folds. We are justified, therefore, in 
inferring at least provisionally that an atom—neutral or 
ionized —with n external electrons radiates in series depending 
on terms in n—l and n+ 1 folds, and more copiously in the 
n—1. But that such a rule is not exclusive is shown by 
the fact that O exhibits a 0/3/2 multiplet of threefold type 
(see also Note at end). 

Rule III. forbids a transition between even and odd 
manifolds, which accords with the well-known fact that in 
any one element such manifolds belong to different radiating 
atoms. The two systems for even and odd manifolds are 
therefore quite independent and may start from ote ren 
initial j for the singlet s. The choice of 0 for s' and 1 for s? 
is therefore arbitrary, as well as the intervals between 
successive j. For instance it is open to us to take successive 
even numbers, starting from 0 for odd folds, and successive 
odd numbers starting from 1 for even folds. The transition 
rule IT. would then be 

j—>j+2, J- jJ—2. . . . Rule IT’. 
In this wav the oddness or evenness of j would refer to the 
oddness or evenness of the number of external electrons 
associated with the transition-electron. Further, with this 
numeration transitions between odd and even folds would 
also be forbidden by rule IL’, This is not by itself sufficient 
inducement to change Sommerfeld and Landeé’s basis of 


* Permanent multiplicity is too long, and multiplicity by itself is 
needed to define that of a term type. 
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numeration, but the inducement is strengthened when the 
greatly increased simplicity in Landeé’s rules for the pre- 
determination of Zeeman patterns is considered. This is 
indicated by putting side by side the corresponding rules 
under the two systems. The j, g values for the two terms 
of a combination are represented by 7,, gz and jy, a, with 
j-Zjy In each scheme the j and g are to be supposed 
expressed in their respective ways. 


Old Scheme. New Scheme. 
1. Equation for y. 


3 r?—(2h—1¥ 


yt Bil +1) * for odd folds 3 (2-1) 
3 ra (241)? of 4 a 477 +2) 
at S or even 
2. tule for multiplying factor—m in mg. 
m = successive integers from 7 m = integers from j to — 7 at 
to — / including O fur odd intervals of 2 


folds 
m less by } excluding O for even 


pa 


Components follow one another at intervals e = 
I: Iy Xg — gy) 


4. The spread between the strongest components. This depends 
on whether jz, jy are different or equal. 


Jr Jy different. 


w. 0 for odd 0 for odd 
Jı— fy for even 2(9,—-Gy) fur even 
o. Qa I odd ee : 
l N s y) 2( Vez —I:9y) 
(27,-1 We (2hy 7 l Wy even 
Jp Jy equal, 
w. Ig. ~I) odd , 
a is 292 ~ gy) 
(Y—-Dy, ~ yy) even 
o. 2g; and 29 od] 4g, and 47, odd 
g+!) even 2(J9ztIy) even 
ð. Number of components. 
w. 2; +1 odd 
i 3+1 
“ly even f 
g. 2, Fy) odd ` 
t, even (j, >Jy) Inty 


22) y- ]) even (7; F Jy) 


Phil. Mag. S. 6. Vol. 48. No. 253. Dee, 1924. 3Z 
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‘The greater simplicity of the new arrangement is clear. 
Possibly also it may render it possible to dispense with 
half quanta in the picture model illustrating the classifica- 
tion. The establishment of Landeé’s rules for the Zeeman 
pattern by the experimental work of Back shows conclusively 
that the Sommerfeld-Landeé’s $. j.rmethecd of enumeration 
corresponds in some way to an ordered arrangement within 
the atom. It is possible that additional sub-classes may be 
necessary with more complete knowledge. Sucha necessity 
is suggested by observational data which appear to exhibit 
more than one x (k, j, r) term, but until an analysis of 
these new spectra has been made no definite conclusion can 
yet be drawn. 

The statements as to the number of wand o components 
require a limitation. They are true provided none of the 
calculated components coincide. This may happen in two 
ways: 

(a) gr=gy. In this case all the w and all the o coalesce 
to form a triplet with a o shift of g. Asan example is the 
L category of multiplets (r=2k—1) in which the Z.P. 
reduces to the triplet 0/3/2. 

(b) This affects only the number of c components. The 
magnitude of the shifts on one side of the original line 
may be regarded as given by all the arrows in a Landé 
diagram which slope in one direction, no regard being paid 
to sign. Using the new scheme of. numeration the extreme 
shift is JJa — (iz—2)gy=2g: + (je—2) (Iz=). All the shifts 
are then given by 


292+ (jr—2)(92-gy) —n. 2(9:—9;), 
where n ranges from 0 to 4(j,+j,) —1. Should any of these 
be numerically equal (opposite sign), the corresponding com- 
ponents in the pattern will coincide. The condition is 
therefore 


2y2t (Ja— 2— 22) (92— My) = — {29r + (jr—2—2n')(9,~g,) }, 
9 

. “qgar 
whence n+n'=j,—2+4+ —-. 

EE gagy 
Hence a necessary condition is that 29:/(9z—gy) is integral 
=p say. But n+n' is necessarily less than the sum of the 
maxima of n, n', i.e. n+n' <jz+jy—2>0. Hence 


je—2 +p <ja—2 +), > 0, 


; #3 2) (Ge~ gy) < îy 3 
or in Landé’s system 


2y2/(9z~ Jy) < 2jy for odd folds, 2j,—1 for even. 
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As an instance may be taken n? ,—n? „ or say in the olj 
notation f\’—g,'’ *. Here using Landé’s numeration 


J= $, l=}, Jy=3, Iy= 4, p=o < 2jy. 


The Landé diagram is 


20 =e 0 5 10 15 20 

4 eoeevene p? 9 1? 4 9 4? aru | 
9 Los 6 9 

Ta 4? 0: 4? 4? 4? 


whence the Z. P. follows at once as 
0.2.4.6/1.1.3.5.7.9. 11/4, 


with six side ø components instead of seven as given by the 
rule 5 above. There are many cases in which the first 
condition, p=integral, is satistied, but in a few only are the 
J large enough to satisfy the second. 


II. 


Landé enunciates a theorem relating to multiplet separa- 
tions which appears as a deduction from the model. It is 
that the separations between the species of a term-type are 
proportional to $(j?—7'*) in even folds or 4(j—j')(j+j'+1)in 
odd. In other words the successive separations are propor- 
portional to 4() +7 )—(j=j’ + 1)—for even and 4(j+/'+1) 
tor odd (in new system 4(j7+7'+2) for all folds). Con- 
sequently they run 

3:5:7: in even folds. 
1:2:3: inodd _ ,, 


In support of this rule he has adduced some data which 
dead him to think that the statement is approximately true. 
If the rule is a true statement, its significance is so important 
that I propose to examine how far the data at our disposal 
support it, or the contrary. In treating the data the ratio 
of the separations will be given in terms of the smallest, 
treated as 1. 

In the first place we should remember that the rule as 
stated cannot be true with absolute exactness, for these 
separations have their source in changes in the denominator 
of the Rydberg term-function, and it is to these displace- 
ments that any such rule would be applicable. Nevertheless, 
the changes in the ratios of the actual separations (v,, vg...) 
from those of the corresponding denominator displacements 


* Here g refers to term-type, not splitting factor. 
342 
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(Ai âz...) will be very small, unless the separations them- 
selves are considerable *. The effect is to diminish the rate 
at which the separations increase, below that of the real 
changes (A..), except where as in the almost unique case of 
Mn the displacements are of the opposite sign, when the rate 
is increased. In the present case, however, the observed 
separations are not so large as to produce an essential 
modification. 

If a set of separations are in a ratio given by an arith- 
metic series, as here, the fact shows itself at once by the 
constant differences between them. This test is of course 
not applicable to triplets. We find a few cases only in the 
lately recognized multiplets, so that their fewness is rather 
à priori against the rule as applicable to multiplets with any 
closeness. 

In considering the data we must also remember that 
throughout a series, the separations tend to keep the same 
ratio approximately for all orders. It therefore there is 
agreement with the rule for the first order, it is no additional 
evidence in favour if succeeding orders are also adduced, 
nor on the other hand is the evidence against increased by 
considering all the orders when the first is in disaccord. 
This consideration applies to the case of the F series in Alt, 
adduced by Landé, in which close agreement is found for 
nine successive orders. 

The question also will arise as to what is to be taken as 
approximate agreement. For instance, say theory requires 
a ratio 3/2=1°5 and observation gives 1°66. At first sight 
this might be taken as a rough agreement, but as a fact it 
corresponds to a ratio 5: 3, and really contradicts a theoreti- 
eal 3:2. It must be remembered that the observed ratios 
are definite up to at least the third decimal place. We 
should then estimate agreements as between numbers of 
three significant figures. Further, it is not legitimate 
to average two numbers deviating equally from those 
expected, as for instance Back t with an expected ratio 7 : 5 
and two observed ratios 7:4°3 and 7:5°7. These are 
probably really cases of 4°33 and 5°67 corresponding to exact 
ratios 21:13 and 21:17. 

With these a remarks we proceed to the actual 
data, taking those of each manifold by themselves—the odd 
first. The two-folds or doublets do not of course enter. 


* Fg.in Hq, v :r =4630:467 : 1767-279 (R/A)=2°620. A A= 
B7R19-08 : 30008:03 =? 927. 
t Zeits. f. Phys. xv. p. 223. 
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After each term symbol are given the j values and next the 
Landé ratio. 


Lhree-folds. 
p’, j=2.1.0 22 1=2 
A 2:37 Be 3°57 Alt 2:08 
Kr 231 Mg 2-03 Zn 2-045 O 2:52* 
X 2:18 Ca 2:03 Ca 216 Se 2:32? 
Ra Em 203 Sr 2:10 Eu 2°62 
Ba 237 Hg 262 


* from a triplet 0/3/2 multiplet (Paschen and Back, Ann. d. Phys. xxxix. 
p. 91H. Its separations 195-83, 77°59 are much larger than those of the 
generally accepted OP, which is definitely a five-fold set. The generally 
accepted SeP, also with large seps : is also possibly a three-fold P, and if so 
comes in here, 


d, j=3.2.1 Se ae 
A P Mg ? Zn 117 Alt 1:30 
Kr 169 Ca 1-44 Cn 164 
X* 165; 166 Sr 1:68 Eu 1:66 


Ra Em* 168; 175 Ba 210; 165+ Hg 1/1°718 


* two independent D sets. t a second incomplete D set—the accepted D is 
very irregular. § The well-known abnormality in Hg with inverse to normal 
ratio. 


J}, j=4.3.2 4 : 3=133 
Sr 143 Cd ? Alt 132* 
Ba 12 Eu 177 
Hg ? 
* the largest f sep : it gives the best agreement with Landé. 
Multiplets. 
A. dd. j=3.2.1 3:2=1°5 B. dp. g=2.1.0 2:1=2 
Ca L50 Ca 2°46 
Sr 151 Sr 318; 253 
Ba 1:52; 1°66* Ba 407 


* Error in ‘ Analysis, p.68. Should | 
be 4-483 : 339°5= 1-66. 


L. pp. j=2.1.0 eae eal 
Be 150 Alt 1:92 
Mg* 2:1 O 1°89 


Ca 1:84, 1°44 
Sr 132 +, 1H 
Ba 1:758 t... 2407 


* Paschen and Götze give this as a 0,3,2 set, which must be very doubtful, 
The lines are portions of S} 9 4 (5) and (4g) 8) 2,3 (5) (C Analysis,’ p. 263). 
Their allocation gives a denominator 5°33 quite out of step with others of this 
type. 

t The single line for p,—p,' in Sr given by Götze (A.d. Phys. lxvi. p. 291) 
is clearly anomalous. There appears some analogy with Ba which gives two 
mutually displaced lines, with a separation giving a possible ratio close to 
1:9. See: Analysis, pp. 223, 224. 
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Five-folds. 
př, /=38.2.1 g S22S15 
O 1°81 1-7] Cr 1:567; pa, 1'463; pè, 118 
S 1:55 1°55 Mn? 1:571 
Se 2°32 1:30 Clt 1674 
* Analogous triplets in O. S. Se. 
l, 7=4.3.2.1.0 4:3:2:1 


Cr 3°538 : 2°794 : 1943: 1 
Mnt 4593: $3°:195 : 2-047: 1 
Lor 0/3/2 multiplets, dd’ in Cr 
1:702 : 1:513: 1:384: 1 
3'216 : 2:580 : 1'862: 1 
3:490 : 2:811 : 1:958: 1 
fs, 7=5.4,3,2.1 5:4:3:2 =25:2:15:1 
Cr* ... 2433: 1:971 : 1491: 1 
2:602 : 2:138 : 1775: 1 
2:355 : 1:959 : 1265: 1 
* Gieseler arranges the three seta as successive orders of F. But ns all the 


reparations are of the same order of magnitude, this may be doubtful—all 
three are therefore given. 


Seren-folds. 
pi, j=t.8.2 4 : 3=1333 : 1 
Cr 1379. pa1-258 
Mo 1741; 1:39 
Mnt 1-490 
d’, j=5.4.3.2.1 54: 3:2202: bon 
Cr 156:1:24:1:19:1 
Mo 297 :212 :149 :1 
#2758 : 2284 ; 1761: 1 
* from a multiplet p—d. 
Four-polds. 


dt, j=4.3.2.1 7: 9:39=72333: 1666 :1 
Mn* 2541 171521 


3.2,1 5:3=1°666 
Mn* 1:750 OF 15l 
* Back’s new pd multiplet. 


Six-jolds. 
yw, J=4.3.2  7:5=1400:1 | J, j=5...1 9:7:9:3= 


| [3:000 : 2333 : 1-606 : 1 
Mn sé 1226 : 1 Mn. pd (1) 3-151 : 2337 1670: 1 
gë: 1:635: 1 | pd (Il) 3:346 : 2-470 : 1-697 : 1 

pd UL) *®  1574:1 = dd (IV) 2-600 : 2199: 1-205 : 1 
dp (V) 1:435: 1 | dd (VIL) 3:385 : 2622 : 1-755 : 1 


* Roman numerals refer to Catalun’s multiplets in his crder. 
eg = Ocal 11:9:...:3=3°666: 3 : 2°333 : 1-660: 1 
MeV LY. esses 4-040 : 33345: 2:500 21-715 21 
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Eight-folds. 
p“, J=5.4.3 9: 7=1:286: 1 ds, 7=6:5...:2 a a ere 
[2-200 eens 1-400: 1 
Mn P? 1:343:1 | Mn D’ _...... 2631 : 193: 13121 


In forming a judgment on the foregoing perhaps too much 
weight should not be given to any adverse evidence de- 
pending on the extra p, d terms brought in by the dd’, 
pa’, pp’ multiplets. Their Zeeman patterns show that they 
are typical p, d terms ; they cannot be higher orders of the 
p(l), d(2) terms of the P, D series; but their real nature 
is still to be found * and may require as noticed under I. a new 
category. Also little weight can be given to one or two 
close agreements amongst a larger number of adverse ones in 
the same set. We find extremely close agreement in the 
three fold extra d--given by the A multiplet d—d’. The 
three-fold series d, howev er, clearly point to a normal ratio 
of 5:3. The satellites of a first D set are very subject to 
displacement, and it is perhaps significant that if we use thie 
next order D(3) in Ca and Sr the ratios become 1°507, 
1:532 respectively, i. e. agree with Landé. 

The data taken asa whole speak definitely against the rule 
as even an approximate one. But we should notice the 
close general agreement that when the rule gives close 
ratios so do the observed, and when wide, wide. This 
appears a very strong argument that there is some con- 
nexion with reality behind the rule, such for instance as 
would occur if the j enter in the way supposed but loaded 
with some other physical constant——or classifying number. 


October 14. 


(Note added in proof sheets.—Since writing the above 
I have become acquainted with the paper by Walters on 
multiplets in Fe (Jour. Wash. Acad. Se. xiii. 243) and 
another by Gieseler and Grotrian (Zsch.-f. Phys, xxii. 245) 
in which the nature of the term-types in Walters’ multiplets 
are considered. We find iu Fe cases of transitions from one 
term-species to four others. It is the only case known to 
me where the j-transition rule is contravened. Further we 


* I suspect they involve link connexion. That of the Ba L or 0/32 
18 eal so connected. The line EA in Mn—Cat: IV ad, —-d,’ 
line—is linked to another n=25040 by 39291 =r, +»,— 05, and no 
p term to produce this can occur in the coe Also the sets on p. 197 
of his paper beginning with 3085144, 30722°19 are separated by exact 
v; —again with no p term present, 
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find the multiplets based on a five manifold, and not as we 
should have expected from the law suggested above, chiefly 
on seven- and nine-folds. Gieseler and Grotrian give the 
data referring to Landé’s separation law. In the five-folds 
they find good agreement in one p, in one d out of four, fair 
agreement in one f out of two. In the three-folds good 
agreement in one f out of two and in one ga. Ina ‘note 
added in the proof they give another F* multiplet. Here 
the separation ratios are 3: 2 21: 1°56: 1 compared with a 
theoretical 2°5: 2: 1°50: 1. 


C. Note on Vapour Pressures of Monatomic Substances, 
By Aurrep CU. EGErroy * 


OR the expression of vapour pressure results, various 
formule have been used as approximations to the 
——— formula 


log, p=— a + Re log, T— £ kel, C dT + constant. 
The three-cunstant Kirchhoff formula 
logp=— 7- ‘log T+A, 
or the four-constant Nernst formula 
B ae eT 
log p=— 7 + 1°75 log T— R +A, 


are frequently employed. The object of the present paper 
is to point out that a simple linear equation can be used to 
express the measurements of the vapour pressures of mon- 
atomic substances with about equal accuracy. 

The specific heat of the solid at ordinary temperatures is 
about 3 R, while that of the vapour is 25 R, so that C in 
the Kirchhoff formula becomes 0°5, but this only holds in the 
region where Cv is 3 R. 

It is a necessary consequence of the above thermodynamic 


formula that a linear relationship (log p plotted against 1) 
should approximately hold. 


* Communicated by the Author. 
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1 b 'T T 
7 Cin T dT ( OdT 
e 0 


as if Z Jp’ 2 ] 
R RT), 
is evaluated, using the Debye formula for a range of values 
By 
of ne 
value which is fairly constant over a wide range of temper- 
ature. This range is that over which the vapour pressure is 


appreciable. The vapour pressure equation of a solid 
substance with monatomic vapour becomes, therefore, 


the differences (A) closely approach a maximum 


RT 


(C being the chemical constant). Table 1. gives A for 
various values of 3v and T. 

The values of 4log T given in the first column show 
greater divergency from constancy. 

The change with temperature of the integrated value for 
the correction of Cv to Cp is insufficient to affect the 
conclusion. l Bv 

lt may be mentioned that A is a maximum where y=? 


, B 
+HA+C)=— in FA 


log p= 


{see Phil. Mag. xxxix. p. 14, 1920) ; below this temperature 
Vapour pressures would become greater than indicated by 
extrapolation of the linear relation, but in all such cases the 
pressures would be immeasurably small. 

To take the case of cadmium, the theoretical equation 
between 400° K. and the melting point 594° K. would lead to 
the formula (where 8y=168 and chemical constant 1'487) : 


at 400°K.log p= — p 4 6505 —1-762—0-029 + 1-487 
po Ao 9 
m T RT + 6 201, 
at 594°K.log p= — jih +6-935— 2210—0052 + 1-487 
Ao oara 
= — a +0159. 
Va 
Taking log p mm. = —2°33 at 523° K., the thermodynamic 
equation might be expressed very closely by 


( 
log p (atmos. ) = — oe + 6°287—2°14.10-‘T. 
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The following Table (I1.) shows that this equation leads 


to very nearly the same results as the empirically determined 


; , 5891 
linear equation log p atmos.= — E oF 6:053. 
TARIR II. 
| log p. 
| i | | stent hed 
| | Thermodynamic. Empirical. | Observed. 
tł ' f 
| — ———_ ——- | 
© I9 —5:035 -5028 | 496 
| 4826 | —3:273 —3-272 ! — 3-28 
5136 | — 2:536 — 2:536 — 254 
523°0 | — 2:329 —2°329 | — 2:33 
| 532:5 —2°128 —2:129 | — 2:12 
| 545°6 — 1:863 — 1:864 | — 1:88 


At high and low temperatures greater divergencies might 
be expected, but it is possible to represent over the range of 
the measurements the vapour pressure of solid argon and of 
tungsten by a linear relation as well as by any other 
equation, as the following figures illustrate :— 


Taste II A.—Vapour Pressure of Argon (Solid). 


T° K, hol i T ae e] 
ee ee ee ees (eae eae. eee 
| 6549 13418 | 13387 | 13414 | 13395 | 
6616 | 14041 | 14000 14024 | 14016 | 
| 6943 | 16809 | 16944 1:6941 | 1:6996 | 
| 7049 | REN | R | 1:7833 | 17093 
| 7195 1-889 1:89 ‘8972 1-9044 
| 7893 | 20483 | 2-0541 | 20517 | 20990 
| 75:50 21644 | 21645 | 21623 21695 
l 7669 22477 | 22544 | 22515 | 22605 
| TT48 | 23023 | 23035 23010 | 23093 
7906 | 24075 | 24098 | 24073 24146 
| 8060 | 25068 | 25079 | 25057 | 26111 
81:42 | 25569 2:5569 | 25551 , 2:5600 
8275 | 26394 | 26428 26408 26449 | 
83-21 | 20668 | 26673 | 2:6657 26697 | 
8393 | 27095 | 27082 | 27070 | 27100 
| | 


Column I. Measurements by Born (Ann. d. Phys. lxix. p. 473, 1922). 
Column II, log p= — 20080 + 7:5811. 


T 

Column III. log p = — 0°" 4 1-75 log T — :0028293 T + 1:0698. 
Nernst formula used by Born, 
Column IV. log p = — Sa + 25log T — F (Bv) + 0000142 T? + 3-671 


taking By=85, A,=1840, C=3:67. 
Digitized by Google 
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Taste IIIB. 


Vapour Pressure of Tungsten. 


T° K. I. IL. WI. . IV. 
2440 | —6903 | —6990 ; —6972 | -6643 
2522 | ~6496 | 6370 | 26359 | 2613 
2300 — 4583 — 4044 — 4542 — 4035 
2930 | {Z3} | -3809 | -3814 | -3903 | 
2925 | {375g} | -3838 | -3842 | —3928 
3136 | -2673 | -2772 | -2781 | -30l 


Colunn I. Measurements of Langmuir (Phys. Zeit, xiv. p. 1273, 1913). 
47440 


Column II. log p = 15:502 - oe 0-9 log T. 
Column IIT. log p = 11-920 + $6109 
Column LY. logp = — — +7835 — 1-78 10-*T. 


(Assuming C = 1'808; Br = 300.) 


In the case of tungsten the approximate thermodynamic 
formula (column IV.) so far as it can be derived from the 
specific heat measurements of Worthing, does not agree well 
with the experimental results, which are expressed quite 
as well linearly as by the Hertz formula employed by 
Langmuir. It is clear that vapour pressure measurements 
alone are generally insufficient for the determination of A, 
without accurate knowledge of the variation of specific 
heats with temperature. 

Since the change of specific heat of a supercooled liquid 
is not known precisely, the thermodynamic equation for the 
vapour pressure of a liquid | 


inp l — Ao” Cae tn a (” C,‘dT a ("" C,'dT T-T. 
T RT R 0 R a R To 


Cy (" dT (" aem t dT i eee 
i R ae Tn RIS E meer J RL, Cdl + © 


canrot readily be evaluated. In order to obtain the true 
value of Ao’ and ©, the vapour pressure has usually to be 
extrapolated to the melting point, and in the case of the 
molten elements it is generally sufficient to extrapolate by 
means of a linear equation. 
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The following linear equations are found to hold as closely 
as any three-constant formule in the following cases :— 


Zinc: lug p= — ore 48107 
(cf. Braune’s Measuremenis, Zeit. Anorg. Chem. exi. p. 109, 1920). 

Lind: log p = — 1" 48:3165 

(cf. Ingold’s Measurements, J. C. S. exxi. p. 2419, 1922). 

log p= = a +7903 or ae + 8:347 
(Egerton, Proc. Roy. Soe. ciii. p. 469, 1923). 
Cesium: logp=-— n +7°256 
(Seott, Phil. Mag. xlvii. p. 32, 1924). 

Rubidium: logp=— spe +7331 (Jhid.). 


In the case of mercury, the linear relation 
3252°2 


log p= — oo + 81691 
accords weli with the measurements of Knudsen, and 
log p= — 2m” +7°8300 


with those of Smith and Menzies; it has already been 
pointed out (Phil. Mag. xxxix. p. 1, 1920) that the two. 
careful sets of measurements do not agree well with each. 
other, and experiments are being made to find out where 
the discrepancy lies. 


The equations 
f 


B B 
log p= — yr $A! or log p=— 4v —ClogT +A 


or log p=— of +A" +CT 
(where Cand C” have nearly the same values for all elements),. 
lead necessarily to the Ramsay and Young equation 


Ty’ EEA T; ; v? 
Ty = i + K(T, —T)), 
where K in the case of the 1st equation would be given by 
A-Å R 


(T, and T, are the temperatures of equal vapour pressure for- 
two different substances). 
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Ingold (J. C. S. exxi. p. 2419, 1922) has claimed for 
molten lead that the Ramsay—Young equation gives closer 
agreement than is obtained by extrapolation of the four- 
-constant Nernst equations. Since the formule above cited 
(particularly the last) are very close approximations to the 
thermodynamic formula, the Ramsay and Young equation 
naturally should hold. Having fixed the vapour pressure of 
a certain metal, that of other metals can be found if one 
point on the vapour pressure line is fixed by careful measure- 
ment and consequently with some approximation ^ and the 
-other thermal constants which enter into the thermodynamic 
vapour pressure formula. 


Summary. 


1. On the basis of the thermodynamic yapour pressure 
formula a linear equation log p= — T +b closely represents 


the variation of vapour pressure with temperature of a solid 
with monatomic vapour. 

2. Various examples are given of the application of this 
equation. 

3. A vapour pressure determination at a single temperature 
should suffice to determine the course of the whole curve. 


Clarendon Laboratory, 
Oxford. 
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“CI. The Thermal Conductivity of Solid Electric Insulators. 
—If. By W. M. Trorntox, Professor of Electrical 
Engineering, Armstrong College, Neweastle-upon- Tyne *. 


1; r a review of Debye’s theory of the atomic heats of solids 
Jeans remarks f :—*“ Debye’s result may be summarised 
in the statement that the whole heat-energy of an element 
resides in the energy of its elastic-solid vibrations, the atoms 
being treated as particles of the solid, and each vibration 
having exactly the energy allotted to it by the quantum- 
theory.” It follows that the continuous transmission of heat 
through insulating solids proceeds in the same way. 
For many electrical insulators the thermal conductivity + is 
proportional to the product of the longitudinal elasticity E and 


# Communicated by the Author. 
+ Report on Radiation and the Quantum-Theory by J. H. Jeans, 
2nd ed. §61, p. GO. 
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the density p,and k = Ep.10~!*for widely different substances*. 
The rate of transmission of the elastic vibrations which con- 
stitute heat in solids is then proportional to the force between 
molecules of which elasticity is a measure. According to 
Nernst, Debye’s formula for molecular heat takes account of 
the vibrations of the molecules, Einstein’s of the atoms. 
The above relation supports this to the extent that for k to 
be proportional to E one of them must deal with molecular 
forces, and Einstein's professedly does not. 


2 
e e e s mv e 
Expressing the heat æ in mechanical units as ——, v is the 


J 


difference of the mean square velocities of vibration between 
opposite sides of unit cube across which unit temperature 
gradient is maintained. The mass is numerically the density 
of the substance, so that k= Ep=pv?/J. The velocity of 
molecular heat vibration therefore follows the same Jaw as 
that of sound, in that ¢? varies as the elasticity in the 
direction of transmission. This is the meaning of the 
relation between 4, E, and p, given in the previous paper, 
which should therefore be true for all substances in which 
heat is transmitted by vibration of molecules, or of atoms 
when the energy of the latter bears a constant ratio to the 
former, as it does at normal temperatures. 

2. In the case of graphite, E=5°2.10", v= EJ.107"4, and 
v= 460 centimetres a second, increase of molecular velocity 
per degree rise of temperature. The average velocity for 
simple harmonic vibrations is 0°9 the root mean square value, 
and is 4 times the product of frequency and amplitude. At 
temperatures approaching the infra-red, with atomic fre- 
quencies about 10'’, the corresponding change of amplitude 
is in the case of graphite 107° centimetre, less than a 
hundredth of a molecular diameter, per degree, a not 
improbable value for atomic vibrations. 

Molecular movement in solids at speeds equivalent to a 
frequency of the order of 10'% occurs in the passage of sound. 
When the molecules in the wave-front are all in phase the 
motion is transmitted as sound ; when they are in complete 
confusion, as heat, the elastic movement being the same in 
both cases. 

3. Variations from the relation £=Kp have been pointed 
out by Clarke f in the case of certain glasses. The values 


* “The Thermal Conductivity of Solid Insulators,” Phil, Mag. xxxviii. 
p. 705, Dec. 1919, . 

t “The Thermal Conductivity of some Insulators,” J. R. Clarke, 
Phil. Mag. x\. p. 502 (1920). 
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of k, calculated from observed elastic constants and densities, 
are in some cases higher, in others lower than if the relation 
were independent of composition. In the light of modern 
knowledge of molecular structure, glasses are complex 
interlaced lattices. The elasticity of the whole is not a 
known function of the forces within the molecule. When 
the thermal conductivity calculated from Ep is less than 
the observed value it may be accepted as an indication that 
the solid as a whole has less elasticity than its elements, or 
that the atomic vibrations which undoubtedly add to mole- 
cular heat, and are not so far as we know directlv related to 
the elasticity E, retard by absorption the transmission of 
energy. W hen, on the other hand, the observed value of / 
is greater than E the interlocked lattices form a structure 
stiffer than the transmitted heat vibrations indicate. 

Optical glasses are not, as Clarke states, very suitable for 
testing the validity of the relationship k= Ep, though the 
agreement is in some cases close. Their composition is 
usually much more complex than that of the other insulators 
considered. Taking the Jena glasses 19 to 38 discussed by 
him, eleven have a thermal conductivity greater than Ep, five 
X(+) obs. A 

5(Ep) =1:3. Th: 
longitudinal elasticity is on the whole less than that by 
which heat movement is transmitted. 


have less. For all these the ratio 


CII. The Principle of Equivalence in the Theory of Relativity. 
By Tracy Yerkes THomas, National Research Fellow in 
Mathematical Physics, Department of Physics, University 
of Chicano * 

l. Jntroduction. 


N considering the propagation of light in a gravitational 
field in 1911, Einstein f made the assumption that a 
homogeneous gravitational field is completely equivalent to 
a uniform acceleration of the coordinate system. This 
assumption is Einstein’s original principle of equivalence. 
As thus stated, however, the principle applies only to the 
case of a homogeneons gravitational field, and is conse- 
quently unsuited for the requirements of the general theory 
of relativity. 
* Communicated by the Author. 


+ A. Einstein, * Ueber den Kinfluss der Schwerkraft auf die Aus- 
breitung des Lichtes,” Ann. d. Physik, xxxv. p. 898 (1911). 
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Accordingly, in his formulation of the general theory of 
relativity in 1916, Einstein * replaced the above statement 
of the principle of equivalence by the assumption that the 
special theory of relativity holds in an intinitely small 
four-dimensional region for a proper choice of coordinates. 
This modification of his original assumption has retained the 
name of the principle of equivalence. The proper choice 
of coordinates is considered to be one for which the 
linear element or interval has the same form as in 
the special theory of relativity for some point in the 
infinitely small four-dimensional region. Beyond this, no 
definite specification of coordinates is made. This statement 
of the principle of equivalence furnishes a means by which 
we may pass from the laws of the special theory of relativity 
to those of the general theory. The principle suggests that 
the laws of the special theory of relativity when expressed 
in a form which is invariant under arbitrary transformations 
of coordinates will retain this form for the general theory of 
relativity. But, as has been pointed out by Eddington f, 
this method of generalization from a flat to a curved manifold 
cannot always be expected to lead to correct results. For if 
the general law depends on terms invoiving the curvature 
of the world, these terms will not be determined by such a 
method of generalization, since the curvature tensor vanishes 
identically in the special theory of relativity. 

In this paper we give a statement of the principle of 
equivalence by means of point-inertial systems of coordinates. 
These systems are very closely related to the ordinary inertial 
systems of the special theory of relativity, and reduce to the 
latter in case the gravitational field can be removed by a 
transformation of coordinates. Point-inertial systems appear 
to be the “proper choice of coordinates” mentioned by 
Einstein in his later statement of the principle of equi- 
valence. Their use gives a unique determination of the 
general laws from those of the special theory of rolativity. 

We assume the Riemann geometry as specified by the 
condition (2.3). It should be observed, however, that our 
statement of the principle of equivalence does not depend 
on the condition (2.3), but only on the existence of a funda- 
mental metric tensor gag satisfying (5.2). This raises the 
question if it is not possible to apply the principle of equi- 


* A. Einstein, “ Die Grundlagen der allgemeinen Relativitatstheorie,” 
Ann. d. Physik, vol. xlix. p. 769 (1916). 

t A. S. Eddington, ‘The Mathematical Theory of Relativity,’ p. 40 
(1923). 


Phil. Mag. 8. 6. Vol. 48. No. 288. Dec. 1924. 4A 
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valence to this more general metric geometry, on the basis 
of which Einstein * has recently considered a new insertion 
of electricity in the theory of relativity. But such an 
application of the principle of equivalence has not been 
attempted in the present article. 


2. Hiemann Geometry. 


We consider a system of paths, 


SSA) 4 a a Ss we me L) 
which take the place of the straight lines of euclidean 
geometry, and which are given as solutions of the sct of 
differential equations f : 


dax ri ; dxa dxp 
ds? aB ds ds 


The T’s in these equations are Christoffel symbols with 
respect to a symmetric tensor gag ; i. e., 


JaB, y =O. « & & « @ a (2) 
where gag, y denotes the covariant derivative of gag. Under 
an arbitrary analytic transformation of coordinates, 


eS OP), 2. =m w «.@ (2:4) 
which may also be written 
aim file), 2 2... . (2,5) 
the differential equations (2.2) of the paths (2.1) become 
dri s dir® on 
ds? 2th ap~ ds ds ~ 
It follows from (2.3) that the I’s are Christoffel symbols 


with respect to the tensor gag, into which the tensor Iag i8 


transformed by the transformation (2.4). 

It can be shown that (2.3) is a sufficient condition for 
the paths (2.1) to possess the homogeneous quadratic first 
integral 


=0. .... (2.2) 


(2.6) 


dx“ dec s 
a T. eo ee io ee oe a BE) 


ds 


where x? is a constant for any particular path. 


* Cf. the series of notes by A. Einstein in the Berlin Sitzungsberichte 
(1923). 

t L. P. Eisenhart and O. Veblen, ‘The Riemann Geometry and its 
Generalization,’ Proc. Nat. Acad. Sci. vol. viii. p. 19 (1922). 
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We define the length J of a curve c extending between 


the points (9) and (a1) by 


dx® dæ? aan 
l =| Wine “dt “yp tts . . . . (2.8) 


where ¢ is the parameter occurring in the parametric repre- 
sentation of the curve c. In case the curve c is a path (2.1), 
the length 2 becomes 


i=" pds = p(sim so). ww . . (2.9) 


It follows from (2.8) that the linear element dl is given by : 
dl? = gap derde?. a, wae Ae 4 se L) 


The paths of zero length, which are light tracks in the 
theory of relativity, correspond to w=0. “Paths which are 
not of zero length are geodesics—i. e., they are the curves 
for which the integral 


dat dab y 
{. N. WE “ae et . . e e (2.11) 


3. Normal Coordinates *. 


A unique solution (2.1) of the differential equations (2.2) 
is determined by a set of initial conditions : 


t = pi when s=0, . .. . (3.1) 


dat 


is stationary. 


= E when s = 0. e a wt. 8 (3.2) 


This solution is of the particular form 
Papel (prie « & a a « G3) 
Let us now put _ 
WERE e Sa tay ol ae ew SL) 
Then the equations (3.3) become 
= p+ (py), a so 2. . . (5) 
aud these equations determine a transformation from the 
coordinates (.) to a new set of coordinates (y). The 
(y) coordinates defined by (3.5) are called normal co- 
ordinates. 
* O. Veblen, “ Normal Coordinates for the Geometry of Paths,” 
Proc, Nat. Acad. Sci. vol. vill. p. ee 
4A2 
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A path (2.1) satisfying the initial conditions (3.1) and 
(3.2) is given by (3'4) in normal coordinates. Hence, 
if the functions T3 are denoted by Chg when transformed 
to a system of normal coordinates (y), the C’s satisfy the 


condition f 
(Cap)o = 0 i $ ‘ P as © è (3.6) 
at the origin of normal coordinates. 

It can be shown that under an arbitrary transformation of 
the (x) coordinates the normal coordinates (y) which are 
defined by the (x) coordinates and a point p suffer a linear 
homogeneous transformation with constant coefficients *. 


We may therefore determine a system of normal coordinates 
(y) at the origin of which (2.10) has the form 


dÊ = a, dys, pa a e oe a a 


where the a’s are either +1. In case the a’s are all +1, 
these normal coordinates are determined to within an 
orthogonal transformation. 


4. Extension of Tensors t. 


Let us denote by Te an arbitrary tensor which is 


contravariant in the indices (l, m,...,n) and covariant 
in the indices (2, 7,...,4). Let us then define a set of 


S l eee 
functions Ty. i Bad of (x) by 
d” ln...n 


p-a = (mt Ve. ee 2 t 
i)... k, Peo dyP...dy A (4 1) 
where the derivative is evaluated at the origin of a system 


of normal coordinates (y). It can be shown that ae 
is a tensor which is contravariant in the indices (l, m, ...,n) 


and covariant in the indices (7, 7,..., k, Py...) We shall 
call this tensor the nth extension of Les provided that 
there are n indices (p, ...,q). ae 

The first extension of any tensor is the ordinary covariant 
derivative of the tensor. However, the second extension of 
a tensor is not the same as the ordinary second covariant 
derivative of the tensor, and in general the nth extension 
(n>1) is not the same as the ordinary nth covariant de- 
rivative of the tensor. Lists of formule of extension, 
together with formule giving the relations between various 
extensions, are given in the ‘Geometry of Paths?’ (loc. cit.). 

* O. Veblen and T. Y. Thomas, “ The Geometry of Paths,” Trans. 


Am. Math. Sec. vol. xxv. p. 551 (1923). 
t O. Veblen and T. Y. Thomas, loe. cit. 
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For example, the second extensions of the covariant 
vector T; and the covariant tensor T;; are : 


OT; OT; a OTe a Ta 


i, pg = Daer Dal das PY Ox p Ly” Dz W Tip — =T a lioo (4.2) 
T.. OT; _ OT; na Tja ) _ OT ia pa ape OTa; r‘ 
a), Pq 7 Ox? dr dx ph Ox? iq” dz P J4 Fed ip 

ro a =. T re 
g Dal Py Taj iV ing a Ving + tap D; ip T+ Tag Ti T Jp? 
in which (4.3) 
i 1 or’, ory, or, i pa i t pa 
e Ea E a Peal pT a ra). (4-4) 


The second extensions T; pg and Ty, pg are related to the 
second covariant derivatives T; , 7 and T;; p, g respectively 
by the formule: 


T =T =r ae 
a 
Ty, PG = T; PY =L Aa —T; aA jpg: 
where the A’s are normal tensors. 


(4.5) 
(4.6) 


i, p4 © +i, pq 


5. Point-tnertial Systems. 


The special theory of relativity deals with a particular 
class of coordinate systems called inertial systems. These 
systems are characterized by the fact that the interval dl has 
the particular form, 


dP = d?—dei—dy?—d2, . . . . (5.1) 


where ¢ denotes the time and (z, y, z) are the coordinates 
of a rectangular coordinate system. All inertial systems 
having their origins at a common point are related by a linear 
homogeneous transformation of the variables with constant 
coefficients called the Lorentz transformation, which possesses 
the property that it leaves the form (5.1) invariant. The 
invariance of (5.1) under the Lorentz transformation ex- 
presses the fact that a light-ray has a constant velocity 
(which we here take to be unity) in all inertial systems. 

We make the assumption in the general theory of relativity 
that the inetric is such that the a’s in (3.7) have the values 

a= l, ay=a,=a;=—1. Hence 3.7 becomes 


dÊ = dyo—dyi—dyi—dys. . . . . (5.2) 
The system of normal coordinates (y°, y}, y*, y?) at the origin 
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of which (5.2) holds is determined to within a Lorentz 
transformation. 

We shall call the system of normal coordinates (7°, y}, y”, 3°) 
a point-inertial system, on account of the similarity between 
these systems and the ordinary inertial systems of the special 
theory of relativity*. If there exists a transformation 
changing (2.10) into the form (5.2), this will be accomplished 
by the transformations leading to the point-inertial system, 
so that in such a case the form (5.2) wil] hold throughout the 


point-inertial system. 


For convenience we shall also denote by (t, x, y, <) the 
coordinates of a point-inertial system. In this case the form 
(5.1) will hold at the origin of the point-inertial system. 

The following properties of point-inertial systems relating 
these systems to the inertial systems of the special theory of 
relativity may readily be verified. 


In the special theory :— 


(1) The interval dl has the 
form (5.1) throughout the inertial 
system. 

(2) The functions I~, vanish 
throughout the inertial system. 


(3) Light is propagated with 
the velocity unity throughout 
and relatively to all inertial 
systems. 

(4) The covariant derivative 
is equal to the ordinary partial 
derivative throughout the inertial 
system. In general the nth 
extension is equal to the nth 
partial derivative throughout the 
inertial system. 


(5) The equations of a path 
passing through the origin of 
the inertial system are of the 
form (3.4). 

(6) Inertial systems having 
their origins at a common point 
are related by the homogeneous 
Lorentz transformation. 


In the general theory :— 


(1) The interval dl has the 
form (5.1) at the origin of the 
point-inertial system. 

(2) The functions I“, vanish 
at the origin of the point-inertial 
system t. 

(3) Light is propagated with 
the velocity unity at the origin 
of and relatively to all point- 
inertial systems. ; 


(4) The covariant derivative 
is equal to the ordinary partial 
derivative at the origin of the 
point - inertial system. In 
general the nth extension is 
equal to the nth partial de- 
rivative at the origin of the 
point-inertial system. 

(5) The equations of a path 
passing through the origin of 
the point-inertial system are 
of the form (3.4). 

(6) Point - inertial systems 
having their origins at a common 
point are related by the homo- 
geneous Lorentz transformation, 


* Cf. G. N. Birkhoff, ‘ Relativity and Modern Physics,’ p. 118, § 7 


(1923), 


t It follows from the condition (2:3) that the first derivatives of g.g 
vanish at the origin of the point-inertial system. 
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This comparison clearly shows that the point-inertial 
svstems of the general theory of relativity are very closely 
related to the inertial systems of the special theory. 


6. Principle of Equivalence. 


The results of the preceding section suggest that the 
special theory of relativity wiil hold for an observer at 
the origin of the point-inertial system—i. e., that the mea- 
surements of such an observer will have the significance 
of measurements of space and time in the special theory of 
relativity. We are thus led to consider that some of the 
laws (invariant equations) of the general theory of re- 
lativity will have the exact form of the corresponding laws 
of the special theory of relativity when referred to the origin 
of the point-inertial system. This assumption will be spoken 
of as the principle of equivalence. It will not be possible 
for every law of the general theory of relativity to assume 
the form of the corresponding law in the special theory at 
the origin of the point-inertial theory, as this would involve 
inconsistencies in the general laws. However, to every law 
of the special theory of relativity there will be a law of the 
general theory, which will be uniquely determined from 
the law of the special theory by means of the principle of 
equivalence. 

The remaining sections of this paper will be devoted to 
particular applications of the principle of equivalence. 


7. Propagation of a Potential. 
The wave equation 


Ob OP 200 208 26 5 -¢. Ca) 


of Ou? Oy? ò” 
expresses the fact that the potential ¢ is propagated with 
the velocity of light unity. According to the principle 
of equivalence, this equation is to be introduced into the 
general theory of relativity by requiring that it be satisfied 
at the origin of the point-inertial system. As is customary, 
we denote by g°® the cofactor of the corresponding Jug ÌN 
the determinant 


Jitye ses Jia 
g= > © «© « « (7.2) 


dils e. +s Yia 


divided by the determinant g. Then g@® constitutes a 
contravariant symmetric tensor, and the equation (7.1) 
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which holds at the origin of the point-inertial system 
can be written in the invariant form 


9489) aß = 0, ° . F . s ° (7.3) 


where ¢, ag is the second extension of the potential ¢ *. 


Let us denote by (J the operation of forming the second 
extension of a scalar, vector, or tensor, and then contracting 
the indices of extension by multiplication with g°8. Thus, 
in general, eds on 

M... UM... es 
OTP E = GPT ag - - (7.4) 
mM... H 


lm... e : 
where Ty i aß 18 the second extension of the tensor Ty : 


The equation (7.3) may now be written 


O¢d=0. ...... (75) 


Hence, according to the principle of equivalence, the wave 
equation (7.1) takes the form (7.5) when introduced into 
the general theory of relativity. 


8. Conservative Equations. 


According to the principle of equivalence, the laws of 
conservation of energy and momentum will hold in the 
ordinary sense for the observer at the origin of the point- 
inertial system. This assumption has its expression in 
the equations 

dst 


oy” 


referred to the origin of the point-inertial system, where 
Gt=/—gT* is the tensor density of the energy tensor TË 


and depends on the energy density of the electromagnetic 
field and ponderable matter. On account of the condition 
(2.3), the equations (8.1) become 


=O0....... (81) 


7S 0s. & oo # eh 4 182) 


also referred to the origin of the point-inertial system. We 
do not know the exact form of the tensor TẸ inside the 


elementary electrical charges, but a form which is suffi- 
ciently accurate for many purposes is given by 


TË = pg E EY, a. © (8.3) 


* The second extension and the second covariant derivative of a 
scalar function œ are identical. 
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where p denotes the stationary density of matter and 
i See od lxs : 
€ is a vector which is equal to - along any world-line. 
Inserting (8.3) into the conservation equations (8.2), we 
obtain well-known equations of hydrodynamics *. 
Transforming the equations (8.1) to arbitrary coordinates, 
we obtain 


GF 
wars T ee ae (8.4) 


Hence, according to the principle of equivalence the equations 
(8.4) express the laws of conservation in the general theory 
of relativity. 


9. Gravitational Equations. 


We assume that the gravitational potentials 9,, are 
propagated with the velocity of light in the ordinary 
galilean sense for the observer at the origin of the point- 
inertial system. We meet this requirement by putting 


DIa = Vu > © © + (AD 
where ¥,, is a symmetric “ tensor of matter ” which, like 


the energy tensor TË, may be assumed to depend on the 
energy density of the electromagnetic field and ponderable 
matter. For at the origin of the point-inertial system 
(9.1) becomes : 

O'Fuy _ Iu» _ O Yur _ Our _ y (9.2) 

o or oy or TPMS OTOT 
and the ordinary solution of an equation of this form 
involving retarded potentials will therefore apply at the 
origin of the point-inertial system. Hence the observer 
at the origin of the point-inertial system will consider that 
the gravitational potentials g„, are propagated with the 
velocity of light unity t. 

If space were euclidean, then the I’s would vanish 
throughout the point-inertial system. In reality space is not 
euclidean, although its actual deviation from the euclidean 
is very slight; we therefore assume that space is euclidean 


*Cf. A. S. Eddington, loc. cit. p. 117. 

+ A similar treatment may evidently be given for electromagnetic 
waves. This would lead to equations of the form O¢y»=6,,, where 
u» is the skew-symmetric electromagnetic tensor and Oy, is a skew- 
symmetric tensor of matter. 
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to the extent that the Is and their first derivatives are 
negligibly small in the point-inertial system. The g's will 
ditter but slightiy from the galilean values in the point- 
inertial system, and the gravitational equations (9.1) will 
therefore take the form (9.2) very approximately throughout 
this system. We thus arrive at an approximate theory of 
gravitational waves very similar to that given by Einstein *. 
But the principle of equivalence gives an exact theory of 
the propagation of gravitational waves. For, according to 
this principle, the gravitational equations (9.1) express the 
fact that the gravitational potentials 9,, are propagated 
with the velocity of light for the observer at the origin of 
the point-inertial system, the only place where we can speak 
of a velocity of propagation in the ordinary sense. 

We obtain the Einstein gravitational equations from 
(9.1) if we assume that these equations contain the equations 
of conservation (8.2). This assumption may be satisfied by 


puttin 
pe huv = kT yy MyeT)s 2 2 ee (9.3) 


Tav = Ipoly» 
T= Thy 
and k is a constant. By the substitution (9.3), we have 
Ogu» = A(Tyv—4dopT). . . - . (9.4) 


To prove that the equations (9.4) yield the conservation 
equations (8.2), we shall transform these equations into 
the ordinary Hinstein equations of the gravitational field, 


namely : 
d Ruy Juv = Tun oa es (9.5) 


where & is a constant, and 


in which 


Ruy = Bea 
R = gh” Rays 


the tensor B being the curvature tensor. We first write the 
equations (2.3) in the form 


OY , o 

aa = Yarl pa tIpol yo o . e A (9.6) 
If we transform these equations to a normal coordinate 
system, differentiate, and evaluate at the origin of the 


* A. Einstein, “ Ueber Gravitationswellen,” Berlin Sitzungsberichte, 
p. 164 (191x). 
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normal coordinates, we obtain 


C : g = 
Ipv, a3 = JovA pap + Ipod vups = = s (9.7) 
whese guy, ag 18 the second extension of the fundamental 
metric tensor yup and the A’s are normal tensors. Now 
ang ce g © » eys . 3 ` . o 
the normal tensor A ag and the curvature tensor Bap 
satisfy the equations 


C C g ’ 
BA a3 = Brag + Baug è . . ° x (9.5) 


identically. Using this identity, we may show that 
39 uv, aß = Jao (Bagy + By ay) a a e (9.9) 


Oop = Rave > © <. e ~ (9.10) 


By means of the identity (9.10) we easily transform the 
equations (9.4) into the Einstein equations (9.5). Hence 
the equations (9.4) contain the conservation equations (8.2), 
since it is well known that the divergence of the left member 
of (9.5) vanishes identically. 


Hence * 


10. Motion of a Mass Particle. 


The differential equations of motion of a freely-moving 
mass particle in the special theory of relativity are 
d'y’ 

ds? = 9 . e e ry e 


where 7° denotes the time and (y', 7?, 4”) are the coordinates 
of a rectangular coordinate system. These equations, when 
referred to the origin of the point-inertial system, are the 
differential equations of a path (2.1). Hence, according to 
the principle of equivalence, the track of a freely-moving 
mass particle in the general theory of relativity is a path 
(2.1). The equations of motion of the freely-moving mass 
particle which pass through the origin of the point-inertial 
system will therefore be 

Ga Pay 2 a a oe « “€10.2) 
where the E's are constants. Hence to the observer at the 
origin of the point-inertial system the particle will appear 
to move in a euclidean straight line. But the partiele 
will not in general appear to move in a euclidean straight 
line if it does not pass through the origin of the point- 
inertial system. 


(10.1) 


* The second extension Inv,og Ì3 identical with a tensor $y, ag 


defined by Birkhoff, who also obtains equations which are essentially 
the same as (9.10). Cf. G. N. Birkhoff, loc. cit. pp, 123 and 229. 
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11. Track of a Light Ray. 


In the special theory of relativity the track of a light ray 
satisfies the differential equations (10.1) and also the con- 
dition that along it the constant ~=0. Hence, according 
to the principle of equivalence, the track of a light ray in the 
general theory of relativity is a path (2.1) of zero length. 
As in the case of the mass particle, the observer at the origin 
of the point-inertial system will consider the track of the 
light ray which passes through the origin to be a euclidean 
straight line ; but in general this will not be the case if the 
track does not pass through the origin. 

A path (2.1) is uniquely determined by a set of initial 
conditions (3.1) and (3.2). Hence, if we assume that the 
track of a light ray is a path (2.1), it should be possible to 
determine this path by imposing the initial condition that at 
a remote point where the metric may be assumed to be 
galilean the ray has the velocity of light c in the ordinary 


sense, 2. e. pet Mate. oaks 
(iia) +(e) +(ae) =A > GED 


where «o denotes the time and (z', x?, z?) are rectangular 
coordinates. 

The problem of showing that such a determination of the 
light path would be identical with the determination given 
by the condition that the path be of zero length was 
proposed to me by Professor Swann. The solution of this 
problein is immediate, for if we introduce the parameter s in 
(11.1) this equation becomes 


(dey _ ay dey? ty = 5 

a) e =) ( ds} — O° = AIT?) 
dx* dx 

Jab vis d = 0, ° á š $ r (1 1.3) 


Cc 
or 


where the g’s have galilean values. But (11.3) must be 
satisfied at all points of the light path, since it is satisfied 
initially. Hence 4=0 for the light path, and the path is 
of zero length. Conversely, if the light track is a path of 
zero length and the g’s may be assumed to have galilean 
values at some remote point, then the ray has the velocity of 
light ¢ in the galilean sense at this point. 

‘We should notice that in the solution of this problem 
we have made explicit use of the condition u=0 for a path 
of zero length. 
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CIII. An Epect of Argonon the First Positive Band Spectrum 
of Nitrogen. By R. C. Jounson, B.A., Ph.D., Lecturer 
in Physics, Queews University, Belfast *. 

[Plate XXVLJ 


Cd 


VANUE first positive band spectrum of Nitrogen is peculiar 

in the extent to which it may be modified under 
various conditions of excitation. It was shown in 1911 
by Strutt and Fowler f that one such modification of the 
system constituted part of the spectrum of the nitrogen 
afterglow. This consisted in a special development of 
some three of the more refrangible flutings in each band 
group, or, more precisely, the luminous energy was found 
to be concentrated in three only of the thirteen series which 
normally express the complete radiation of the system. 
Thus, the series developed are obtained by putting 


m=47 and p= 42, 43, 44, 
m=46 and p= 41, 42, 43, 44, 
m=45 and p= 40, 41, 42, 43, 


n v = 2271851 — ae L9 (2m)*-+ aes °° (2p +1). 


Further modification of the system has been described by 
Rayleigh t, when the afterglow is produced from mixtures 
of nitrogen with the inert gases helium, argon, and neon. 
The most remarkable feature (which was studied in some 
detail in the case of helium) is a pronounced shift of 
spectral intensity towards the less refrangible end as the 
percentage of the inert gas in the mixture is increased. 
Under these circumstances the selective action of the 
afterglow conditions, together with the energy displacement 
induced by the inert gas, render the first positive band 
spectrum of nitrogen almost unrecognizable. cveron: | 

More recently, variations induced by the inert gases in 
the fine structure of the second positive bands of nitrogen 
have been described by Steubing and Toussaint §, but no 
mention is made by them of similar variations in the first 
positive bands. 

While working with tubes containing argon imperfectly 


* Communicated by Prof. W. B. Morton, M.A, 

+ Proc. Roy. Soe. A, Ixxxv. p. 377 (1911), and later papers. 
t Proc. Roy. Soe. A, cii. p. 458 (1923). 

§ Zeitschr. f. Phys. Jan, 1924, p. 128. 
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purified—7.e., mixed with a trace of nitrogen—we have 
noticed the appearance of the band spectrum in a con- 
siderably modified forin. The effect is similar to that 
in the afterglow, and consists in the development of a 
few only of the band heads of each group. The selection 
is most pronounced with a trace of nitrogen in high- 
pressure argon. With increasing percentage of nitrogen 
the selection of bands which become visible increases 
almost symmetrically, the normal development of the 
spectrum being restored for percentages greater than 
about five. 

This selective action of argon on the first positive band 
spectrum, though similar in character, is to be distinguished 
in origin from the selective effect found in the nitrogen 
afterglow. In the experimental work, we used wide-bore 
glass discharge-tubes containing the mixed gases at a total 
pressure of 10 mm. and excited by an ordinary uncondensed 
discharge. Under these circumstances the afterglow was 
not visible unless the percentage of nitrogen was con- 
siderable (say greater than 20). Even if it be suggeste | 
that at lower percentages the nitrogen afterglow might 
have been present though not sufficiently intense for 
visual observation, it is clear that this could not account 
for an effect which is most pronounced with the lowest 
percentages of nitrogen (when the supposed afterglow 
would be least strong). Further, Rayleigh * observed that 
in the production of the afterglow (using a condensed 
discharge) in mixtures of nitrogen and argon, the glow 
became too faint for observation for percentages of 
nitrogen less than 25. 

These facts finally dispose of any possibility of an after- 
glow origin for the selective effect which we have 
described. 

The modified band spectrum has been further investi- 
gated by us, and a systematic search was made for an 
induced energy displacement in the several band groups. 
A series of tubes containing variously accurately known 
percentage mixtures of nitrogen and argon were photo- 
graphed through a neutral wedge f mounted in front of 
the slit of a prism spectroscope. In this way negatives 
were obtained showing the intensity distribution in the 
band system. Pl. XXVI. shows a few typical photo- 
graphs. Spectra 4 and 5 are respectively of pure nitrogen 

* Loc. cit. 


+ For the theory of the neutral wedge, see papers hy Merton and 
Nicholson: Phil, Trans. A, cexvi. p. $59, and cexvii. p. 239. 
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at low pressure, and of a trace of nitrogen in 10 mm. 
of argon. The latter shows the selective effect strongly. 
Spectra l and 2 are, from this point of view, over-exposed. 
By successive photographic reproduction of the negatives, 
plates were obtained having sufficiently sharp contrast to 
permit of micrometric measurement. The height of the 
band heads in each group was measured, and these were 
converted into photographic intensities by the formula 


I = logo (dah), 
where d, is the optical density gradient of the gradient 


6600 


2 + 6 e- ] n ” s 8 10 zn 20 ae 28 30 


PERCENTAGE OF NITROGEN . 


of the wedge for a wave-length A, and % is the height of the 
band head. By forming the quantity 


for each band group, we obtain a wave-length which may 
be described as the “optical centre of gravity,” or, better, 
the “centre of intensity” of the group. Attention was 
confined to the red group, and the large quantity of data 
accumulated is disposed in the graph of “Centre of 
Intensity” against “ Percentage of Nitrogen.” It will 
be observed that the range of experimental error seems 
rather wide. This, however, is difficult to avoid, as it 
arises from 
(1) Errors in A due to inaccuracy in measurement of A, 
owing to irradiation etc., and 
(2) Variation from the initial percentage due to appre- 
ciable disappearance of nitrogen in the di-:! 
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The results, however, are sufficient to indicate that for 
traces of nitrogen jin argon there isan energy displacement 
of some 30 to 40 A.U. towards the more refrangible end. 
This, indeed, is the analogue of the selection of three of the 
more refrangible flutings of the red group in the afterglow 
spectrum. Both phenomena are illustrated in the graph, 
the downward course of the curve for higher percentages 
being interpreted as due to the appreciable formation of 
active nitrogen. 

Discussion. 


According to Fowler and Strutt*, the afterglow is 
produced during the re-formation of molecular nitrogen 
from atomic or so-called “active” nitrogen. The electrical 
conditions within the afterglow must therefore be the result 
of the inter-atumic electric fields. In the enlarged state of 
the activated molecules these fields naturally have effects on 
neighbouring or interposed atoms and molecules of another 
kind, which will as a consequence have their spectra 
excited. In this connexion an application of Klein and 
Rosseland’s theory of inelastic collisions of the second type 
has recently been made by Saha and Surf. They have 
shown that the excitation of other spectra in the afterglow 
is in every case explained by a “‘ radiationless transfer ” of 
energy from the active nitrogen molecules to the particular 
molecules introduced. This may take place to the extent 
of the total energy with which the activated molecules are 
loaded, viz. about 8°5 volts. No attempt, however, is made 
by these investigators to explain that peculiar selection of 
the first positive bands of nitrogen which constitute the 
visible spectrum of the afterglow. It seems at first sight 
attractive to assume that it originates in radiationless 
transfer from the activated to the inactive molecules, which 
latter must be present in large excess. As a consequence 
we should expect initial nuclear orbits of small quantum 
number to preponderate. Taking the red band group, by 
way of illustration, we find, for example f, the transitions 
giving the afterglow are from initial quantum orbits p=40, 
41, 42 to final orbits m=45, 46, 47; while p=43, 44, 45, 
and 46, which usually occur strongly in the first positive 
band system, are absent. On the other hand, orbits p=38 
and 39, which usually occur faintly, are not present at all in 
the afterglow, while the above theory suggests that they 
would be strengthened. 

* Loc. cit. 
t Phil. Mag. (6) xlviii. p. 421 (1924). 
t See table in Phil. Mag. (6) iii. p. 348 (1902). 
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We now proceed to discuss the consequences of the 
experimental work described in the present paper. 

I'he effect of argon which we have described would seem 
to be quite in harmony with the view advanced tentatively 
elsewhere *, that the electrical conditions obtaining in 
the afterglow are of a similar character to those found 
when an uncondensed discharge is passed through high 
pressure argon. It is reasonable to assume that at any 
given time the activated molecules will only constitute 
a very small fraction of the total number, so that the 
greater part will be ordinary nitrogen molecules, and in 
this inactive state must bear the relation of a comparatively 
high-pressure inert gas towards those which are radiating. 
The similarity which experiment appears to suggest is 
therefore between molecules radiating, on the one hand, 
In a virtually inert atmosphere (of un-ionized nitrogen 
molecules) where only inter-atomic fields due to the 
activated molecules exist, and, on the other hand, in an 
inert atmosphere of a foreign gas to which external electric 
fields are applied. It may be reasonably contended that 
under ordinary discharge conditions the radiating molecules 
will only constitute a very small fraction of the total number 
present, which suggests at first sight that the above similarity 
should hold in every case. The fundamental difference, 
however, between ordinary discharge conditions and those 
of the afterelow is that in the former external electric fields 
are applied, while in the latter case there are no fields except 
such as might arise from the activated molecules themselves. 
In the afterglow the excess of un-ionized molecules breaks up 
any fields that might exist between the activated'ones, so 
that the latter radiate in the more or less complete absence 
of electrical fields. This we believe to be the clue to the 
structure of the afterglow spectrum. In high-pressure 
argon we probably have an approximation to these con- 
ditions. Here, in order to produce the radiation, an external 
field is applied ; but the excess of argon atoms, which 
themselves produce no radiation and are therefore closed 
systems, operate so as to break up strong electric fields, 
in this way shielding the radiating nitrogen molecules from 
all those which are other than of the mildest character. 

From this point of view the afterglow selection might be 
regarded as the “normal” radiation of this molecule, and 
the more familiar first positive band spectrum a result 
of the influence of electrical fields on the radiation. This 
does not furnish by any means a complete explanation, but 
as a working hypothesis it explains the similarity which 

* Proc. Roy. Soc. A, evi. p. 200 (1924). 
Phil. Mag. S. 6. Vol, 48. No. 288. Dee. 1924 4 B 
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experiment has indicated, and it may be of service in 
elucidating the reasons for structural modifications induced 
in spectra excited in the afterglow. It would follow from 
the analogy that, just as the selective action on the nitrogen 
bands is most pronounced with only a trace of nitrogen 
present in argon, so the afterglow selection should be most 
pronounced the instant before the glow dies away—that is 
to say, the light from an end-on stream of nitrogen in 
which the afterglow is dying away would yield an intensity 
distribution which is but the integral of a varying one. 
According to our theory, this distribution is a function 
of the percentage of active molecules present, so that the 
range of the integration would be from this initial value 
to zero. A critical test would therefore be found in a 
comparison of the intensity distribution in the first positive 
bands photographed in the afterglow at various points 
down the stream. (These would require, of course, very 
different times of exposure.) 

It seems quite possible that all the various modifications 
produced in spectra excited by the nitrogen afterglow may 
be reproduced in high-pressure argon, and this matter is 
also receiving further investigation. 

I wish to take the opportunity of thanking Mr. W. H. B. 
Cameron and Miss M. E. Hall for their valuable assistance. 


Abstract. 


Traces of nitrogen in high-pressure argon show the first 
sitive band spectrum in a considerably modified form. 
This consists in a selection of a few only of the band heads 
of the various groups, and the general effect is similar to 
that found in the afterglow spectrum. Quantitative investi- 
gations are described which indicate that there is an energy 
displacement towards the: more refrangible end of each 
band group. This also is similar to the conditions of the 
afterglow. It is suggested that all the phenomena hitherto 
regarded as peculiar to the electrical conditions obtaining in 
the afterglow may be reproduced in high-pressure argon. 
The bearing of these facts on the nature of the afterglow 
spectrum is discussed. 


DESCRIPTION OF PLATE XXVI. 


No. 1. Spectrum and wedge photograph of argon-nitrogen mixture 
containing less than ] per cent. of nitrogen. 

. Argon-nitrozen mixture containing 2 per cent. nìtrogen. 

. Argon-nitrogen mixture containing 12 po cent. nitrogen. 

. Pure nitrogen at low pressure. Wide-bore tube. Uncondensed 
discharye. 

. Spectrum photograph showing the selective eflect of argon on 
the uitrogen band spectrum. Taken from a tube containing 
a trace of nitrogen in argon at 10 mm. pressure. 
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CIV. The Decay of Radium E. 
By L. Bastinas, B.A., M.Sc. ( N.Z.) *. 


ĪNTRODUCTION. 
T -ray emission of radium E has long been of 


considerable interest. Schmidt t first showed that 
the 8 ravs are resolved in a transverse magnetie field into 
a continuons spectrum, in which have since been detected 
no spectral lines such as are produced with all other -ray 
bodies except UrX. This spectrum from RaE indicates a 
continuous distribution of velocity in the rays emitted, 
from very smali velocities up to, “according to Danysz $, 
velocities in the neighbourhood of 2°8 x 107 “10 em. per sec. 
At the same time, the amount of y radiation is extremely 
small, its ionizing power having been variously estimated 
bv Schmidt § and by Meyer nnd Schweidler | at from 
"016 to ‘033 per cent. of that due to the 8 rays. This 
small ratio is in marked contrast to that for all other 
A-ray substances: e.g., tor RaC the ratio is approximately 
100 per cent., for Thb 74 per cent., and even for UrX 
2 per cent. 

It is now generally considered probable that the @ rays 
comprising a ” line-speetrum are ejected from extranuclear 
orbits by the action of y rays proceeding from the nucleus, 
and owe their varied velocities to their originating from 
different energy-levels of the atom. But in the case of 
Rall, as with other continuous B-ray spectra, all the 8 rays 
probably have their origin in the nucleus itself, and it is 
not easy to see how such great differences in velocity 
can arise in the disintegration of nuclei presumably all 
alike. Now, one important respect in which the atoms 
are assumed to be alike is implied in the exponential law 
of decay—viz., that all the atoms present have the same 
probability of decay, irrespective of any attendant circum- 
stances. Buta conceivable explanation of the heterogeneity 
of the rays might be found in the assumption that the atoms 
do not all possess exactly the same probability of decay ; 
that, for example, the atoms evolving fast 8 rays might 
disintegrate ut a more rapid rate than those ejecting slow 
particles, and in consequence possess a decay constant 
differing from the average constant, as deduced from the 
usual decay measurements. Now the faster B particles 
can easily be separated from the rest by interposing a 


* Communicated by Sir E. Rutherford, F.R.S. 
t Phys. Zeit. viii. p. 861 (1907). 
t Le Radium, x. p. 411913). § Loc. cit. 
| Wien. Ber. exv. p. 119 (4906). 
4 B2 
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suitable thickness of metal foil; and if there is any 
difference in the average life of the atoms in the way 
suggested, the ionization produced by the faster particles 
should die away more rapidly than that revealed by the 
heterogeneous beam from the bare source. Such a theory 
of the continuous spectra can best be tested by means of 
Rak, since the problem is not complicated by the presence 
of any homogeneous @ rays, or any appreciable y radiation. 
Further interest is added to the case of RaE by the fact 

that widely differing values of the half-period have been 
obtained, while at one time it was even believed by some 
that Rak consisted of two distinct bodies of periods as 


widely apart as 4°8 and 6'2 days. The following is a 
summary of the results on record for the half-period :— 

Rutherford ...... (1) 4:5 days 

sects (2 6 

Gretel oe . (3) 6 s3 

Meyer & Selivceidler (4) +8 &62 ,, 

Antonoff ........ (5) 5 “4 

Thaller ........ (6) 4°85 ,, 


(1) Phil. Trans. A, eciv. p. 169 (1905); Phil. Mag. viii. p. 636 (1904). 
(2) Phil. Mag. x. p. 290 (1905). 

(3) Ber, d. D. Chem, Ges. xxxix. p. 780 (1906). 

(4) Wren. Ber, exvi. p. TOL (1907). 

(5) Phil. Mag. xix. p. 825 (1910). 

(6) Wien. Ber. exxi, p. 1611 (1912), 


EXPERIMENTAL PROCEDURE, 


The Rak sources were prepared by dissolving in dilute 
HCI the equilibrium products contained in old emanation 
tubes, and electrolyzing out the E on to platinum electrodes 
with a current density of about 2x 107! amps. per sq. cm. 
The deposit was then dissolved off in dilute HCl, and : 
clean nickel disk rotated in the warm solution for and a 
half to two hours. With some of the smaller sources, the 
electrolytic process aas omitted. This procedure resulted 
in fairly pure Rak, the amount of RaD obtained producing 
a residual activity which in only one case exceeded 4 per 
cent. of the initial activity of the source, and in most cases 
was considerably less than this. (The percentave residues 
for the various sources were: "08, ‘03, "14, -002, °61, +22, 
05, 008.) In every case these residual effects were care- 
fully measured some weeks afterwards, and due allowance 
made by subtracting the value for the residue from the 
values obtained throughout the decay. 

Comparison was made between a bare source of weak 
intensity and a stronger source covered with a suitable 
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thickness of aluminium, up to 1'1 mm., in which case the 
intensity of the ionization is reduced to less than 1 per cent. 
of its original value. Also both sources were deposited on 
equal-sized disks of the same metal, this precaution being 
perhaps of Importance in view of the evidence recently 
adduced by Mile St. Maracineann* of the slow diffusion 
of radioactive sources into metals on which they are deposited. 

Three different methods of attacking the problem were 
successively attempted :— 

(a) A direct estimate of the apparent decay constant of 
the sources was made by measuring the ionization produced 
hy each, at regular intervals, for a period of up to 20 days. 
The measurements were made in the usual way with a B ray 
¢lectroscope, with the leaf insulated by a sulphur bead inside 
the ionization chamber. The electroseope was standardized 
regularly with a constant B-ray source—viz., an old 
emanation tube in equilibrium, in which the controlling 
factor RaD, having a half-period of about 17 vears, would 
vary by only 0°23 per cent. in 20 days. The constancy of 
the natural leak was checked at frequent intervals. 

Further reference will be made to these measurements 
later. They revealed no difference of the kind sought to an 
aecuracy of 1 per cent. 

(b) Inthe next method, two sources were initially adjusted 
as before to give identical ionization at the same instant, and 
an attempt was made to measure any subsequent possible 
difference in the ionization produced by them. Two exactly 
similar ionization cans were constructed, and their insulated 
electrodes connected together to one pair of quadrants of a 
Dolezalek electrometer, used heterostatically. The walls of 
the ionization chambers were connected to a suitable high 
voltage, one being maintained positive and the other negative. 
Any initial difference, such as that due to unequal natural 
leak, was taken up by a subsidiary ionization can of smaller 
dimensions, suitably arranged. The deeay of the sources was 
followed for about 20 days; but a limit to the accuracy 
was imposed by the large capacity of the system in relation 
to the comparatively small sources available. No further 
anformation on the problem was added to that obtained 
in (a); and the method proved more difficult and less 
reliable. 

(c) A third method proved much more successful.’ The 
sources, adjusted to approximate equality, as before, were 
measured alternately by the -ray electroscope of method (a). 
By making a large number of comparisons at frequent. 


* C. R. elxxvii. p. 1215 (1923). 


1070 Dr. R. C. Johnson on an Effect of Argon on the 


purified—?.e., mixed with a trace of nitrogen—we have 
noticed the appearance of the band spectrum in a con- 
siderably modified form. The effect is similar to that 
in the afterglow, and consists in the development of a 
few only of the band heads of each group. The selection 
is most pronounced with a trace of nitrogen in high- 
pressure argon. With increasing percentage of nitrogen 
the selection of bands which become visible increases 
almost symmetrically, the normal development of the 
spectrum being restored for percentages greater than 
about five. 

This selective action of argon on the firat positive band 
spectrum, though similar in character, is to be distinguished 
in origin from the selective effect found in the nitrogen 
afterglow. In the experimental work, we used wide-bore 
glass discharge-tubes containing the mixed gases at a total 
pressure of 10 mm. and excited by an ordinary uncondensed 
discharge. Under these circumstances the afterglow was 
not visible unless the percentage of nitrogen was con- 
siderable (say greater than 20). Even if it be suggested 
that at lower percentages the nitrogen afterglow might 
have been present though not sufficiently intense for 
visual observation, it 1s clear that this could not account 
for an effect which is most pronounced with the lowest 
percentages of nitrogen (when the supposed afterglow 
would be least strong). Further, Rayleigh * observed that 
in the production of the afterglow (using a condensed 
discharge) in mixtures of nitrogen and argon, the glow 
became too faint for observation for percentages of 
nitrogen less than 25. 

These facts finally dispose of any possibility of an after- 
glow origin for the selective effect which we have 
described. 

The modified band spectrum has been further investi- 
gated by us, and a systematic search was made for an 
induced energy displacement in the several band groups. 
A series of tubes containing variously accurately known 
percentage mixtures of nitrogen and argon were photo- 
graphed through a neutral wedge f mounted in front of 
the slit of a prism spectroscope. In this way negatives 
were obtained showing the intensity distribution in the 
band system. Pl. XXVI. shows a few typical photo- 
graphs. Spectra 4 and 5 are respectively of pure nitrogen 

* Loc. cit. 


+ For the theory of the neutral wedge, see papers bhy Merton and 
Nicholson: Phil, Trans. A, cexvi. p. 459, and cexvii. p. 239. 
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at low pressure, and of a trace of nitrogen in 10 mm. 
of argon. The latter shows the selective effect strongly. 
Spectra 1 and 2 are, from this point of view, over-exposed. 
By successive photographic reproduction of the negatives, 
plates were obtained having sufficiently sharp contrast to 
permit of micrometric measurement. The height of the 
band heads in each group was measured, and these were 


converted into photographic intensities by the formula 


I = logis (dah), 
where d, is the optical density gradient of the gradient 


2 t é 8s - #@ a ” 4 i 20 22 24 ua as 30 


PERCENTACE OF NITROGEN . 


of the wedge for a wave-length A, and A is the height of the 
band head. By forming the quantity 


5 ÈN 
2l 
for each band group, we obtain a wave-length which may 
be described as the “ optical centre of gravity,” or, better, 
the “centre of intensity” of the group. Attention was 
confined to ihe red group, and the large quantity of data 
accumulated is disposed in the graph of “Centre of 
Intensity” against ‘Percentage of Nitrogen.” It will 
be observed that the range of experimental error seems 
rather wide. This, however, is difficult to avoid, as it 
arises from 
(1) Errors in A due to inaccuracy in measurement of 4, 
owing to irradiation ete., and 
(2) Variation from the initial percentage due to appre- 
ciable disappearance of nitrogen in the discharge. 
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intervals over a period of several hours, and discarding all 
but highly concordant results (due allowance being made 
for decay), values can be obtained for the ratio between 
the sources, from which have been eliminated any sensible 
errors due to variations in the action of the electroscope. 
Such average ratios were obtained at least twice daily for 
about three weeks. 
RESULTS. 

The results of this last method are best revealed by 
tabulating, in their order, the ratios obtained, the values 
in each column corresponding to measurements spread over 
five consecutive davs. 

1-138 1:137 1:140 IH 
1:140 1:134 1:143 1-144 
1144 1-140 1-144 17139 
1137 1-141 1-145 1-140 
1-136 1:137 1:143 1:145 
1:142 1:138 1:139 1:135 
1:139 1-144 1-143 1:139 
1:139 1:141 1:136 1:136 
1:146 1:137 1-139 1:135 
1:134 1-141 1:139 1-137 


1-141 
MEANS: Geirinn 1:395, 1:159, 1'141, 1:139. 
Average occis 1:139 
Mean deviation i ; ore f 
from average . } 002, 002. 002, 003, 
Maximum deviation from average ...... 006 , 
Menn j Wa! RL 002- 


A real change in the ratio from 1139 to L141 in 5 days 
would corr espond to a difference in decay constant of 0'3 per 
cent. between those atoms evolving fast particles and the 
average atom. These results therefore point conclusively to 
the absence of any systematic difference in the avera ge life 
of the two classes of atoms. We are therefore still without 
any adequate explanation of the homogeneity of the 8 rays 
in the continuous spectrum of this or other B-ray products. 

It may also be remarked that the above results indicate 
that a B-1 ray electroscope, when used under the most favour- 
able circumstances, may be relied on to about 1 in 500. 


Tue Decay Constant. 

The value for the half-period usually accepted is 4°85 davs, 
as deduced by Thaller * by averaging 16 results (varying from 
F6 to 50) of measurements made by bim in the usual w ay. 

In connexion with the measurements of this constant 
undertaken under method (a) above, it was soon realized 


* Wien. Ber. cxxi. p. 1611 (1912). 


Decay of Radium E. 1079 


that Thaller’s value is too low. So further measurements of 
the constant were made with several fresh sources in the 
manner previously indicated. In all, seven sources have 
been followed for from 20 to 30 davs ; and in every case 
the residual activity, due to RaD contamination, has been 
estimated after 50 days or more. and due correction applied. 
The most probable value of the constant in each case, and its 
probable error, were deduced from the data by the method 
of least squares; while to the various values of the activity 
of each source, weights were attached, varying in magnitude 
with the activity of the source. The average result was 
also arrived at by attaching weights in accordance with 
the above probable errors. 
The results are summarized in the accompanying table. 


S Period, Probable Weight 
ource. 


in days. error, attuchied. 

y any 504 +04 1 
Dotare +96 +03 l 
EEES 502 +04 l 

i EA 5-02 +02 2 

Dy ieee $08 +02 9 

E aneia +97 +01 3 

E ~Srcaoniees +96 +01 3 
Weighted mean......... ceceeeec eee t =4:98, days+ ‘00, 


Corresponding decay constant... A=0°139, day ~! 


Table of Decay. 
As this constant differs by about 3 per cent. from that 
adopted for tables of decay published for RaE *, it may be 


Hours. Activity. ! Days. Activity. | Days. Activity. 
0 10000, 0 1:0000 i! 17 ‘941 
U5 ‘O71 E ] “8704 18 0819 
l Q92 2 G5T2 | 19 0713 
2 Q8R5 ; 6592 | 20 0620 
3 O27 | 4 5734 0 25 0310 
4 ‘O71 5 4990 30 -0155 
5 “OT 14 t 4343 o; 35 ‘OU77 
6 O 7 ‘8780 40 0038 
7 9602 8 326 - 45 0019 
8 9542 : 9 2862 5O -0010 
9 491 10 2491 I 60 "002 

10 9436 ll 2168 66 0001 
ll O38] | 12 J886 

12 328 | 13 1642 

15 YIS | 14 "1426 

18 ZUS 15 143 

2 B854 | 16 1082 


* E.y. Meyer and Schweidler, Radivactivitat, 1916, p. 365. 
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of value to add such a table, based on the above value of the 
constant, and calculated by the aid of Newman's Table of 
Exponentials *. 

SUMMARY, 


(1) No appreciable difference has been detected between 
the decay constant of those radium E atoms ejecting fast 
8 particles and the average radium E atom. 

(2) A value of the decay constant of radium E, 


A = 0°139,+°000, day7}, 


has been obtained, corresponding to a halt-peried of 
4°98, days. 


I have much pleasure in recording my gratitude to 
Professor Sir Ernest Rutherford for suggesting the 
problem, and for his helpful interest during its prosecution ; 
also to Dr. J. Chadwick for criticism and help, especially 
in the preparation of the unusually large Rak sources 
required, 

The Cavendish Laboratory, 


Cambridge, 
July 28, 1924. 
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CV. The Apparent Value of Poissows Ratio for Beams of 
Varying Cross-Section, By H. Wricat Barer, M. Se., 
AMME., Lecturer in Lngineering at the University of 
Manchester +. 


VW a beam is subjected to a uniform bending 

moment, curvature occurs in a plane containing the 
longitudinal axis of the beam and also in transverse planes 
perpendicular to this axis. Assuming the simple theory of 
bending to be applicable, it can be shown that the ratio of 
the two radii of curvature has the same value as Poisson’s 
ratio for the material of the beam. Early experimental 
determinations of Poisson’s ratio for metals by the method 
of flexures were made by Mallock (Proc. Roy. Soc. xxix. 
1879). Four small wire pillars were attached to the surface 
of the beam, in the planes of bending, so that on loading the 
beam the free ends of a pair of pillars either approached 
each other or receded according to the direction of curvature. 
sy measuring these relative movements with the aid of a 
microscope, and knowing the length of the pillars and the 
distance apart of their bases, the radii of curvature of the 
beam were found. 


* Trans, Camb. Phil. Soc. xiii. p. 145 (1883). 
t Communicated by the Author. 
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The method was further improved by Carrington (Phil. 
Mag. [6] xli. p. 206, 1921), who fastened small “mirrors to 
the “pillars and determined their relative angular movements 
by measuring the deflexions produced on “beams of light 
after successive reflexion from the two mirrors of each pair. 

Guided by the sensitiveness of the methods of measure- 
iment employed, these investigators have used beams capable 
of considerable flexure, the breadth : depth ratio chosen 
being 4 and 5°7. Experiments by the author, while approxi- 
mately confirming the results for thin beams obtained by 
Carrington, lead him to doubt the constancy of the values 
for a given material but with varying cross-sections. Tests 
have therefore been made on a series of beams for which the 
ratio of breadth to depth varied from 3°7 to 0:27. 

When experimenting on narrow heams, the small deflexions 
and the shortness of the base available for the measurement 
of anticlastic curvature prevent the use of Carrington’s 
method in its simple form and without the employment of 
elaborate means of preventing vibration. 

The system of measurement to be described virtually 
consists in replacing Carrington’s mirrors by pieces of plate 
glass, adjusting these to ‘be approximately parallel and 
almost in contact, and measuring the spacing, perpendicular 
to the beam, of the interference bands seen when mono- 
chromatic light is reflected from the two inner surfaces. 

If the plates are secured to the sides of a beam of breadth 
“6,” and “n” is the change, produced by bending, in the 
number of bands between two gauge lines at a distance “Z” 
apart, then “0,” the angle of inclination of the sides of the 
beam, is given by nx 4 (wave-length of light)//, and the 
corresponding radius of anticlastie curvature is ù/0. 

The glass plates, carried in adjustable brass frames, were 
at first clamped to the beam, but persistent ‘“‘creep ` occurred 
during the tests, both when using plane and 3-point contacts. 
A number of other methods have been tried, the most satis- 
factory being that of soldering the frames to the beam, using 
a solder having a melting-point of about 100° C 

Fig. 1 shows the final form of the interferometer. 

The body A is soldered to one side of the beam B, a 
packing strip a quarter of an inch wide being interposed. 
In the front-plate D a rectangular window is cut, and behind 
this, held on an adjustable frame, i is a stout strip of plate- 
glass E. A brass back-plate F is soldered to the opposite 
side of the beam (the breadth of contact again being $ in.), 
and carries the rear glass G. The rear retlecting surface is 
therefore controlled by the front side of the beam, and vice 
rersa. 
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The chief advantages of this form of apparatus are its 
rigidity and ease of adjustment, and also the absence of any 
relative movement of the plates other than the angular 
movement to be measured, sharp definition of the inter- 
ference bands being therefore maintained for all conditions 
of flexure. It is assumed that the sides of the beam, for a 
length of } in. where the interferometer is attached, remain 


Fig. i. 


‘a ' 
Seale oj inches 


plane during bending, and that the glass plates are subjected 
therefore to the movement of the whole depth of the beam. 
Though *“ creep” has not been entirely eliminated, its mag- 
nitude has been reduced to reasonable dimensions, and 
further improvements might be effected by the provision of 
hardened and polished contacts on the adjusting mechanism. 

The plates are illuminated from a distance of 2 feet by 
a sodium flame about 4 inches high, produced by hanging a 
fine strand of asbestos soaked with brine in a suitable 
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hunsen flame. Care is required to obtain a uniform light 
for all conditions of bending. 

For counting the “bands” between two gauge marks 
drawn in ink on one of the reflecting faces, a low-power 
telescope is used. This is mounted on the horizontal axis of 
a theodolite frame to enable the image of the cross-hair to 
be traversed slowly across the field as a pointer, thus greatly 
reducing eye-strain. 

In the tests recorded in the present paper the beams were 
supported on knife edges 21 inches apart, one of these having 
heen free to swing horizontally to prevent end constraint. 
A state of pure bending was produced by loads applied 
outside the supports, these having been increased in stages 
to a maximum corresponding to a skin stress of 10,000 
Ib.jin.? and then gradually reduced to zero. Longitudinal 
curvature was measured in the usual way with scale, mirror, 
and telescope, arranged on an optical base of 20 feet. 

The tests cover the useful range of the interferometer for 
the deeper sections of beams, this being fixed almost entirely 
by the “creep.” The change of zero-reading recorded has 
usuallv amounted to about one band, a comparatively small 
umount when dealing with shallow sections giving a total 
shift of 100 bands or more, but far outweighing all other 
sources of error for the deepest seetion used, for which a 
shift of only 11 bands was recorded. For very shallow 
xections a telescope of considerable power is required owing 
to the close spacing of the bands, and it is advisable to set 
the plates so that their relative inclination reverses at about 
half load. It has been customary to distribute the zero error 
equally between the curves of loading and unloading. 

Preliminary tests on bright-rolled mild steel bars indicated 
a considerable variation in the apparent value of Poisson's 
ratio with change of section. The results, however, were 
not consistent, owing to a corresponding variation of the 
properties of the material due to rolling, affected to an 
unknown extent by the high temperature required to melt 
the tinsmith’s solder which was then employed. 

The curve shown in fig. 2 gives the results of 11 tests 
on “ Armco” iron, the value obtained by Carrington for 
wrought iron being also added. 

In addition to the distribution of the zero error as 
already indicated, small corrections nave been made to 
the direct readings of longitudinal curvature. Within 
the limits of experimental error the radius of curvature 
has «agreed with the simple theoretical value given 


moment of inertia of section : 
by - “a -———-— x E, where E is the modulus 
bending moment 


RATIC . 


oF 
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of direct elasticity and is constant. The radius has therefore 
been re-calculated, assuming E to have the mean value 
obtained during the tests. In all cases the graphs of 
bending moment and radii of curvature have been straight 
lines. 

With these corrections the greatest variation between the 
curve shown and the observation points is at E, and corre- 
sponds to an error of reading of two interference bands, the 
error at A and the mean error for the tests amounting to 
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It would appear, therefore, that the apparent value of 
Poisson's ratio increases uniformly with the depth of section 
from about 0°26 for a breadth: depth ratio of 52 

(Carrington’s value °245 for a ratio of 5°7) to °315 for a ratio 
of 0-2, and is independent of the stress up to 10,000 lb./in.? 

It is interesting to compare the variations shown by this 
curve for iron with the results obtained by Cornu (Comptes 
Rendus, 1869) and Straubel (Annalen der Chemie und der 
Physik, lxxiii. p. 395) for small glass beams, the radii of 
curvature in these cases being measured by placing a plate 
of glass on the upper surface ‘of the beam and examining the 
interference bands shown by monochromatic light. “The 
first observer records a variation from ‘227 for a breadth : 
depth ratio of 12:1 to a mean of *246 for a ratio of 2-7, the 
latter giving a corresponding variation over a more restricted 
range of beams. 


In conclusion the author would acknowledge his in- 
debtedness to Messrs. A. Markwick, B.Sc., and W. L. D. 
Martyn, B.Sc., for much valuable assistance in the experi- 
mental work. 
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CVI. Latent Heats of Fusion.—Part II. Palmitic Acid and 
Benzene. By Mrs. K. STRATTON, M.Sc., and Professor 
J. R. Partixeton, D.Sc.* 


fee experiments described in the present paper form 
a continuation of those previously publishedt, but the 
apparatus has been slightly modified fer convenience in. 
working. 
1. Paumiric Acip. 


The Palmitic Acid used in the experiments was obtained 
originally from a specially pressed sample supplied by 
Price's Patent Candle Company. It was distilled twice 
at JCO mm. pressure, and the fraction coming over between 
267° and 270° C. collected. This was recrystallized from 
petrol (B.Pt. 100°-110°C.); most of the acid was re- 
crystallized at least twelve times. 

After each recrystallization from petrol the product 
was dried in air, then put on a water-bath at 100°, and 
air drawn through it for about an hour to remove the last 
traces of petrol. 

The recrvstallizations were carried out with about 


ten different samples ; the table below gives the results 
in two cases, 


Ist SAMPLE. 2xp SAMPLE. 
Setting-Point. Setting-Point. 
Gth reerystallization,,....... 62:125? 0. 62:157 C. 
7th nS re 62°185° C. 62°:65° C. 
Sth io ac 62°215° 0. 62:200 C. 
9th A aE 62:2150 C. 62:2250 C, 
lOth A 62°245° C. 62240 C. 
llth ae ieee 62:259 C. 62250 C. 
12th ne O urika 62:250 C. 6225C C. 


The Setting-Point of the mixture of Samples l. and II.. 
was 62°25°C, 

The Melting-Point of the mixture of Samples I. and IT. 
was 62°65° C. 

The melting-point was taken in the following way :— 
Finely powdered acid was placed in a test tube supported in 
a 500-c.c. beaker containing 300 e.e. of water, fitted with an 
efficient stirrer, and the thermometer was used for the stirrer 
in the acid. The heating of the bath was very gradual: 
about 45 minutes were required to warm the water from 
16° C. to the temperature of melting. 

The setting-points of the acid referred to above were 
determined in the usual form of apparatus: an inner tube, 


* Communicated by the Authors, 
¢ Phil. Mag. xliii. p. 438 (1922). 
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‘a strong test tube in this case, containing the powdered acid 
was supported by means of a cork in an air-jacket ; the 
air-jacket was fixed in a water-bath, and the water in 
the bath heated and kept well stirred. 

The acid in the inner tube was allowed to melt completely, 
then allowed to cool very slowly. As soon as the acid 
showed signs of setting, the bath was kept as nearly as 
possible at 62°5°C. with a very small flame and efficient 
stirring. The setting- point curves of pure specimens 
drawn from data of cooling experiments gave steady values 
at 62°25°C. The data previous recorded include the 
following :— 

M.P. of Acid. Beilstein, vol. ii. p. 370: 62-618" C. 
Landolt-Bornstein, p. 374: 62°618°C. 
S.P. of Acid. Landolt-Bornstein, p. 1430: 60°C. 


Acid supplied by Kahlbaum, used in a previous research 
(Partington, Trans. Chem. Soc. xcix. p. 313, 1911), had a 
setting-point of 60° C. 

The apparatus used in the previous experiments was 
modified to some extent. A stout cover for the whole 
apparatus, except for the inside beaker containing the acid, 
‘was made from sheet aluminium; the centre beaker was 
covered by a cork, as previously, cut so as to allow a space 
for the thermometer and heating-coil. The outermost 
enamelled iron vessel contained water at a temperature 
about 2° higher than that of the molten acid in the bath; 
the temperature of this water was kept fairly constant by 
placing the outer vessel in a large box packed with cotton- 
wool. The inside bath contained the pure acid in a molten 
-condition and kept well stirred. 

A weighed amount of the acid, well powdered, was placed 
in the innermost vessel, and the temperature gradualiy raised 
by being in contact with the bath of molten acid until a 
thermometer in the centre of it showed it to be at the setting- 
point 62°25° C. To ensure that the whole of the acid was at 
the setting-point, it was kept at this temperature for at least 
an hour before any heating by the coil was commenced. 

The heating-coil in this case was of platinum wire joined 
to thick platinum Jeads. The wire was wound into a small 
-coil of about #inch length, and the windings kept in position 
by being fixed on to a small piece of glass rod. The rod 
bearing the coil was fused on to about 6 inches of glass rod, 
and this longer rod could then be used as a stirrer during 
the experiment. For purposes of connexion, the thick 
platinum leads were soldered on to leads of thick copper wire. 
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The quantity of electricity used in an experiment was 
estimated with a carefully regulated stop-clock and a 
calibrated ammeter, the latter reading to the second place 
of decimals. As confirmation of the readings of these two 
instruments, a copper coulometer was also used in some 
estimations. 

Test experiments were performed with the ammeter, clock, 
und copper coulometer. The results of a typical experiment 
are given below :—- 


Weight of Copper deposited in coulometer = 0:5490 grm. 
0:5490 grm. of Cu is equivalent to 0°5490/0°000328 
= 1673-8 coulombs. 
Ammeter reading = 1°55 amperes. 
Time 5 = 18 mins. 2 secs. 
1:55 amp. for 18 mins. 2 secs. is equivalent to 1677 
coulombs. The difference is below 0°2 per cent. 


Results of 4 experiments: using ammeter and clock. 


Weight of Substance. Current. Time. Value of L. 
32-0625 grms. 1°53 amps. 35 n:ins. 48 secs, ol-24 
30:8935 grs. 15 amps. 32 mins. 34 secs. 097 
30:3970 grms. L54 amps. 32 mins. 30 secs. 51-27 
311485 grms. 1-54 amps. 33 mins. 5 secs. 50:72 


Experiment for check with Copper coulometer. 
33-4850 grms. Acid. 


Weight of Cu deposited in coulometer = 1:0758 grms., 
Ammeter reading = 1'55, 


giving a value for L, the Latent Heat of Fusion, of 50:94. 


The mean value of L from the tive experiments is 51°03. 

The resistance of the platinum coil used in the expe- 
riments, corrected for the resistance of leads and for 
temperature, was 1'41 ohms. 

The formula used for the calculation of L was, as before : 


L = C*Rt/4:18 W grm. cal. per gram. 


Determinations of the value of the Molecular Depression 
of the Freezing-Point of this same Palmitic Acid were made 
with a Beckman freezing-point apparatus. The solute used 
was Mesitylene (B.P. 162° C.). 


Weight of Weight of D : 
Palmitic Acid. Mesitylene. Perso E. 
12:5055 erms. O19890 grm, OATS C. 43:24 
11:3749 grins, 0:1407 gem. 044° C. 42°75 
126047 grins. 01471 gru. 042° C. 43:39 


E= Depression of the Freezing-Point of Palmitie Acid on 
the addition of l grm, molecular weight of mesitylene 
to 100 grms. of the acid. 
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The calculation of the value of L, from the above valucs 
of E, by means of the formula 


E = 0:0198T?/L, 


gave the following results : 


E= 4324 L=516 
E =4275 L= 522 
E = 43°39 L = jl°44 


Landolt-Bornstein, p. 1430, give E=44. 


As a check on the possibility of error owing to association 
of the mesitvlene dissolved in the acid, determinations of the 
lowering of the freezing-point of pure Benzene were carried 
out in order to see how they compared with the recognized 
values of E for Benzene :— 

Weight of Weight of 


Benzene. Mesitylene. Depression: E. 
15:3697 grins, 0:1416 grm. 0:39° C. 5O06 
150893 grms. 0:1266 grm. 036° C. 51:52 
16:1610 grins. 0:1941 grm. 0°518° C. 51-80 


Landolt-Bornstein, p. 1427, give E=51:2 for Benzene. 


These determinations of the value of E show that Mesitvlene 
is not associated in Benzene solution, and therefore it 
probably is not associated in solution in Palmitie Acid. 

The agreement between values of FE determined from these 
two sets of experiments removes entirely the discrepancy of 
nearly 20 per cent. between found and calculated values 
for ÈE given in Nernst’s Lehrbuch, 1921, p. 158, and shows 
that Palmitie Acid shows quite normal behaviour in this 
connexion. 

2, BENZENE. 

Determinations of the value of L for Benzene were also 
carried out in the same apparatus. The “ Pure” Benzene 
of Kahlbaum was re-fluxed with a 25 per cent. aqueous 
solution of mercuric acetate, washed well with distilled water, 
dried with calcium chloride, re-fluxed with metallic sodium, 
and then fractionated. The product gave no test for thio- 
phen with isatin, and had a boiling-point of 80°-49°(. In 
the experiments a weighed amount of pure benzene was 
frozen before being put into the bath of molten benzene. 
It was allowed to stand in the bath until the thermometer 
in the centre of the solid benzene registered the same as 
that of the bath, 5°85°C., so that the setting-point of the 
Pure Benzene used was 585°C. Landolt-Bornstein (1912, 
p. 240) vive B.P. 80°29, M.P. 5:539. 
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Weight of Benzene. Amperes. Time. Value cf L. 
(1) 498705 grins. 1:53 amp. 30 mins. 29°76 
(2) 55:820 grins. L-54 amp. 33 mins, 29°63 
(3) 55247 grma. 1°53 amp. 34 mins. 2 secs. 30°45 
(4)  SL-3900 grus. 1°56 amp. 31 mins. 58 secs, 29°83 


Average value of .=29°92 grm. cal. 
Landolt-Bornstein give L= 30°11. 


The resistance of the platinum coil used in these ex- 
periments was 1:479 ohms. 


Summary. 


The latent heats of fusion, and the molecular depressions 
of freezing-point (with mesitylene as solute), have been 
determined for carefully purified palmitic acid and benzene 


by the method described in a former communication. 
E for 


M.Pt. S.Pt. B.Pt. bem. cal. 100 gen. 
per em: solvent. 
Palmitic acid... 625°C. 6225°C. 267- 5103 43°13 
270/100 mm. 
Binasa aia 5850C. 8049CC. 2992 51:39 


The results remove the large discrepancy between the 
observed and calculated values of E in the case of palmitic 
acid which are given in the literature. 

The authors desire to express their thanks to the Chemical 
Society for a grant to one of them (K. S.), which largelv 
covered the expense of the investigation, and to Price’s 
Candle Co. for a specially expressed sample of Palmitic 
Acid which they very kindly supplied. 

Chemistry Department, 


East London College, 
University of London. 


CVII. Some Problems of Two-dimensional Hydrodynamics. 
By Dorotoy M. Wriscu, D.Sc., Lecturer at Lady 
Maryaret Hall, Oxford ae 

HIS paper treats the motion of a cylinder in fluid when 
the curve of cross-section of the cylinder is a member 
of the series of curves given by the equations 
x = a cos u + $b cos 2u 
0ZbLa 
y = bsinu—$hsin 2u. i 

These curves form an interesting set and range from the 

well-known star-like curve with three cusps (sometimes 

called the three-cusped hypocycloid) when 6 is equal to a, 

* Communicated by the Author. 


Phil. Mag. S. 6. Vol. 48. No. 288. Mer, 1924. fa 
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through the series of liqueur-bottle shapes as b decreases to 
4a to tadpole-like curves when b decreases through smaller 
values to zero. This series has been selected for treatment 
because it comprises curves with concave and convex arcs 


Fig. 1. 


Fig. 2. 


Fig. 3. 


and cusps of a type not hitherto subjected to exact mathe- 
matical analysis. Further, the existence of the whole series 
of curves makes tho results obtained of wide application ; 
for many curves of a type resembling the liqueur-bottle type 
or the tadpole type can be treated at least approximately by 
interpolation between the curves of this series. 
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In this paper we work out a number of problems of 
classical hydrodynamics associated with a cylinder whose 
croxs-section is of the specified type. Thus, we discuss first 
the motion of a fluid streaming past such a cylinder with a 
uniform velocity. Next we discuss the motion when the 
cylinder moves with uniform translational velocity in a fluid 
at rest at a great distance. Next we take the motion when 
the cylinder rotates with uniform angular velocity about its 
axis in a fluid at rest ata great distance. Next we discuss 
the motion when there is circulation of the fluid round the 
cylinder. 

Fig. 4. 


The development of aerodynamical research into the use- 
fulness of wing profiles of various types in aerofoils of high 
aspect ratio, lends special interest to new results of the type 
we are here concerned with, especially in the case when the 
curve of cross-section has a cusp which constitutes the trailing 
edge of the wing. But it is well known that when the velocity 
in the neighbourhood of the wing becomes large at any poirt 


4C2 
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classical hydrodynamics becomes quite inapplicable, and a 
new treatment which takes into account the viscosity of the 
air becomes imperative. Now, in accordance with the well- 
recognized theory of hydrodynamics, there is, in general, an 
infinite velocity at the cusp associated with each of the types 
of motion we have mentioned. But, it is not so well recog- 
nized that there exist in general combinations of any two of 
these three distinct types of motion which give a uniformly 
finite velocity at all points. The fact that it is possible to 
get a uniformly finite velocity in the case of a combination 
of translation and circulation has been noticed by Joukowsky *, 
and has led to the formation of his assumption now current 
in the Circulatory Theory of Lift in Aerodynamics+. For 
these reasons it has been deemed worth while to work out 
various combinations of the pure types, which have the 
characteristic that the velocity is everywhere finite, in 
addition to the pure types themselves. These mixed motions 
are evidently applicable to aerofoils of high aspect ratio 
when the various constants involved are so chosen that the 
velocity, now always finite, 1s sufficiently small. 


1. Description of the Curves. 


The equation of the curves of cross-section is taken in the 
form 
c= (u) = a cos u + 4b cos 2u 
0L4bLa 
y = y(u) = bsinu— $b sin 2u, 


in terms of the parameter u which increases uniformly from 
—r to +r on a complete description of the curves. The- 
curves have one axis of symmetry, namely, the z-axis; but 
they are not symmetrical about the y-axis under any cir- 
cumstances. We have 


dvidu = —a sin u— b sin 2u, 
dy'du = bcos u—b cos 2u, 


and in consequence, if 4 is the angle made with the axis of x 
by the tangent to the curve at any point u, 


tan y = b (cos u—cos 2v)/sin u(a + 2b cos u). 


æ See N. Joukowsky, Aérodynamique (traduit du russe par S. Drze- 
wiecki), Gauthier-Villars, Paris, 1916, chapter vi. 

t See A. R. Low, “ Circulation Theory of Lift,” Report of the) Inter- 
national Air Congress, Londen, 1925; also, “Hydrodynamics in its 
Application to Aeronautics,” * Dictionary of Applied Physica,’ vol. v. 
p. 187 (1923). 
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Thus at the point u=0, ~ is m; and at the point u=7, 
fp = 37/2. hatever the value of the proper fraction b/a, 
there is a cusp at the point u=0, and there is a rounded 
base in the neighbourhood of the point w=. Further, apart 
from the point u=0, a curve belonging to the series has its 
tangent parallel to the axis of x only at the points given by 
cosu=—4,t.e. at the points u=+2/3. At these points 
y=+t+3V36/4 and x=—}(a+4b). The maximum width 
of the curve is, in consequence, 3734/2, and the curve 
attains this width at points at a distance —4$(a+4h) from 
the origin of coordinates, measured along its axis of sym- 
metry, the z-axis. The curve cuts its axis of symmetry at 
x=a+4b and at e=—a+4b; thus its major axis is of 
length 2u. Apart from the points u= + 27/3, the tangent 
to the curve is parallel to the y-axis only when 


at+2hbcosu = 0. 


Thus, it is only when Ju<h<a that there any such points. 
As b ranges trom ła to a, these points range from u=rm 
when b=ta to u= + 27/3 when b=a. Further, 


d?c/du? = — (u cos u + 2b cos 2u), 
dydi? = —b(sin e—2 sin 2u). 
Thus, 
JOD = duidu. yfdie—dyfdu. e'di? 
= l(a cos u+ 2b cos 2u)( cos u— cos 2u) 
+bL(asin u +b sin 2u)(sin u—2 sin 2u) 
= b(a — 2b + (2b— a) cos 2u cos u + (b— 2a) sin 2u sin v) 
= b(a— 2b + (b — ła) (cos u + cos 3u) 
+ (4b—«a)(cosu—cos 3u)) 
= b(3(a—b)(L—cos u)— $(a +b) — cos 3u)) 
= b(a+b)(k? sin? uj? — sin? 3u, 2), 


where 
k = (3(a—b)/(a—b))*. 
Now, the curve is concave to the axis of « when f(u) is 
positive, and convex when f(u) is negative, and when f(u) 
e . . 7 v a. 
vanishes there is a point of zero curvature. Now, /(1) 20 
according as 


te, fe 7) et '9 
sindu2!2k sinu2!. 
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We give a diagram showing 
y, = sin 3u/2 
and 
yo = ksin u/2, 
Fig. 6. 


ETA 


a=0 tls nja A> 2n/. Sale TT 


Ya being shown for various values of k, ranging from zero 
when a and b are equal through the value unity when b=}4a, 
to the value “3 when b is zero. We need discuss only the 
cases when w is positive, since the curve is symmetric about 
the axis of x. It will be seen that whatever the value of k, 
f(u) is negative from u=0 to a certain point u =w, which is 
less than 27/3, and is less remote from 27/3 as & increases. 
When + is less than unity, 7. e. when b is less than 2u, f (u) 
is positive from «o to m. With the curves for which b is less 
than 3a, we therefore have a convex arc from u=0 to u = w 
and then a concave arc from u=u to u=ņm: u=uù is, of 
course, a point of inflexion. If, however, b is greater than 
ta, in general there is still a convex arc from u=0 to 
u=u © 22/3, a point of inflexion at wo and then a concave 
are; but in these cases the concave arc is terminated at a 
point u, lying between 2/3 and m, which is a point of 
inflexion, and the curve is then again convex to the point 
u=m. This alternation of convexity and concavity in the 
series of curves for which b is greater than 4a has inte- 
resting effects on the various solutions of hydrodynamical 
problems associated with cylinders with these curves as 
cross-sections with which we shall presently deal. 
To find the values of uo and w,;, we put 


f(u) = b(a +h) (A? sin? u/2— sin? 3u/2) 
= b(a + b) (sin? u/2 (A? — (4 cos? u/2—1)?) 
= b(a + b) sin? n’? (k? — (2 cos u + 1)?). 
Thus, f (u) vanishes when «=0, m, and when 
cosu = —L +h. 
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In consequence, 
COS Ug = —4 (1 — k), 
cosu; = —4(1 +4); 
wis evidently always real, since k ranges from zero to V3 
only ; w,, on the other hand, only exists when & lies between 
zero and unity. We have, indeed, when £=0 and a and b 


are equal | 
Ny = Uy = 20/3, 


and when k=1 and b=ta 
UW = T2, m= 7, 
and when k= 3 and b is zero 
Uy = 684°, 


It will be noticed that in the extreme case when a=b, w=, 
and a cusp takes the place of the points of inflexion. 

Diagrams of various members of the series of curves are 
given in figs. 1-5. The following values of the proper 
fraction ba have been selected for illustration :— 


2110, 2/5, 2/4, 2/3, 2/2. 


The extreme case when a and J are equal is the well-known 
hypocycloid with three cusps; the extreme case when 6 
vanishes is the terminated straight line. 


Streaming past a Cylinder. 
Consider the W-function 


Wo = dot iyo 


Wo = — qe”, 


given by 

so that 
gu =— y(r cosy +ysingy),  ' 
Yo = — p(y cos y= r sin y), 


where ġo is the velocity potential and Ws the stream function 
associated with some motion. Since 


— òp, de = qo cos y, 
— òda dy = q sin y, 


it evidently represents motion of fluid streaming with 
velocity g) in a direction making an angle y with the 
axis of 2. 
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Now suppose that a cylinder whose cross-section is the 
curve c whose equation is 


æ = a cos u + 4b cos 2u 
0LbLa 
y = b sin u— $b sin 2u 
is placed in the stream of fluid and held at rest. The 
presence of the cylinder will disturb the motion represented 
by W,, described above. Suppose 
Wi = ġiti 
represents the disturbing effect of the cylinder, so that the 
motion in the presence of the cylinder is given by 
W = Wot Wi. 
Then y, must be a solution of Laplace’s equation evanescent 
on the circle at infinity, without singularities between the 
curve c and the circle at infinity, and, finally, on the curve c 


wv +r, must be constant. 
Now, on the curve c, 


z= æ+iy 
= a cosu + ibsin u + }be7%™, 
Then taking the transformation 
2 = a cos w+ ibsin w + ẹb e-**, 
where w=u+ir, we ensure that on the curve c, v=0. 


Further, 
z= (la +b) +}(a— l)e" 4 dhe“, 
and consequently, on the circle at infinity, v= —œ . 
Now, in terms of u, on the curve e, 
Wo = — qa {b sin u cos y —a cos u sin y — $b sin (2u +y)}. 
If now we write 
|. yi =— qof b cos ye" sin u—a sin y e cos u— bbe” sin (2u +y)}, 
vr, is certainly a solution of Laplace’s equation, which is 
evanescent on the circle at infinity and without singularities 
between c and the circle at infinity, and, in addition, on the 
curve ¢ 
Wy = (Wi )r=0 = q {b cosy sin u —a sin y cosu—4bsin(2u+y)}. 
Thus, yo+ Y; is zero on the curve c. We therefore have yf, 
as above, and in consequence 
Wi = —qo{b cos ye™™ + ia sin yew ™ — 4b e-e- 
and 
db; = —yy{b cos ye cos u +a sin ye" sin u— the” cos (2u+y) } 
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Also 
W= = ipe 
= — e7 fa cos w + ib sin w+ 4e77"}, 
Therefore 
W = Wo+ W; 
= — qla +b) cos (w—y), 
giving 


$ = — qla + L) cos (u— y) cosh v, 
Ww = qola +b) sin (u =y) sinh v. 
The velocity g at any point u on the curve is given by 
q =—Q(ath) sin (u—y) /| dz/dw] vt = 0 


in the direction u increasing, z. e. along the arc of the curve. 
Now, 
d: dw = i{4(a+ b)e"—4(a—b) e-t mbe, 

Thus on the curve c 

dzjdw ? = į dz/dw 7,29 = (asin u +b sin 2u)? 

+ (b cos u— b cos 2u}. 

Evidently at u=0, dz/dw; vanishes and the velocity is 
infinite except in the particular case when y=0, that 


is, when the direction of streaming in the undisturbed field 
is parallel to the tangent to the curve at the cusp. 


2. Translational Motion. 
We may also investigate the motion represented by this 
W-function, 
Wai ==) {) cos ye™™ + ia sin yeni — shen, 
alone. It is obtained by superposing on W, the W-function 
Wo- Thus, it represents the motion when the evlinder is 
moving ina fluid at rest at infinity with a velocity yo in a 
direction opposite to the direction of the streaming in the 
undisturbed field discussed in the foregoing case, ic. in 
the direction making an angle m+y with the axis of w. 
The stream function and velocity potential for this motion 
are given by 
= Fi Coi Aoii r st — Lhe? sj 9 
Vi = yolb cos ye’ sin u—a sin ye" cos u— bbe” sin (2u+y)}, 
hı = — ptl cos ye cos u tasin ye" sin u— dhe cos(2ut+y)}. 
The Do at auy point wis y given by 


£(O;/du)? + + (d¢,; ‘de Wak dz z/dw|r=o, 


and again, a ee at the cusp is in general infinite. 
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The kinetic energy of the fluid “per unit length T is 
given by 


T= —}p( dy 
=p?) (bcosycosu+asinysin u—4b cos (2u +y)) 
0 


x (b cosy sin u + a sin y cos u —b cos (2u + y))du 
= 4 pq? a(b? cos? y +a? sin? y+ 407). 
The area of the cross-section of the curve c is A, given by 


A=} (c dy/du—y dx/du)du 
Jo 


2r 
=Ł}} į {(a cos u+ $b cos 2u)(cos u — cos 2u) 


= 


0 
+ (sinu—4sin 2u)(asinu+A sin 2w) pde 
=b(a—th), 
Thus 


T=} A {ur cos? y + wy sin? y}, 


m=3b/(a = 40), 
py=(a? + }b?)/b(a — b). 


The constants u, and øy may be called the coefficients of 
translational mass in the z-direction and in the y-direction 
associated with the cylinder whose cross-section is the 
curve c. We give a table of the coefficients p: and yp, for 
various values of the proper fraction b/a. 


with 


bja. p 


x uy. 
0 “0000 A 
1 1578 10:5789 
2 ‘83333 56667 
3 0294 4:0980 
4 "7500 3°3790 
5 1:0000 3°0000 
6 1:2857 2:8243 
T 1:6154 2:7346 
8 2:0000 27500 
9 2:4545 2:8384 
10 3:0000 3:0000 


It will be remarked in this table that for the cusped hypo- 
cycloid given by b/a=1 the values of p, and p, are the same. 
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This result involves the consequence that in every direction 
whatever the coefficient of hydrodynamical mass due to 
translational motion is the same. This result is a particular 
case of the general theorem that if c the curve of the cross- 
section repeats itself n times on a complete description, where 
nis greater than two, the coefficient of hydrodynamical mass 
due to translational motion in any direction is the same. 
For suppose that u, and py are the coefficients associated 
with two perpendicular directions. Then the coefticient 
associated with a direction making an angle 27/n with the 
first is given by 
H: COS* 2ar/n + py sin? 2ar/n. 


But this must be identically equal to u, itself, owing to the 
symmetry of the curve. Therefore 


fe, COS? 2ar/n + pry Sin? 2or/n =p, 


and the conclusion that u, and py are equal follows. Now 
the hypocycloid with three cusps which we deal with when a 
and 6 are equal repeats itself three times, and it consequently 
follows that the two coefticients associated with the direction 
z and y and the coefficients associated with any other 
direction whatever are equal. 

It will further be noticed that u, as a function of the 
proper fraction b/a, which it will be convenient to call A, has 
a minimum near the value A='7. We have, in fact, 


y= (2u? + l?) [b(2a — b) 


= (2+A*)/A(2—2). 
Then dpy/drX=0, 
when 2(2—A) =2(2 +A*)(1 —A)/ (2A—A?)*, 
te. when A=1 or 
7+ 2A—2=0, 
i.e. When AH=4tvV5—1. 


The significance value of A is evidently Y3—1=°7321. 


3. Rotating Cylinders. 


Suppose that this cylinder whose cross-section is the 
curve c is rotating with uniform angular velocity w about its 
axis. The stream function wW associated with the motion 
must be a solution of Laplace's equation, as before, and 
evanescent at infinity and without singularities between c 
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and the circle at infinity. Further we must have 
r+ iwr 
constant on the curve c. Now in terms of u, on the curve r, 
1? = (a cos u + $b cos 2u)? + (b sin «—40b sin 2u)? 
=a’ cos? u + b? sin? u + 4b? + ab cos u cos 2u —b? sin u sin 2u 
= $a? + 36? +4(ab— l?) cos u + ẹ(ab +l?) cos 3u 
+4(a?—b*) cos 2u. 
Thus writing 
v= —w{}b(a—b)e cos u + 4 (a? —L* )e”” cos Qu 
| dia + b) eè? cos 3u} 
we obtain a value for ẹ which satisfies all the conditions 
We therefore have also . 
p= —w{tb(a—b)e’ sin u + 4a? —b?)e?? sin 2u 
+4h(a+b)e sin 3v}. 
At any point u on the curve the velocity ọ is given by 
q= — w{ł4b(a— b) cosu+4(a?—L*) cos 2u 
+ł3b(a +b) cos 3u}/ | dz/dwe | exo. 
The velocity is evidently infinite at the cusp «=O, for at that 
point g is given by 
9= (quo= —o(ab+4u2)/ | defdw | uezo 
It will be remarked that this infinity in g at the cusp, since 
it arises from the zero of | dz/dw | o=o at that point, is of 


the same type as the infinity for g in the case of trans- 
lational motion. 


The kinetic energy of the liquid due to the rotation of the 
liquid T say per unit length is given by 


=e tp | day 
2r 
zzp \ (b(a—b) sin u + (a?—b?) sin 2u +b(a + b) sin 37) 
0 


x (b(a —b) sin u+ 2(a?— b?)sin 2u + 3l (a +b)sin Ju)du 
sympw*{l?(a—b)? + 2(a?—b*)? + 3b?(a+b)*} 
= pampw*{a' + 2a + 3b*}. 
We may introduce v by the equation 
T=4vpAKw? 
where & is the radius of gyration of unit length of the 
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cylinder about its axis and call v the coefficient of hydro- 
dynamical mass associated with rotation. Then 


Ak*y= 5 (at + 2ab? + 3b"). 


It is convenient to record here the value of k for the 
particular series of cross-sections dealt with in this paper.. 


We have, if k, and 4, are the radii of gyration about the axis. 
of x and y 


e 0 


ay 


=]? i [sin? u+ 4 sin? 2u —sin u sin 2u ] [a cos u 
) 


e 


+ $b cos 2u] [cos u— cos 2u ldu- 
oar. 
=/* i [ž— 4 cos 2u — 4} cos 4u — $ (cos u— cos 3u) | 
e 0 
x [4(a— 4b) + 4a cos 2u—}b cos 4u 


+ 4(4b—a)(cos u+cos 3u) du 
=bn [ż(a—}b)— ła +h] 


273 9 
T, 

= 368 é (4a — 3b). 

32 

Next, in the same manner we may prove that 


Ak*y = Jor (8a? —a7b) + 4al?—L?), 
Thus 
A= Ak? + Ak, 


= i (4(u3 — alb) + 8ab? — 54"). 
) ` 
We therefore have the result 
v= 2(at + 2ab? + 30") jb (4a — 4a°b + 84b? -- 50°), 
or in terms of the proper fraction A= bja, 
(1 +203 + 3d )/A(4—424 8A? —5A3). 


4, Circulation about a Cylinder. 

Suppose that there is circulation k round the cylinder of 
cross-section ¢. Then the motion may be represented, by the- 
function 

: . k A k 
W=gp+iy=+ y (utile + yu, 
where, as before, 


z =u cos w + ibsin wt their, 
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For, if ġ be the velocity potential, the circulation is given 
by 
( —0¢/ds ds 


2r 
— ( 2. ds, 


e 
alo 27 


which is evidently equal to —k. The velocity g at any point 
on the cylinder is given by 


q= —k/2r | dz/dw | v=0 


in the direction of the arc of the curve, measured with u 
increasing. Again we have an infinity for the velocity q at 
the cusp u=0, and again this infinity is of precisely the same 
type as in the problems of translational and rotational 
motion. 


and this is equal to 


5. Mired Motions. 


It has been pointed out that when a cylinder rotates about 
its axis or when there is circulation about the cylinder, the 
existence of the cusp on the curve c of its cross-sectiou 
involves an infinite velocity at that point. This has also 
been shown to be the case when there is translational motion 
past the cylinder, except in the particular case when the 
direction of the streaming at a great distance is parallel to 
the tangent to the curve ¢ at the cusp. 

Now, in all these cases where the velocity is infinite at the 
cusp, it is infinite like 

1/ | dz/dw | v=u=0. 


Linear combinations of these three pure types of motion 
therefore evidently exist in which the velocity at the cusp is 
no longer infinite as it is, in general, in motions of the pure 
types when they occur separately. Thus suppose we con- 
sider a mixed motion in which circulation about the cylinder 
is superposed on streaming past. We may superpose the 
motion of (2) on the motion of (4), and we then get 


W = —qo(at+h)cos(w—y) + kw/27, 
giving 
p= —4o(a+ b) cos (u—y) cosh r + eu’ 2r. 
Then on the curve c 
—òġ/du = — (qla + b)sin (u—y) + «/2m), dd/dr=0, 
and 
| dz/dw |? = (a sin u + b sin 2u)?+0? (cos u— cos 2u)?. 
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Thus g on the curve is given by 


q= — (qala t+ b) sin (u—y) + k/2m)/ |dz/dw |-=0, 


and, in general, g is infinite at the cusp u=0. 
lf the ratio of & to go is so chosen that 


k= +2mrq ha + 6) siny 
the velocity at the cusp is not infinite. We have, in fact, 


q=qo(a +b) (sin (u—y) + sin y)/ | dz/dw | =o, 
so that at the cusp 


g?=(1")u=0= [yola +L) cos y/(a + 20)]°. 


With this combination of translational motion and circula- 
tion an interesting type of motion results in which the 
velocity is never infinite on the curve c and, indeed, never 
infinite outside the curve. And it is to be remarked that 
this characteristic of the motion can be retained, whatever 
the direction of the translational velocity, by suitably choosing 
the ratio of k to qo- 

It is well known * that streaming past a cylinder together 
with circulation about the cylinder gives rise to a resultant 
force on the cylinder which is equal to pkg, per unit length, 
where p is the density of the surrounding fluid. And this 
force acts in a direction 7/2 from the direction of streaming 
ata great distance measured in the direction opposite to that 
of the positive circulation. This force may be called the Lift 
on the cylinder. It is interesting to notice the fact that 
classical hydrodynamics gives a resultant force on the 
evlinder in this mixed motion which further has the im- 
portant characteristic that the velocity of the cylinder is 
always finite. An important part of the requirements of the 
aerodynamics relating to the wings of aeroplanes is therefore 
satisfied before the viscosity of the air is taken into account 
at all; for on the one hand there is a resultant force on the 
cylinder, although in the case of all pure motions there is 
none, and on the other hand the velocity being never infinite 
may under suitable circumstances be kept within reasonable 
limits and the pressure p given by 


Po—P = $(y? — 40") 
(where po is the pressure at a great distance) will never be 


# See Lamb, ‘Hydrodynamics’ (5th edition), pp. 76, 647; also 
Joukowsky, loc. cil. chapter vi, § 18. 


1104 Some Problems of Two-dimensional Hydrodynamics. 


negative, and we are therefore dealing with a motion which 
in this respect at least is physically possible in an inviscid 
fluid. This fact is the analytical basis of the famous 
. Joukowsky assumption in the Circulation Theory of Lift now 
under discussion in Aerodynamics °. 

It is also evident that translational and rotational motion 
can be combined so as to give an everywhere finite velocity. 
For superposing the rotational motion of (3) on the transla- 
tional velocity of (2) we have 


ġ = — qui (b cos y cos u +a sin y sin ue” — $be* cos (2u +y) t 
—wfłbla—b\e sin u+ 4 (a? —b?)e? sin 2u 
+ łba 4+ be sin Se} 
Evidently if we choose the ratio of w to qo, so that 
w(4a?+ab)= — qa + b)sin y, 


q, the velocity, will not be infinite at the cusp. Thus with 
the particular combination of translational motion q, in anv 
direction y with the appropriate rotational motion with 
angular velocity œ given by 


—— 2(a+6) i 
— a(at+ 2b) Jol Ys 


the velocity q is always finite and another type of motion is. 
therefore available in which an infinite velocity is not asso- 
ciated with the cusp on the cross-section of the cylinder. 

It is also evidently possible to combine circulation and 
rotation in the same way, so as to obtain a motion in which 
the velocity is everywhere finite—and this in spite of the 
cusp on the curve of cross-section of the cylinder. 


The assumption of Joukowsky should be studied in connexion with 
the pioneer work of Lanchester. See F, W. Lanchester, ‘Aerodynamics,’ 
London, 1911, § 189. 

Excellent material obtained from actual experiments with full sized 
anerofoils and with model aerofoils suitable for the testing of the 
Lanchester-Joukowsky theory of Littis to be found in ‘Aeroplane Design,’ 
by Andrews and Benson, London, 1920, chapter in. ‘ The Properties of 
Aerofvils and Aerodynamic Bodies,’ by Judge, London, 1917, chapter ii., 
and in other text-books. 
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CVIII. The Dipusion of Mercury and of Iodine Vapours 
“throuyh Nitrogen. By J. M. MrrLaLy and H. Jacques *. 


IFFUSION of the vapours arising from liquids or 
solids and passing through various gases is well known 
to give statistical measures oť the mechanical interactions 
of the molecnles concerned. Few elementary vapours 
have been investigated in this rcspect, because it has been 
difficult to experiment with substances slightly volatile. 
Following the speculations of Stefan ( Wien. Ber. lxv. p.323, 
1872), the vapours of water and of many carbon compounds 
were early investigated by Winkelmann (Ann. d. Physik, 
xxii. p. 1, 1884 and vols. following). Lately Le Blane and 
Wuppermann (Zeit. f. Phys. Chem. xci. p. 143, 1916) have 
determined the rates of evaporation of similar liquids in air 
under more refined conditions. 

The present investigation, mentioned already in a summary 
account (Mullalv, ‘Nature,’ exii. p. 711, 1924), is under- 
taken primarily as a test of an experimental method, prior to 
the application of this method to further problems of 
diffusion. 


THe METHOD. 


For establishing the gradients of vapour concentration 
necessary for diffusion in a steady state along a uniform 
tube, advantage has been taken of chemical combination 
between two diffusing vapours, and the consequent precipi- 
tation of both as solid products. 

The two vapours, of mercury and of iodine, are allowed to 
diffuse from the free elements situated at the opposite ends 
of a closed glass tube containing nitrogen. As fast as the 
vapours diffuse towards one another, they combine and 
deposit the iodides of mercury in a region of the tube where 
they meet. 

The deposit appears first as a narrow ring across the axis 
of the tube. On increasing in bulk, the ring spreads into a 
band of width comparable with the diameter of the tube, 
and can then be seen to contain both mercuric and mercurous 
iodides, the former in red crystals on the side where iodine 
exceeds in concentration, the latter in yellow-green crystals 
on that where mercury predominates. Fig. 1 is a diagram 
of a typical deposit. As there depicted, crystals of the two 
colours are separated by a very detinite boundary. 


* Communicated by Prof. F. A. Lindemann, F.R.S. 
Phil. Mag. S. 6. Vol. 48. No. 288. Dec. 1924. 4D 
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For a knowledge of the gradients, it is necessary to mea- 
sure the distance of the deposit from the ends of the tube, 
that is from the points of vaporization, and, in addition, to 
know the concentrations (or partial pressures) of each 
diffusing vapour at the points of vaporization and deposition. 

The concentration of mercury vapour over the meniscus 
has been taken from the vapour-pressure measurements of 
Knudsen (1909) and of Haber (1914), together with those 
of Egerton (Phil. Mag. xxxiii. p. 33, 1917, and later com- 
munications). There seems now to be little uncertainty as 
to the vapour-pressure of mercury. 


Fig. 1. 


ams ayi 
evestals cryst als 


Over the iodide deposit in the region where combination 
occurs, the concentration of mercury vapour is taken to be 
zero. From the determinations of the vapour-pressure of 
mercuric iodide by Wiedemann, Stelzner, and Niedeschulte 
(Ber. Deut. phys. Ges. iii. p. 161, 1905), it is evident 
that the concentration of mercury is negligibly small 
over portions of the deposit consisting of this salt. The 
concentration of mercury may be slightly greater over 
portions of the deposit which contain mercurous iodide, and 
there are few data to which reference could be made. That 
the concentration cannot be much greater is shown by the 
fact that the mercurous iodide is plentifully deposited beside 
the mercuric salt. 

The concentration of iodine vapour over the iodine crystals 
has been computed as a mean from the direct measurements 
of Baxter, Hickey, and Holmes (Journ. Amer. Chem. Soc. 
1907), and those of Naumann (Diss., Berlin, 1907), deter- 
mined in the laboratory of Nernst. 

The maximum concentration of iodine at the deposit has 
been ignored. 

Mercury is effectively absent from the region traversed 
by diffusing iodine, the dissociation constant of mercuric 
iodide being extremely small. Similarly the region traversed 
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by mercury vapour is sensibly free from iodine. Each 
vapour thus diffuses through nearly pure nitrogen. 
According to equation 
po = Lam 
"Ol A At ’ 
which represents diffusion through one another of two gases 
crossing a given cross-section A of a long uniform tube, it 
is requisite for the determination of the coefficient Dj, to 
know both the mass Am, of either gas which traverses the 
area in a short period At, and the gradient of concentration 


of the same gas across this area. The coefficient Dj, 


and the gradient a are constant along the axis, so long as 
the concentration of the gas denoted by suffix I (the vapour) 
is everywhere small compared with that of the other 
(nitrogen). 

Further, as shown by Stefan (loc. cit.), when the diffusion 
medium is kept stationary during the steady flow of the 
vapour, the mass of the latter traversing the area A in period 
1 


At is larger than Am, in the ratio 1+ f : 1, where cand cy 


2 

are the concentrations of vapour and gas in the plane of 
the area. Thus 

Gaora o — rete . e e e 2 

Co al A t ? ( ) 

where M, denotes the mass of vapour crossing the area after 

time ¢ from commencement of the steady flow and under 


OC 


Ahe local gradient VE 


D, 2b" oc. 1M, 


It is an advantage of the conditions of the present investi- 
‘vation that ¢, in the case of either vapour is so small com- 


Cote 
pared with c, in any region of the tube that the term +c 
C2 
. . e U 
may be considered as unity and the gradient 37 as 


‘constant. 
The well-known complications in the general integration 
of equation (2) are avoided; and in this case 


De Sw. os Ge we 28) 


where Ci is the saturation concentration of the given vapour, 
4 D2 
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and I the distance traversed by it from its source to the 
place of deposit. The errors in the values of D,, caused by 


this neglect of the quotient 3 range from 1 in 100,000 to 
2 


0'1 per cent. in the case of mercury, and from 0'1 per cent. 
to 1 per cent. in the case of iodine. 

Ratios of the coefficients of diffusion through nitrogen of 
the two vapours are measured with extreme ease and 
accuracy by the present method, for the vapours diffuse 
simultaneously in the same tube at equal temperature and 
pressure. Ratios of this type must have importance, since 
they compare certain properties of the molecular species 
without reference to absolute molecular concentrations. 
Consider the two specific equations representing the diffusion 
in a single tube : 


C ji M ry 
Dugx i = K = e -° e e . (3 a) 
C 1M , 
and Diy [' — A’ t . . e ° . (3 by 


When the tube is uniform, A=A’. 

Since the period of steady flow starts and ends simul- 
taneously at the two ends of the tube, ¢=?’. 

Hence Dry OME =Dix Mug ©.. > (4) 

It is found (vide infra) that the mercury and iodine are 
deposited in a nearly constant ratio by weight at a given 
temperature. That is, the salts composing the deposit are 
formed in a ratio apparently independent of the pressure of 
inert gas and of the dimensions of the tube. The ratio 
xi in equation (4) has thus beon assumed equal to, that is 

I 


to say, extrapolated from, the values found in absolute 
determinations. 


e e e e D VY 
Equation (4) thus gives the required ratio De from 
IN 
measurements of length and the vapour-pressures* alone. 
Such relative determinations can be made under conditions- 
of high nitrogen pressure or of low temperature which 
would render any absolute determinations difficult and slow. 
* Conversely, the method might be used for determining vapour- 


pressures from a knowledge of coefticients of ditlusion together with two. 
measurements of length. 
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` ° Du N 
The ratio - Dee as measured compares the diffusion of the 
IN 


two vapours under strictly similar conditions of gradient, 
even though the vapour-pressure of iodine greatly exceeds 
that of mercury. Under no circumstances could My, differ 
largely from Mr, nor Dug from Dry in a single tube, so that 


from (3) a and r are of comparable magnitude. It 
under some hypothetical condition mercuric iodide were 
, M i l , l 
alone deposited, then M L =2 in atomic units; if the 
g 


mercurous salt were alone to appear, My and My, would be 
atomic equivalents. 

Owing to the large difference between the vapour-pressures 
of the two elements, the deposit occurs on the side of the 
tube close to the mercury and remote from the iodine. 
Measurement of the length traversed by the mercury is thus 
the more difficult. For more convenient measurement of 
this length, as is desirable in the case of the absolute 
measurements of diffusion, two alternative schemes are 
suggested, namely :— 


(1) A source of iodine vapour other than crystals of the 
free element, and such as to supply the vapour ata 
constant and suitably low pressure. The tri-iodide 
of cesium CsI; would appear suitable from the in- 
vestigation of this substance by Abegg and Hamburger 
(Zeit. Anory. Chem. |. p. 403, 1906). It has not yet 
been used owing to the adoption of the second 
method. 

(2) Alternatively to constrict the tube along the region 
traversed by iodine vapour, and thus by diminishing 
A' on the right-hand side of equation : 


Ocny A a Ory A! 

Dingy d’ My TP òl M, 
to cause the variable st to diminish on the left 
through an increase in the length traversed by 


mercury. 


This device has been used for all the absolute measure- 
ments with mercury. Tubes so eonstricted are unsuitable 
for obtaining simultaneously values for iodine, because over 


Orr 


the region of constriction the gradient 3l must vary. It 
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would be difficult to trace the gradient from place to place 
directly. 

Tubes of one metre total length are convenient. The 
constriction may take the form of a capillary, and should 
not offer so great a resistance as to make the deposit thin 
and indistinct, for increasing the distance traversed by the 
vapours has the effect of somewhat spreading out the 
deposit *. 

The design of the tube is important in another respect. 
The tube-walls must offer some resistance to the flow of the 
vapours, and this effect is superimposed upon the resistance 
of diffusion. The effect might be corrected for according 
to the laws of transpiration, but since it is small, even in 
the case of the narrowest tubes used, no correction has been 
applied. 

For measurement of absolute values, a tube of 3-mm. 
bore is suitable, since this vives the greatest cross-section 
compatible with stability of the mercury meniscus at one 
end, or of an adherent sublimate of iodine at the other. 
A wide tube has the additional advantage of affording more 
deposit in a given time. 

In relative determinations for which small deposits 
suttice, narrower tubes are preferable, since these give the 
better definition required for measurements of length. 
Capillaries of 1 mm. have been found best in this case. 

Care must be taken tu avoid contamination of either 
element by traces of the iodide deposit. In cases where the 
deposit forms in close proximity to the mercury, and 
especially in tubes of wide bore, there is a tendency for 
precipitation on the meniscus. Contamination in such cases 
is avoided by imparting a quivering motion to the meniscus, 
the tube being gently rocked. Rocking was performed in 
the vertical plane containing the axis of the tube, while 
care was taken that the end containing the mercury was 
alwavs slightly the lower in level. In order that the rocking 
may be the more effective, there was a small gas space 
behind the mercury, for the tube was bent up in the form 
of a crook. | 

As regards the pressure of the gas, certain limitations 
must be observed. Since the rate of diffusion varies 
inversely as the pressure, it is necessary, for securing 
sufficient deposit in a reasonable time, to keep the pressure 
low. Especially in constricted tubes should the pressure be 
low, for in these the mercury has a greater distance to 


* In the limit resolving the deposit into foro isolated bands. Details 
of this will be published later. 
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diffuse. But too low a pressure leads to spreading of the 
deposit by diffusion of its vapour, especially when the tube 
is wide. Pressures of 1 mm. to 10 mm. were used for the 
absolute values, and pressures up to 17 cm. for the relative 
values. For purposes in view it matters little what range of 
pressure is considered so long as the pressure is large in 
comparison with the partial pressures of the vapour, and 
yet low enough for the simple gas laws to hold. 

A source of small error difficult to avoid is the mixing of 
the vapours and gas before the measurement of pressure Py. 
The effect due to mercury is negligible. The iodine may 
increase the pressure by O'l mm., that is by about half the 
saturation pressure Py, since its gradient extends along the 
tube. Further, after the final sealing, vaporization of the 
iodine must increase the partial pressure of nitrogen in the 
mercury end of the tube Both kinds of effect are less for 
the constricted tubes, and in any case tend to cancel on the 
side of the tube containing mercury. They may together 
amount to l per cent. of the lowest pressures recorded, but 
were in all cases ignored. 

In no case was more than 0'2 mg. of nitrogen contained 
in a tube. For economy therefore, also by reason of the 
stationary condition of the gas, the present method has 
advantages over those of Winkelmann and of Le Blane an'i 
Wuppermann, each of which methods requires a continuel 
circulation of many litres of gas, at constant pressure, 
throughout the period of experiment. 

Owing both to the compactness of the tube and to the 
slowness of the process, there is no possibility of the cooling 
by vaporization pointed out by Le Blane and Wuppermann. 


EXPERIMENTAL. 


(A) Absolute Measurements. 


Means of filling Diffusion Tube. 


Fig. 2 shows the apparatus used. The diffusion tube, 


well cleaned, is sealed on at A and Band drawn down for 
convenient closing at these points. Iodine, of “AR” 
purity, is placed in the globe on the left side, while 
mercury—purified by electrolysis—is placed in a small iron 
boat in the sloping tube on the right-hand side. The iodine 
can ba sublimed into the tube from the globe, and the 
mercury tipped in from the boat, an electromagnet being 
convenient for inverting the latter. No contamination is 
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thus incurred by grease or other surface film which would 
impede the vaporization. 

Before introducing the mercury, the nitrogen is passed in 
and its pressure measured. ‘The nitrogen was prepared from 
a commercial specimen of 99°7 per cent. purity containing 
very little argon. It was freed from oxygen by means of 
red-hot. copper, and dried thoroughly. Ilt is needless to 
enter Into details of the purification. Traces of hydrogen 
were detected (derived from the heated copper), but the 
amount was negligible. 

Exhaustion was effected by means of an oil-pump in such 
a sense as to cause the gas always to flow from the right- 
hand side to the left. This unidirectional flow is very 


Fig. 2. 


Gam 
To pump 


—~» 
From manometer J] se 


desirable in order to prevent iodine vapour from diffusing 
towards the mercury and contaminating the tube. The tube 
was heated to expel occluded gas and inevitable traces of 
mercuric iodide. 

Iodine having been carefully sublimed into the tube, the 
pressure was measured at room temperature : high pressures 
on a manobarometer, and low pressures with a McLeod 
gauge. A correction (about 1 per cent. usually) was applied 
for the change in pressure due to transference to the higher 
temperature of the thermostat as described below. 

Finally the mercury was introduced. This operation 
could not alter the pressure, owing to the large volume of 
the iodine globe. 

The moment of the entrance of mercury may be taken as 
the starting time, since this almost coincides with the first 
appearance of deposit. The appearance of deposit does not 
mark the attainment of the steady state of flow, but this 
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state should not succeed it by more than an hour. Such a 
preliminary period is negligible in an experiment of ten 
days’ duration. It will be remembered that in the experi- 
ments of Le Blanc and Wuppermann about one-tenth of the 
total time was allowed for at the start. 

After sealing up, the tube was placed in a thermostat. 


Temperature of Experiment. 

Owing to the high temperature coefficients, both of 
vaporization and of diffusion, constancy of temperature is 
essential ; yet the deposits are well defined when formed at 
room temperature. Convection in the tubes, then, is 
slight. 

The temperature was throughout maintained at 19°4 C. 
in a thermostat 4 feet long containing water circulated by 
four propellers. Except for one or two accidents the 
variation was about +1/50° C. 


The Measurements of Length. 


It is required to determine the length traversed by each 
vapour from its source to that part (or plane) of the deposit 
at which the concentration gradient first begins perceptibly 
to vary. As will be shown in a subsequent communication, 
the gradients of concentration do not change greatly at the 
outer fringe of the deposit, for chemical combination is 
restricted to a comparatively thin region or lamina in the 
centre portion of thedeposit. Some of the visible spreading 
is due to diffusion of the saline vapours while in a state of 
supersaturation, These vapours and their dissociation pro- 
ducts can in no way influence the normal gradients, since the 
dissociation constants are unchanged. 

It is therefore necessary to measure the lengths up to 
the centre portion of the deposit ; and since it is found that 
the two iodides fall alongside one another about a well- 
defined boundary, it is convenient to adopt this boundary as 
a mark for the measurements of length. 

It is found that there is a distinct ridge of the red crystals 
alongside and close to the boundary. The deposit is thickest 
in the plane of this ridge at the temperature investigated. 
Since, however, we do not necessarily seek the planes 
across the deposit which contain the centres of gravity of 
the elements deposited, the presence of this ridge has been 
ignored in taking the measurements of length. Discussion 
of the detailed features of the deposit must be deferred toa 
future occasion. 
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At the ends of the tube imaginary planes must be found. 
from which diffusion may be assumed to commence. The 
mercury meniscus is a segment of a sphere. The plane 
cutting this segment parallel to its base and through a point 
bisecting its height will therefore divide the vaporizing 
surface into equal areas. Since these areas are nearly equi-- 
distant from the deposit, it is safe to consider this place as 
the effective source of vapour. After locating the base of 
the meniscus, a correction was thus applied for half its 
height. Contraction of the mercury column on removal 
from the thermostat was allowed for ; to obviate this source- 
of error and to diminish the risk of derangement caused by 
handling, an endeavour will later be made to read the lengths 
while the tube remains in the thermostat. 

Measurements were made with the tube in four positions 
about its axis, the asymmetry of a meniscus in horizontal 
tubes being taken into account. 

The short distance traversed by mercury vapour can thus 
be read with an accuracy of about 0°05 mm. or +0°5 per cent. 

Definition of the iodine is secured by careful filling of the 
tube. Observation must be made of the slight retreat alony 
the tube during the period of consumption. On a length of 
1 metre an accuracy of +0:2 per cent. is certain. 

After measurement the tube is opened by cutting it beside 
the deposit; simultaneously the period of diffusion is 
considered at an end. 


Analysis of the Deposit. 


The iodine has been determined directly, the mercury by 
difference. 

Weighings have been conducted with great accuracy 
through the kindness of Mr. A. C. Egerton, whose balance 
has been used. The authors take this opportunity of 
cordially thanking him for his interest in the work. 

The weighed deposit is dissolved in 10 e.c. of hydrochloric 
acid of 5N strength containing 2 c.c. of OLN nitric acid, 
Kjeldahl’s apparatus being used to prevent escape of iodine. 
Solution is slow even when conducted in a steam bath. As 
the mercuric iodide dissolves the more rapidly, it can be seen 
how sharp is the boundary towards the other salt. When 
solution is complete, 2 or 3 c.c. of 0'1 N sodium sulphite are 
added to reduce iodate, and the mixture left to stand. The 
mixture then contains no mercurous compounds, and the 
iodine as I’ ions. 

The method of Fresenius (‘ Quant. Chemical Analysis, 
vol. i, 7th ed. p. 366) was used to estimate this iodine. 
chloroform being used for its isolation. A deposit of 
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0°04 gram gives but one titration of 15 c.c. with Dp sodium 


thiosulphate, but there is little danger of an overshot, since 
several of the chloroform extractions are needed for witb- 
drawal oť the iodine. 


Cross-section of the Tute. 


Short lengths from the region traversed by mercury were- 
measured by optical examination of the cut ends, while long. 
lengths from the iodine side were filled with mercury at the 
temperature of diffusion and weighed. 

Commercial tubing was used, which was found sometimes. 
to vary as much as 5 per cent. along its length. Mean values. 
as determined cannot, however, be greatly in error. 


Numerical Values. 


It would be tedious to tabulate all the measurements made, 
since one experiment of each type will illustrate the mag- 
nitudes concerned. 

Thus in an experiment upon iodine :— 


Temperature of thermostat ......c.cecescneescesees wee 19°40° C. 
Pressure at room temperature —.....ccccccceeeseeeeeees - 9616 mm. of Hg. 
(Py) reduced to 1994 oo. eee eee 9:78 ñ 

Length from iodine to deposit when first formed... 892:5 mm. 

Retréat ul iodine asearen e 20 

Corrected lenethi (2 \ixicsecauieiasenScansnces a aa 8915 ,, 
Time-interval (¢) 12 days, 1 hr., 17 mins. 

Mass of iodine deposited (My) ........cceesceseesereweees 0:01163 gram. 

Mean cross-section of tube at 19°4° C. (A’) uce 6'472 mm.? 


Therefore Dyy=9'80 cm.? sec.—! 


In one for mercury at the same temperature :— 


Pressure at room temperature  sessssesesssssrseseeres 5:608 mm. of Hg. 
5 (Py) reduced to 1994 2.0.2.0... P 565 ” 
Length from base of meniscus to deposit being a 
mean of 4 readings  ......cccccescevscccccccecesssennees 20°85 mm. 
Meniscus correction ......ccccccscscecsectececccosscsecerss 0:50 ,, 
Corrected length U) cicestes cad veces Soesciwbetdaantecaies 20:35 45 
Time-interval (¢) 20 days, 22 hrs., 12 mins. 
Mass of whole deposit .........ccceceeeesceececeeseeeeeees 002474 gram. 
j TOUNEN E ae AE a E Ea 001129 ,, 
» mercury by difference (Mire) ee Oe ene 0-01344 —,, 
Cross section of tube over region traversed by 
MEENE CA: aeres r A a 6:630 mm.? 


Therefore Di.w= 17:3 cm.? sec. —! 


Constriction of tube required in this experiment=45 cm. 
length of 1 mm. capillary. 
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Todine-Nitrogen at 19° 4 *. 


‘Pressure of Diy 


1 
nitrogen. _ sap: Diy(Pnt+4P)). Remarks. 
ae em.? sec.) Py+4Pi n(Py +3Py 
13:7 3°99 0:0725 55-03 Preliminary experi- 
ment valne lcw. 
66l 8:46 0:1492 56:71 Pressure doubtful. 
9°52 6:05 0°1040 | 58:17 
T5 763 0:1318 37°89 Air-leak into mano- 
meter roughly cor- 
rected for. 
“O85 S84 0:1006 58°05 
Ys3 370 U-10U8 56°55 
9°78 5°80 0:1013 57°25 Reliable. 
O27 6'33 0:1068 39°27 Cross-section nyrer- 
tain; tube broken. 
uyl asl 0:1020 56°96 Reliable. 
Weighted mean......... 070 


* Assumed C; =2-623 x 107° gram per c.c., corresponding to 
P = 1884x107! mm. 


Mercury— Nitrogen at 19°°4 t. 


Pressure of DHgN l i 
nitrogen, = — - ——. Dix (Py +3Pu,). Remarks. 

inn. em,? 860, ~". Pytsllg pee j 

565 17:3 0:1770 97°04 

255 >340 0:3921 >867 D value low tube not 
rocked. 

2°45 396 0:4080 97:06 Deposit not well 
detined. 

352 2T 2 0:2840 95°77 Reliable. 

1-97 49:5 0:5075 97°53 

3°40 27:3 0:2941 92°84 Air-leak. 

Weighted mean......... 970 


t Assumed Cy z= 132X 107° gram per c.c., corresponding to 
Pugs 1:20x 10-4 mm. 
Dy ow 
Hence the ratio HES — ie =1°70 
IN i 

It is clear that the figures in the fourth column are in 
-each case nearly constant. 

In figs. 3 and 4 the diffusion coefficients are plotted 
against the reciprocals of the total pressures. Py, and Py 
denote the saturation pressures of the vapours, so that Pug 
and 4P; should represent the mean partial pressures along 
tthe regions of diffusion. 

The coefficients for mercury are practically as concordant 
‘as those for iodine, but would be subject to a greater 
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constant error if the adopted boundary were unsuitable for- 
the measurement of length. 


Fig. 3. 


De in em.? seo. -!—-- -> 
IN 


O 002 004 0°06 0:08 010 O12 O14 O16 O18 


1/Py+3$Py in mmn,.-1——---> 


(B) Relutive Measurements. 


The relative determinations are much simpler, since they 
need not involve estimates of time or those of tube section, or- 
even those of mass. 

From the analysis of the deposits it has been found that 
the two elements are precipitated in a nearly constant ratio. 
by weight at the given temperature. That this is so can be 
easily imagined, for in the hypothetical case where the 
amount of nitrogen is infinitely small, the rates of deposition. 


Dyn in cm.? ate 
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‘of the iodides would be determined solely by their disso- 
‘ciation pressures. (The co-precipitation of two electrolytes 
which possess an ion in common is closely analogous, but 
comparison must for the present be postponed.) The 
presence of the inert gas nitrogen could modify this 


Fig. 4. 


0 O05 OI O1 02 025 03 O35 04 045 05 OSS 


1/Py+oPp, in mm.—! > 


-condition only by hindering the approach of the iodide 
vapours to the walls of the tube, the ratio of masses deposited 
being thus dependent upon the diffusivities of the iodides 
and of their dissociation products as well as upon their 
equilibrium pressures. When the diffusion effect is small, 
as in narrow tubes, the ratio of masses deposited must 
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ata given temperature be nearly independent of the total 
pressure. The following table shows the vaiues found :— 


Ratio of masses Pressure of nitrogen. 
deposited, Hg/I. mn. 
1:108 T5 
1114 9°85 
1:189 5:65 
1:187 0°78 
1-144 9:27 
1:187 971 
1:205 2:55 
1:203 2:45 
1:161 3°92 
1-129 1-97 
ea. 1:100 3°40 


ce ed 


Average... 1°16 


The ratio of masses deposited is thus nearly constant under 
the conditions of experiment *. 

Since this ratio is constant (at the temperature considered), 
' 


it is requisite from equation (4) that the ratio of lengths 


be likewise constant under tle given conditions. The con- 
! 


stancy of the ratio 7 is very rigorously shown by experience 


(see table below); indeed, the accuracy attainable in the 
measurement of length exceeds that of the chemical analysis, 
and affords a very real check on the uniformity of the 
process. The ratio of masses is uninfluenced by a con- 
striction in either end of the tube, because this is in effect 
merely a lengthening of the tube, and not an alteration of 


al i ! 
the ratio I (analogous to a resistance in an arm of Wheat- 


stone’s electrical bridge). 

For the relative determinations of diffusion the ratio of 
masses deposited has been assumed the same as in absolute 
determinations, while the lengths have been measured. To 
correct for the inevitable tapering of the tube, the measured 


l! E 
ratio of lengths 7 must be divided by the ratio of the mean 
j 


sections a- along the corresponding regions of diffusion. 


* The irregularities have subsequently been found to be due to a slow 
photo-chemical action of mercurous iodide. These irregularities can 
obviously not effect the accuracy of the absolute measurements of 
diffusion. 
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The following is a typical experiment :— 


Pressure at (94 inset emetic sasecten aa 1790 mm. of Hg. 
Length from base of meniscus to deposit (4 readings). 6°09 mm. 
Meniscus correction ............ceeccccecceneeesesseceeecesees 013 ,„ 
Correction for temperature of reading ............s0e00. ool ,, 
Mercury length corrected (1)....0....s.eecceeeeteeecereeeees 595 n 
Iodine Jength (CI ranira tense tectestatencetecsedon T6L5 ,„ 
Therefore ratio of lengths observed (3) tereeesrererereeet 128:1 
Mean tube diameter... .....se..ssssesesesessoseerooereressees FIS mm. 
Ratio of mean cross-sections along the two regions of 
diffusion FO 1-015 
: U A 
Therefure ratio of lengths fur a uniform tube ¢ x x) =128:1 x10135 
Assumed ratio of masses deposited - i P E E, = 116 
Duyn ae 
Theretvre EN REO an aa = 17 
Dy; 


The table gives the ratios determined at 19° 4. 


Pressure Ratio of lengths Dug 


Tube. total, fora uniform ~) Remarks. 
min. tube. IN 
Now iacaties 102 128°4 179 Preliminary experiment. 
1: eee 1790 130:0 1'77 Reliable, 
B again ... e 128:8 1:78 
Ciatadieeaicus 720 128:6 1:79 Pressure uncertain ; 
C again ... n 127:5 1:80 iodine badly placed. 
D reges 67:5 128-7 1:79 Ill-defined deposit. 
D again ... 3 133:7 1:72 
Erec ; rU 128-9 1:78; Narrow tube ditticult to 
E again ... ý 130-0 1°77 fill; values reliable. 
Average ...... 1:78 


Pd 


Such experiments were repeated in tbe case of most tubes. 
The tube was reset by shaking the mercury a little further 
along the axis so as to produce a new deposit on the clear 
wall. The second deposit was usually better defined than 
the first, owing to microscopic crystal nuclei previously 
spread about, and because of the quickness of re-uttuinment 
of a steady state. 

It should be observed that the application of the method 
to relative measurements of diffusion rests upon facts 
additional to those which fit the method for absolute mea- 
surements. Absolute measurements could be made whether 
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or not the deposit is of regular constitution, provided only 
it occurs in a very limited region of the tube, for equation 
(1) is quite determinate, as is well known, ard for integration 
requires solely a knowledge of the distribution of concen- 
tration. The relative measurements are rendered simple, 
not only by the simultaneous presence of the two vapours, 
but by the regularity of the deposits which permits extra- 
polation of the ratio a The corresponding ratio in the 
I 

ease of similar diffusion of ammonia and hydrogen chloride 
would be fixed stoichiometrically, since only one salt, 
ammonium chloride, is then possible. 

The average ratio 1°78 of the coefficients of diffusion 
differs but slightly from the value 1°70 obtained from the 
absolute determinations at low pressures. The difference is 
probably real, since the coefficients of diffusion may vary 
with the proportions in which vapour and gas are mixed. 
But no great stress is laid upon this difference, since it is 
comparable with the errors of experiment. The difference 


is due partly to the neglect of the term i in Stefan’s equa- 
2 

tion (2) (meaning that 1:70 is too small a ratio), and partly 
to resistance offered by the narrow tubes to the flow of 
iodine vapour (1°78 being thus too large). 

The magnitude of the mean ratio 1:74 shows that iodine 
diffuses more slowly than does mercury. 

Interpolation from the direct observations gives for a 
temperature of 19°4 C.: 


Dugs =32'3 when Py + $Py,=3°00 mm. 


P 
and oa =5°0x 103, 
and Dyy=5'70 when Py+$P,;=10°00 mm. 
Py — 1. z 
and N 06 x 107, 


Discussion of these results must be postponed to a future 
communication. 


The authors desire to express their best thanks tə 
Professor Lindemann for his valuable advice, to Mr. A. C. 
Everton, and to General H. B. Hartley of Balliol College ; 
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also to Mr. I. O. Griffith. They acknowledge their indebted- 
ness to the Chemical Society for a grant which has partly 
defrayed the cost of the investigation. 


14 Bardwell Road, 
Oxford. 
September 1924. 


_ [Note added November 8th.—A fact which further simpli- 
fies the method is that both ends of the diffusion tube may be 
left open to a pure atmosphere of the inert gas. No stream 
of the gas traverses the tube once the steady state is established, 
for gradients of the vapours are set up from the elements 
towards the open ends, and the pressure of inert gas is the 
sume at these ends. In some experiments upon diffusion 
through air it has been found easy to shake the elements out 
of an open tube and rearrange at will.—J. M. M. ] 


CIX. Pole Lines occurring in the Interrupted Are Spectra 
of Silver, Gold, and Copper. By H. Lowery, M.S. 
(Lond.), A.Inst.P., F.R. A.S., Assistant Lecturer in 
Physics, Manchester University *. 


[Plate XXVII] 
Dor the course of an investigation on the Stark 


effect in the arc, the spectra of “arc flashes” between 
silver, gold, and copper poles in air, hydrogen, and oxygen 
were photographed. Of the many interesting points ex- 
hibited by the photographs, it is proposed in this paper to 
refer to certain lines which seem to be associated with the 
lower pole of the arc under the particular conditions of the 
experiments. 


EXPERIMENTAL DETAILS. 


The method of making an arc flash was that used by 
' Hemsalech and the Comte de Gramontf. The lower pole 
was kept fixed throughout the experiments whilst the upper 
pole was arranged so that by pulling a cord it could be 
drawn into contact with the lower pole. When the poles 
came into contact, the circuit was made through a key and 
the cord released. An arc was thus formed between the 
poles, but the upper pole was caused to move away quickly 


æ Communicated by Prof. W. L. Bragg, F.R.S. 
t Phil. Mag. vol. xliii. (Feb. and May 1922). 
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From the lower pole to such a distance that the arc ceased 
to pass, so that only an are flash was produced. 

It will be convenient to speak of the arc observed in this 
manner as the interrupted arc to distinguish it from the 
continuously-burning arc. 

Experiments were made under various electrical condi- 
tions and the voltage and current at contact of the poles 
were recorded. The voltages were varied from 100 to 400 
volts and the currents when the circuit was made ranged 
froin 0°3 to 25 amperes. Of course the intensity of the arc 
flashes changed considerably with these wide differences 
in voltage and current, thus necessitating more flashes for a 
photographic exposure in some of the experiments than in 
others. The lower pole was usually negative in the experi- 
ments, though for special tests it was made positive. 


THE SPECTROGRAPH. 


For the purpose of this research a spectrograph was 
mounted in which a small Rowland grating (14,438 lines to 
the inch; radius of curvature 72 in.; ruled space 2 in. long) 
was used with a 3 in. refracting telescope as collimator. The 
eyepiece of the oe was replaced by a Hilger slit 
which was adjusted to be at the focus of the objective so 
that the rays leaving the objective after passing through the 
collimator were parallel. The grating and camera were 
mounted on the same support, which turned about a point 
in the axis of the collimator vertically under the grating. 

It will be observed that in this mounting, since parallel 
light is allowed to fall on the concave grating, stigmatic 
images of the light source are produced. 

The dispersion given by the spectrograph in the first 
order was about 19 A.U. per mm. 


EXPERIMENTAL RESCLTS. 


Before an experiment was begun, care was taken to focus 
the lower fixed pole of the are just below the middle of the 
collimator slit and to arrange that each are flash should fall 
along the length of the slit. The object in conducting the 
experiments in this manner was to obtain photographs of 
the spectra due to the earliest stages in the formation of a 
flash. Since the particular mounting of the grating em- 
ployed gave stigmatic images, the effects introduced into 
the spectra during the initial stages of an arc flash were 


readily distinguished. 
4E2 
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pe ave-lengths in I.A. 


35605 5 
35762 
3580:62 
3630:09 
3630-6 
3649:82 
3683:25 
81282 
3766:35 
38293 
3840:80 
3877:25 
3907:48 
3914:32 
3920:10 
39456 
3985:03 
400475 
4012-3 
4063-6 
4068:01 
4081-7 
4085:90 
41416 
4182-1 
4206 8 


4381-4 
4395:94 
44554 
45489 
45504 
4610°6 
46145 
4615:82 
4620:39 
46503 
46572 
4677:86 
4620-4 
4721°1 
47855 
4811:3 
48433 
48702 
4933 


(a) 


(b) 
(c) 


(e) 


J) 


Class. 
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Intensity. 
å: 


| 


| 


| 
| 


| Wagner |: 


Previous Observer. 


Eder and Valenta * : Spark. 
Frings tł : Spark. 


| Eder and Valenta: Spark. 


Exner and Haschek +: Arc 


Frings: Are. 
Exner and Haschek: Spark. 
| Kayser and Runge §: Are. 


Spark, 


Eder end Valenta: Spark. 
Exner and Haschék: Spark. 


Frings: 


Spark. 


Takamine. 


* ‘Atlas Typischer Spektren’ (Wien, 1911). . 


+ Zeit. fiir wiss. Phot. xv. p. 165 (1915). 


t... 


e.s»... 


t Tabellen der Funkenlinien (1902); Tabellen der Bogenlinien (1904). 
§ Handbuch der Spectroscopie, Band V. (Leipzig, 1910). 


|| Dissertation ( Bonn, 1911). 
€ Astrophys. Journ. vol. 1. (1919). 
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Notes on Table I, (Silver). 
(a) A 3560°5 and (d) A 4012:°3.—At the beginning of the arc flash both lines 
are displaced to the red from their positions during the later stages, (a) by 


about 1 A.U. and (d) by about 0-5 A.U, 


(b) A 3630-09 and (c) A 3630°6.—The latter line (not previously recorded) is 
displaced to the red by about 0:5 A.U. at the making of the arc. The displace- 
ment is readily detected owing to the nearness of A 3630:09. 


(c) A 4081-7, (f) A 4206°8, and (g) A 4226°55.—The wave-lengths of these 
three lines are as recorded by Takamine who, in his research on the Stark 
effect for silver *, records that the lines (e) and (g) only occur in a strong 
electric field. ln the present work, all three lines are confined to the initial 
stages of the arc flash. In the experiments with heavy currents, the line 
A 42068 is usually masked by a wing which accompanies the are line A 4210 
on the violet side at the beginning of a flash. 


Whether the interrupted arcs between silver, gold, and 
copper poles were made in air, hydrogen, or oxygen, the 
corresponding photographs are characterized by a number 
or lines which appear only during the early stages of an 
arc flash. These lines seem to be closely associated with 
the lower fixed pole and occur whether that pole is positive 
or negative, thou they are certainly more numerous under 
the latter condition. For convenience, they will be termed 
pole lines: they are presumably lines which are specially 
enhanced under the abnormal conditions of voltage and 
current employed, and are possibly due to the excitation of 
multiply ionized atoms. 

A careful study of these pole lines reveals the fact that 
they may be arranged into two classes as follows :— 


Class I. 

Whereas the ordinary are lines cease when the poles are 
about 6 mm. apart, the lines of this class commence with 
moderate intensity and decrease gradually in intensity till 
they disappear when the poles are separated by about 
l to 3 mm., thongh the actual distance of separation of the 
poles at which disappearance takes place seems to depend 
(between the above limits} upon the value of the initial 
current. 


Class 11. 

Lines comprised in this class come to an end abruptly 
when the poles are about 1 mm. apart. They are of uniform 
intensity along their lengths, and changes in the initial 
currents affect only their intensities and not their lengths. 
Their intensities seem also to depend on the voltages 
employed, for the lines are much stronger at 350 volts than 


* Loc. cit. p. 26. 
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at 250 or 110 volts. There are 11 lines of Class [I in the 
old and 2 in 


interrupted silver arc spectrum, 6 in the 
the opper in the region, A 5220 to 13380, covered by the 


researcn. 


Taste IT. Pole Lines (Gold). 


| Wave-lengths in I.A. | Class. Intensity. | Previous Observer. | 


3649:10 
370684 
395004 
3959:20 
3968-7 

3985:89 
3989:85 
3991:49 
3994-1 


4172:74 


45972 
45994 (c) 
4ti30:40 
4633:05 
4640-54 
4643-08 

i 4673-06 
4902:27 

| 4920:32 


Notes on Table II. (Gold). 


æ 
pand panj Pad pag pat famed pand poe pat fae pead 


on — pani 
pmt pant p paad pn pod poi pat pat pad pad paj pad paf paa 


pd 


þeg ng je pod p pand poj ee paa 


| 


| 


| 


m S e e O e N e e mt et O NS et e O O LO ND O OO BS me eS OS SD eet oe 


Eder and Valenta: Spark. 


| 

| 

| @oasece 

| Eder and Valenta: Spark. 
| 


| Eder and Talenta : Spark. 


Eder and Valenta: Spark. 


; Exner and Haschek : Spark. 


Eder and Valenta: Spark. 


KO ak 


| Eder and Valenta: 


Spark. 
: Spark. 


i Eder and Valenta: 
E 


Spark. 


| 
: 
| 


(a) A 4171:9 (not previously recorded) is readily observed between the spark 
lines A 4171:26 and A 4172°74, from which it is quite separate. 
(h) A 4260°5 (not previously recorded) is easily distinguished from the 


spark line 4209°85 (intensity 1). 


(c) A 4599-4 usually disappears when the poles are about 2 mm. apart and 
is displaced tu the red by 1 ALU. at the beginning of the arc flash. 
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The lines of the second class do not occur in the con- 
tinuously-burning arc spectra, though a few of the stronger 
lines of the first class appear in the neighbourhood of each 
pole under these conditions, being more pronounced at the 
negative than at the positive pole. The same lines of each 
class appear in the spectra of the interrupted arcs whether 
the arcs are made in air, hydrogen, or oxygen; but, for 
given electrical conditions, they are slightly more intense 
when the arc flashes are made in hydrogen than when they are 
made in air and oxygen (when the intensities are nearly equal). 

It is to be particularly noted that most, though not all, 
_of the lines of the first class have been identified with lines 
observed by previous experimenters in the arc or spark 
spectra of the respective metals, whereas the lines of the 
second class do not seem to have been previously recorded. 

Tables I., II., and III. contain lists of the pole lines of 


TaBLE IIT. Pole Lines (Copper). 


a a © = — m Fe -— —- 


| Wave-lengths in LA. | Cins. - Intensity. Previous Observer. 
| 35391 (a) | i. O T o ee 
! 3595°3 It ` ne | 
3597-8 (b) II -O 
3641°693 | I | 3 Hasbach *: Arc. 
| 36543 (c) I 6 = i 
3684+925 I 1 si A 
3697:84 I | 2 Eder and Valenta: Spark. 
3700:41 i I Doo o n ‘ ze 
| 3737:47 I 1 | i i ‘ 
: 3764-75 (d) I | 2 Kayser and Runge: Are. 
3777-02 I 4 Eder and Valenta, : Spark. 
| 3790:97 I 2 3 5 P 
: 8807 69 I 3 3° . 7) 
40158 I l - Hasbach: Are. 
| 4056-7 I 4 | . 9 
| 4227:93 I 3 i Spark. 
' 4683-17 I 2 | Eder and Valenta : Spark. 
| 4758578 I 3 Arez t : Spark. 
4813-9 I 2 Heimsalech f. 
4910-3295 I 3 Aretz : Spark. 


* Zeit. fiir wiss. Phot. xiii. p. 399 (1914). 
t Dissertation (Bonn, 1911). 
t ‘Spectres d'Etincelles’ (Paris, 1901). 


Notes on Table ITI. (Copper). 


(a) A 3539'1 is very feeble in all the photographs and it is not possible to 
say definitely whether it belongs to Class I. or to Class II. 


(h) A 3597-8 (not previously recorded) and (d) A 376475 are both displaced 
to the red by 1 ALU. at the beginning of the arc flash. 


(c) A 36543 is displaced to the red at the making of the arc, actually coin- 
ciding with the line A 3655°84. 
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both classes occurring in the interrupted arc spectra of 
silver, gold, and copper respectively in the region A 5220 
to 43380 when the initial current-was 5 amperes and 
350 volts were across the poles at contact (the lower pole 
being negative). In recording the intensities of the lines, 
the scale adopted ranged from 0 to 10, the former repre- 
senting the weakest and the latter the strongest lines in the 
spectra. The intensities given for the lines of Class I are 
those at the beginning of the arc flash. 

As pointed out by Hemsalech and the Comte de Gramont” 
in the interpretation of the results of their experiments with 
the interrupted arc, one of the many possible effects intro- 
duced into the resulting spectra is that due to the strong 
electric fields set up when the upper pole is just beginning 
to separate from the lower. In this connexion, the behaviour 
of the lines AX 4081-7, 4226°55 (silver), and AX4015°8, 4056-7 
(copper) under the interrupted arc conditions is interesting. 
These four lines occur only at the beginning of an arc flas!., 
which would be expected since, according to Takamine f, 
they occur only in a strong electric field. 

It may be noted here that a classification of spectral lines 
similar to that above was found by Milner} during the 
course of an examination of the streamers in the electric 
spark. In view of the “high tension” conditions which 
must exist between the poles of the arc during the early 
staves of the flash, it seems likely that the pole lines of the 
present work are closely allied to the ‘*condensed-spark ”’ 
lines of Milner’s classification. 


« New?” lines occurring in the interrupted are spectra. 


The following pole lines (Table IV.) appearing in the 
interrupted are spectra of silver, gold, and copper have 
not been identified in the lists of arc and spark lines given 
by previous observers. The roman numerals refer to the 
classification of pole lines already deseribed. 

Catalan§ gives a list of 98 new lines in the are spectrum 
of silver in the region A 4500 to a 2300. He also gives a 
comparison table which shows that, with 10 exceptions, 
these “new” lines have wave-lengths which agree very 
closely with lines given by Eder and Valenta as occurring 
in the spark. 

* Loc. cit. p. 366 and p. 843. 

t Loe. cit. p. 30. 

t Proe. Roy. Soc. A, lxxxi. p. 299 (1908). 

§ “Nuevas Lineas ¿n el Espectro de Arco de la Plata entre 4500 y 


2300 U.A.” M. A, Catalan, An. de la Soc. de Fis. y Quim. xv. p. 453 
(1917). 


Interrupted Are Spectra of Silver, Gold, and Copper. 1129 
Tase IV. 


SILVER. i GoLD. COrFPER. 


E 


D Intensity. ~ pra ae Intensity. ay aveclength Intensity. 
a I; 2 89687 I 5 ir sy 1 On | © 
30762 IL | l "89941 I}: 2 35953 U l 
36306 I l 40273 IL © 1 | 35978 H J 
He i | 2 4719 | II 2 

293 42278 I 1 

S96 nl O i 04892) 1 ' 

123 Il | l 42605 | I 2 

40636 I 1} 4361-2 | I 2 

446 om | 1 4673 IO 1 

41821 II L j2 Ej 1 

ale I p 40004 5 To] 

og: | | 

$3814 1 | 1 | 

44554 I 1 | 

45480 I | 1 | i 

45504 booo 1l |] | | 

46106 I 1 | , 

4645 II | 1 | ; | 

46503 I 1 | | | 

$6572 | 1 o 

480-4 | I l i | | 

47211 ' I lo | 

4755 II l | 

48113) I 3 o, ! | 

48433 1 o | | 

48702 1 3 | 

49343 II l | 


Unfortunately, only the region A4500 to A3580 of 
Catalan’s work’ is included in that of the present investi- 
gation. However, all the lines within this resion which 
Catalan was able to identify with spark lines are developed 
in the interrupted are spectrum of silver, most of them 
passing through all the stages of the are flash. 

Of the 10 lines mentioned above whieh Catalan failed 
to identify, 9 fall within the region of the present work, 
but none of them appear in the interrupted are spectrum, 
It is important to note that Catalan’s list of new lines in 
the are spectrum of silver does not include any of the 
unidentified pole lines occurring in the spectrum of the 
interrupted are between silver poles. 


Duftield *, in his study of the effect of pressure on the 
arc spectrum of vold, found a large number of lines not 


* Phil. Trans. A, cexi. p. 51 (1911). 
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chronicled by Kayser and Runge. However, there is no 
agreement between the above unidentified pole lines and 
the lines given in Duffield’s list for gold except possibly in 
the case of à 4467°3 (II). This may be the line A 4466°25 
which Duffield failed to identify. 

In the spectrum of the steadily-burning silver arc under 
pressures of at least 20 atmospheres, Duffield * records that 
the ordinary line spectram was replaced by a number of 
bands. It is possihle that of these bands, those at A 4062°9 
and X4298-0 (at 25 atmospheres pressure) have some con- 
nexion with the unidentified pole lines A 4063°6 (I) and 
` 4298-1 (I). 

The unidentified copper pole lines occurring in the present 
work fall outside the region of Duffield’s research. 


Explanation of Plate. 


The photograph is reproduced from one of the negatives 
obtained when arc flashes were made between silver poles 
in oxygen at 350 volts and initial current 24 amperes, the 
lower pole being negative. Although the distinction between 
the two classes of pole lines is not readily brought out, the 
photograph illustrates the general appearance of the pole 
lines and shows how they are associated with the lower fixed 
pole. 

It will be noticed that many of the spectral lines are 
widened in the immediate vicinity of the lower pole. The 
widening is particularly noticeable in the lines AA 4055, 4210, 
and is probably a manifestation of the Stark effect fT. 
Throughout the experiments it was frequently noticed that 
when the widening was most evident, the pole lines were 
developed with the greatest intensity. 

The line 44055 differs from all the other widened silver 
lines in that it is accompanied by a component on the violet 
side during the early stages of the arc flash. With com- 
paratively short photographic exposures, this component is 
of sufficient intensity to be plainly visible in the presence 
of the wing on the same side of the line. The component 
is at its maximum distance (about 2 A.U.) from the prin- 
cipal line when the upper pole just commences to leave the 
lower, and the distance between the two lines decreases 
gradually until the component finally meets the principal 
line when the poles are 4 to 1 mm. apart according to the 
voltage employed. 


* Loc. cit, p. 43. 
t Hemsalech and the Comte de Gramont, Joc. cit. 


IT. Lowery. Phil. Mag. Ser. 6, Vol. 48, Pl. XX VII. 
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Votices respecting New Books, 1134 
SUMMARY. 


1. Results are given of spectroscopic observations of the- 
silver, gold, and copper arcs produced under conditions. 
similar to those of Hemsalech and the Comte de Gramont. 

2. [n tne region studied, A 5220 to ` 3380, a number of 
lines have been found in the neighbourhood of the fixed: 
pole which readily fall into two classes according as they 
cease abruptly at the end of the initial stages of the arc 
flash or tend to pass on into the intermediate and final 
stages. 

3. Most of the lines have been identified with previously 
observed arc and spark lines, but a number of them do not 
seem to have been previously recorded. 

4. Lists of the “new” lines ocenrring in the region 
A 5220 to 3380 of the spectra of the interrupted arcs. 
between silver, gold, and copper poles are given. 


In conclusion, I desire to express my thanks to Dr. G. A. 
Hemsalech for suggesting the original research, for his 
assistance in mounting the apparatus, and for his helpful 
advice and criticism while the experiments were in pro- 
gress. My thanks are also due to Professor W. L. Bragg, 
M.A., F.R.S., who has given me every facility for carrying 
out the investigation and has shown much interest in the 
development of the results. 


Physics Dept., 
The University of Manchester, 
July 1924. 
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Relativity fur Physics Students. By Prof. G. B. JEFFERY. 
Methuen. 6s. net. 


OF the torrent of books on relativity, written for audiences of 

many types, from the man in the street tothe scientific spe- 
cialist, we would certainly select the present volume as being in 
some ways novel and valuable. The author has directed his attention 
to the growing body of young physicists who have neither the time 
nor the inclination to become really expert mathematicians, but 
who prefer to pursue their studies of physics while preserving 
mathematics as a useful key to unlock doors when they are found 
to be shut. He has succeeded in a notable way, in giving a most 
readable and logical account of all the essentials of the theory, 
without the usual excursions into the labyrinths of tensor- 
geometry. In fact, hardly any formule appear at all. 


1132 Notices respecting New Books. 


The subject-matter orginally constituted a set. of University 
lectures intended not for the specialist, and it is perhaps a pity 
that the collection of a group of such lectures in this manner is 
not a more common event. 

We can cordially recommend the book to any scientific library. 
It should be peculiarly adapted to stimulating the voung student 
to pursue the subject in the more extended treatises. 


The Mechanical Properties of Fluids. Blackie & Son. (Applied 
Physics Series.) 20s. net. 


THI8 is a joint work by nine authors, all of whom are experts in 
their respective subjects. It is, in some respects, a new departure 
which might well be followed in regard to other outstanding 
departments of Physics in which the literature at present is so 
deficient. It is perhaps difficult to secure the cooperation of a 
group of authors who are ploughing, in different directions, the 
broad acres of a subject closely related to some of the most 
fundamental things in direct technical practice. This volume at 
deast is a brilliant success in this direction, and should prepare 
the way for others. It owes its inspiration to Admiral Sir George 
Goodwin, who is to be congratulated on the band of collaborators 
he has collected. It is intended primarily for engineers, but there 
are few mathematicians and physicists, however familiar with the 
current text-books on hydrodynamics, who could not learn much 
from its pages. 

The account given of the most modern works which, as is well 
known, has tended so much to remove the reproach from ordinary 
theory of fluids that it has little relation to the behaviour of an 
actual fluid, is entirely up to date. and in fact written bv the 
experts, such as Prof. Taylor, who are really responsible for the 
most significant advances. 

The book is so arranged, and the amount of space devoted to 
each important aspect ix so adjusted, that it can really serve asa 
text-book on hydrodynamics. Prof. Lamb’s contribution espectally 
bridges many gaps which would otherwise occur between the other 
articles. 

The many subjects dealt with, apart from the general article of 
45 pages on the mathematical theory of the motion of a perfect 
fluid, include such widely different things as viscosity and 
lubrication, the theory of gases, steamline flow and eddies, 
resistance of fluids to moving bodies, phenomena of fluid elasticity 
and the determination of stresses by the use of soap films, wind 
structure, and the practical applications of the properties of fluids 
involved in submarine signalling and the movement of projectiles. 

The work is entirely to be recommended, and, it may well be 
hoped, is the forerunner of others of its class. It is an indis- 
pensable addition to any scientific library. 
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Hydrodynamics. By Prof. Horace Lama. (Fifth Edition.) 
Cambridge University Press. 45s. net. 


Turs has for so long been the classical account of this subject that 
the appearance of a much enlarged fifth edition is no surprise. It 
would, indeed, be difficult at the present day to find a writer on 
any mathematical topic with the peculiar clearness and lucidity 
displaved in all the author’s writings. A great amount of the 
work described was done, in the first place, by himself. Yet it is 
difficult for one not familiar with it to distinguish it in any way 
from that due to others, to which Prof. Lamb lends a lucidity and 
charm of expression only too frequently absent from the originab 
accounts. 

All serious students of the subject will already be sufficiently 
familiar with earlier editions. Work in a subject regarded, not 
many veirs ago, as ‘dead,’ has received the most extraordinary 
impetus in recent years, and it is now common to hear of ‘real’ 
hydrodynamics as against the classical theory,—a rebuke to the 
latter which is not often expressed with complete fairness. The 
reader of this edition will find both, and the manner in which 
the author bas succeeded in incorporating the recent advarces into 
what was already a very finished treatise, without producing, at any 
point, a sense of discontinuity in the mind of the reader, is a 
notable literary achievement. 

The general form of the work is perhaps the final illustration 
of the excellence of the mathematical series of the Cambridge 
University Press, In a way difficult to define, and due at least in 
part to the author’s judicious interpolations of prose and of formulæ, 
this volume is more pleasant to the eve than almost all the others 
in the series. 


X-Rays and Crystal Structure. By Sir Witniam. Brace and 
Prof. W. L. Braca. G. Bell and Sons. 21s. net. (New 
Edition, revised and enlarged. ) 


SucH a work as this, needing a fourth edition so very soon after 
the third, and with the first only dating back nine years, clearly 
has a popularity and value which make a notice almost unnecessary. 
The alterations and additions which have been made alone call for 
detailed attention. 

More exhaustive treatises have appeared recently, notabiy those 
of Dauvillher and Ewald, but the authors do not claim to be 
exhaustive. They, as authors of the first connected account of a 
new subject owing so much to their own work, are only seeking 
to preserve a connected account in such a manner that the influence 
of the most recent. researches in a rapidly-developing subject shall 
ba justly felt by the reader. It is verv largely re-written and 
seems quite to supersede the older editions. Its scope is designed 
to be limited to the giving, to students of very diverse sciences, 
from mineralogy to physics, of a connected statement of the 
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present position of the subject and the methods by which it has 
‘been reached. The authors apologise for the somewhat duid state 
-of the terminology of the subject, which, whenever it seems fixed, 
is continually disturbed by a new piece of research,—and they 
instance Prof. Compton’s work which no longer allows us to say 
that scattered radiation has the same wave-length as the original. 

The work is full of excellent and really instructive diagrams, 
-and its general aspect is very pleasing. We can only express the 
hope that further editions will be called for in the same limited 
-periods. 


The Evolution of Mathematical Physics, being the Rouse Ball Lecture 
of 1924. By Horace Lams, Sc.D., F.R.S., Fellow of Trinity 
College, Cambridge. (Cambridge, at the University Press.) 


Ir is certainly a most fitting and happy choice which has made 
Professor Lamb the Rouse Ball Lecturer for 1924. After a jong 
and strenuous teaching career which has revolutionized the teaching 
-of Mathematical Physics and an equally strenuous life of Researci 
which has marked out and illumined large territories in mathe- 
matical physics, Professor Lamb has returned to Cambridge, and 
any opportunity of hearing him is to be seized upon. In the 
-course of this lecture, which we are very glad to have in print, 
- rapid survey is taken of the currents of mathematical physics, 
-as developed by the great writers of the eighteenth and early 
‘nineteenth century. The starting point of mathematical physics 
is fixed by the publication of Poisson’s first memoir on Sound 
in 1807—a year which is also memorable for the first instalment 
-of Fourier’s investigations on the Conduction of Heat, whose 
importance extends far beyond the special subject a propos of 
which the trigonometric series for ever to be associated with 
his name aruse. The great flow of production from this time 
-onwards is associated with a group of famous names: Oersted’s 
discovery of the action of an electric current on a magnetic 
needle came in 1820; Ampere’s work on the mechanical action 
between electric circuits tollowed soon after. The researches 
-of Navier, Cauchy, and Poisson on Electricity were followed 
by Green’s Essay on Electricity and Magnetism in 1828, 
Neumann, twenty years later, developed further the ideas of 
Ampère. Professor Lamb continues the thrilling story of 
mineteenth century mathematics and mathematicians, touching in 
turn on the work of Kirchhoff in Electric Induction, of Stokes in 
Diffraction, of Helmholtz in Vortex Motion, and on the remarkable 
work of Maxwell in many domains. 

We can heartily recommend this lecture to the attention of 
‘mathematicians and physicists. It teaches the great lesson which 
‘was better known to the last generation than to the present 
generation, that “étude approfondie de la nature est la source la 
plus féconde des découvertes mathématiques.” 
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A Comprehensive Treatise on Inorganic and Theoreticat Chemistry. 
By Dr. J. W. MELLOR. Vol.5. (Longmans, Green & Co. 63s. 
net.) 


Tue fifth volume of this enormous undertaking is devoted to the 
elements Boron, Aluminium, Gallium, Indium, Thallium, Scandium, 
Cerium, and the rare earth metals to a smaller extent. To the 
treatment of the rare earths, a sequel is to follow. 

The work proceeds on the same comprehensive lines as before. 
The only possible criticism is that it is by far too comprehensive— 
not in the sense of dealing with all known qualitative or quanti- 
tative phenomena relating to these elements, but in the sense 
that it includes too much literature. The feeling we had about 
earlier volumes is intensitied by the study of this one,—that the 
discrimination between good and bad work among such a multitude 
of authors has not been carried out effectively. In fact, the 
author does not appear, in his plan, to include such an attempt. 
Consequently a student, turning to these pages for help in a given 
matter, may be overwhelmed by the wealth of references he will 
find, and the absence of any guidance to him as to which he should 
read and which he may ignore, at least in the first instauce. The 
relative value of various views of any given topic might well be 
stated also in many instances. 

But as a final work of reference, or as » dictionary of chemical 
literature and knowledge, the work is quite unrivalled. It has 
appeared very soon after the preceding volume, and it is perhaps 
hardly fair to expect an author, who has had the great courage 
required for an undertaking of this magnitude, and the untiring 
industry apparent in every page, to be able to go further on the 
dines we have mentioned. 

There is at least no doubt that the presence of this series in a 
library will save it great expense, in the long run, on miscellaneous 
periodical literature, and will be of extreme value to readers. 


Alternating Current Rectification. By L. B. W. Jouey. (Chap- 
man and Hall. 25s. net.) 


Tus is a very welcome book. The author is one of the research 
staff of the General Electric Company, with necessarily a large 
experience of actual rectifiers of many designs. In a very new 
subject such as this, with the enormous developments recently 
due to, for example, the introduction of the thermionic valve, it 
has been impossible for the new editions of ordinary works on 
electricity or even its technical engineering side to keep pace with 
progress. 

This work completely fills the gap on the practical side as it 
now exists, though it would be difficult to sav how rapidly the 
gap may continue to widen again. A very welcome feature is 
the use which the author has made of the patent literature, 
which, as a rule, requires a long time before it really influences 
text-books. 


Pa 
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There is an abundance of useful diagrams of the apparatus 
described, and the work is pleasant to read, and very free from 
misprints. It will form a useful addition to the library of any 
electrical engineer, or certain types of specialist in electrical 
physics. 


Modern Astrophysics. By Prof. H. Dixere. (Collins, Sons & 
Co. Ltd. 30s. net.) 


WE have long needed a comprehensive account of astrophysics, 
inclusive of all the newer views in a science which advances more 
rapidly today than almost all others, and lias already ceased to be 
in any way a subsection of astronomy or of physics. An author 
of such a work has a great opportunity of giving a balanced survey 
of a subject in which, at every hand, it is possible to hold very 
different opinions and quote equally weighty experts on either hand. 

We fear that the author has not seized this opportunity. The 
work is a mine of information which is only otherwise to be 
obtained by laborious search among scientific journals, and on this 
account alone it is of great value to a reader whe wishes to learn 
the nature of the phenomena and some of the theories which have 
been proposed towards their elucidation. On the practical side, 
in fact, the work is not readily reproached. The account of the 
phenomena and of modes of investigation is excellent throughout, 
though written at times in a manner which vaguely suggests the 
theatre—the author is far too fond of filling the middles of his 
paragraphs with notes of interrogation. 

In so far as he is clearly the type of worker who is not prepared 
to believe any thing which eyes have not seen in a laboratory, he 
is at least consistent, and a reviewer would not quarrel with his 
treatment. But this fact hardly justifies him in the implicit 
assumption that there is no phenomenon shown, for instance, by 
the spectra of celestial bodies, which cannot ultimately be repro- 
duced in the limited space of a vacuum-tube. Nor is it appropriate 
to dismiss, as he does in several instances, investigations of a 
theoretical nature which are now, or have been, important, with 
the briefest of mention on the sole ground that the laboratory 
has given, as yet, no evidence for or against them. They should 
at least be effectively presented for the reader to have a chance 
to formulate his own view as to their merits. 

The writer is clearly not a mathematician, but it is not investi- 
gations of this class alone to which we refer. He has, in fact, 
not given a really critical survey, but rather that of an advocate,— 
and not always a consistent one. But in spite of what must be 
regarded as defects, which may be remedied in future editions 
which are likely to be called for, we nevertheless would congratu- 
late the author on a very difficult piece of compilation and on 
the production of what is, in effect, our first book dealing in a 
weneral way with the whole range of astrophysics. In the final 
chapter, on “astrophysics as it will be,” the author, as sometimes 
in earlier sections, is somewhat carried away by his own language, 
and ceases to be quite scientific. 
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